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THE FOURIER TRANSFORM AND THE 
PARSEVAL FORMULA IN HARMONIC

ANALYSIS FOR OPERATORS
- • ■ ■ ■ . . • ■- • . . .• - •

Y u  S h u m o  (于树模”  ‘

Abstract -
.一 ••

In this paper, integrable operators with respect to right traxilation are_ defined "and their 
elementary properties are discussed. The main resuits of Fourier transform for opertors and the 
Parseyal formula for operators are also proved.

 ̂ § 1. Introduction
* ，

XJ. B. Tewari and Shobha Madan studied a harmonic analysis for operators on 
the homogeneous Banach spaces defined oyer a compact Abelian group in. [1] . We 
attempt to develop the discussion of a harmonic analysis for operators on the 
homogeneous Banaob spaces defined oyer a locally oompaot A*b©lian group./W e1 
observe tiie following 姐uation: when we replace the oompaot group hy a locally 
oompaet nonoompaot group a change of case will happen. Foi* example, at the 
moment it is impossible to define the Fourier transform for the invariant operators 
on homogeneous Banaoh space 5  on G. This is an analogue of the oase: the Fotirieic 
transform for constant function on & does not exist when ^  3s a locally oompaot
nonoompaot. ‘\

When we focus our attention oritftfintegrable operator with respect to right 
translation on B^(se© Definition 1 .1), however, it is possible to initiate the 
Fourier transform for operator- At the moment the Fourier transform fox* operator 
possesses almost all elementary prop©x*ties whioh are similar to tiie Fourier 
transform of usual complex valued function on Q.

Let 5  b<0 a set of some complex valued funotions on G and be a Banaoh spao© 
under the norm | • \[B. The space B  has followirxg properties：.

(1) I f  f  then and 1 ^ /1 ^ =  II/IU， where R t denotes the translatioii
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operator, 仏

(2) I f then lim || /|U  =  〇, where 9 is the idantity in Q. Above B is
t->&

said to be a homogeneous Banaoh space on G. We assume in addition one more 
condition： Let P^denote the dual group of y ( t ) ^ ( t y 7 )denotes a character of 
I f  y ^ r y then y f ^ B  and||7/||B — ||/1b* B  is said to be a oharaoteristio homogeneous 
Banaoh spade. We know easily that the mapping f  ^ y f  is continuous for 
7  G 尸. If the set of all 於―til integra We functions on ^  is denoted by 
°°)>  (^ )  set of all ooatinuous functions vanishing at the infinite， then
both 〇0((?) and one of the ( l< ^ ? <〇〇) are the oharaoteristio homogeneous
Banaoh spaces.

Definition 1.1. Let B)le the Banach space of all B valued integrable
functions on (?, T h em  the set of all bounded linear operators from B io B. I f
T Jtif is an element in B) for each f Q B } then T is said to be an (<integrabh
operator on B  with respect to right translation^. We denote these operators by the 
notation -2¾.

Theorem 1.2. The following are equivalent:
(1) ^
(2) \\TRtf\\B^ L \ G ) y for each
⑶ |丨丑_ ,2 ^ / |丨5€ 厶2(沒)，/ 抓挪必/ .€ 5 .  .

Proof First, since is valid for each
. . . .

j?, TRtf  is continuous with respect to variable t.
Next, from estimation, of the following inequalities foi* eaoh f ^： B, 

\ \R ^ T B tf-T S U <  \\R^TBtf  -  B^tTf\\B+ \\R ^ T f-T f\ \B ,

. • • • • • 
we get the continuity of R .tT B tf  with respect to yariahle t.

Finally ， || S —friJf/1| b holds， beoause the following inequalities are

obvious
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\\B.tTBtf\\B<  im /IU -  ln tR .tTBtf\\B<  \\R7tTRtf\\B, f^ B ,  t£G.

Henoe, we oome to the oonolusion of Theorem 1.2 immediately.
Theorem 1. 3. I f  7)TRtf 〇>nd> (t, y)R^tTBtf  are elemmts

in  L 1 (G-, B ) , w here y Q . r .  . -.

Proof Since both(^ 7 ) and are continuous, with respeot to variable tt
(t, y)R^tTRtf  is  also oontinuous. Further, sinoe

I y )B ,tTRtf  ||B = \\B.tTBtf U
• .

using Theorein 1.2, we see (i, y )E s tTRtf  ̂ L^CG, B). The proof of the oonolusion 
that B) is an analogue of above procedure.



Example 1 A . Let <j!) be a bounded measurable function on Q. I f  the operator 
is defined by

then is equivalent to
The invariant operator T  in  ^ (G 1) (nontrivial) , i. e.( the multipliei" in £ 1((?) 

(see [2]), however, does not "belong to Sinoe there is a unique element pu in
M {(3-), the set of all bounded measures on Gf, suoh that T f  = ^ * /  for all 
we see that \\TRtf  \\^tT'f\\LKa)— ||5̂ /||£=(0)=  ||/i*/IU>(G) is a constant independent 
oft. Therefore T R tf^ L ^ G , L ^ Q )) .

, . .... . .

§ 2, The Fourier Transform for Operators in 芝！

Definition 2.1. Let Udng Theorem l.Z  we Tcnow that(tj y )B ^tTR tf  £

L x(Gy B )for each f^ B , yGTy namelyy Banach valued integration (t, y )R ^ T B tfd%
J g

(t) is significant (see [3]), where % is a  Haar measure on G .lt is easy to w rifp that the 
mapping

oc7( T ) t B ^  B

/ h > (  (iy y)R^tTRtfd%(t) •
Jo

： ■.：■

is Umar. For a fixed uvy(T) is an element depending on y in L(B).f the set of
all Umar operators from B  to B. We easily sea that the mapping

T  h> VCy(T) I .
is  also Umar. For y £ T } T t h e  mappmg

y h> ocy(T)
is said to he the Fourier transform for an operator T. When we do not need to amid 
confudon7 ^ (y )  ==^y(T) will be also said to be the Fourier transform as f ( x ) i s  said to 
be a complex mlued function f .  Indeed  ̂ (y) is the mlm o f the Fourier transform 
fo r an operator T in =2¾ cot

• » . * • * * * • *

Example 2 .2  . Via oomputing we see that the Fourier transform of the
operator in Example 1.4 belongs to and ( ^ ( 7 ) / )  (s) =  (S j'-y )^ (y )f(s )
holds for © a o h / G (6 )̂- Hence ^ ( 7 ) =  ( •, —7 )^ (7 ). Omittig the factor ( • ,  - 7 )
we can Identify ^ ( 7) with < (̂7 ) . Therefore, the Fourier transform for an^peratox*
has generalized the usual notion of the Fourier transform for an integrable
function on G. 、

Theorem 2.3. Let f € ：B. The%
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(1) ^ ( 7 ) /  eonUnuous m the norm topology of B.
(2) f M / e c ^ r ，js) .
Proof (1) Let yX} y 2^ T } 6>0 . Then there sxists a compact set K  in  Q} suoli 

\\R^tTRtf \ \ s ^ ( i ) < s .  Sine©

l ^ ( 7 i ) / - ^ ( r 2)/llB -  K l ^ + J ^ c a  r x ) - a y d ) R - m f d K t ) \ B

< 2s +  j* 丨 〇S， 72) - 1 丨 I丨丑二IU狐( 0 ,JK
we have lim 1̂ ( 71) / - ^ ( 72) / 11.5 =  0 when yx and, s tend to y2 and 0

yi-»7« . . . . . . . .
respeotiyely.

⑶ Write 1 ( 0 三 Then 5 ) .  .Because i? valued simple
function's, are dense in  ^ ( Q , B ), it follows that for arbitrary small positive 

一 » 
number e, there is a B  valued funotion of form S  suotthat ^ ( ¢ ) -
- 卜1
2  M b/^)IU ,(b)<®* where {oa^lciB, {E j}\  is a oolleotion of disjoint Borel

measurable sets in  Q and %Ej is the oharaoteristio funotion. ||*1̂ (5) denotes the
• . • » • • *

norm in the space i 1 (^ , B ).  Furthex-more, for eao h /(l< j< w )w e  have

f = B).JO"
In  the following inequalities

< | | | g (t, 7 ) ( ^ ( 0 - 3  6 ^ ( 0 ) ^ ( . 0 ^ + 1 ^  (t, r ) i  

< s + S | J G(^ 7)M bX^)^0)||b»
letting y  and 6 tend to 〇〇 and 0 x-esgeotiyely we get

lim | |^ ( r ) / lB =〇-ŷ t〇〇

Theorem 2.4. Lei Then ^  is {ua} zummalh to T  m. the strong operator
topology of 父 (B )，n _ e ly r

' Mjn (7 )*7〇y ) / - 2 y | B= 0

holds.for each f £ B .  When. {ua}  is an. approximate identity possessing oompaoi support 
and, norm of one in , v is a S a a r  measure on T .

Proof Since fl i(2(Gt) v { w〇(t ) }  have iaversions of the Fourier
tra,asform (see [4 ]). We have the following equalities.‘• . . . .  ...

' j r« a ( r ) ^ ( r ) ^ ( r ) /

= [ / I  (s, 7)Ma(s)^(s)^r(^  y)B .tTBtfdh(i))dr)(y)
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R_tT B tfdK (t)jr (t, y)ua(y)dv(y)
. • A

J a
Using Theorem 1.2 w© see that for an arbitrary small positive numbei* s there i& a
symmetrical neighborhood 0 (^) containing the identity 0 of & such thal
\R^tTRtf  We can ohoose {wa}suoh that their supports are contained by

• .. . '
0 (0).  From T f =  f  ua ( t )  T fd k (t )  we get followi&g equalities , ;

Ja

ua(~ t ) (R .tTBtf-T f)dK (t)

H  \ •+ f )  ua( - i ) { B . tTRtf~T.f)d%(t).\ J〇(0) J 0-0(0)/ •

In  the firist term, the norm is Dot greater than | wa( — t) |dk(t) =  a; the second
term is zero. Therefore,

lun I u a ( y ) ^ ( y ) d r i ( y ) f - T f ^ s  ■- ..叫

]im MaC—i)R~tTMffd%(^t  ̂— T f

Letting s tend to zero, we get the equality in Theorem 2.4.
Corollary 2.5. Lei T1} I f  tP1(y) =  (t2(y) for all y £ F ,  then T
Proof Apply Theorem 2 .4 .
We suppose that S , 27 ¢=5¾. It is easy to verify ST , The following

theorem will discuss the Poux*ier transform for compound operator ST^ ■,
Theorem 2.6. Let 8, 7 e r ,  Then § ( y -  is {u9}

summable to $T '(y )f m the norm of namely, the following relation holds

limI \ ua(8) S (7 ~  8)f(8)dv(d)f  -  S T ( y ) f  |  ̂=  0.
fr

Proof Writ© ^«― J  ^¢(8) ^ ( 8)^17(8). Let Using Theorem ^.4 we know 

lim \\Fa(B tf) - T E tf lB ^ O ,  i- { F a(Btf ) }  converges to TRtf  pointwise. Thus

A

)G
(t, F a(Rt：m _ ) .

We have noticed th a t(i/7 )JB_*iS((litn .FaCjSf/)) converges to(#, y) 〇n

(? x  J *  pointwise and J ([(¢, y ) B jS T B tf \ \ ^ X ( i ) < ^ 〇〇. U siA g^besgue> Dom^
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Oonyergenoe Theorem for the Boohner totegral (see [3]) we get

S ( 7 ) /= l im  f y )R .tS F a(Rtf )d l( i )a JQ

=  Ikn y - 8 )B _ t8R t'P(d)fdl(t))dr](8)

- lun ua(d )^ (7 -  3 )^ (5 ) /^ (8 ) .
V

Therefore, the following holds：

l̂ n IJ^a(8)滂(7—a)!f (8)初(S)/-卿 (7)/| b -0•
Definition 2.7. Let T  €  Sfh  Define the following,

/  h> f (t).
Jo

fi^T is smd to be the comolution of jju and 27.
Theorem 2.8. Let 37€<^1, fj〇£ M (G ). Then (fju^T) =  /j/P9 
Proof Straightforward.

- ； '

§ 3. The Parseval Formula in the Harmonic 
Analysis for Operators

Lem m a 3.1 „ Suppose yS-T- Then there exists an invariant operator Hy
which satisfies the following equality for all .

Proof For each u, v£Gf „ we have

y ){ity (T )f)(u )=B v(u, y )R -fT B tf(u)d%(t)
■ .+••， .. . . .

=  (u -v , y)R ^^Jji,y )R _tTRtf(u)d'k(Ji)

■ = ( Mi 7 ) j&( ( i  — ,v )y 7 )^ -tT R t. vRvf(u)d%(t)

; ( ( W，7)亦
- . . . . . . .

W rite(*, then B vS y= H yRv', i. e„ S y is an invariant operator and
gVy(T) =  ( - > ,  y)Hy.

Theorem  3.2. Suppose that B  is a Banach dlgebva without the order (see [2]).
• - .

Then 7vy(T )is  a bounded linear operator, and there exists a constant M > 0  such that 
\\vvy(T )\\<M  for a U y e r ^ . . ,  \  \

Proof ' By [2] we know JEfy is a bounded linear operator^ Thus uVy(T) is also 
bounded linear. From Ttieorexn 2.3 we get <wy(T )f^ .O 0( r ,  B )  for a n y 5.  Thea 

dumber set {|!nr7(2T-)/||B}1.6r is touiided. Using Uniform Boundedness Theorem
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for operators on Banaoh space we .oonolud© that the number set (1^7(27) |}r€ r is 
bounded, i. e.? there exists a constant such that \\<wy(T) ||<^ f for all

We now start to discuss the Parseyal formula in harmonic analysis fox* 
operators. From  (¾ we know that 设)，/ € i 2(尸） } is  a homoge，
neous Banaoh algebra without the order under the norm || II* 1 ^ ) 4 - 1| •
IUkd^IH U w + JI0 iUw- Indeed^ A2( € f ) ^ { f \ f e L 1(G )f]L 2(Gf)}iB a .Seg al algotr^ 
(see [6]). L e t / 6 £ 2(^ ) . We have

( ........J 〇• 、 i . . , . :‘丨丨：..，
for oil g ^ A 2(Q). Therefore, A2(Q)czL2(Gr)czA2(G)^ emd < /, where
(% ©) denotes the inner product of a S i l te r t  space,' /

Theorem 3.3, I f  T.QSflimi then
(1)

(3) ky(T*) is bounded Unear.
Proof From Theorem 3.2 we see that o?r7(27) tt is a bounded lineal* operatox* on 

A2(G-)*.. For sbnj f  A2(G)% g ^ A 2(G)y this following formula holds：
〈̂( S 7) * /，y> = 〈/ ，ffr7( r »  : . :

=  ( / ,  ) ,

. - f (t, , g } d m
JO -■ ■ ■ ■

. .

.Therefore，.(1) •.⑶ (3) ffpZr*) is iDOimded linear.
Corollary 3.4. \ iZ7̂  jSf|a(G)' is self conjugate i f  and onlp i f  the equality av̂ y(T ) == 

myCTyholds fov all y ^ r .  ； . _
Proof Apply Theorem 3.3  and Corollary 2.5 to complete the proof.
Theorem 3.§. Let T e .^ h a y  I f  ^ (r ) / :€ i2(r , L 2(G )), then the following 

formula holds

— (， ) / ， />  ==化 :〜 (2〇 v 7.(r )初 (7 )，，/)， .
* . *

where f  £  A2(G )r dy.is the identity w  r .  Alow formula can be said iobe ihe Parsev^l•，. ，..•••■ • . - . ••• .. * 、•
formula fo r operators ,̂

iVoo/ By Theorem 3.3, Theorem 2.4 and Theorem 2.6  we see that

a \ J r  /  山(<?)*
holds for a l l B y  Theorem 3.3 we have (T *)h( ~ y ) = - t ( y ) * .  Thus the 
following formula holds r ! ' 一
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. . (a) lun | |^ w « C r ) ^ ( 7 ) ^ ( 7 ) ^ ( r ) / -  (T9T) A(dy) f ^  ^  =

Since ^(.r ) / 6 £ 2(.r, L 2(G )), the integral

 ̂ • ( J r f ( y y H 7 ) d v ( 7 ) f , f ) - [ r \ \ H y > m ^ ( y )  ^

如 significant. Suppose that s is a sm all positive number. Then there exists a 
ooriipaoii set K c T  suoh that

(b) -々 化 〜 一 (7 )^ 7 (7 ),，/ 〉 | <«■

By [6] we know that {ua}  have a px*operty: lim ua{y)<=l uniformly holds for
'  . -a

y ^ K .  Heno©
• ' •

(o) { ^ ^ ( 7 ) ^ ( 7 ) ^ ( 7 ) / ,  / ) - ( ^  / ) = 〇.

⑷

〈 ¥  Lr 1 ( 7 ) ^ (7 )*企(7 )初 (7 )^ ， J r  ^ ( ( 7 ) $ (7)*舍(7 )初 (7 )^，

：" l r-^ ^ C r ) ^ ( r ) ^ ( r ) ^ ( r ) / ,  f )

< lim
^r-K 丨4 (7 ) 丨丨丨〜)，iu抑 輪 ) < s .

Using (a), (b), (0) and (d) to. do an estimation of amplifying we get

tr
<  g +  〇+ g  +  〇 =  2s«^ ( 7) ^ ( 7 ) ^ ( 7 ) / ,  />  -  <(T*T)，H dy)ff

■

Letting e tend to zero, we hay©
. • : ■ . . .  -

〈j^(7)嘧(y)cM7)/,/〉=《r*2T  (、)/，/>，

namely,
. 〜(r)却(你 /〉 .

Theorem  8.6. Suppose T €  S^lK(}). I f  € i 2(-T, L 2(& )) for all f  €  ̂ 2( ^ ) >
then :.

o v ^ T )  =  vcy(Tr% y(T )d v (y ).. t 

Proof From Theorem 3.5 we know that the following equalities

< ^ X T *T )f  , f>  =  ( \ p ^ ( T Y ^ T ^ i y y f ,  / ) = [ r  \\〇vy(T)f\\lKa)dr)(y)

hold for a l l / 6 -^2(^ )  when the oonditions o'f Theorem 3.6 is satisfied. Using the 
extremely identical relationship in the Hilbert space we see that the equality

tolds for a l l / ,  g £ A 2(G). Thus
lr

叫，7( r )、( r )初(7)，
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iiolds for a l l T h e r e f o r e

War ( t *t ) = ^ ( r y ^ i ^ d v i r ) .

Example 3.7. Suppose that T  iis an operator as follows:
T , :A ,( & ) ^ A 2(&)

，卜 # ，‘.
where a bounded function in  L 2(Gf-).Bj Example 2.2 we know

T；T ^\<f> \z, 〇r,r( r T O = J e \<f>\HX,

. j ^ 7(Tr<n!y(T)dri== j r  \$ \2d^

Therefore, f |<^|3<2^(y). This is  just the well known ParsevalJ g Jr
fo rm u la  in  i 2((?)«,

■ . . .  . • • ' -;
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