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THE FOURIER TRANSFORM AND THE
PARSEVAL FORMULA IN HARMONIC
~ ANALYSIS FOR OPERATORS

YU SHUMO (-Hstﬂ;e)

Abstract

In this paper, integrable operators with respect to right tranlation are deﬁned "and the1r ’

elementary properties are diseussed. The main resuits of Fourier transform for opertors and the
Parseval formula for operators are also proved s

3 §1. Introduction

U. B. Tewari and Shobha Madan studied a harmonio analysis for opela'tom on
the homogeneous Banach spaces defined over'a compaict Abelian group in [1]. We
attempt to develop the dlsoussmn of a harmonio analysis for ope1at01s on the
homogeneous Banach spaces defined over a locally compact Abelian’ group. We
observe the following situation: when we replace the compact group by a locally
compaet noncompact group @, a change of case will ha.ppeh. For’ eXample, at the
moment it is impossible to define the Fourier. transf01m for the 1nva11a,nt operators
on homogeneous Banach space B on G- This is an analogue of the case: the Fourier
transform for constant function on G does not exist when G is a locally compact
nonoompaot | !

When we focus our attention on“integrable operator w1th 1espeot to right
translation on B”(see Definition 1.1), however, ‘it is possible to initiate the
" Fourier transform for operator. At the moment the Fourier transform for operator
possesses almost all elementary properties Whleh are similar to the Fourier
transform of usual complex valued function on G. v

Let B be a set of some complex valued functions on ‘G and be a Banach space
under the norm | +| 5. The space B has following properties:

(1) Iffe B,._ then R:.f € B and |R:f|z=f|s, where 1_%, ‘denotes the tienslatioq )
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operator, tE Q.
(2) If fEB, then ltim |R.f —flz=0, where @ is the identity in G. Above B is
—8

said to be a homogeneous Banach space on G". We assume in addition one more
condition: Let I" denote the dual group of &, y(#) = (%, y)denotes a character of G
If y€TI', then yf € B and|yf|z=|fls. B is said to be a characteristio homogeneous
Banach space. We know easily that the mapping f* >yf is continuous for f€ B,
v €T If the set of all p-th integrable functions on G is denoted by L(@) (< p<
o0), O, (@) is the set of all continuous functions vanishing at the infinite, then
both O,(@) and one of the L”'(G‘) (I<p<0) arve the characteristio homogeneous
Banach spaces.

Definition 1,1, Let L'(G, B)be the Bwnwch space of all B valued mz’egmble
Sunctions on @, T be in L (B), the set of all bounded linear operators from B to B. If
TR.f is an element in L'(G, B) for each f € B, then T is said to be an “Integrable
operator on B with respect to right tramslation”. We denote these operators by the
notation L. | :

- Theorem 1.2. The following are equivalent:

1) Te¥;. o

() |TR.f|s€ LG, for each f € B.

6)) |R_TR,f| € L*(@), for each f.€ B.

(4) R_,TR,fc (@, B) for each f € B.

Proof First, sinoce | TR, f=Tf| < | T ol Bs f f | >0 (t-—>0) is Valld for each
fEB, TRf is continucus with respest to variable &

~ Next, from estimation of the followmg mequahtles f01 eaoh S E B

|\R_TR,f —Tf lz<] R-.tTRtf RB_Tf|s+ IR T~ Tfls
<UTLARS —fLat | B=e(TF) ~ T |5—>0(6>6),
. We get the contmulty of BT R,f with 1espeot to variable 5.

Fma,lly, ]IR_,TR, flz= ﬂ TR,f |z holds, beoause the followmg 1nequa11tles are

obvious
|B_TR:f | s<|TRif | 5= 1R_TR:f | < |B_T RS |3, f €B,1€G.

Hence, we come to the conclusion of Theorem:1.2 immediately. :
" Theorem 1, 8, If T€. %4, then both (1, )TR;f and (t, 7)R_,TR, f are elements
én I*(@, B), where fEB, yE T ' , o
Proof Since both (¢, y)and B_[T'R.f are oontmuous with respect to variable ¢,
(¢, v) BT R.f is also continuous. Further, since .-

|| (t, 7 R_tTR,f la=1 R_tTR,f [z

using Theorem 1.2, We see (f, 'y)R_,TRtf ELl(G B). The p1oof of the oonolusmn

that (¢, y)TR; f EL1 (G B) isan ana,logue of a,bove plooedme
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" Hwample 1.4. Let ¢ be a bounded measurable function on G‘ If the oper at01

T, is defined by '

T, [IMG)—->LY(Q)

FCOPS(IFC),
then T, € %L is equivalent to ¢ € L*(G)s ‘
~ The invariant operator T in L'(G)(nontrivial), i. e., the multlphel in I'(@)
(see[2]), however, does not belong to Lixg). Since there is a unique element w in
M (@), the set of all bounded measures on @, such that T'f =puf for all FELMG),
we see that | TR, f ||z = | BeTF | s = | Tf || z7cer= |16 | o) i5 & constant independent
of $. Therefore TR,fﬁELi(G LI(G)) ) = '

§'2 | The Fourier Transform for Op’e‘ra’tors in Je}s |
Definition 2.1. Let T'¢c ,S”B Using Theorem 1 3 we know that(t, 7) R_tTR, fE

L' (@, B)for each fE B, vy El" mmely, Banach fualued miegmtfz,onj (%, 7)R_,TR, fd?\.

(8) és sogni ficant (see [3] ) fwhefre Aisa Eam MOasIre on G.I% is easy to verify that t]w
mapping .
w,(T):B—>B
fr j (5, ¥) B_TRfIM(E) -

is linear. For a fiwed T € L5, wy(T) is an element depending on v fm L(B), the set of

all linear operators frrom B to B. We easily ses that the mwppfmg
- Wyt Lh—> L(B)

: Ti>w,(T)
is also linear. For yEI', T € ¥y, the mwppmg :
P:I'—> L(BY
v o (T):
8s said o be the Fourier transform for an operator T'. When we do not need to avoid
U confusion, T(y) =m,(T) will be also said to be the Fourier tmnsform as f (z) és satd to
be a comples valued function f. Indeed, P(y) is the fvwlue of the Foum.,r trans form
Jor an operator T in 33 at y er.

- Ewample 2.2, Vla oomput.mg We See’ that the Foune1 transfmm of the
operator T’y in Example 1.4 belongs to L(LI(G))and(ﬁ(y) HE=(s-7)d) f(s)
holds for each f EL‘(G‘) Henee ﬁ(y) (., -—7)¢)('y) Omlttlg the fa,ot01 (ey -
we can identify T,,(y) with gb(fy) Therefore, the Fourier transform f01 an opelat01
has genéralized the usual notlon of the Fouuel transform for an integrable
function on @. _ B -

| Theorem 2.3'.;"Izét T E',‘Sﬂ;, feB. Then .
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(1) T(p)f bs continuous in the norm sopology of B.
@) T(y)f€0(T, B). - -
Proof (1) Let y4, ys €I, 6>0. Then there sx1sts a oompaot set K in G, such

that J | B_T R,f| 500 (£) <e. Sinoe
17~ 2l (R RICEARIC w))R-tTRtfth)ﬂ

<23+J | (& ya~- ’}’2) 1H|R—tTRtf"szMt)’
we have Png 1D () f - T(’-}’g)f_"'BFfO when 9, and s tend to 7y, and O

respeotively. -
(2) Write F(t)=R_/TR;f. Then FE&IL'(G, B). Because B valued simple

functlons are dense in L*(@, B), it follows that for arbitrary sma.ll positive

number g, there is a B valued function of form 2 bixs,(3) suoh that |F(%)—
2‘, b;xmj(t) ey <e, Whele {m;}ch {E;}I is a oollection of dlS]Olnt Borel

measura.ble sets in G and x s, i8 the char aoterlstlo function. |«[ s denotes the
‘norm in the space Ll(G‘ B). Furthermore, for each j(1<j<n)we have

[ @& Db @dr®) =bits (1) €T, B).
In the following inequalities - | _ o
Bofls=|[ & nFoa@),
<|[, & nE®-Fvamm¥nw|,+ (f [ @ 7>z bt Han(H)|

<s+3[, G Vo @a®|
Iettmg v and 8 tend to oo and 0 1espect1vely we get .
Jim 12 (7)fhs=0.

Theorem 2.4. Lot TC€ Y3, Then 1 és {uu} summable o ’_l' im. the strong operator
topology of K% (B), nwmely, . :
[ ﬁg(?)f(v)dn(v?)f-—?’l'f =0
holds f0fr each f € B, When {ua} is an. wppro.wmwts went@ty posszssing oompamt support
and, rrwfrm of ong én L*(@), nis a me‘ measure.on I'.

Proof Since {u} L'(G) N (&), {ua(y)} have inversions of the Founer
trangform (ses [4]). We have the following equalities.

| g nran(ns |
=[ ([, & muaoane( j.é(t, )BT RFE))n(r)

hm
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- [ BR[| @I eHm@ae
- |, BTRSAD[ G Dian(n)

o

- , el t)R TR, fd\(8).

Usung Theorem 1. 2 we see that for an arbitrary sma.ll posmve number g there is a
symmetrical neighborhood 0(#) containing the . identity’ § of & such that
| BT R.f —Tf|s<e. We can choose {ua}such that their supports -are contained by

0(0). From Tf .—.-Lua(t) Tfd(t) we-get following equa,lit.ig_s;

sy wlen

f, we(—DBR ST
[ w(-n & TRS - ON |
([, #[. ) w0 BARS -THEBGD.

In the first term, the norm is not gleater tha,n sI ]ua( %) |d?»(t) =g; the second
term is zero. Therefore,

tim |, G Penranrr - Tfﬂ

—hm,U e — §) B_{TRFIN(E) ~ Tf" <.

‘Letting & tend to zero, we get the equahty in Theorem 2.4. '
Corollary 2.5. Let Ty, To€ L5 If Ti(y)= Tz(')') for all yE T, then T,=7T,.
Proof Apply Theorem 2.4, :

We suppose that §, T €.%3. It is easy to verify 8T, TS€. %3 The following

theorem will disouss the Fourier transform for compound ope_ra,tovr} S8T. - 4

' Theorem 2.6, Let 8, TE€ L% yEI, fEB. Then 8(y~)T()f és {us}
summable fo Slf\l'(y) f in the norm of B, namely, the following relation holds

tim| | 3.®)8(r-8)2@)an(@)f - ST ()f | =o0.
Pfroof Write Fq ——j ua(S)f’(b‘)dr(‘o‘) Let t€@. Using Theorem 2 4we know
llFa(R,f) TRtf "B 0, i. e., {F,,(R,f)} converges to TR, f pomtmse Thus |

-], (5 ) (B-STR)JOM(S)
~{ &, RS m Fa(Rtf))d?v(t)

We ‘have notleed that(?, 7)R_¢p (lim F.,(R, f)) oonverges to(t, 7) (R_tSTR,f) on
G X I‘ pointw1se and J I (t, 7)R_ ;S’TR,; Sl Bth) <+oo Usmg ;Lebesgue s Dommated
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COonvergence Theorem for the Boochner integral (see [3]_) we got

st(y)f =lim [ (5, )R- SFL(B)INE)

~lim u,,<a>(j (5, 7~ 8) R :SR:T@)fth))dn(S)

&

=lim [ Lia(3)8(y= 6>T<a>fdn<8>

« JI

Therefore, the following holds:

tim | [ .(0)8(y~8)D(®)dn(3)f - ST(V)f" =0,
Definition 2.'_7 . LetTe L, weM (G‘). Define the following
M*T B—>B '
fr j R,TR-tfth)

T is said to be the convoluiion of 7 aml T.
Theorem 2.8, Lot T€.LL wEM(Q). Then () = p,T
Proof Straightforward.

§ 3. The Parseval Formula in the Harjmonic
Analysas for Operators -

Lemma 3.1, Suppose T 43, yEI‘ Then there exists an inpariant operator H.,
which satisfies the following equwhty for all f€ B :

(@2 (T)F) ()= (=3, ) (Hyf) (s).
Pfroof For eaoh ;. vEG‘ we ha,ve :

R VD) (=R ], &Nk tTRtfw)dw)
| = DR 6 BATRS an

= (4, 7>j ((5—v), 7)R _,,TR,_., Rof (w)dA(2)

~ = ((uy P)@y(T)) Bof ()
Wlite( P, (T) = H,,, then B,H,=H. R,,, i.e., H,isan invamant opela.tm and

W’Y(T) (_ :'}'>H

Theorem 3.2, Suppose that B is @ Banach wlgebfrw without the order (see [2]) -
Then w,(T)is a bounded linear opemtm', anid there exists ‘@ constant M >0 such that -

|y (IO <M for all yET. -
~Proof * By [2] we know H isd bounded lmea,r opera,tor, Thus @y(T) is also

bounded 11nea1 From Theomm 2 3 we geot av.,(T) FEO(T, B) for any f€ B. Then .

the numbel seb {Uav,(T) I B}yep is bounded. Using Uniform Boundedness Themem
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for operators on Banach space we .conclude that the number set {{lwy(T) | Fyer is
bounded, i. e, there exists a constant M >0, such that |o,(T)| <M | for all y€I'.

We now start to disouss the Parseval formula in harmonio ‘ahalysis for
operators. From [2] we know that Az(G‘) {flfe}(@, fe L2(1‘)} is a homoge-
neous Banach algebra without the order under the norm |:|im= I lzvee+ 1+
|| o=l e+ |+ | sxer. Tndeed; Ay(G)={f| fe Li(G‘)ﬂLz(G)}m a Sog al algebla
(see [6]). Let f 6 Lz(G) We have

| 79| <If1xololoxo< 1o ng!um |

for all gE Az(G) Therefore, Az(G)CL2(G)cA2(G)* and (f, g) (f, g) Whele,
(¢, ®) denotes the inner produect of a Hilbert space. 4

Theorem 3.3, - If TEZA«;,, then _

@) I"€ Lo '

(2) @ (T*) =y (T)",

3) iy (T*) 43 bounded Winoar. .

Proof From Theorem 8.2 we see that 0;77< T) isa bounded 11nea1 ‘operator on
A,(G)*. For any f € 4;(G)*% g€ A,(@), the followmg formila holds: .

<W1(T> fr O =<f, m,(T)g> - :
=5 G ~/>R_tTR,gdx<t> )

o= D BB, D)

=(J,@ “’)’)R_tT*Rtfdk(t) e
. —<W—7<T*)f’ g> :
Therefore, (1) T*E,%},(G,a (2) %y (T*) =wy(T)*. (8) wy(T™) is bounded 11near
Corollary 3.4. . T € L is self co«ngugate 'bf and’ only if the equwmy av-y(T) =
o, (T)*holds for all y€ I N
~ Proof Apply Theorem 8.8 and OOrolla.ly 2 5 to complete the proof :
Theorem 8.5, Lot T€ Lo If T('y)fé LXT, I¥(@)), then the fozzomng
Jormula holds

oIS, 5= (j (T (DY), f>

wherre f€ Az( G) 9 08 the edentety vzm, I‘ Abo've fo'rmulw can be swbd to be the Pm"sewl
formula Jor opemtors. . ‘
Proof By Theorem 3. 3 The01em 2 4 and Theorem 2. 6 we see tha.t

lim <f B () (TN (=) D) fir () — <T*T> <97>f e

holds for all f € 4:(q). By Theorem 3 3 we ha.ve (T") ( 7) f’('y)* Thus the
following formula holds :



66 . CHIN. ANN. OF MATH. Vol. 13 Sex. B

@ dm ], [ i T e)ants - (T*T)M )
Smee f’(«y) f € L"’(T LA (@)), the integral | 1
(] By tmas, )= 126G e dn(y)

is mgnlﬁoant Suppose that ¢ is a small positive number. Then there exists a
oompa,o‘o sot KT siuch that

[, 22 ans, 1) 2 TS, )| <e.
By [6] we know that {u.} have 2 plopelty hm u,,.(y) 1 uniformly holds for

o™

_7€K Hence

@ (|, T’(v)"f(v)dn(v)f, f> <hm [ uacfy)i*(w*f’(v)dwf, f)- '
@

|<hm [ P ery D Crrancys, 7t j ua((V)’f’(v)*T'(v)dn(wf, 7|

=i [,_ den e aneis, 1)

<t [ |8 I et <.
Using (a), (b), (o) and (d) to.do an estlma’olon of amphfymg we get
([, 2y T @ins, £5 =@ TN, F)| <e+0+8+0=2s.

Letting & tend to zero, we have '

(. 2o enranenys f> @O,

namely, ..
- S @I T (TYin ()], f)

Theorem 3.6. :S’uppose TE .71.(,,, If P(y)fe LT, L3(@)) f0fr all fE Az(G‘),
then : : :
. s, (T*T) j ay (T) iy (T)dn (7).

Preof From Themem 3.5 we know that the following equalities
o (T, P =, @) ey @IS, 1)Y= I(T)f corin()

hold' for all f E A, (G‘) when the conditions of Theorem 3.6 is satisfied. Using the
exbremely 1dentloa,1 rela.tlonshlp in the Hilbert space we see that the equa.hty '

| (1D, 9= j SO g) .
bolds for all f, gEAz(G) Thus | o
| w@Df = [ D) m,('r)dnw)f
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holds for all f€ 4,(@). Therefore

o, (T'T) = [ _aco (2" (T)in(3).

Emwmpla 3.7, Suppose that T' is an operator as follows:

Ty: 4:(Q) ~> 42(@)
[ f,

where ¢ is a bounded funotion in L*(@). By Example 2.2 we know

@y (Ts) = (o ~M)PC), wy(Te)*=(, V()%
TT=11% w (T (e,

[ @(T)*m(l’)dnf-—f $1ean.

Therefore,j qu!zd}\.(t) -—J |¢1’dn(7) This is Just the well known Pa.rseval

- formula in L*(@).
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