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Abstract
This paper studies the Reinhardt domains JB： defined as

B s Z  =  * • •, 0 n
• - '  •The Schwartz lemma for B is established. Using it the' authors give a necessary aad 

su ’ffieienfc condition that a local- biholoraotjihicj- mapping frorii B to £7n is starlike. It is
reduced to the Suffridge、 theorem in the case pi=^p3 =*“=p 7>：> l.

. . . . . . .  • . . .  . - . . . :

§ 1. Introduction
• . • _

Some problems and topics related to biholomorphio starlik© mappings hav« 
been considered in  [1 -5 ]。In  particular， using the principle of sulbordination T . «L 
Suffridg© has established the necessary and sufl^oient condition thjat a mapping bs：；
local biholomorphio and map the bounded domains in  On

•• - .

onto starlike domains in  0 \  '  r  2
In  this paper we will deal with the. following： Reinhardt domains

S  |«<lp< i ,  p > i<»i j

5 三0 =  (21，22, …2!„) €  O” n *jg  I 灸 I ftC l ，
First of all, w© establish the Schwartz lemma for B which extent the Sohwartsg 
lemma for DP in  The Schwartz lemma can be applied to study the biholdfli6r- 
phio starlike mappings instead of ： px*inoipl© of subordination in  referenoes 
[1, 2, 5 ]. By the way, we liave a eounterex^atple to show that if the oondition 2p„>pt 
•was dropped, then the Schwartz lemsoia WQqld be not faru©. The remaining pai.i; of
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this paper is devoted to generalizing the Suffridge's theorem for Dp to 5  by using 
Sohwartz lemma for B：

W q introduce some notations in  this paper.
L e tw (Z )= 2  We denote the distance function from the origin ia  On by<=>i '"

p(TF), the segment rTT, 〇< r < l ,  joining the origia aad Isho poiat W  in  〇n by 
a(W ). The unit disk in  O will be denoted by D, the disk central at the origin 
with radius r by D (r), if central at t by D(i, r  ).

. . • _ _  • . . - .§2. A Schwartz Type Lemma
Theorem 1. Suppose <f>: B is a holomorphio mapping with 0(0) = 0  and

， * . ■ ,■J^(〇) —vl, where I  is umt matrix. Then
ti(Z)>u(<f>(Z))

holds for all $.S B . >
Ai) friat, we prove a lemma.
For a . <1,  we pan ohoos© two positive real numbers r〇, 

r  and a system of rational n u m b e r s a n i  mj are mutually prim itive 
integers for ¢=1, 2, •••, w. They satisfy

2 ~ > — ,mx m2 m,p mn mi
r〇 I «j I

Z 7if jure sufficiently olo細 to 外 for’all.. 6=1，2，“ •.，w. Fix and take
Y ( t)^ Z T U , Y 9( t)^ Z T U

■ where

⑴

(2)

Siao©

___  r » x  •••*  ••"nS^diagCOo浐) r ，（r〇浐)17，… ， （r〇̂y s r ) ，'
■ mi 一  m， _mn17 —diag(^ {Z)j u u (Z)y u ln (Z) )9

I 丨 一 ， 丨# 鳥 尖 - 析 < 1，
» ., u§
M Z ) . .

Further, because of —
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<=»1n ■ ； n U /"ON
. 叱 F < i .  . : K }<=a .

In, light of (3), (2) defines  ̂a holomorpliio mapping and an antiholomorphio 
mapping from D (ri) to B. We have

Lem ma 1 .' Suppose ^== (^i, <f>2, ***> <f>n) a holomorphic mapping from  B  to B  
with (^(0)==0. I f  l+ fi< r i  then the s&ts

N t= {tQD(l+fJb)\<f>i〇T ( t ) ^ 0  or fp ioY ^^^O } , - .-.
. . . .

. N - U N ir4̂ 1 V • •• .
are all fimte. Or ^ 〇F (# )«0 , ^ 〇F #( t)sO a

Proof Otherwise, thex*© is at least a z^ro of ^>i{ZTXJ)j Ot ^^ZTTJ), whioh is 
not isolated in  D(tx). I t  is hot possible because of the fact that-the . o m  
mappings 4*。？"（古） and 沴i〇F*(#) aa*e both holomorphio ftmctioiijS irrD (r；t)。

Oall the finite zeros in  "by 攻)， ^ =  . 、

Consider the following n complex funotions of one complex variable t
{ Z T U ) J ^  (ZTU ),

O^arg^iCZTU), arg ^ (^ T U ) < 2 sf, a = l ,  2, •••, n. ..
Obviously, i —1, 2, •••, n, are holomorphio function of t in  D(1+/ju) \{N } ,

Now let us prove Theorem 1.
For a fixed ^GJ5\{0}, suppose J3/4(i) is not identioally vanishing. Take a 

sufficient small 8>0  satisfying ’
§ < A  m in { \h - t2\y y d is t(# 3, t2j h ^：N[J{u1/L(Z)}. ⑷

v No^ oonstruot a system of 0 00 functions/(i> in  D(ri) satisfying the following 
conditious：

i^veD C ri),1 .

2 . f lK v ) -
■ 0， i i  ri£]^jD ^i,

.lr  i f v e D ( r t ) \ { { J W T ) h
(5)

t£Nf
We know the gradients of the funotions obey^3

阿 ， ) 丨< 导 ; “ 1,2,  ..•，， (6)

where O/s are some constants only depending on the given Let
潑 ⑴ ( t)

Recalling the definition of / <0(9?)and the analytic propel% ,〇f we haY©



98 OHIN. ANN. OP MATH. Vol. 13 Ser. B ：

1 ■ d C f^ M ^ K v ) )Jc(i+M) V — t dr̂
j f 导 。.琴 )1 初八而j 攻lJjSj 7J — t

0 ( f (o(v).)l ^ K v ) [ 
I T

where
dy\ (8)

E y= { D ( ^ ,5 ) > \ { i ) ( ^ , i 8 ) } .
- • - Substituting (6) into (8) , we have by mean value theorem

\ ^ m \ | %̂ . ( ^ ) ) | ^

< |  f  • 严 八 而 +九 _ _ ^ 初八兩)

H ^ W ) 歧 — 5 ) : _ :

where rtf satisfy -̂ - <8. Thus we obtiain■" ； r ' ' ■

. .  ■ W
(9；

u ii{.: ^ = 2 2 丨， (妒).]，

where ^=f= max{11/8• 1, 2, n} only depends on tho given Z .  From (7)
and by using the Theorem 1.1.3 in [8]

in  -0(1+^)- This implies for a given 8>0,
. 0 ( i )  I

' 、 … - ■, - . .is a liolomorphio funotion of i in  7)(1+/^)^2)(8), w1/z,f> s> 0 .  Now lei us estimate
,the maximum absolute value on the boundaries 5D(1+/a) and dD(s). Since

. ■ . . . . :  .... . . . .

m ) \  < ±  e i ^«>(0.1+ \ r m ^ K t )  1) - ^  ̂  d o )
■ we obtain

、 SL\0 ( i) \  1 I t e ^ DCe )  (11)■ . . .  ..... . '卡1. , . .
by (9) a n d / (0< l  when foi" any % •-, w. Similarly, wiien
51)(1+/^), wa have
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#>al |s l

<=»1

Therefore, when —̂  is suffioiently close to far all ¢=1, 2, nftWî
I ̂ CO U 柳 '

.Based upon the maximal principle of analytic functions, we can get
(12)

<  lil^xnax l + J T ^  <»x V
(+ ^  I I te»D(.s)

814

(13)
I n  particular, we take t —u1/z,{Z). Then. (13) becomes

奪 [涿《) ( ^ ( 么) ) 一/« )(， (名) w ’％ ) ) ]

^leoalling the definitions of f  m(i) and cS/j(i) , we have
fW (uV^(Z) ) =1, j^ ( u ^ ( Z ) )  I ^  IU Z B )  I
fni mt tfinwhere i2=diag{^J>~, -r^, •••, Therefore

+ S  I ̂ {(f) I t€9D(e)\  gsil ' - . .： tsL (14)

(15)

±  |/«(^(^))^^(Mv ^ ))  i = 2 1^(^)<®1 X
'Thus we obtain

(16)

( j r J + S i ’ ⑷  f¢-16(

(H)
Her© we suppose u1/L{Z) is not a zero point of some ^(ZTTJ). If u1/L(Z) is a 

^©ro point, of some , (14) still holds. At the beginning of the proof we
suppose e i / does not identically vanish. I f j /X Q ^ O  . itisn o tiieo eS fi^ ry  to 
oonetruot th.© function ^ ^ (¢ ) ,  and (17) still holds.

Now we? let $—0• Then Siru^ is eontinuous with ；cespaot to ¢, it
. ■follows that
^ K t f )  =  〇•

.From (9) and ^ w(u1/lJ{Z)).->〇. Therefore (17) becomes
n I, ： (  2 1 ^ 0 ) 12  |^ (Z i2 ) i - r < M(^)m ax(l,

Th© relation holds for any fixed s, « ^ ( ^ ^ O O .  I t i t  easily seen that

¢6¾)(參）\
—— . (18)
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\<f>i(ZTU)\ t̂ &DCe)

y^ i ( < z )
ntjr〇. •A1*'

..+ ;,fc=l. 邙购2¾ 丨
r〇 \ f +f +"

< Z )

<sK l表T)17丨 +0(#倚今警))•
In  condition (1)

We conclude

i  ,==1L e t f o r  a l l^ = l ,  2, •••, n. Then r〇-> 1, This oompletes the proof of th©
theorem. 、 ‘ 丨

R em ark. If the oondition. 2pn>pt is dropped then Theorem 1 is not ti*uo. To 
explain it we give an example, t；

W© take n ^ 2 y |^ i |5+ N i |2< l)}  =  sz2-h:y » ....... :...............  ' '(1—2s)g;〇), where 8 is a sufficiently small positive number. Then =0 , /^(0 )

( l —gs) l ^ j 2)2. On 1^1==1, [^2[ ==1, th© fighb hand.side of the previous inequality" 
is not greatex* than s5+ ( l —2s)2=^l—2s +  @2+ s 5< l .  Thus w(<^(^))<1 when ==1̂
|s?2| =1. But ^2) G ^2» I Ui I Therefore <f>: is an in to
mapping. On the other hand, if we take ^ = 0  then

〇) | 5+ 〇) \ 2^ s5\^1\5+ ( 1 - 2 s) 2\^1\4< \^1\5^ u(01} 0) .
is not true when w© take | ^ ) = 1 —5s and s is snfi&oiently small. So the Sohwarfcs^ 
lemma fails if the oonditioti 2pn>pi is dropped.

This oountei^example was given by Professor Oarl H. FitzGerald,

we have —̂ i > 〇; Thush
l i m i ]e-̂〇 |s*i,

•• _ _  . . .  -§ 3. The Necessary Conditon for Biholomorphic
Mapping to be Starlike in B

Now we ban use the Sohwartz lemma for B  in  the above seotion to give the** 
necessary oonditon foi* a biholomorphio mapping to be star like in  B.

Theorem  2. Suppose f  ： B-^On is a starUhe Mholomorphic mapping. Then
-

holds fo r  awy Z  ̂  Bf\ {0}, where < , y  is the inner product in On.
Proof Let f ( B )  denote the image of S  u n d e r/. For a fixed Z ^ B ,  a subset o f  

B  is defined as
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Obviously, 8〇 or su(Z) is an open set. So is / ( s 〇) because of the open mapping 
itheorem and { /(s 0)} =  {/(sa)}. By the staTliks hyipothesis for the mapping / ,  the 
segment cr(TT) =  frT̂ , 0 < r < l ,  joining th© origin and the point W —f ( Z ) } 3S in  
J{B ), i. eM r W e i f i B ) }  an d / - 1^ )  6 -B, for all 0 < r < l .  We claim that if

r W e f ( s a), ' ' (19)
then the direotional derivative of u along the. dlreotion dp

(2^] TT=«Z)
■ The theorem holds. To show that.. (19) holds we sapj>〇se there is suoli »n r〇< l  thf^t 
■ r〇W ^.{/(s®)}, i. 6i, u{f~\raW.))>a. Define a nQw mapping K (Z )  from B to B  by 
K  (Z) ) . By the hypothesis for/ ,  K  (Z) is iialomorphio with E  (0) 0
And /^ (0 )  *=»f〇J s Using the preyiotis Theorem 1 we h；aYe

u(Z )> u (K (Z )y ^ u ( f-H r〇W )>a, (20)
•Thea (20) oontradiots =  f5. Thus (19) is tru e .'

§ 4. The Sufficient Condition for Biholomorphic 
Mapping to be Starlike in5

lu  this section we give the suffioleat condition for a biholoinoi-pliio mapping to

. . Tiiedrem  3. Suppose f ： B-^On is a hdlomorpMo /^0 ) =  0 m d

Jiclds for any The f  is Mholomor.phie (md BtarUh with respect io the origin m
B .

To proye this theorem need two lemmas. We denote
8a~  {Z ̂ ： jB:| u(Z:̂) <C.C6j «>0}.

Lem m a 2. Suppose f ： B-^On is a holomorphio bnmersim with /(0 )  «0 . Let
〈cfe*/’1，今>|识:卿 .:

%old for cmy I f f  is Mholomorphio on then is starVbke with resp&et to the 
> origin in On.

Proof We observe 8a is a  close set. Obviously, the imago Set / ( i a) Is also closed 
under the holomorphio mappiaig. Tlxus,. for a givea Z  Q i a, the interseotion of the 

4w〇 closed sets, the segment a i i( i /( ia), is also olosed, Oall it r(Z ).
Seobiidly we show that for the given Z £  say there exMs a 8 i> 0  suoii that

€ /( ia )  ' (21)
Iholds for Si><>0. If  it is not tru©, we <)ian find such a i*©al sequenoe whioh
?aatisfies 0 and Let B ( f( Z )y8) be the open ball
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centred a t / ( ^ )  with radius 8 and 5 ( / ( ^ ) ,  d)c：{/(U a)}. When ® is sufficiently- 
large.

( l - t i) f ( Z ) e B ( f ( Z ) ,  5).
Henoe a point ^  exists in  the neighbourhood 77« suoh. that f ( Z {) ~
due to the biholomoi-pliio condition of /  in  Uz. But ¢ /(5 ^ ) , henoe u(Zt) >
u(Z). However, by the assumption of ^»0, we oan oonolude when-.
i  becomes sufficient large u(Z } '^u (Z i). So (21) is true.

Finally, for the given we prove cr ( / (Z )) falls in  /(& )• Foi. that i t  is：
sufficient to explain that the ooset p (Z )~ a r(f(Z ))\T (Z )  is an empty set. In  fact,.
we know the ooaet v(Z ) = a ( f(Z ) ') \r (Z )  = {<x(f(Z))\{0, W }}\r(Z ) is an open-
set. If is not empty, we can assume i*==inf{^ [0,

• • • • 、 Sinoe v(Z), as a subset of the segment 〇•-(,(幺) ） ， is open, the point Q(i*) =  (1—# ) 。 .
f ( Z ) ^ ：v(Z ), i. e., Q(t*) =  (1—i*)/(^ ) the second step of the proceeding;
proof we have already shown there is an 5 i> 0  suoh that

( i - f y ( i - r ) f ( Z ) e f C s a),
( l -  ( t * + f - t r ) ) f ( Z )  e f ( s a) (22>

holds for any S i> f> 0 .  However, the argunjent is oontary to the definition of 
infimum. Thus v(Z) is empty. The lemma is true.

Lemma 3 苡 wB®~>(7n is a holomorphio immersion with /(0 )  =0 . Let
<du>fr：%, dp^\w=f(Z)>0

hold for any Z ^ B .  Then the MholomorpMo property of f  on sa can be extended to sa.
Proof ： I f  the statement is not true then there ar© two distinot points X r 

F ^ ia  suoh th a t/(X )= = /(F ) . By lemma 2, fpr all 0 < r < l
r f ( X )  ox r f ( Y ) q f ( 8 a), (23>

Because /  is holomorphio immersion, we oan obtain the curve X  (r)w ith X ( l)  =  JT 
in  B suoli that /(X (<r)) .by the :of 择nalytio contiaTiation. ..Tiat is,..
X {r)= f~ i (rf{X')') is a tmivialent oompon^nt of the inverse images oftlie segment^ 
r f (X )9 Since . '

..和 =  〇5p> U=r/a)>〇, (24>
for

u (X (r ) )< u (X ( l) )= u (X )-= a 9 -
We have "• ； . ' ： . ，.： - . ■. n . -SrC^)€^〇. . -. . rC25)；r,
Suppose* Y (r )  is the univalent component of the； iaverse ij^age^ 〇f the segment.. 
r / ( X ) ,  but Y (X )= Y .  A similar arguEfient skows



^ = - { r € [〇, l ] |X ( r ) = T ( r ) } .
If  ^  is nonempty then the supremtim of ^  exists. M is a closed set. So X  (r*)== 
F(<r#), r* < l because of X ( l)  F ( l ) ,  and X(r^+s)  ^Y(r*+s )  for r#< r #+ 6 < l„  
B ut/ ( ^ ( ^ + 8 ) )  == /(F(rtt+ s ) ), This is contrary to f  teing biholomorphio at 
X  (r#). If  M is empty then X  (0) (0), Since f  is biholomorphio in. sa} at least
one of the two points I  (0) and iT (0) mx^t te  a Txmndairy point of Suppose 

Let jB(X(0)7 8) be the open b a ll centred at X (0 ) with radius 8 sô  
啦 all that 5 (Z (() )，8) A 欢〇 is 3mpty， where 贫〇CI如华  *6he n^igiiboi-iiood . of the 
origin in  B such that /  is bllxolomrophio. Because of the open mapping theorem- 
/ (5 (X (0 ) ,  8)f) sa) is an open, set, / ( ^ 〇) an open set including the origin of On， 

and the origin is also a boundary point of the open set f { B ( X ( 0 ) y 8) 〇5a). So! 
/(5 (X (0 ) ,  8) fl s^) 0 / ( ¾ )  is.not empty. This implies for any W € f( B ( X (〇), 8) 
f)^〇) fl/C^o) it has two distinguished inverse images in  sa. I t  is not possible due 
to the faot that /  is biholomorpliio in ga# The lemma is true.

Now w© oan prove Theorem 8. Let
Q^={a^ (0, 1] I /(,2/) is biholomorphio in

First we prove Q isf nonempty. The hypothesis about /  indicates that there is- 
the neighbourhood of the origia in  B  (still call i t  ^ 〇) such, that /  is biholomorphio 
in  the neighbourhood. We olalm that there is a positive 9>.〇 such that Jf
it is not true, then we oan ohoose a sequence of points {Z{i)}fal in  B suoh that

. . . .  - ' . . . . . . . . . .

S扭oe m(幺） is eontimious with respeot to 名， it follows t私at liia w(幺(0) ==议（艺*) 
u{Z*) ==0 implies is zero. Tima lim Z (i)̂ 0 .  THis is contrary to the faot that Z * ^• i-iOO
0. is an innor point of the Qpen set

Next we show i3 is a closed sot. If  0<a±^Q  then all fall in  Q. Therefore 
it is 如fiioiertt only to prov© thM 钉 arid a fall ill tlieii 〇}* i由 also in
That is to prove /  is biholomorplii.〇 in  ea*.

Assume /  is not biholomorphio on ŝ *, then there exists two distinct points X r 
Y  in stt. suoh t h a t / ( X ) = / ( F ) .  As u{X)<a*, u(Y)<<f, we oan find an a** whiolt 
satisfies u{X)<a**<a*, u (Y )  <«**<«*. The forriiulas above imply X , T €  sa«. But 
a** 6 / 1 is biholomorphio. Thus/XX.) —/ ( F )  76O QOELtradiota the assumptipn
o f f ( X ) = f ( Y ) .  This proves Q is a closed set.

Finally, we prove the set Q is also an open set. For that we only to verify that 
if /  is biholomorphio in. s〇 then, there is e> 0  suoh that f  is also blholoinorphio in  
8a+e. If  i t  is not so then for any s„<0 and lim s„=0 there are two sequenoes X(n)
and Y  (w) in  B  suoh that they satisfy

Ho. 1 Qmgf B., Wangf 8. K . #  Yu, Q: H, BIHOLOMOEPHIO MAPPING 1〇3



X ( n ) ^ Y ( n ) ,  forall TO=l, 2,
f (X ( n ) )= f( Y ( n ) ) ,  (27)
lim u (X (n ))  =lixn u(Y (n)) -  a.
tU -^ oo 〇-»〇〇 '

I t  is easily seen that X  (n) , Y  (n) are boundary sequences. So there are the oonver- 
.genoe subsequenoes X (n k), Y (n k) of X (n ), Y (n). We have

Mm X («fc) =X ,.lim  Y (n k) = F , (28)
fc-»〇〇 fc-»oo .

and (27) gives/( - ? )  = f (Y ). I t  is olear that Y £ d s a. If  X ^ Y  then that is 
oontrary to Lemma 3. If  X  = F , (27) and (23) show /  is not biholomorphio at X G  
B. Therefore, there is a positiy© s suoh th a t /  is biholomorphio in  sa+9.

The proceeding second step proof also implies <Q is a oOrmeot set. Since Q Is 
open, closed and nonempty, [0, 1] , That is, /  is a biholomorphio mapping in  
JB\ By lemma l  f (B )  must be starlike.

Combining Theorem 2 with Theorem 3, we obtain the Snffridge-type theorem. 
Theorem  4. Suppose / ： B-^On a holomotphio immersion mapping with 

/ (0 )  =  0. Then f  is siarlibe i f  and inly i f
idu^f~xy 4p>\ for any Z £ B ,

• n .cohere is the m m r produoi m  On} p(W) is the • distance<s«l , .,-, • 1( •'fimction from  the origin in 〇n.
I t  is reduced to the Suffridge^s theorem for Dp if p x ^ p ^ , ^ ^ p n> l,
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