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A NECESSARY AND SUFFICIENT CONDITION |
THAT BIHOLOMORPHIC MAPPINGS ARE
STARLIKE ON A CLASS OF REINHARDT

'DOMAINS™

Gone SHENG (% *  Waxe Smkon (Z43)**
YU QruUANG (£ i 1g) **

Abstract -
This paper studies the Reinhardt domains B defined as
~ B"{Z (81, £3,y +++, 82EC" 2‘, la, |2 <1, 2p,.>p1>pg> >p,>1. }

The Schwartz lemma for B is established. Using it the’ authors give a necesaary an&
su 'fficient condition that a local biholomorphic mapping frox B to O™ is ‘starlike. It is
* reduced to the Suffridge’s theore?m in the cage pi'——-“p2=-¢-=p,.>1.

§1 Introductlon |

* Some problems and toplos 1elated to blholomorphm starlike mappings have
been considered in [1-8]. In particular, using the principle of subordination T.J.
Suffr 1dge has established the necessary and sufﬁelent condition that a ma,ppmg bef: :
local biholomorphic and map the bounded domains in 0" '

‘DD.E{Z= (21) %a, -""1 Z,.) Eoﬂ ‘___.21 Iztlp<1) p>1} R

- onto starlike domains in O™,

In this paper we W111 deal Wlth the followmg Remha.ldt domams
BE{Z = (21, 82, *%,) EO" 2lzi|9'<1 2pn>p1>pz>--->pn>1}

First of all, we establish the Sohwa.ltz lemms for B which extent the Schwartz
lemma for D, in 0", The Schwartz lemma can be applied to study the blholom(‘)r-"

phio starlike mappings mstea,d of the prmmple of subordination in reforences
- [1, 2, B]. By the way, we have s eounterexample to show that if the condition 20> 14
was dropged, then the Schwartz lemma Would be not true. Tbe remaining part of

Manuscript received Ma,rch 13, 1990 '

* Department of Mathematics, Univermty of Sclence and Technology of- tha, E[efei Anhm 230026

#* Tnstitute of Applied Mathematics, Academia Sinica, Beijing 100080, China; - : od
##x Projects supported by the National Natural Science Foundation of Ching.



96 OHIN. ANN, OF MATH. Vol. 13 Ser. B

this paper is devoted to generalizing the Suffudge s theorem for D, to B by usnlg
Sehwartz lemma for B,
We introduce some notatlons in th1s paper..

Letu(Z) 2 [ 2| ™. We denote the distance funotion from the origin in O" by
p(W), the segment rW, O<fr<1, Jommg ‘the Q;lgln and the point W in 0" by
o(W). The unit disk in O will be denoted by D, the disk ocentral at the origin
" with radius r by D(r), if central at ¢ by D(¢, r ).

'§2. A Schwartz Type Lemma

‘ Theorem 1. Suppose ¢: B— B is a holomorphic mapping with $(0)=0 and
J4(0)=vI, 0Lp<l, where I is unit matriz. Then :
w(ByBuHD)
holds for all ZEB : -
Af fnst we. prove a Iemma. .- :
For a ﬁxed Zg B\ {0}, u(Z ) <1 we can ohoos<a two poszt:.ve real numbers Toy

r and a gystem of rational numbers: 72—-<p¢, I, a.n'l m; are mutually primitive

integers for =1, 2, -+, n. They ‘_eg,tlsfy
1 l

l&.>_12_> l>1 2~ @
my M _ . fmn ml_ . _ . _

- 7ol 2] :"‘Qr]z‘l u(Z)<fro<fr<1
if %‘— are sufficiently close to p, for all 4=1, 2, ies; m. F1x —m—l?; and take o
Y(t) ZTU Y’(t) ZTU A . (&)
where et
' = diag ((rot") '?f, (motb)“t"f", (a-otﬂ).""zf )y

U-disg(u ¥ (2), H(2), - A <Z>)9

, 'L=ll@2"’lm.tep“i)t“#(iY"

Sinoe.

. Y
2 A ="70115le% =r|t]2<1,
é z-.-',m'
ZIy*lmc__proltlb l=1 =’rltlb<1. |

Further, 'because of ——z-—<q o
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n-

> I%l”‘<2 l?/sl'"«<1

‘=1

Biurin<d n %<, @

In light of (8), (2) deﬁnes it holomorphlo ma.ppmg and an antlholommphm ‘
mapping from D(r) to B. We have :
Lemma 1.  Suppose b= (d1, b3, ==+, $,) isa kolowwrpho)c mcippq)ng from Bto' B
with ¢(0)=0. If 1+p/<tr1 thew the sefs =~ .
{teD<1+u>l¢;oY(t>——0 or ¢;oY"(t) by oo

N=UNQ

are all finits. Or ¢oY (1)=0, ¢oY*(t) =0,

" Proof Otherwise, thete is at least 2 zero of qh(ZTU), or ¢¢(ZTU), which i
not isolated in D(ry). It is not poss1b1e because of the fact.that. .the. combination al
ma,pplﬁgs $io¥ (3) and P, oY *(3) are both holomorphlc funotlons in D(rr1)

Qall the finite zeros in N; by #, j 1,2, eevymy. _ : ,
Oonsider the following n oomplex ‘functions of one complex va1 mble ¢

(8) =T (ZTT) G, (2T, .
O<a,1gqb¢(ZTU), arg & (ZTU) <2m, §=1,2, ooy 0 . .
Obviously, &7%(3), =1, 2, +-, n, are h010m01ph10 funotion of ¢ in D(I—Hw)\{N }
Now let us prove Theorem 1. I
For a fixed Z € B\ {0}, suppose M *(t) is. not 1dentlea11y vanishing, Take a
sufficient small >0 Satlsfymg ' .
g <% min{|fs—tal, - dist(ls, OD(1+1)), Vi, 80 5ENUW(B)}.  (4)
*- Now ‘construot a system of G"" functions f(” in D('ri) satlsfymg the follow:mg

conditions:
1, fOmer, 11, #nED(r);
2. f“’(n)={' e ®)

We know the: gmdlents of the funetions obeyf”J

Where O/'s are some constants Only dependmg on the given 7. Let o
PR i L . 3(f(c)(,n)&¢‘(n))
,@ GI(f) =
. (t) 2(71;@ ) Dt N t Y -3 d"] /\dﬂ, tED(1+ ,1,) (7)

Reea,lhng the definition of f®(n)and the analytlc plopelty of . ‘(t), We ha.ve
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2751'@(‘)(#) I — L)(Hm s ’a(f(‘)(na);j (m) d,,)/\d,,‘?l
J M‘(’?) 3(fw("7)) dﬂ/\dﬁl
<§ EI’M‘('”) l I 3(]‘“’("1)) l dVI/\d’)] (8)

yheré . o . _ L
o E- {D;tso, a>}’\{ _D(_tf‘n L 8)}
Substituting (6) into (8), we have by mean value theorem
ZWI.@‘"(t) | gﬁ IJV‘(”I?))I j 17)-1-27] .Ia(f(ii(ﬂ))!d;ﬂ/'\d;?'
at Y0 | 1 1 )
<2 I.M (nj )[<flﬂjnlq—tl>d T'ﬁ_—trdﬂ/\dﬂ E_,nD(t.a) |'r] ¢ dn/\dn)
o 04 T '
<2 laz (5 )1( fwn_tuw dnAdn j q_mw dn /\dn)

=S‘ 0¢ ELC )r( 8w+20178)

g o | (o),
where 7§ satisfy —%— §< [0§P — t§" | <. Thus we obtain

(0w <ar e,
319060 | <nd N

B -l R
where. %‘ —max{11/8 Oy 6=1, 2, -+, n} only depends on the given Z. From (7) |
and by using the Theorem 1.1.3 in [8] -

' . OB (5) =(f (1) A (1))
in t€ D(1+w). This implies f01 a glven e>0,

-3 FUD LA

isa holommphm funotion of ¢ in D(1+ u:)\D(s), uE> 50, Now lef us estimabe
.the maximum absolute value on the boundaries 2D(1+u) and @D(s). Singe

o 10®I<F (ZDI+ 179D Dz (10)
. We obtain o ) | . L .
sﬂld(t)ltem«MJrzw<t>|tew@ - an

by (9) and f(c)<1 when +€8D(s), for any = 1 2 — Smulaxly, when 1€
'aD(l'*‘Hr) FO@E) =1, wehave =~ oo o .
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SHAOW LB =3 6) |
-3 | (ZTT)F @ (2TT)|

<3 l6a10) % 35 27a) .

b

my

- Therefore, when is sufficiently close o Dor for all 4=1, 2, ,

X101 teav(1+p)<1+.9f' M. - (12)
Based upon the maximal prmolple of analytic functions, we can get

‘Z:; [B9() "f("(t)-;‘{‘(t)] l_< Itl.r'maX(l-i-x:/,_ (fﬂ-i-z | () |seameo ))

Py
I , ' )
In partioular, we take £=u'%(Z), Then (13) becomes
3 [FOEHHE)) —F O Z) ) oA (HE))] |
HM+DN LD e
<u(Z)max<l+Jﬁé/ ( & ‘SL @) °>) (14)
Becallmg the definitions of f “(t) and o (t), we have - 4 »
f“’(ui/L(Z)) =1, I-M'(ui’”(z))l“lsb;(ZR)l'“‘ . aB)
where B= dlag{fr y T Z- veo, 'roln} Therefow " ' |
2 If“’(ui’L(Z))&f (ul/”(z)) I ”‘2 l</> (ZR) [ , - (18)

T'hus we obtain

(JM/+2W‘<#) i)
3 lam) E<d 1206 @) +u<Z>max(1+oM e )
‘ ‘ (17)’
Here we suppose /Z(Z) is not a zero point of some ¢,(ZTU). If u'/%(Z) is a
zero point.of some ¢, (ZTU), (14). stlll holds. At the begmmng of the proof we
suppose .o/ ‘(t) does not 1dentlca11y vanish, If o (8)= =0 it is nof necessary to
oonstruot the funotion Z® (1), and (17) still holds.
Now we let §—>0. Then n(‘>——>t“’ Smoe L4(3) is oontmuous with respeot to ¢, it
follows that
.et”("?“’) —».s{‘(t(") ._0 o
.From €)) .,%-90 and .%"”(ui/f'(Z ))—->O Therefore (17) becomes

Eld“)ltemc el  -'=
i Funma(y, S

*The relation holds for any fixed s, w*/%(Z )>a>0 It is ensily seen that
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|ECETT) o o
LA / 0 ;+Tk+
<”zi 72‘)‘) .+ b (,\ " MW"”"(JZ)) | )

J7c 1.
(g p .m_«)
lx

<s[f%‘ <u<r’2) > 'vlz,l+0(s UM

ms

—

=8 U

%

"M@@<1 :

In condition (1) we have 4 + Z : ;”%”1>0., Thus "~ -
k :

We eonolude! .
2 |¢,(ZR) m‘ b<u ().
eo, m. Then ro——> 1. This oompletes the proof of the

S

Lot i —> p, for all §=1, 2,
My

theorem. :

Remark. If the condition 2p,>p, is dropped then The01em 1 1s nob true. To

explain it we give a,n example,

We take n=2, ‘B={(#, _z2)€0”|I51}5+|z1l2<1} and $(zy, 22) = (82, 823+
(1- 28) 25), where & is a sufficiently small positive number, Then ¢(0) =0, J, (0) =
eI, >0, andu(qS(Z\)==|¢1]5+[¢2]2——s"]z11 + |82+ (1— 2>)z1}2<s5]z115+(slz2]+
(1—2¢) 21|22 On || =1, |2s]| =1, the right hand.side of the previous inequality
is not greater than &%+ (1—28)°=1—2s+¢°+e<1. Thus u(qS(Z))<1 when |z| =1,.
|#2] =1. But B {(zy, #s) €O?||2a]| <1, |2s|<1}. Therefore gb B->B is an into-
mapping. On the other hand, if we take #,=0 then

|1 (21, 0) |5+ | pa(ey, 0) |2=65[2|5+ (1—23)2 [z1[4<|z1]5~—u(zl, 0)
is not true when we take |#4] =1—Db¢ and s is sufﬁelently small, So the Schwal bz

lemma, fails if the condition 2p,>py is dropped.
- This counterexample was given by Professor Oa,rl H. FitzGerald.

§ 3 The Necessary Condlton for Blholomorphm
Mappmg to be Starhke in B |

Now we can use the Sohwartz Iemma for Bin the above gection "to give the~

necessary conditon for a biholomorphlo mapping to be starlike in B.
Theorem 2. Suppo% f B—-)O" is @ starlohe b@holomorphw mwpp'mg Tken
e f, A6 | wigny =0
holds forr any Z € B\ {0}, where < , ) is the nmer product tn O™,
" “Proof Let f (B) denote the 1mage of B under f For a fizsd Z EB a subset o£"
Bisdeﬁnedas TR e T e
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VT ee={Y EB|WY) <ulZ) =a}.
Obviously, g, or &yz is an open set, So is f(e,) because of the open mapping
theorem and {f(8,)} ={J (¢s)}. By the starlike hypothesis for the mapping f, the
segment o (W) =rW, 0<r<1, joining the origin and the point W=f(Z), is in
j(B), i.-e., rtWE{f(B)} and f*(+W) € B, for all 0<fr<1 We colaim that if o
TWES(8), S (19

‘¢hen the dir ectlonal derivative of u along the direction dp -

(e f dp>1w~ﬂz>—-§-;>o

: The theorem holds To show that. (19) holds we suppose. there is such an To <1 that.

r.,WQE {f(s.,)}, i. e, u(f 1(¢0W))>w Deﬁne a new mapping K (Z) from Bto B by
K (Z)=f 2 f(Z)) By the hypothesis for f, K (Z) is holemorphio with K(0)= -0
and J K(O) =roI ‘Using the previous Theorem 1 we have- o : .

W B UK (Z))=u(f el >a | (20)
’Then (20) contradiots u(f~ 1(W)) =a. Thus (19) is true. |

§4. The Suff101ent Cond1t10n for Blholomorphlc
Mapplng to be C~‘taurhke,f mB c

In this seotlon we glve the sufﬁolent condmon f01 a blholomm phm ma.ppmg to
e starlike in. B - - B B T TR P '
" Theorem 3. ‘Suppose f B>0"isa halomorphw Gmmiersion woth f (0) = 0 and
- L f dP>1W~f(z>>’0 AR '
Holds fofr amy Z E B The f ds b@holomorphw and stwfrh»ke wwth fI'eSpect to tha ormgm in
- To prove this theowm we need two lemmmas. We denote
T = {Z'€Bu(Z)<a, a>0}.
Lemma. 2. Suppose f B—»O" is & holomorphic ¢ @rmmers@on with f(O) =0, Lot
du-f~, doy | was2r=0
%Zd fo'r anvy ZE B, If f 48 b@holomorphw on 8, then f (s.,) 48 starlike mth v'espact to the
.origin in O™ |
Proof Wo observe 5, is a close sot, Obwously, the image set f(z,) is also olosed
-under the holomorphic mapping. Thus, for a given Z € &g, the intersection of the
wwo closed sets, the segment o(f(Z)) a.nd f (ea), is also olosed. Call it r(Z). '
‘ Secondly we show that for the given Z €3,, there ex.wts a 61>0 such that
| A-DFEEFGY ~ C (e
tholds for 8,>#>0. If it is not true, we can find such a real sequence {#;}i; which
‘satisfies lim {4} =0 and (1-4)f(Z)¢f(5). Lot B(f(Z),3) be the open - ball
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centred at f(Z) with radius 8 and B(f (D), b‘)c{ f (Ug)} When ¢ ig suﬁ”imently
large.

(1- #)f(Z)EB(f(Z), 3). :
Henee a pomt Z, exists in the neighbourhood U, such that f(Z,)= (1 6)f(Z )
due to the biholomorphic condition of f in U,. But f(Z,) ¢ f(e,), hence u(Z;) > a>
u(Z). However, by the assumption of {du>f~%, do>|w-1z=>0, We can eonolude When
4 becomes sufficient laxge u(Z)>u(Z;). So (21) is true.

Fipally, for the given Z €5, we prove o(f(Z)) falls in f (g,). For that it is
sufficient to explain that the coset v(Z )= a( f(Z))\r(Z) is an empty set. In fact,
we know the ocoset »(Z)=a(f(Z))\r(Z)={o(f(Z))\{0, Wit\r(Z) is an open,
get. If »(Z) is not empty, we can agsume #*'=inf{t& [0, 13- t)f(Z)Gv(Z)}
Sinee »(Z), as a subset of the segiment o f(Z )), is opén, the pomt Q) =(1—#")~
F(Z)e&v(Z), i. e, Q(#*) = (L—t)F(Z) E f(&,).In the gecond step of the proceeding
proof we have already shown there is an 8,>0 such that

A-)A-F (D) EFG), o

(1= @+ —¥1")) f(Z) € f (5a) (22)
holds for any 8:>#>0. However, the argument is contary to the definition of
infimam, Thus v(Z) is empty. The lemma is true.

Lemma 3 Suppose Vi Br->0" is a holomorphlc immersion with f (O) 0. Let.

| CduF7, B gty =0 ’
hold fO’)" any Z € B Then the b@holomm‘ph@c property of f on 8, can be extended to &,.

Proof . If the statement is not true then there are two distinot points X -

Y €¢, such that f(X)=f(Y). By 1emma. 2, for all 0<<r<1

S Crf(X) or if V)EF(E) (28
Beoause f is holomorphie immergion, we can obtain the curve X (r)with X (1) =X~
in B suoh that f(X (r)) =rf(X) by the method of analytio continuation. That is,.
X (r)=f"rf(X)) is a univalent oomponent of the inverse images ofthe segment
rf(X) Singe - ‘ ' . e

_ @%fl;=%‘-<du$f‘1; @p) | w=rs2,>0, ‘ (24)-
for 0<r<1 o - o
» u(X (1) <u(X (1)) =u(X) =a, -

Wevhave . _ - S N e
i BT X(r)esa S (25):
Suppose Y(fr) is the unlva,lent eomponent of the, 1nverSe 1ma,ges of the Segment
rf(X), bnt Y (1) Y. A similar argument shows

o Y(fr)ES,, G e el (26)-:5
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R= {frE[O 1] |X(rr) Y(r)} :

If # is nonempty then the supremum r* of Z exists. & id a closed set. So X (¢r*) =
Y (r*), v*<1 because of X (1) Y (1), and X (r*+¢) #Y (r*+¢) for r*<r*+s<1,
But f(X (r*+8))=f(¥Y (r*+e)). This is contrary to f teing biholomorphic at
X (r*). If & is empty then X (0)#Y (0). Sinoe f is biholomorphioc in &, at least
one of the two points X (0) and Y (0) must te a bmindary point of &, Suppose
X (0) €0s,. Lot B(X(0), S)Ibe the open ball centred at X (0) with radius & so
small that B(X (0), 8) N %, is empty, where %<8, is the nelghborhood of the
origin in B such that f is biholomrophic. Because of the open mapping theorem
f (B( X (0), ) Ns,) is an open set, f(%,) an open set including the origin of O™
and the origin is also a boundary point of the open set f(B(X(0), 8)Ns&,). So
F(B(X(0), 8) Neg) NS (%) is not empty. This implies for any W € f(B(X(0), 8)
Nea) NF(%) it has two distinguished inverse images in &,. It is not possible due
to.the faot that f is biholomorphic in g;; The lemma is true,

.Now we can prove Theorem 3. Let
Q={a€ (0, 11| f(Z) is biholomorphic in &.}.

First we prove Q is'znbntem;pty The hypothesis about f indicates that there is
" the neighbourhood of the origin in B (still call it %) such that f is biholomorphio '
in the neighbourhood. We claim that there is a positive 3>>0 such that s,C%,. If
it is not true, then we can choose a sequenoce of pomts {Z_ _‘_”};,1 in B such that

u(Z“’)<-—-—, zqu%

Since u(Z) is oontmuous with respeot to Z, it follows that hm u( Z®) = u(Z *) 0.
u(Z*) =0 implies Z* is zero. Thus lim Z “’-—O This i oontla,ry to the faot that A

0. is an inner point of the open set %o. ,

Next we show Q is a olosed set, If O<a,16 Q then all w<w1 fall in .Q Thel'efbl'é
it is suffioient only to prove that if "> e and a_,ll_aa fall in Q then ¢" id a.lso in Q,
That is to prove f is biholomorphio in &g. o ‘ |

Asqume f is not biholomorphic on €t then there exists two dlstmct points X,
Y in e, such that f(X) =f(Y). As u(X) <a*, u(Y) <w we can find an ¢** which
satisfies u(X) <a*<a', uw(Y)<a*"<a". The formulas above imply X, Y €gge. But

a™E0, Sfle s is blholomorphlo Thus f (X )—F (Y) aéO eontra,dmts the assumptlon

of f(X)=f(Y). This proves Q2 is a olosed set. : : :

Finally, we prove the set Q is'also an open set. For that we only to verify that
if f is biholomorphie in s, then there is £>>0 such that f is also biholomorphic in
8440. If it is not So then for any s,<0 and 11_'13 8,=0 there are two sequences X (n)

and Y (n) in B such that they satisfy
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X(m)£Y (n), foralln<t, 2,
F(X ) =f¥ (), ' (27)
11m u(X(rm)) llm u(Y(n)) =a. "

It i3 easily seen that X (n), Y (n) are boundary sequenoes. So there are the oonver-

genoe subsequences X (n), ¥ (m) of X (n), ¥ (n). We have
lim X (ny) =X, lim ¥ (m) =, (=)

and (27) gives f(X) f(Y) Tt is olear that X, Y €86, If X+Y then that is
contrary to Lemma 8, If X =Y, (27) and (23) show f is not biholomorphic at X &
B. Therefore, there is a positive & such that f is biholomorphio in Eopar -

The prooeediﬁg seoond step proof also implies Q2 is a connect set, Since Q@ is

open, closed and nonempty, Q=[0, 1]. That is, f is a blholomorphlc mapplng in
B. By Iemms 1 f(B) must be starlike.
COombining Theorem 2 with Theorem 3, we obtain the Suffridge-type theorem,
Theorem 4. Suppose f: B—>O0" is a holomoiphic $mmersion mapping with
J(0)=0. Then f is.starlike ¢f and énly &f .
- L7, Aoy | wanz =0, for any ZeB,

«wkera &> s the dnner produot in O w(Z)= 2 lz,l”‘ and p(W) b8 the .ddstance

,fwncmon Sfrom tlw omg'm in O,
It is reduced to the Suﬁ‘rldge s theorem for D, if Py= p9== =g, >1,
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