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FINETE GROUPS WITH SCHMIDT GROUP AS
AUTOMORPHISM GROUP

CHEN GUIYUN(FIS‘- z;) ®

Abstract

Thls paper continues the work of D. MacHale, D. Flannery (Proc R. Ir. Acad.
81A, 209—215; 83A, 189———196) and the author (Proc. R. Ir. Acad. 90A, 57—62; J.
Southwest China Normal University 15, No. 1, 21—28) on the topic on “szte groups
with glven Automorph:sm group” The followmg result is proved

Let @ be a finite group with Aut G a Sehmidt group. Then G is 1somorph10 to
83 or Klain 4-group., or D such that Aut D=Inn D, .

D ig aSchmidt group of order 2%p. §3(&SylyD) is a normal and speclal group except &
supersperspecial group without commutative generators. R

In thls paper we shall prove the follow:mg o ' iy

Theorem, Lot G be a finite group with Aut@ a Schmwdt group. Tken G is
ésomorphic to Ss or Klain 4-group or D such that Aut D=Inn D,

| ‘Lemma 1, Lot G be a Schmidt group. Then following hold:

1) |G| =p¢? where p, g are distinct primes,

2) & Ims a rnormwl Sylow subgfroup and & cyolic Sylow subgroup, say, S <IG‘

=<a. :
3) Let N be a mawmwl normal subgroup of G contained én Sq. Then N= qS(Sq) =
8 and |84 N | =¢", whereb@stheorderofgmodp

4) Let o€ Sq Then ¢ is one genemtor of 8, 6f and only 4f [e, @] #1.
. B) If 8, is @ non—Abelian group, then N=2Z(8,) and N s an elementary Abelian
‘_qfroup If q+2, then the esponent of Sy is q. If ¢=2, then the emponent of S, s 4.

8) If 8g9s an Abelian group, then S s an elementary Abslian group,

7) Z(G) =p(@)=p(8,) x $(S,) (see [1]).

Lemma 2. Sappose that Abeléan group G has type .

S— r"‘—Ss—"\ L r'—"Sr—"\ -

@, - ,p"" B s BT e B St 0y ma>ma> >y

Then lAufG[= N k[[ (- 1), fwhere y= 2 Sisfm! 2 S‘(S‘+1? cmd. Myg=

B
Mmaxys, j} (kee [2]) _ L : Sl S
Lemma, 8. All-Schmidt groups ewcept Sa wnd D have an outerr wutomorphzsm.
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Proof Let G be a Schmidt group. Then by Lemma 1 we have G =8548, with
IS | =p% and |8, | =¢*

1) If a>1, then qb(S,,) #1, Smce ¢(S,)<Z(G), there exists 2€ Z(G) with
12| =p. Moreover there is a homomorphism f from @ to ¢z such that Z (@) <Kerf,
Define o(g) =f(g)g for any g€G. It is easy to show that o is a central
automorphism, Since Z (G/Z(G))=1, G has no inner automorphism, which is a
central automorphism. Then ¢ is outher automorphism of @.

2) If =1 and ¢=>3, then by Lemma 1 the exponent of 8, is ¢. Since G/Z(@)
is a minimal non-nilpotent group, we have

G/Z(G) =@, 01y 0z * Y Op|@P=cf=cf="--=cf=1, [0, 0)] = lw,--am,
1<, 1D, 1<i<<b~1, ot =cl % 05D,
wheref(w)-—. @® —dy® ™~ :-—olzm tllls 1uedu01b1e on F,and f(w)|a?— 1 b is the
order of ¢ modp, Therefore we may set v
G'={a, 61, Czy **+, 05, Z(G)|aP=c}=0f="--=cf=1, [e4, 0] =2, cf=0;41,
of =cfrol ez, o, €4 (Q), 1<k, 1<h, 1<6<Kb~ 1), o
Putb 6% 5 o7 = ooy 0y, where 2'€ Z(@). Sinoe f (#) is irreducible on F,,
f) =1—dy—dy—ds=0 (mod ¢). ‘Hence there exists an integer r such that
r(1—dy~—eeedys—dy)=1 (mod ¢). Set z= (2" "%2})". Deﬁne '
Ca—a '
T or ooz, 1<i<<h
2z, for any PR=y/ (@).
" Booause #;=o5lerlol=ae0rlert= [z, oit], (67%)°= (eiivz), 1<k, l<b 1<
$<b-—1, and
(051%)°= (68) 7= (el ofr-r-cfm) 12 =05 oty ofieyts
R e e z= (o71z) % (c“1z)""’z‘(""“”’+ o+ zz‘lz.
»___._(0;1@61 NG z)d,,,,l-—d;—dg— —dy ylp=t, | |
~=(c7'z) "1+ (65"2) ", (this coines true by defintion of z),

‘we seo that @, 6717, 1<6<b, # satisfy the -defining 1ela,t10ns of G. So o can be
extended to an automorphism of @. s

If ¢ € Inn@, then there exists go € G such that o(g) = =g for any gE G. Set go=
ay, where sE§,, €8, We have a”-—a"——cr(a) =a, that is to say, Y€ 0, (S,). By
Lemma.l?/EOSQ(S,)<¢(S,)<Z(G) Hence o(g)=g°, gEG‘ Then of=c;%z, c; :
(63%)%=(e?) 5 = (cr 2) =0 1<é<ch. This implies #?€ O, (S, YS,NZ(G). Since
a=1,8,NZ (@) =1 and o?=1, Hence p=2, By the definition of b.we know b=1,
|G| =2¢. Exaoctly G={a, bla*=b'=1, a~ba=b"1), At this. tlme |AutG| =¢(¢g—1).
"Then except G =0s, G has an outer sutomorphism. o

+8) Letw=21, ¢g=2. If 8, is an- Abelian’ group, then V.- -
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-G'=4a, 61, 03, *+, Cp|@® =0l =03="+-- =0} =1; cic;=0;6:, 13, j<b, ch="0p1,
CA<E<b—1, cf=clcl -0, ;
where f(z) =a" —dya® ™ — eoc —dgw —dy i irreducible on F, and f (o) |#*—1 with b the

order of 2 mod p. Define
wHaz

v

e>of 7, 1<4<h.
Then 7 oan be extended to an automor phlsm of G. If v is inner, then there oxists
go€ @ such that v (g) =g%, S G. Hence o =a? [a, _go] =a a coqtla.dletlon to
@' =8, |

If 8, is non~Abelian and supel speclal group without commu’aa.tlve gener atosr,
then by [3] we have S
G'={a, ¢4, Ca, *+, Cp, z]a”——-—-01 c§—— c=0y=2"=1, [c,-, o] =z, ci=2, @aéj,
1<, 5B, 1<SESCD, of =0p4y GF=ctod 0, ISSISD - 13,
where d, is as disoribed in. previous - paragraph. By ¢€Aut(@/Z(G)) in above
paragraph, we have o} =cf* (¢}’ ) (cf") %+ (c1** ™). Since f(w) is irreducible on
Fsy f(1) =1 (mod 2). Define ' s

- ead?
’ 8, o>z v
- | e.Hc””“"’z’ 1<4<b.
Beocause ‘
[c(i(b_-nlz,] ar__ calbz — g‘ (cga) da,. ‘_(C%a(b'ﬂ)) de/] Z/

= (042 (42 2e (70 (2 ) Ot = (o) (08 ) (4" 2)®,
the other defining relations of & are obviously satistied by a?, o2, 2%, ot ot ",
2. Then & can be extended to an automorphism of @. By the same resean as v we
know & is an. outer automorphism. The Lemma is proved. :
.. = Proof of the Theorem At first we prove that the groups satisfying the
oondition of the Theorem are nilpotent groupsor §s or D with Aut D=Inn D.

In fact, if G/Z (G)<kAut@, then G/Z(G) is nilpotent. Further G is nilpotent,
Suppose @/Z (G) =AutG. Let =Gy X Z, where Z<Z (G‘) and G4 has no nontrivial
Abelian direct factors, Then Z(G)=Z(G:)xZ and G4/Z(G)LG/Z(G)2AutG.
Since Aut Gy X Aut Z<Aut@, Aut G4y=Aut @ and Aut Z=1, \Z|<2. We assert that
@ is a Schmidt group. Here. Wwe may assume |G| =p~.

v Let H be s proper subgloup of G4. Then HZ(Gy)/Z (G1)<G‘1/Z (Gy). If
HZ (G‘l) /Z (G‘i) {Gi/Z (G4), then H is nilpotent. Otherwise Gi=HZ (G,). Hence H
1s s n01ma1 subgroup. Further. Gi has & maximal normal subgroup M such that
thole ig an element ¢’ which is not in M but in Z (G&) ‘Suppose |G1/ M| =r, where
A'\'—-p org,. Then (z’)"EM Suppose there is 2& M NZ(Gy) such that |z[=r." Define
_ o-( 9= =f ( g) 9 gE G, where f is.g homomorphism from G to <z} such that M <Kerf,
Then o€ Aut G4, Sinece o(2)=Ff(¢)¢' %2, o.is an outer automorphism. ‘This
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contradiots Aut Gy = Aut G=G4/Z (@,). Therefore rt|Z (Gy):N' M| and we have Gy =
M % <2’y, a contradiction to supposition of Gy. Then H is nilpotent, G is a Schmidt
group. By Lemma 8'Gy is 3. If G=83% Z,, DX Z, then by [3] Lemma 4, G has an
automorphism, a contradiotion. Therefore G=83 or D with Aut D=Inn D.

Secondly, if & is nilpotent, set G'=8, X8y %X =% S,,. Then Aut G=Aut S, X
AutSy, X o+ X Aut §,,. If there exist two Aut S, [Aut §,,| #1, then as Aut @ is a
Schmidt group we know that all |Aut S,,[ are mlpotent and so is Aut@, a
contradiotion, Then we may set Aut S, = Aut @. 8ince §,/%(8,)<Aut §, =Aut G
and the nilpotent olass of the Sylow subgloup of Aut @ is at most 2, the nllpotent
olass of §,ig at most 3,

When ;S’, is commutative, suppose that S,,. has type

/—'—61——\ r—'—Sa——\ r--—Sr—-\

| (™, =ee) P, P vy P ooy P, wee, p ™) m1>m2> >y,

If 5,=1, 1<4<<#, then by Lemma 2, ‘Aut @ is a p-group, a ocontradiotion, This
implies that there exists an s;, say sy, lal‘gel than'1, 8o 8,, has a direct factor N of
type (p™, p™). Therefore G’Le(p)<GL2(p"") =Aut N<Aut G. Since GL.(p) is not
nilpotent and Aut @ is a Sohmidt group, Aut G= -G Ly(p) . If p>3, then GL2(p) is
unsolvable, a contradiction. If p=3, we have §L,(3) <G L:(3), but SL,(3) is not
nilpotent, a contradioction to the fact that all sﬁbgrqups of Aut G are nilpotent.
Then Aut G =GL,(2) =8, this implies that G is the Klain 4-group by [4].

‘When the class of nilpotency of §,, is'3, we seo that 8,,/Z (8,,) is a non-Abelian
normal subgroup of Aut §,,=Aut G. By Lemma 1 2), 3), ;S’,,‘/Z (8,) is a Sylow
subgroup of Aut S,,. Then pit| Aut 8,/Inn S, |. But: any pi-group with- order
larger than p, has an outer automorphism of order py, a contradiotion, '

‘When the olass of nilpotenoy of §,, is 2, if §,,/Z(8,,) is a Sylow subgroup of -
Aut S, We oan obtain.a contradiction by using the method in above paragraph,
Otherwise by Lemma 1 2_), 8), T, we know 8,,/Z(8,)<Z(Aut §,,). Therefore for
any v€ Aut S, and I,,€Inn §,, 71,=Iow holds. We have I,w(g) =+I,(g), €&,

95" 7(9) Jo=7(g0) 7(9)7(g0),
7(9) =9ov(90) (D) 7(g0)g ™

which 1mphes 9ov(go) 16 Z(8y,) forany g€ G. Then 7 is a central a,utomorphiSm,
that is to say, Aut S, consists-of central automorphlsms Smoe |Aut Syp| has two
distinot prime factors, by the formula of the order of the group of the oentral
automorphlsms of finite p—group displayed in [4] (p. 280)\We know that S, has a
direot factor B of type (#%, ©%). Put 8, =HExD, Then Aut B Atit D<Aut Sﬁ.
Sincé Aut B =GL,(p!) i non-nilpotent and Aut S, <Aut G is a Sohmldt group,
we have Aut F=Aut Sy, Aut D=1, Hence D is’ Abehan, and s is 8,

contradiction t0.S,, having nilpotent class 2. ’I‘hls conoludes ‘the ploof of the
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theorem. :
At the end of the paper I would like to say thanks to Prof. Chen Zhongmu and
Shi Wujie for their concerning and supporting my work.
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