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rsup djy if  ̂ */= 0  and K /)Q O f9
d̂ ez>i

g f ( ^ ,  if ^ ；> 〇  and (^ , K i ) e 〇t ， (1.4>

and
. H-qo otherwise

(1.5>

The extremum problem

(p) in f Q (x} K )(jSfK)&8
is called a gen©x*alized geoxnetrio programming problem, and is expressed as GGP 
for short in  this paper； . ,

GGP is a class of important optimization problems, which includes many 
typical ©xtremun problems as its special oases, such as the minimization o f
signomials, quadratio programming, best ?p«norm approxlmatiOB, optimal location,

• . .

multicommodity transportation networks, minimum discrimination information,, 
discrete optimal oontrol with, linear dynamios, dynamio programming with linear 
tx-ansition equations and so on (see [1] and [2] for detail), Peterson has mad©' 
a systematic study on GGP (see [3—6]). One of the Yery important properties
that the dual of GGP has nice symmetry-----it is still a GGP problem. As shown by
Peterson, the dual of problem (P) is

(D) ij!r- inf X)y

where
and sup 〇* > < + 〇〇, or ^ > 0  and 

<?*€0<
{〇}  U«̂ i %i) ^：D f,

F s { 2/|<aj, «/>>〇, Va；€ X } ,
T M (y , ^)1(2/. ^ D ,  y £ Y ^ n d h ^ ) < 0 ,  

sup <?/{, o4> if  Xi=0 and (p\

对 ( 2 / S _  从 i (扒A i) i f 、 > 0  and ， 、 ） 6  A+
.+〇〇 otherwise,

H(j/ j ^ )^ ft〇(y °)+  ^ h f( jy \  Xi)tt

(1。6>

(1。7>

(1 .8)
We found that in fact the duality property of GGP can. be derived as a special 

ease of the general generalized ooayex programming theory. More exactly, if -we-
seleot a suitable bifunotion, express problem (P) as a generalized convex program

‘

associated with this bifunotion, «ind find its adjoint bifunotion, then th© 
gen era ted  oonYex program ^sooia-tpd wiiili tile adjoint bifunotion is just problem 
(D ). This method is muoli simpler and more genei^l, and ajso pan be used to
dex'ive dual for some problems whioh are more oomplioated thao standard GK3P.

. - 二一一
Fm*thermore,, with this potiftt of t te  proof of the duality theorem of GQF
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will be clearer and simpler.
In section 2 we construct a bifunotion F  corresponding to problem (P) and 

derive dual problem (D) based on F .  In section 3 we prove a strong duality 
theorem between problems (P) and (D ). The notation for. bifunotion and adjoint 
function in this paper is sim ilar to that used in [7] of Rookafellar.

§ 2. Dual Problemi Derivation
- ：• .

W© introduce bifunotion JF from to B m:
(F W )(x } K ) ^ g 〇(a>0- z 0) + ^ g t ( ^ ^ r  K ) \ g ^ ^ )j

i e i ) + 8 ( ( x ,  ^ ) |® + ^ G X ) , (2 .1)
where 8(. | O) is the indicator function of set 0, i. e.,

( - )

and

, = = 0 *，£，'卩，' ”
8= (» °,

1: »?=(%, *•*, Vy\)€：B lJ\
i = 2m +  j X J +  j J" j .

It is easy to see that now problem (P) can be expressed as 
(PO in f (# 0 )(>，I ) .

By Section 30 of [7], the adjoint bifunotion of F  is defined aiS

J  J  z

l*> + 2 3  W / + S w « } »  (2.3)

where
P P = (a，，f ，p V /*).

I f  there is a jit*<〇( i € l ) ,  then we can let /ij-> +〇〇 which keeps the value of 
( jP lf) (<c, K )  finite, so that indicating that

■ —  (2.4)
. .: ____

Because th.e dual problem w ill be sup £ " * ) ) (^ * ) ,  obviously -we oan ignore
this ease, i. e„ in what follows, we only need to ooiisider the case

i i 4 > 〇, V i € I .  (2.5)
On the othej? hand, If ^  G ^ r then there exists v ^ .X  suoh that
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Taking a feasible solu-tion of problem (P ): (ccy K ) ^ 8  B,nd taking 2=0, *»?=0, 
for iG ly  aiid

心==入1y — x (X]>0)
so that so+$x^X； *w© see that for this pail* of (〇?, K )  and W =  v)9
(^FW) (ccf K ) is  finite, .

But
( ^ + 〇〇)〇

The above facts and (2.3) iadioat© that when.
( F \ x * y K ^ ) ) ( W ^ ) ^ - 〇〇. (2.6)

Therefore, w© only need to consider the ease
. r e r .  (2.7)

Ia  faoii when. i * ^ Y ,  w.e have (jv, £*>>〇  for any v in X . Thus
m in <匕 £*> =  m in〇 - oj，普*> =  min<”， - <£C, £*> =  — <®, P> (2.8)€̂X*—a? v v^X.... . . • 

and the minimum is attained at £=* —aj(-y=0).
By (2.1), (2.3 ) and (2.8),
{ F * ( x \  r « ) ) (T T *)=  in f {^〇(®0- « 0) - «  ^ > + < « ° ,

W tw,K

<〇* ^ - K sK )
J

+ 2 [ - < < ，> + 《 ，巧 —< *S 『> + 叫W - * 0 ] } .  (2.9)
X

Lot
切。〇。- « 。）一<®0, a^>+<g。 ， ， > —◊ 〇, f 。〉 }

- in f { ^ 〇(〇i0- 2 0) - < a !0- 2 0, «*0>+<a!0, g*0- ^ 0- ^ 0»

= - sup 0*°>-^〇(a;o- » o)>4-inf<^^®°—2!°
if  ^ 0- ^ 0- f ° « = 0 ,  ^ °€ D 0l 

l ~〇〇 otherwise，
b i ^ i n f  < •>+<«*, «**>-<<»*, f * 4»a?*,z1

(2 .10)

= inf { ^ ( ^ - - « 0 -<»<-» *, «*{> }+ in f< a ；<, (2.11)
a* x*

Qbviotisly, 

lif f i *> 0 } tteii
in f ^ ) =  -  sup ^

r 〇 i f ，一»•‘一£ **=〇,
inf<ajS， 一 土 , ，l —6o otherwise.w*

(2鱗

[ fi*) if
"l .. otherwise.

( 1 1 3 )
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I f ^4==0, then

When deriving (2.9) from (2 .3 ), w© take ^), which means ai—̂ i^O i
and hence

su p {< ^ — zHy}t
«<—«< c<€0<

Oombining (2,13) and (2 .14), we see that 
— inf 2；̂ »

(2,14)

if  , > 0  and «**€!>“
sup<«#1, e*y i f  弘 **=0 and sup<o*，〇 < + 〇〇，
GfGC4 Cf̂ Ct
+〇〇 otherwise

By defining
Df  ̂  jjul) I /Xr* == 0 and su|> ic  ̂<  +  〇〇; or fjii* > 0  and ^  (2 .15)

. ,  . . . .  '
and

' sup<g*S e*> If ^ *= 0  and («**,
. 0*60, '
. M ^ W )  if /^*>〇 and ( ^ ,  € A +

for eaoh («**, we obtain

- m f  {^Sri(a5i-2 ')-< a3 <- « {, =  ̂  .
*«-»< l. +〇〇 otherwise

and therefore, for each
f h t ( ^ y i f ， —r a n d  (，，#〇  € 災 ， 

otherwise.
b一 〇••«==.

(2.16)

(2.17)

(2.18)
1+00  

W© now oondsider .
Z>戶  ĵ nf s’，•£"广 ％ )  — •KT̂ BTJ- g;*) —«  会巧+ 切7̂ }»x，，zj，K“VJ

■ J : (2.19)
A s in (2.19) an infimum is wanted, we only need to observe the ease £Ty- % >〇  

(otherwise the .first tex*in In the braces will b© + 〇〇) . For nqtational sim plicityt 
let

T产  K 广％，

T ien  we have
.¾―,:,扭 f  {於奶  ％) —〈#斗 ，，心

衫 Aj，Z 逢，
^ { g f x * i + r }y - r ^ }

+ inf , z*s—se*j — + inf  % —K*j),
ei w

Clearly,

i n f ^ ,  =  1
0
—〇〇 otherwise, ''

( 2 .20)

轉 ；)
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in f  K ) ) ^ \
m l

0 if 7 7 * - ^ - 0 ,  
，〇〇 otherwise,

^ m i t r  ^ + e j> ^ K ) y
认TV

=  - s u p { T ^ + suP{<i，-> ^ + i * j> ~ 9 t ( .i }yrj>0 "
r- ■ t •■ ■ , '

sup{<^, r}-)>
u

Vol. 13 Ser. B

(2 .22)

(2.23)

sup{<^, H}*s +  i*}y — sup <JP, dj^} i f  Hj == 0,
ti aisvj

s u p « e  ^ + r j> - ( ^ ) ( ^ ' ) }  i f  r j > 〇,
r 〇 n ^ + e je D h  % - 〇,

= +〇〇 , i f  +  ̂ € 〇h 3̂ =  〇, ( .

.+〇〇 ■ if  •〇/，％> 〇.
The first oonolusion of (2.24) is obvious as we can take ^'=0; the second one is 
derived by separation property of convex sets. Notion that as is a closed convex 
funotion, its effective domain D;- is a closed convex set. By [7], for
s1?；f"i(yAv) and ( ^ ；) * ( .) *= ^ / (- )?  ^ us th© third and the fourth oonolusions of

• . : .  . . . .

(2.24) are obtained aooording as belongs to the effective domain of hj or
not.

(2.24) tells us that to guarantee that this supremum value is finite, we must 
have

G A  (2.25)
and when (2.25) holds,

s u p « f f

from which we See that
sup{< "， 卜 於 (护，％)}= su p {*rv (5T J+^(a^+ f*〇)}。

Td>0
Substituting this result into (2.23), we obtain

in f i g a t 1, — ic^-f | #i> —1?/^/}== —su p^^ST y +A /C ^+^O )}

if ^ + ^ ( ^ + 1 * 0  < 0  
otherwise.

(2.26)

Combining (2.20), (2.21), (2.22) and (2.26), and noticing (2.26), we see

that …
0 if  ri^K %  ^ + i ^ D h

- 5 f« J  m d  K ^ + h i^ + e O ^ O ,  ^  (2.27)
+〇〇 otherwise.

By (2 .9 ), (2/10)> (2.18), (2.27),, (2.5) and (2 .7), we obtain the adjoint 

bifunotlon of F i



(俨 (®9, [ * ) )  (T〇  =&〇+ s  &{ +  S  ^i j
f -A 〇(〇 - | X + (，，/〇  i f f i > 〇, ( ^ ,  ^ ) G A +,

1 i  e  I ； x9i+ ^  G A-, V*j =  and
- .  K ^+hti^ + ^ x o , j e J ：

^ * = 0,* and ^ € F ,
l 一 〇〇 otherwise.

(2.28)
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By section 30 of [7 ], we know that the dual of problem (P^) is
sup (尸 (0, 0))〇〇
W* 、

or equivaleniily,
inf —(浐 (0, 0))(T T ).
w* (2.29)

Setting 05*^0, in. (2.28) and hence js* == we can write problem
(2.29) as

inf {知〇〇+ 2对(心，a0 |，€A>，（心，W)GA+，P>〇, i€l，
X

^ ^ D }；h j(z ^ < 0 , j £ J ,  z *£ Y }.  (2.30)
It is easy i!〇 find that the above extremum problem is exactly the problem 

(D) in Section 1 if we replace e* by y, and ^  by X{.
The method used oxl the above dei-iyation Is more direct and mox-e general 

than what used In [5] and [6]. This m©th.od can also "be employed to derive dual 
problems of some more complicated convex programs.

§ 3. Duality Theorems
Peterson gave a duality theorem for constrained GGP, the proof of which is 

divided into two parts, i, e., [5] and [6]. Here we give some different results based 
on generalized convex programming theory.

Theorem  3.1 I f  there exists (5, K )  such that
5° €  ri 0 〇, (3 .1a)

(3 .1b)
〇i and ^ (5 4)< 0 , i £ l , (3.1o)

x G r i X , (3 .Id)
then GGP problem (P) and Us dual (D) ham no gapy i. e.} ^+ i/f=0 .

Alsoy i f  problem (B) is feasible^ it  mmt Mve m  optimal solution.
Proof We only need to prove that for the bifunotion F  given by (2.1),

Ogi-i dom J?*， . ■ (3 .2)
feeoause (3 .2) means that problem (P) is strongly oonsistenii (see Seotion 29 of [7]), 
and therefore by Theorem 30.4 of [7], program (P) is normal, whioh means that
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the two oonolusions of this theorem holds.
In order to prove (3 ,2), by. Theorem 6,4 of [7], i*b sufi&oes to prove that for 

any W =? (2, $, v) €  dom F ,  there exists p > l  suoh that
.(1—p) TV 4* p 0 == (1一 p^W Gdoxn F . ■ (3 .3)

In fact W =(z, i, /jo, i7)  € d 〇m F  implies dom (FW ) i (̂ \̂ i. e., there is (a;, K )  
Satisfying
. . .  x ° ~ » ° e 〇〇, (3 .4a)

K j—vjj) ^.0^, j ^ J ,  (3 .4b)
gi(.〇oi~ e i) < f i i, i £ I ,  (3.4o)

x + ^ G X .  (3 .4d)
Beoause of (3 .1a) and (3 .4a), according to Theorem 6.4  of [7], there exists 

b > i  buciL that i f  l < p < p 〇, tix6n

or equivalently, t
[(1 p) 〇f i+ p5°] — (1 —p) €  Ĉo- (3 .5a)

Sim ilarly, by (3.1b) and (3 .4b), there ar©；p^>l, suoh that when l < p

< 外， 一

( i - p ) ( ^ - ^ ,  K }- v d + p ^ },
or . ,  - v .

t t ( l - p ) ( ^ K d + p ^ , K j) l - ( l ^ p X ^ v i) € 〇p  (3 .5b)
By (3 .Id) and (3 .4d), there is p > l  such that ；

(1—p ) (a /+ f )+ p 5 G ^
or equivalently

[ ( 1 - p)®+p5] +  (1 —p ) | € X  (3 .5d)
for l < p < ；〇. .、 .• . . . • -••• • • 

As ^ (5〇< 0 , there exists p't >-l for eaok suoh. that when l< p < p j ,

On the other hand, since oonyex function gt is oontinuous at relative interior
> *»

point.5S there is p l > l  suoh that when K p ^ p 1̂

From the above two inequalities we know, that if  K p ^ p ^ m in fp J ,  (〇«}, then 
,: flf4 ( (1 -  p) (x* -  2〇 +P®1) < g i  ( i〇 / 2 <  (1 -  p) fx>i
or equivalently, . ,,：： -；;.

Combining (3 .5a)—(3 .5d), we see.thal; wlien l < :p <  . jain..:,..,{/v.pfc}：，.ior tlie perfcui*-
. .  setOju/u/ : 一 .

Jjation vector

：. ■ ：• 
Jbhere exists

- ( 1 ^ p )W ^  (1 - p) (¢̂ , v>, n)
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