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UNIQUENESS OF SOLUTIONS FOR HIGHER
DIMENSIONAL QUASILINEAR DEGENERATE
~ 'PARABOLIC EQUATION

ZuAo JUNNING (RRIETF)

Abstract

This paper studles the uniqueness of generahzed solutions for the first boundary

‘value problem of the form

Y= ob*(u, =,

ty=A4.(u, g, 3 oo, +e(u, , 1),

where 4,>0.
It is proved tha,t if u€BV.(Qr) and A(u, %, t) is strictly increasing with respect to
%, the solution is unique. :

§ 1. Introduction

In this paper, we cosider the uniqueness of generalized solﬁtions for the first
boundary value problem of the form

wp=AA(u, @, s)+-@’—%—ﬂ>—-+c(u, 5, 8)=0inQr . (1.1)
u(a, £) = (=, ) on Ex (0, T), @)
-y, 0) =14y, on Q, (1.8)

~where QT—-QX (0, T), QCR" is a smooth bounded reglon with boundary 2, and
Ay (u, v, £)=0. . : :
Equation (1.1) isa degenerate parabolio equaduon It has been suggested as a
‘mathematical model for a Varlety of physical problem, we shall not recall them
:here, but refer -to [1], where the very ‘extonsive literature is mmmamzad The
uniqueness of solution for m=1 is well established in [2, 8] The paper [4] pr oved
“the uniqueness of nonnega,mve solution under the following conditions
" AK0) =0, A'(s)>0 if$>0, |
Tt is well -known that: for A'(s)>0 m>1 the unlqueness of generahzed
.solution of (1.1)—(1. 3) is an openploblem“’. In this paper, we shall give a
.sufficient condition such that the genel alized solutions of (1.1)—(1. 3) are unique,
We assume that '
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Hi, Ay, x, t) EO(BRXQp), 4,€ L”(Rx Q) and, for every (m, t)EQT, A(u @, 1)
is stuetly inoreasing with respeoct to v;

H2. b'(u, @, ©) EO*(BXQir), o(v, @, 1), 0u(w, v, 1) EL"(BXQr), P, uoE L™,

As in [5, 6], by BV (Qr), we mean the class of all,__funotioné_ with bounded
variation on Qr. Iﬁ other words w€ BV (Qr). if and only if dELi(QT). and.

27: gu ,4=1,2, .-+, m, are regular measure with bouﬁded variations on Q.

An equivalent definition of BV (Qg) is uEBV(QT) if and only if u€ L*'(Qr)

and

J.J'Iu<£b1+h1' TR mm+hm, t+hm+1) u(a;, t) l’\<~K[7"|

for some corxstant K >0 and. any vestor h= Chay hay *** By Pmsa), where we set.
%(w, 1) =0 if (s, ) EQr(see [6]). ~

As in [3], we say that a functlon w(m, t) EBVa,(QT) if fv(w, t) is mtegl able on.
Qr and satbisfies S - SN .

jjl’v(fvﬂ—h, 8)—v(w, t) |do dt<K |h|
Cr :

for some constant K >0, and any veotor h=(hy, **, hn). Here we set o(w, £)=0 if
(@, 8) EQy.

Clearly BV (Qr) € BV ,(Qr) and the genelallzed derivatives of every finotion.
in BV ,(Qr) with respect to @(4=1, 2, -+, m) are regular measures with bounded
variations on @ (see [6]), but in genera.l, the generalized derivative with respeot.
to ¢ is not. o |

By Fubini’s Theorem and

JTJ' lu(w—i-h ‘t)l u(a: t)[ do B<K,
2

‘ : _ 0
we deduce that for almost all ¢€ (0, T')
j i(oth, £) —u(a, £) |dm<0(t) i),
Thus uEBV,(QT) implies, f01 almost all t€ (0, T) u(e, t)EBV(Q)

Deﬁmtlon A functfwn u 85 callled @ generalized solut@cm of the problem (1,1)~

(1.8), if
1) u(w, t) €EBV .(Qr) ﬂL‘”(Qm), A(u, o, t)EWz(Qz), .
2) for any $€0O°(Qr), p=00n 2% (0, T), ¢(w, T')=0, u satisfies

- ” [+ 4 t)AqS b‘(u a, t)qS,, a(u. o, t)qb]da;dt

Qr.

—j [ 4w ) puindo di— j @0, 0o,

where n=(ny, ng, **, nm) de«raote the ou'bfward pcmtwg norma,l o E
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The existence of the generalized solution of (1.1)— (1 3) is ‘well established
dn [7]. The uniqueness obtained here is as follows.
Theorem. Suppose that the hypotheses H1, H2 hold. Then the solution of (1 1)—

{(1.8) 48 undque. . .. - - :
Olearly the hypothesm H1 permlts for every (m, t) E QT, the seb of Zero pomts
0f Au(u @, t) to have measure zero,

§ 2 'Proof of Theorem

For fixed t>0 let I be the set of jump pomts of u( , t) GBV(.Q), v(®, t) be
¢he normal of It at (#; £); w*(w, 8), u~ (=, t) b6 the a,pproxlma.te limits of u(+, ) at
(@, 1) € I', with respeot to (v, y— ) >0, (v, y—~x)<0 respectively. - ’

Set S i '

'17,=-%'-A(u*~—l—u+), POy, o, §) =max{F(u, o £)—3, O},

 fw=f et -
‘where F(u, o, 1) €O(RXr, f() EO*(R). | -

In order to prove Theorem, we need the following lemmas.
Lemma. 92.1. Letwu, vE BV o(Qr) N L (Qr). Then v ds mtegmble on Qr with

-respect to moasures _Qu_’ b= =1, 2 . m. Moreoruerr L: S dwx are integradle on (0,T),

ow;
”'v O g = L(LB 2L da )d#

The proof of Lemma 2.1 can be found in [3, Theorem 2.1 a,nd_ Rerhark 2.1].
. By Lemma 2.1 an‘dfmea;sure theory, if u, fvEBVw(QT), the set QN (v (=, £)>8}

and

.i8 measurable with rerpect to aa:: ,i=1, 2,
Lemma 2..3.. Suppots that Hy holds and w is & solution of (1. 1)— (1 3) Then,
jm’ every qSEOl(QT) ¢=0.0n 2 % (0, T), >0 and F (s, w, ¢) € O*(RXQp) .

qs dmdt——-—.‘ ,ﬂ (F—~ SsgnF)tﬁmdwdt §=1,3, oy m. (2.1

CaP>PNer . aFI>®0er

Proof Since ﬁé%%ﬂ_e L2(Qg?, there ex;‘sts a ot § (0, T) “with més § =0,
suoh that S Lo e SRR '
Memm) €0, TS, =12, -
Hence by [6], for all mea.sura.bleesetv Bcri, i€ (0 T )\S Wwe' haVe

oAGu, 2 t) . N | o |
IE--————-——-—-——am{ (Za;——J’E (A(u*, , t) A(u ,.m, t))v,‘dﬂm_1 0, : <2 2) :
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where H,_, denotes the m —1 dimensional Hausdorff measure. From (2.2) we can.
obta,m for almost a,ll scT ’

: ve(A(ut, @, 1) =A™, a, £)) =0. ,\ (2.8)
Hence by (va,, Ven ***) ¥s,) #0 and hypothesis H1 we get from. (2.3) '
o L ut=yT =

and - _ K _
, F*(u, o, t) =F" (u, »,t) for almost all o€ I,
Thus for any f '(s) €0*(R) and almost all :€ (0, T'),

oo G, )= Fuu (e, ) =u(ue, )5
Since F(u, o, t).EBVm(QT)- and F"(u”', @, ) =F(u", w, t), Hyy a. e on 2, we-
have for almost all ¢ & (0, T') -

o F(w) _ . eFi(u) o
| O, F*(u)+e (F°(u)+te)* om '
Henoce by the theory of BV space and dominated convergence theorem, we have

aF 7 oF
b dndi= lim jqb ! do b (2.4)
‘an'(.F>6) 60+ i F + 6

6—90'*

Jipucs quﬁ (F”—i— €)* ZAIIZ dkbdt

- J [ (F—5)d,, div .
' srN (F>8
In analogous fashion we can prove _ ' ' S
2L dw . j (F+8)bs, dos d. . (2.5)
QN (F<~8) Q0 {F<=8)

From (2.4) (2.5), we obtain (2 1).
- Lemma 2. 8. Suppose that the hypotheses of Lemma 2.2 holcl Then for every:
$€0' (@), $(a, 1) =00n 2% (0, T), F(u, @, 1) €O*(BXQr)

lim ¢-——-—~dwdt 0, q,,_-——1,2, o, m,
80 sl FI<8)

. Proof Because

- lim ” ¢-——d dt= H gb-—-——-dmdt

Qre(|F1<8) QN (F=0)

” dwd% ‘oll

1t i enough to prove

Créarlj
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ﬂ ¢S da du= ”qS—-—-dmdt Iim ” 2 4o

n~0*t

Qz'“(F 0 , QN (F>)
—lim I ¢ dwdt Ii~I,—1I,
: LIPS
- By Lemma 2.2 . ‘
I~ —lim ” s (F —n)dw di = — H b, ¥ s Ity
0 Q=0 (F>m ' een(F>0) '
Iy=—lim ” be(F-+n)da dt =~ ” o F do 3%,
"l 0aiich<0)

Thus. | |
Iyt Ig—= j@ J b F dads= j j ¢ - da di= I,

and Lemma 2.2 is proved.
Lemma 2. 4. Let F (u, o, t) EO0(R % Qr) be strictly monotonous with respect to
. Tken for every 3>0, M >0 there ewists a constcmt K(8, M)>0 such that ¢f |ui,
|u21<M |y —ug)| >8, then
| F (ug; @, t) —F (usy @, t)|>K(8 M) (m, t)EQT
The proof of Lmma 2.4 is simple, we omit if. |
" Proof of Theorem Suppose that the soiutiqn of (1.1)—(1.8) is not unique,
Then there exist two solutions g, % OF '(l.l)—Q-(l .8) and ¥ € 05(Qr) such that
U (thy —%s) x O dt% 0. - " (2.8)
(e :
By Definition of generalized solubions, we ha,ve

” (%1~M2><¢t+ A(uyy @, £) — A(uz, @, 1) A¢+ c(u1, @, t)-—c(ug, @, t) ¢>dmd#
[

Uy, "‘"’Mz . » Uyg —Us

- j J (b (s, @, 8) =8 (tay @1 ) b, s At =0 | 2.7)
v o L :
Denote ' o - |
Ui(w, £) =b*(uy, @, £) =b%(us, @, £), 4=1,2, i, m,
Then U*€ BV (Qz) and |T*| >& implies that L
Ny —uz| >0 (®) >0 : (2.8) .
By Lemma 2 2 '

}’ (b‘(u;, w, t) bi(uz, @, t))gb,,,éa;dt |
-=” U‘qS,,,d di = -—”qsﬁg— det

- [ (U asgn U‘)Sba.dm'dt-ﬂ.j (I 5 3” Tria

CenGUHED ¢ - - @en(UN<d
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We take y§ such that 1
f3=1if |U‘|>8; x=0 if |U*| <8.
Let _
Bt = 13U — BSgn U‘)
Uy — Uz -
Then by (2.8) IIB2,|§K (3),4=1, 2, «+, m, and (2.7) oan be rewritteﬁ a8

|| =) (o226~ Bips, + O dwdt+ ” ¢ 2L dwclt 0, (2.9)

or ' . . endvus<
where , ' ‘ '
| 1= A(uy, o, 8) —A(us, @, 1) b= 0 (uy, m, ) — O(uz, @, t)
Uy — Uz ) Uy — Us
Set ’

Dg(my t) = (77'*"-26);1/?:3‘6)
where n>0 and 4, is a positive O a,pproxima‘oion of A suoh that

”(A ~Aydedt<r. 0 (2.10)

By the strlctly monotonicity of A(u @, %) with respeot to u, =
| DY|<D(5, M). _ - (2.11)
In fact, if [U‘| <3, (2.11) is obvious; if |U?| >8, then by (2.8) and Lemma 2.4
7 - A(uy, o, ) —Alu,, a, t) K(6 M) : '
Us.— Us a2M _ ;
We ohoose D%, 0, €0(Qy) such that : .
|8, {D4| <K (3), llm.Db,.—D 11% 03=0 a. e. on Qy.

We consider the firsh boundaly value problem - * -
$e(n+Aeydd— Din(n+A)* bo,+0rd=1 in Qn, @.12)

é(w, £)=00n Zx (0, T), _ (2.18)
| . ¢ (@, T) =0, (2.14)
By cla,ssmal theory, (2.12)—(2.14) has a unique olassical soluhon ' '
|$| <N,

where N is a consfant mdependent of n, €, 8, h.

Below for simplicity of notation, we will denote the oonstants depending only
on M 3 by K (), and the constants independent of e n 4 & by O, a,lthough they may
change from line to line in the proof., S

We now prove that the solution of (2.12)— (2 14) Satlsﬁes o

H(n+As)(A¢)2dmdt<K(8)n~1, | (2.15)

J'j|v¢|2amdt<1z<a)n-1 R R T))

Multlplymg (2 12) b& A¢ mteglatmg over QT we have
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j j{¢,A¢+ (At (4= Dl L bu kb + b4 1081 dw =0 @.1m

OIea.lly
DS ,,<n+A Y b, 4| < -(n+ 1) (4)° 3D, (2.18)
U(;S,Agbdwdt—--—J V(a, o)(zdw>o o (2.19)
/) |
U thSAqumdt[ j (n+4.) (46)° dmdt+-0- (2.20)

U x\A¢dxdﬁ’=‘H b da| <0  : (2_215

j V| dodi= ”(}SAqua;dt<—g+—-H(97+As)(A¢)"’dmdt . (2.22)
Qr G

Substituting (2.18)—(2. 22) into (2.17 ), we obbain (2 15). From (2 15) and

(2.22) we obtain (2.16). -
Substituting the solutlon of (2. 12) 2. 14) into (2 9), we ha,Ve

Uj(ul—uz)x do dt'
== U (u1~—uz){¢t+(W+ZS)A¢—D§n@+Z¢;)1ﬁ¢m+5n¢}dwd¢fI ~
< U (ua— uz)nAquwdtl + l” (u;'—uz')(ze—Z)Aw;udt[ |

o ¢r | R
+|[f <c7,.-6>czwdt] +|[[ ) (Dt 1+ Ly 2~ Byt
B ¢ : .

| [ oL daas. | @)
Qrn (U1 <D : '

First by Lemma 2.4 and (2.1B8) | -
(4¢)° dodi<K (7)K () y>0,

Qe Qet—tial >7)

-Thus

T

Uj qf](ua,'—‘wz)Aﬁbdmdtl <0 {JJ?} <M1*u9)2(4;¢)2 do dt}

-,<0 { ” ’« (u1—uz)27l (A¢)2““’dt} "

TQrA(IBartial >'y) :

+a{ U Ca— uz)"’ng(AqS)%mdt}

QN (a1 <Y

<OK(y)K(@®)7*?+0yK (). ' (2.249)
Secondly by (2.10)' and (2.15) '
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m(“ Z"’“"‘“l“(ﬁd ~ Ay dudt)” Ul ("‘W"‘””’t) <OE@).

(2.25)
Moreover, we can choose & small enough such that
|[[a—w) (28 (n—l—A )2 Bi} b, dw ‘”I <nK(8), (2.26)
o _
[ @r-rawds<nr @), (2.27)
Last, by Lemma 2.3 - |
¢ da; db<w(3), (2.28)

Ben(iUic®)
where w(3) is a nondecreasing funetlon with hm 'w(a) 0,

Substltutmg (2.24)—(2.28) into (2.23), we obtain

m(u, )y da dtl <O(E(7)E @) +yE(3) +K(8)n1/2+w(a) ).
©@r . )
Hence we choose y = 8(K (6)) and let 7—>0* to obtain

I"”(m—uz)x dw d#' <O(3+w(9)),
: e
Let 6—>0% to obtain

J (uy—us) y dsdt =0,
Qr
This contradiets (2.6) and Theorem is pro_ved.
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