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UNIQUENESS OF SOLUTIONS FOR HIGHER 
DIMENSIONAL QUASILINEAR DEGENERATE 

PARABOLIC EQUATION
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Abstract

V

This paper studies the uniqueness of generalized solutions for the first boundary 
Talne problem of tlie form

ut=^AA(u, x ,古） = 掷 ap, f), oxi
where

It is proved that if is strictly increasing with regpeot to
w, Uae solution is unique.

§ 1 . Introduction
In this paper, we oosider the uniqueness pf generalized solutions for tB.© first 

%〇undary yalu© problem of the form
m% t) +  + g(u9 co9 ¢)=0 in QT9 (1,1)OCGi

t) on 2 x (0 , T )9 (1.2)
0 )= m〇, on. Q, (1,3)

where (0, 27)̂  Q d B m is a smooth bounded region with boundary S 9 and
-Au(u, wt #)>0.

Equation (1.1) is a degenerate parabolic eq_uati〇Eu It lias been suggested as a 
;mathematical model for a variety of physical problem* w© shall not recall them 
:here, but refei'to [1]， where the very exfeMive» literature is summarized. The 
'uniqueness of solution for is well established in [2, 3] The paper [4] px-〇Y©d 
the uniqueness of nonnegatiye solution under the following conditions

JL’(0) = 0， J / (s) >0 if $ >0•
It is well kiioWii that for J /(s )> 0 ， m > l the uniqueness of gen^railized 

solution of (1.1)^-(1.3) is an op©nprobl©mC5：I. In this paper, w© shall give a 
：：i3uffioi©nt oondition such that the generalized solutions of (1.1)—(1,3) are unique»

We assume that , .
、. -■ .

_ i . i . ,  丨■ 丨■丨
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HI. A (u9 a), t) ^ 0 {R^Q t) t and^for every (〇?, O-GQr, A{ut so91)
is strictly inox-easing with inspect to u;

H2. bl(u, i) € 0 1̂  x , 〇 (uf co, t) f c«(w, cot t) € L°°(RxQT) # i/r( u〇 ^L°°.
As Idl [5, 6] , by 5F(Qr) , w© mean the class of all funotions with bounded  ̂

■ variation on QT. In other words wG5F(Q〇>). if and only if and.
0U~r—, i==l, 2, are regular measux*e with bounded variations on Qy.

〇 t  OQj{

An equivalent definitioa of BV(^t)  is w^BF(Qr) if aad only if wG^CQr)-
and

Iw(a；i + ^ # •••., xm+hmt t +  hm̂ x) — w(a?, #) |
Jd  , ； ■ ' ： '

for some constant K > 0  and any y©3tor h= (hx, ••• hmt hm+1), where we set. 
u (jc ,^) = 0 if Qo, i) ^ Qr (b60 [6]).

As in [3], w© say that a funotioa v(x, t) ^B V 0(Qt) if t) is integi-able oil. 
Qt and satisfies 、

JJl-yC^+A, t)\dQ)di<：K\h\
Qt

for some constant K > 0 t and any yeotor h^Qix, •••/Am). Her© we Bei v(w9 t)= 0  i f  
(ic, 〇  G Qr*

Clearly 5F(Q r)cz5F<l;(Q5p) and the generalized deriyatiyes of every funotion. 
in 5F«(Qr) with respect to 2, --,77¾) are regulai* measures with bounded^
Vari玖tions on (se今 [6])， .but in general， the g奋neralized derivative with respeot
to i is not.

B j Fnbinfs Theorem and
r [ dxdi^ K sJo Jo |ft|

we deduce that for almost all (〇. T)
[ \u{as+h, t ) —u{x, #) |<Z®<(7(#) |'A|. jQTlius u^.SV»(Qr) implies, foi* almost all #¢(0, T), u(>, t)QBVC〇 ).

. ■ ■ ： ；  ̂ • 'Definition. A  function u is called a generalized solution of the problem (1,1)— 
(1.3) ，好

1) M(®, 〇 € ^ F a(Qr) n i M(Qj.), A(U, X, t) e W l(Q 2 )；

2) for any i>G〇 2(.Qx}, ^ = 0 on 2 x (0 , T), 4>(x, T)=~0, v,satisfies
II  .4(«, 〇；, t) Aift-b^u, co, t)<f>et~o(u, c〇, t)4>]d)〇sdi
Qr fTr r== -4(^. t)^>g.nida-dt-~ «〇(»)^(®, 0)d<o,Jo J S J Q

n— (w 、n2, •••，nm) 这enote the p^ward 於备niing n〇Tfmal 咖 ”习‘
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The ©xisieno© of the generalized solution of (1.1)—(1.3) is well established 
An [7]. The uniqueness obtained her© is as follows.

Theorem. Suppose ihM ihe hypotheses HI, H2 hold. Then the solution of (1 .1)— 
^1.3) is unique. /

Clearly the ixypothesis H I permits, for ©very (^, t)£Qfjrf tli© set of zero poiata 
A u(uf a;, t) to have measure zero.

§ 2. Proof of Theorem
For fixed <>6, let jT„ be the set of jump points of u(% t) ^ B V (〇 )； v(as, t) be• • . . . .  ' . . .«the normal of F*u at (as, #); u*(co, f), u~(xr i)  be the approximate limits of « (• , t) a t

:<(®> with respect to (v, y —co) >0, (v, p~cd)< 0  respectively.
Set

w=-i-(M++ « +), F a(u, co, i)=max{F(u, m, t)~ d , 0}, 
f(u )  =  f(m *+  ( l —s)u~)ds,

^wiier© F (u i a?, i )^ ： 〇 (E xQ Tl
In  order to prove Theorem, we need the following lemmas.
Lem m a 2 .1 . Letu} CiI^CQt) - Then v 6s integrobh on QT with

respect to measures i —1, 2>- m. Moreover \ v d a )  care integrableo%(07T ) f 
OXi Jo  OXi

-mid

Qt
The proof of Lemma 2.1 oan be found in  [3, Theorem 2.1 and Remark 2.1], 

.By Lemma 2.1 and measure theory, if u1 the set 〇 >8}
measurable with rerpeot to 音 ’i=1， 2. m.

Lemina % Sujipote that holds <md u is 0 solution of (1.1)—(1.3), Thm
for every (f> 〇̂ 1(Q^)J <f>—〇  on 2  x (0, T ) t 8>0 and F(syx, x Q r ) .. ̂ ■»

| J  dt= r~. (F —dsgn F y^idxd t, i ~ l ,  2, •••, m. (2.1)
Cî liinQ, 4 〇JP|>(5)neT

Proof Sia.08 —  ̂  ? ^  € L 2{Qp) , there exists a set Scz(0, T ) ^ itli mes iŜ =Qr 
•such that

#e(0, T )\8 , i « l ,  2, ••
Henoe by [6], for all measurable get J S c r t ,  (0, W )\S  we have

j j B(A «  ^  (2.2)
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where denotes tiie m ~ l dimensional Hau^dorff measure. From (2.2) we can.
obtain for almost all

^ 4(jd(M+, 35, ^ ) - Xi t))= 0 .
Heno© by (v*., vet, •••, and hypothesis HI we get from (2.3)

u*—u~
and

(2.3>

F^{u} a?, t) =F^(u, a$y t) for almost all 
Thus for any f  (s)Q〇1(R) and almost all i G (〇> T),

Since ¢) £5F«(Qr) and ^ 4(«+, a?, ¢) =j^a(M~, a>, t), a. e. on Q, wê
have for almost all t £  (0T T)

d Fs(u) eFs(u) 8F> 
dxi Fs(u) +e (Fs(u )+e)li dc〇i '

( ■■Henoe by th.© thieory of BV space aad dominated oonyergene© theorem, we have
[ f  (2.4>

伽  n (及 >3) qx

Qt *
- l im  [ \4 > .^ ' ^ L d x dt

、 ^ 〇OJ (F$+ e y  dxi
= ~ jj* (#  — 8)令而 da?狀

6<rn(̂ >5)
In analogous fashion w© oan prove

II JJ (F +8y4atdxdi. (2.6)«
Qj* n ( <—5) Qt n 5)

From (2 *4) (2.5), obtain (2.1).
Lenuna 2. 3. Suppose that the hypotheses of Lemma 2.2 hold. Thm for everyr 

t ) ^ 0 〇n -Sx(0, T )7 F{u} a)r t)^ O t (BxQT)
lim f f 4> da? <& = 0， i = l ，2，…，饥.d-»0+ J./ i/XiQT̂ OFKd')

Proof Beoause
- ；

lim ff <f>-^~dxdt^= ff  <f>^—d<xidt, a-»o+ JJ oXi JJ oXiQxcQFKS) Qxn(F̂ O)
it is enough to prove

Clearly
0  沴 名 ^  do? <&=« 0•dâ i
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^0(^=0)
dcoM-\im  [ f  ¢ - -

dXi ^ % J c U  dXi
dF

dm

一 Mm ff c2i=Ii—12—!$〇JJ v 〇<Ci Qxnĉ <-n>
B y  L e m m a  2 . 2

I z=  —limf?-*0+
Qs n {F > ri)

J 8=  — 1dm  ”一>0+QTC\iF<-rf)

- rf}dx dt二 一 j j  咖雨；

^-^dcodt^  ^  Jj* ^0*^ ^
〇irnCF<〇)

T h u s

dojdt^ dF dx d t^ Ix_ J2+i8- = J]<M* — n
Qsp Qt

a n d  L e m m a  2 . 2  i s  p r a y e d .

L e m m a  % 4 .  Let F (u , co, f) €：〇 ( R x Qt) 60 strictly monotonous with respect to 
« .  Then for every 8>0 , M > 0  there exists a constant K(d, M )> 0  such that i f  | « i | 7 

|M2 | < J f ,  | « i ~ « 2| > S ,  then
cb, t ) —F (u 2, a?, i ) I > J S T ( § , M ),  (® , t )^ Q P.

T h e  p r o o f  M  L m m a  2 . 4  is  s i m p l e , w e  o m i t  i t .

Proof of Theorem S u p p o s e  t h a t  t l i e  s o l u t i o n , o f  ( 1 . 1 ) — ( 1 . 3 )  is  n o t  u n i q u e ,  

■Tlaen t h e r e  e x i s t  t w o  s o l u t i o n s  M i, m 2 〇f  ( 1 . 1 ) — ( 1 . 3 )  a n d  x ^ 〇〇 (Qt)  s u o h  t h a t

JJ («1—Uz) %dcadti=̂  0 .
Qt

B y  D e f i n i t i o n  o f  g e n e r a l i z e d  s o l u t i o n s , .w e  h a v e  ■

ff A<b+) )  \  Ux — U2 u%一 U2
—^(b *(U i，a?, i)  — b*(u2t «T  i))4>g( da}dt=0.

.

D e n o t e

TJ'Xcs, i )  =  as, ®, t),  ¢ = = 1 , 2, •••, <m.
T h e n  a n d  | t 7 *  | > 5  i m p l i e s  t h a t  ,

\ux~-U2\>G (S) > 0 .
B y  L e m m a  2 . 2

t )~ b \u 2, do, ^(fi^dicdt
.「 V '  釭 .

« = J J  U * ^  dxdt= dadt

• • . -+:

— ff (17*—8sgn U*)4>gtdxdi

(2 .6)

^doodt

( 2 . 7 )

(2 ,8)

ern^Wii-a)
0Oi da.

e*fi 〇&<!<«>
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We take xi suoh that
Z ^ l i f  |^ |> S ;  xb^O if \^ \< 8 9

XiOt

d Ux—U2
Then b j (2.8) |jSa|<jKT(8), ¢=1, 2, •••, m, and (2.7) can be rewritten as

I I (%—u2) + d^>) dxdt + II  <f> ^^-dxdt=0f (2.9)
t}xn(.\u*\<S)

where

Set
2^_ A(ux, as, t ) —A(u2, co, i) ,g?_ 〇(ui, «, t ) —Q(uz, as, i) 

«1—U2 %—M2

where 17 > 0  and 2 e is a positive 0°® approximation of 2. such that
(2 ..1.0)

Qt
By the strictly monotonioity of A (ut 〇}t t) with respect to uf

\ m \ < D ( 8 } M ), (2 .11)
In fact, if [174) <8, (2.11) is obvious； if |17  ̂>S, then by (2.8) and Lemma 2'A

罝 ==A(uly x, i)~ A (u 2, (c, M) •
U1—U2 2M

We choose B\h9 Q^O'XQt) suoh that
I^ |/{-D k | <^*(5) ； a. ©. on QT.A—0+ A—0+

W© consider the first boundary value problem
4>t^+^e)^4>-^m{n+ ^ e) l r i n Qx, (2.12)

¢)=0 on 2 x  (07 T), (2.13)
^ )= 0 . (2.14)

> • • .By classical theory, (2.12)—(2.14) has a unique classical solution
丨令丨<  及，

■ where 況 is a constant independent of 刀，€，8 ,為. .
Below for simplicity of noiialiioii， we will denote the constants depending only 

on M d by jST(S), and the eons*bants independent of er{ h d b j  0 } although they may 
5〇han^e from line to line in the proof.

We now prove that *bhe solution of (2.12)—(2.14) satisfies
(2.15)

-■  Qr … 、 ..
• . .  • .  ,  . .J J |晴 — 砌 從 ⑷ ”'  (2.16)

. ; 知 v . .. .. .乂. ■. . J . . ..U , ! ■Multiplying (2.12) by 4<j>, integrating oyer Qj. we hav6;
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识 知 辟 +  (足十”) (」你 - ¾ (针 足 )1厂< # + 似 # - ¾ 稱 —兩 (2。17>
Qt

Olearly
j %  (”+ 又 )1广‘ 圳  <  去〇?+又 ) (处 r + | ( i 4 )  i

. , . .  ■ • . . -  ■

(i<f>tA<f> L I  〇) (0
Qtj 癸如叫 <  J  (”+ <2e)(挪 )?和兩 + A

Qx Qv r-.
A% 4>'dx\ <(7,J j*| %Â >dmd1ŷ  =

伽 QtJ J |▽令丨2咖淑；一 j j V 却 如 啦 + 音j j (”十 伽 取

$jp Qt • Qs .

(2.18)
(2.19)

(2 .20)
'»•

(2 .21)

(2 .22)

Substituting (2 .i8)—(2.22) into (2.17), we obtain (2.15). From (2.15) aad 
(2.22) we obtain (2 .16),

SuTsstitutiag the solution of (2.12)—(2.14) into (2 .9)， we have

Qx

*= J J J (« 1  ~  % ) +  (T/ +  s ) — - 3̂¾ C7? +  -̂ e) 1/? Pan +  〇Qt -
<  丨 j" j  (跑—《2)”」和 !P (¾ 十 j*j"(处—。 (又 .一足) daj (¾ j

* Qt
■ ■ . ■ ■ ■ • • !

jj" (Ml —M2) (久 —^)(203(¾ +  —W2){i)!ft(?7+』 s) 1/2 —罚 }办忍

Qx

+
Qt

十 j dxdt
OrnÔ Kd) dwi (2,23)

First b f  Lemma 2 A  and (2.15)

〇(!»!-«* I >Y)
Thus

JJ v(u i-u 2)Ai>da}dt |||?7'，(^i^«a)2( ^ ) 2 das (2<j>
Qt  Qt I ■ : - .• !................CC -ji/2 . ： .：JJ

.一 ' . 1V2■ ■ f̂iq«ar-̂ l>7>
+ 0 1  J J  (ur-Uz)W{^4>)2 dxdi

^ O K ^ K i d ^ + O y K i d ) .
Secondly by (2.10)'and (2.15)

(2.24)
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C* Qt SQr
(2.25)

Moreover, we can choose  ̂small enough isuolx that
% ){% (”十 足 严 -扔 池 办 忍  < 成 (私  (2.26)

Qt

丨 J]〇i —«2) (仏 - 疗)如 (8)。 （ 2 • 27)
Qr

Last, by Lemma 2.3
| |  dx dt<w (8) f (2.28)

Ci-nCî Ka) *
where w(8) is a nondeoreasing function witli lim ^ (8)=0.

Substituting (2.24)—(2.28) into (2.23), we obtain' - . .

\^ { ih -u 2)%do>dt ^ ¢ 7 (5 :(7 )^ -(8 )^ /^ 7 ^ (8 )+ ^ (3 )^ + ^ (8 )) .
说r

Henoe we choose 7  = 3 (^ (8 ))^  and let t?->0+ to obtaio

Qx
Let S->0+ to obtain jJ(W i — w2) Z 如雨= G*
This oontradiots (2.6) and Theorem is proved.
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