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and give a oharaoterization of the set mentioned above. We also obtain some other 
related results.

§2» Definitions and Lemmas
Let / :  X - > X  be the same as 〇〇. § 1. In  the following we refer to [3].
Suppose that is the Borel <r-algebra of X .  Denote by i f  (X )  'the set of a l l

probability measures on ^ ( X ) ,  by M (X , / )  the set of all elements of M(X)> 
whioh are invariant foi* /  and by E (X , / )  the set of a ll elements of M (X , / )

s T • • ' ...
wtioh are ©rgodio for f .  M {X )  is oonvex oompaot metrizable under tlxe weak—

- *  ： , • • • __
topology a n d / )  Z)JS(X, Each cc^X  determines a memlDex*'
5« of M (X ) defined by.

十 f o r a l l M ^ W .
10, if x ^ A j

is called atomic if  there exist ^ > 0 ,  2, •••, with 5  ^  =  1 and；

With, respeot to ©rgodio measure, we have
Theorem  B c33. Let f)^  Then iff there is a

with m (Y) = 1  such that
1 ；
— S  1̂Ke>) ^n «=〇

As m (i2( / )  ) =  1 for all m f ) y the following corollary is oleai% 
C orollary . Let m Q .E {X } f ) .  Thmth6Te isooQtB { f )  mohthai

n—,1
•m

n i=〇
mid the sei of all such <c has m-measme 1 and / ) )  =1 * In addition, /when m
atomicf there is P ( / )  with the period N such that

1 v-i*< n î 
i-0n

8 (0) s •-mu

ReoBsIif21 that 5s called an almost periodic pbint o f f  if  for any s > 0  one may-
find N > 0  such that fox* any q^O  there is an integer r  with q<.T<^N+q  Saliisfying' 
/ r(ic)G F(®, s ) 7 where F ( 〇5, e) denotes the s-spherioal neighborhood of a>. Denote 
by A (f)  the set of all almost periodio points of / .  It is easy to see th k iP ( / )

Definition 1. co  ̂X  is called a w^aUy almosi periodie pomi of f  i f  for any s>(y- 
one map find N ^O  such that^  (〇?,
#  ( . ) denotes the eardinaUty.

Denote by W{f).%h.Q set of a ll w ^ l y  almost periodio points of ^  Xi is easy t(K 
see that A ( f ) d W ( f ) c ：B ( f ) .
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Wo shall prove that J . (  . ) $ T F ( .. ) ^ i2 (  . ) are possible.
The proofs of the following Lemmas 1 and 2 are straiglitf〇i*wax*d.
Lem m a 1. f (W (f ) )c :W (f ) .
Lemma 2. ’ Ijei 尤 . 研 /or 咖 2/ g>0 ,

lim aj)€F(aj, s ) , 0 < r < « } ) > 0 .tt-*〇〇 7b . _
Definition 2. L e tm ^ M (X r f ) .  A subset F  of X is  called, the

cbsed support of m i f  f ( F )  czF} W — m (F)  =  1 and there is m  any proper
>mhsei of F  satisfying these ccmMtiom. ^

Lem m a 3« Let / ) .  Then the f- im an m i miminal closed support of
m exists umquely.

Proof Lei =  e ) > 〇 , V 8 > 0 } . It is easy to prove that 8 m is
non-empty, closed an d/-invarian t. For each co^X —S mt is s > 0  suoh that
m ( V ¢))==0 and s) s ) )= 0 ,  V <c^,X—8 m}  is an open ooyer of
X —S m. Sixioe X  is a Liadelof space satisfying th© second countability axiom and*- * .
；so is X — (see [4 ]). Thus, a  has a countable iSubooYer and henoe m (X —8 m) = 〇. • •
.and m (Sm) = 1 . I t  is easy to prove that 8m is the/-inyarlant minimal support of w. 
'Tie uniqueness is eyident.

L Q t ^ { F e z X \ f ( F ) c z F ,  F ^ F  and m (F) fox
Lemmin 4. Let f )  and F T h e n  F  is the f-im an an t minimal

closed support of m iff each mn-empty open subset of F  has positive m-measure. .
Proof Let F  be the /-in varian t minimal olosed support of m and U czF be non-

<©mpty and open. I f  m(U) = 0 , then LJ f~n(U)  ̂=  0. Obviously, -F— Cj^f^CU) is 

closed and inyarianii for /  and m ( F —\ j  f r n(U) ) =  1. It is easy to see that the/ -\  n=0 / 〇 〇
inYariattt minimal olosed support of m 3s contained in \ F -  | J  /~ n(l7), a oontra-

n = 0

diction*
No贫  suppose that eaoh non- empty open subset of ^  has positive w-measm.e. If 

F 〇^ F  is th e/"in varian t minimal olosed support 〇fm 7 then F —F 〇 is non-empty 
And open, and so m ( F —JF〇) > 0 . This contradicts m (F0) =1 .
. Lem m a 5. Let f )m d  F  be the fr-imariant mwimcA obsed support of
m. Then the restriction of f  on F  is topobgimlly transitive, that is, there is suoh- .
that oxb(s〇)^=F.

Proof By Corollary of Theorem B and = 1 , there is a?€ J2 (/) (1-  ̂ suoh that 

Oleax'ly, w(x, f )  czF. In  the other hand, w(a?, / )  Is a /-iavax*iant
(ft i^〇  <2?> ' • •、 ........... . •

olosed support of-w a&t so F d ^ c o , / ) ^  THus,: #«=w(a5, / )  and /  is topologically 
triansitive on ' F , . . , 卜 :
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i n-1
Lem m a 6. Let m ^ .E (X y f )  and with 一  S  Then fo r any* . U 4=0 (

s> 0 , m(V(^ 8 ) ) > 0 i f i ^ G W( f ) .
Proof Because m is probability measure, it  is easy to prove that the set. 

{s> 0 \m (d V (〇), e)) = 0 }  is every where dense on (0, + 〇〇), where dV(^, s) denotes： 
th© boundary of F(a?, s ) # Obviously, it suffices to prove Lemma 6 for s > 0  with. 
m(dV(a>j e)) « 0 .  According to the property of weak oonvergenoe (see [3]), we hav^

丄 s ) ) = 丄 4 K { r [ f 〇 ) s ) ，0 < r < « } ) —w(F(®, 8) ) 。7b î t〇 n
Clearly, Lemma 6 follows from Lemma 2.

§ 3. Theorems
Set

『 。 ( ’ ) - {  a^T T ( ’ ) I告 窗 ％ ,’ 以 ( Z ’ ’ ) } .

It is easy to cheok： that /  (TT〇 (j〇  ) 〔  ( / )  •
A subset Is called an absolutely ergodic measure 1-Set of / ， i f  foi. each 

m^：E (x } f )  there is a subset E  oi F  with m (E)
Theorem  1. W a{f) is an absdutely ergodio measure 1-sei of / .
Proof By ihe definition of W〇( f )  and Corollary of Theorem B, it is olear that 

W〇( f )  is an absolutely ergodio measure 1-set of / .
Theorem  2. ©nt ( / )  =. sub {©nt ( / 1 n) } =  ent ( / 1 ), where ent ( / )  denotes

0ewq(f)
the topological mtropy o f f *

Proof By *fcli© yaria*bi〇nal principle1133 ©nt(/)«= sup where hmCf)

denotes the measure-theoretioal entropy 〇f  /  with respect to m, we have Am( / j  F) <  
ent ( / 1 f), wheye JS (X , / )  and F  is the/-invarian t minimal closed support of
m. By Oorollary of Theorem B an d  Theorem 1, there is »GTT〇( / )  such that F  =  
w(x, f ) ,  Henoe ^ « ( / ) <  sup {ent(/!„ (« ,« )}  and so e n t ( / ) =  sup {A „ ( / )> <

sup {ent ( / 1 f>) } <en t ( / 1 < e n t ( / ) .
奸 W6(/> »一1

Theorem  3. Let n n ^E (X , / )  and o?€i2(/) w i t h 8« Then ih&

following ( i)— {Mi)are equivalent.
( i ). X  is the f-invariant minimal closed support of
( i i )  each non-empty open subset o f X  has positive
( i i i )  仍€ 甭 。( / ) 叨 戚 切 〇 , / ) « 1
Proof The proof of (i)f=^(ii) is sim ilar tp the.orie of Lemma 4*
(ii)=>(iii) For 6>0 , s ) ) >  0. By Lemma 6, xQ W {f) and so a? g
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^ ( 〇5? / )  =  X  is clear, because if  not, *fch.©n X  — w(xy f )  is a. on-empty open set and 
so m (X  — w(〇)y / ) )  > 0 . It contradicts m(w(Xj / ) )  — 1.

(iii)=>(i) For any non-empty open subset U of X , by / )  = X ,  there is r 
with./ r(〇j) GU and F ( / r(aj), e)czU  for some s > 0 / A s / r(®) €  ( / ) ^ 1 ^ ( / ) ,  so
w (U) > 0  by Lemma 6. I f  F ^ X  is the/-in varian t minimal oloised support of to, 
then m (X  — F )  > 0 , and it contradicts m (F )  = 1 .

Theorem  4. The folbwing ( i)— (iii) ore eqwvahnt.:

( i )  ^ o ( / ) = P ( / ) ,
( i i ) m ( P ( / ) ) « l / 6 r  丑(I，A .
(iii) f  has no novr-atomio im arim t ergodic probaHUip measure*
Proof (i)=^(ii) It is olear by Theorem 1.
( ii)  =^(iii) Let / )  and F  b© the/-invariant minimal closed support

of w. By Theorepa B， is a? €  ^ T1 尸 （ / )  suoh that i  — 饥 • 〇learly， 及 雄Tt i=〇
f )  is a periodio orbit o f f  and m is atomic.

( iii)  = »(i) I f  there is aj^TToC/) ~ P ( / ) ,  then— S  dpm .-^m £JSl (X , f ) .  By9¾ i=s〇
Theorem B, / )  is the/-in .variant minimal closed support of m. Evidently, 
•F 吳 P  ( / )  and so m can not be generated by a periodio point of / ， that is, 饥  is not 
aiiomio. It is. a obntradiotion.

Next, let S 2 be the one sided symbolic space witli two symbols 0 and 1 and 〇•； 

be th© shiffe. The metric on 2 2 iiS defined by '

p(x, y) =  s  V £»=〇0 % ...)，卜 (卿 ! … ） G
n=0 么

Theoem 5. A(<r) ^ W (a )  ^ B ( a ) .

Proof Let m be the product measure on 2 2. By [3], m ^ E ( S 2l or)
• 3

and each non-empty open subset of bas positive m-measure. By Theorem 3, there

is a? ̂  PT〇 (cr) such that — S  and w(xy cr) = ¾ . As S 2 is  not minimal, so¢=0
iv^A(<r) (see § 1). This proves that A(cr)^W (<r).

Let M =  and N  =  be iiwo finite sequenoes of {0, 1} whose
lengths are n and m, respectively. Denote ( i f =  whose
length is n+m . In the sequel, we form a>^Sa with m^jR(cr) — TF(cr).

Let = (0 1 ) , P a *= (00011011) and inductively, for J > 2 ,  P fc be a finito 
sequence forittod by arranging a ll permutations of To symbols 0, 1 with repetition 
one after another in a liae  in  i3〇me order, whose length, is Set

® ■P/sQfc...) €  5 a, ‘

wJiere» (31 …1) with tlie length= 2 . times of "the length.of (JVQiPji) ，
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and induoiiiyely, for h>r2y (11--1) with the lengtli=^ times of tlie length of
( P U , ) .

'By the 多*bove oonstimction, it is easy to see that 您 € 丑 (〇0 and a)
Next, we pxwe x ^ W ( g,). By Lemma 2, it sufSoes to prove that

lim in f — # (
»—〇〇 TZf M  <xr(a>) ^  v(a>y 0 < r < ^  1^==0.

KCPiGi…■PjA ) ) , 及= 1 ，2, It is easy* to see that

去  # ( { +恢 呤

— 去 一 >0 (aS A—>〇〇) •

We are done.
Finally^ as stated in  § 1, A( f )  = «P (/) is necessary for /  to have no non-atomio^ 

©x*godio measux-e. But *fcli© author does not know whether it  iB sufficient also or not^ 
Equivaleiitly^ is there any map which has a non-aisomio ©rgodio measure but eaob 
of whose minimal sets is periodic orbit?
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