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WEAKLY ALMOST PERIODIC POINT
AND ERGODIC MEASURE™

Zuou Zooring (8 4 4R) *

Abstract

Let X be & compact metric space and f: XX be continuons.

This pape introduces the notion of weakly almost periodie point, which is &
generalization of the notion of almost periodic point, proves that each of f;-inva,ria.nt:
ergodic measures can be generated by a weakly almost periodic point of f and gives some
equivalent conditions for that f has an invariant ergodic measure whose supportis X and
ones for that f has no non-atomie invariani ergodic measure, the latter is a ‘genera.lization

- of the Blokh’s work on self-maps of the interval. Also two formulae for calculating
the togological entropy are obtained.

$1. Infrodu-étion

Let X be a compact metrio space and f: X—>X bhe ‘continuous.‘ When X ==
[0, 1], [1] has announced the following o

Theorem A, The following (i) and (ii) are equinalent. -

(i) B(f)=P(f), that is, each recurrent poin of f is periodic, .

(ii) f has no non-atomic invariant ergodic probabiléty measure.

For the general case, one may prove that in Theorem A (i) is only sufficient
but not necessary for (ii). We hope to look for ‘the necessary and sufficient condition
for (ii) in Theorem A in general case. It involves the struoture of ergodic mensure
and the levels of the set of recurrent points. [2] has introduced the notion of almost
periodio point and proved that #€ X is almost periodio iff méw(m, f) is a
minimal set of f, It i easy to prove that the existence of a minimal set whioch is

0ot a periodio orbit implies the existence of a non-atomio ergodic measure. Thus, '

that each almost periodio point is periodie is necessary for the non—existence of
non-atomio ergodio measure. One may conjecture that there is such a subset of R(f)
that it eoinq_ides_i with P( f) 18 a necessary and sufficient condition for (ii)

Theorem A. In this paper, we introduce the notion of weakly almost periodie poi-n“:’n‘
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and give a charaocberization of the set mentioned abOVe We also obtain some other
related 1esults

§ 2 Definitions and Lemmas

Let f: X—>X be the same as in § 1. In the following we refer to [3].
| Suppose that Z(X) is the Borel o-algebra of X. Denote by M (X) the set of all

probability measures on Z(X), by M(X, f) the sot of all elements of M(X)
which are invariant for f and by E(X, f) the set of all elements of M(X, kD)
whioh are elgodlo for f. M (X) is convex oompaot melu izable under the weak—
topology and M (X ) S>M (X, f) DE (X, f) * . Ea,oh wE .4 detelmmes a member
0, of M(X) defined by .

1, if wEA

S(A) {0 if €4,

mEM(X) is called atomio if there exist w.EX p,>0 4=1, 2, «++, with ¥ p;=1 and
m=2 p;5,,. -

for all A€ g‘é’(X) '

With respeot o ergodio measure, we have
Theorem B™, LeﬁmGM(X ) Then mE B (X, f) of there is @ YEB(X)
with m(Y) =1 such that

n=~1

2;) Byecay —> M for all » e Y
f=

Asm(R(f))=1for allmE& M (X, f), the following oo1ollary is cleal. |
Corollary Lot mE E (X, f). Then there is w& R(f) such thwi

1 Neml
— 2 Suay—>m

cmd tke sob of all such @ has m—mewswre 1 and m (w (@, f)) =1 In addotzon, fwken m 8.

wtomw, tkem s mE P( J) with the perrood N such that
’ 1 | Z\—1

—2 Oy —> == 24 5~(w)=’m _
Recall” that € X is oalled an almost per lOle point of f if for any ¢>0 one Amay'
find N >0 such that for any ¢=0 there is an integer r with g<r<-N+g¢ satisfying
f(x) EV (=, &), where V (@, ) denotes the s—Spherioal neighborhood' of , Denote
by A( f) the set of all almost pel lOle pomts of f. It is eaSy 0 see that P( f) CA( f)
<R(f). o o

Definition 1. wé X o8 cwlleol @ wewkly almost pemodw point of f if for any s>0 ‘
one may find N >0 such that# ({r|f (@) €V (= 8), 0<r<nN })>n for all- fn>0 whore

3 (. ) denotes the cardinality.
" Denote by W ( [). the seb of all ‘weakly alimost pel‘lodlc pomts of f Th. is eaSy to.
see that 4.(f) W (f)SR(). | o
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We shall prove tha,t A(. )%W( )%R( ) are possﬂole

. The proofs of the following Leminas 1 and 2 are stralghtfmward
Lemmal. f(W(H)<W(f).
Lemma. 2, Let sEX. Then o€ W(f)%ﬁfor any 80,

- hm mf—--:H: ({fr[f'( ) EV(m, s), O<rr<n})>0

: Deﬁmtmn 2. Let mEM(X, f). A subset F of Xis called. the S-twariant
‘mindmal, closed support of m &f f (F)F, F -F, m(F) =1 and there is no any proper
subset o f B swtwsfymg these condtions. —

Lemma 8, Lot mEM(X, f). Then the f-invariant ménémal closed support of
‘m ewists uniquely. '

Proof Let Sp= lmGle(V(w, £)>0, ¥ 8>0}. It is easy to prove tha,t Sm is
non-empty, closed and J-invariant. For each #E X —8pm, there is 8>0 such that

m(V (2, 8)) =0 and a={V (2, &) |m¥ (&, ¢)) =0, V o€ X ~8p} is an open cover of
X —~8pm. Since X is a Lindelof space satisfying the second countablllty axiom and
50 is X — 8, (see [4]). Thus, a has a coum‘,able subcowar a,nd hence m(X —8p) =0
and m(;S’,,.) =1, It iy easy to prove thafb S, is the f—ana.l‘lan‘ﬁ mmlma.l support of m.
The uniqueness is evident. ‘

Let &= {FCX]f(F)C:F Fa,nd m(F) =1} for mEM(X, f).
Lemmm 4. Lot mEM (X, f) and FEE. Then F is the f——wmwrwnt'mdm}mal

elosed suppors of m iff each non—empty open subset of F has positine m—measure. - .
Proof Let F be the f—-mVal 1ant minimal closed suppori of m and UcF be non—-

empty and open, If m(T) =0, then fm( U f"‘(U) >=O. kObvmusly, F— anjof n(U) is

olosed and invariant for f and m( F—~ &;% f(U) >=1. It i8 easy to see that the f-
invariant minimal olosed support of m. i3 contained in F— ,,Q, F(U), a.contra-.
‘diotion. v
Now suppose that'ea,oh‘ljlon-}émpﬁy open subset of # has positivé'm—measuré. If
Fo%F ig the f—invar ianit minimal oldSed-supp(th of m, then F-Fg is non-empty
and open, and so m(F — Fy) >0. This contradicts m(Fo) =1, ‘
- Lemma §, LetmEH(X, f) and F be the f—-mfvwrwnt miénimal olosed suppors of
m. Tken the restriction of f on Fis topoloywwlly tmm‘%twe, that @s, t}wre @s wGIf’ suoh
that orb (o) = F. : S
Proof By Oorollary of The01em B a.nd m(F) 1 there is a;ER( f) nF such that

’E}la, -, OIeally, w(a;, f) c:F In the other ha,nd w(a:, f ) 1s a f—ana,rlant
$=0

closed support of mand 80 Fc:fw(w, f) Thus, T ==fw(w, f) and f is. topologwally
transitiveon F, - RS S S SR S RS GTr L e
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Lemma 6. Lot m€E(X, f) and «€ R(f) with 7,1;;2: 8, —>m. Thén for any
820, m(V.(w, 8))>06f 0 €W (f). o .

Proof Because m is probability measure, it is easy to prové that the set.
{e>0|m(oV (v, 8)) =0} is every where denée on (0, +o0), where 8V (v, &) denotes:
the boundaxry of ¥ (», &). Obviously, it suffices to prove Lemma 6 for ¢>0 with.
m(OV (2, 8)) =0. According to the property of weak convergence (see [3]), we have

L S b (7 (0, ) =L ({r | (@) €V (= &), 0<r <}y >m(TV @, 8)).

Olearly, Lemms, 6 follows from Lemma 2,

§ 8. Theorems
Set . ,
Wo()={2€W () |5 o> me B, ).

It is easy to oheck that f(Wo(f)) CWo(f)

A subset F X is called an absolutely ergodic measule I—Set of Vi if for each:
m€ B (v, f) there is a subset B of F with m(E)=1,

Theorem 1. W (f) s an absolutely ergodic measure. 1-set o f S

Proof By the definition of Wo(f) and Corollary of Theorem B, it is olear that
Wo(f) is an absolutely ergodlo measure 1-set of f.

Theorem 2. eni(f)= sub {ent ( f [W(m ) F=ent( f w5 ) where ent (f) denote&

the topological éntropy of f.
. Proof By the variational prineciple™ ent(f)= sup {h,,, (N}, where o (F)

denotes the measure—theoretical entropy of f with resPeot to m, we have h,(f|r) <<
ent(f|s), where m€ H(X, f) and F is the f-invar iant minimal closed support of
m. By Oorollary of Theorem B and Theorem 1, there is 4€ Wo () such that F=

'w(m, f). Hence hyu(f)<. Sup {ent (f |uca) } and so ent(f) = SHP {hm(f)}<
JSup {91}15 ra f))}<ent f |Wo(f)) <ent (f ).

€wy ()

Theorem3 Let mEE(X f) and wER(f) with — 2 8,(z,->m. Then the

followmy (1) (ul) are equwwlenf,
(i). X dsthe f-invariant minimal closed support o f m, _
(ii) ewoh non-empty open subset of X hws poswf,'we m—mewsure, ,
(i) o€ Wo(f)with w(s, f)=X. ' : .
Proof The proof of (i)=>(ii) is similar o the.one of Lemma 4, -
. (i1)=> (dii) For 80, m(V (w, &)) > 0. By Lemma 6, o€ W(f) and 50 2€ Wo(f)e
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w(w, f) =X is olear, because if not, then X —w(w, f) i9 a on—-empty open set and
8o m (X —w(w, f))>0. It contradiots m(w(w, N=1.

(iii)=>(i) For any non-empty open subset U of X, by w(w, f) =X, there is r
with f"(z) €U and V' (f" (), s)U for some &>0. As f*(o) EWo(f)W(f),

m(U) >0 by Lemms, 6. If F&= X is the f~invariant minimal olosed support of m, .

then m(X —F) >0, and it contradicts m (F)=1.
Theorem 4, The following (i)—(iii) are equwlsm

(1) Wo()=P(P,
(ii) m(P(f)) =1 for all mEE(X ),
(iii) f has mo non—-wtom@c tnwariant efrgodfw pfrobabmty measure.
Proof (i)=>(ii) It is olear by Theorem 1.
: (ii)=>(iii) Let mE H(X, f) and F be the f——mvariant minimal closed Supporﬁ

of m. By Theorem B, there is w& F 1 P(f) such that ——2 8,. -> m. OIeally, F =
w(w, f) is a periodio orbit of F and m is atomic,
(111):)(1) If there is o € Wo(f) P(f), then —-2 8, —> mEE (X 5. By

Theorem 8, w(=, f) is the f-invariant minimal closed support of m. Evidently,

FZP(f) and so m can not e generated by a periodio point of f, that is, m is not

atomio. It is a contradiction., .
Next, let X, be the one sided Symbollo space with two Symbols 0 and 1 and o:
2y~ 2, be the shlft The metric on 2y is. defined by

p@ )= B0l v o otr-), y= (o) €3
Theoem 5, A(c)EW (0)ER(c). |
Preof Let m be the (—%—, -‘%—)—produot measure on 3, By [3], mEH(Z,, &)
and each non-empty open subset of Z» has positive m-measure. By Theorem 3, there
-is'wEWg(o*) such. that —nl—g Ssiy—>m and w(w, o) =2,, As 3, is nob m;nimal, S0

@€ A(a) (see § 1). This proves that A(c)EW (¢).

Lot M = (Gofy+++Go-q) a0d N = (Jojs***jm-1) be two finite sequences of {0, 1} whose
lengths are n and m, reSpectlvely. Denote (MN)= (zm “Bn-1jofa**Jm-1) Whose
length is n+m. In the sequel, we form #€ 3, with mGR(a) W(o).

Let Py=(01), Py=(00011011) and mductlvely, for £k>2, P; be a ﬁmhe
sequence formwed by arranging all permutatlons of ¥ symbols 0, 1 with repetltlon
. one afber another in & line in some order, whose length is 2%+, Set

&= (P1Q1P2P2 Pka )6227 )
' wheze Q.= (11), Q= (11--+1) with the length=2"times of the length of (P,,Qle),
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and inductively, for 52, Qy= (11.--1) with the length=4 times of the length of

(P1@s-++Py).

-By the above construction, 1t is easy to see that o€ R(cr) and w(w, o)=2Jo

Next, we prove meEW(O'). By Lemma 2, it suffices to prove thatb
lim inf i#({rl (@) EV(w, %) 0<r<n }>=o.

00

Note that if y € 3,, then yo=1=y 'é'V(m,_ -}-) Let 1( .) denote the length and _nksmf‘

2
((P1Qu - Pus)), k=1, 2, +--. It is easy to see that

La(for@er (o ) osrenl)<KLLTD _ TGty

71: —>0 (a8 lo—>00)

We are done. _ ' .

Finally, as stated in § 1, A(f)=P(f) is neocessary for f to have no non-atomie:
ergodio measure. But the author does not know whether it is sufficient also or not.
Equivalently, is there any map which has a non-gfomio er godm measule but ea,ohs
of whose minimal sets is periodio orblt?
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