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SUFFICIENT CONDITIONS FOR LOCAL
SOLVABILITY OF LEFT INVARIANT
LPDOS ON THE GROUPS OF TYPE H"

Cuz SHANGBIN (,E. e"q i) * |

Abstraot

Some sufficient conditions are established for local solvability of inhomogeneous

left invariant partial differential operators on the groups of ‘type H. First some

. general sufficient conditions are derived for local solvablity of left invariant operators

on the groups of type H. Then by using these results the author discusses the local

solva.bmty of a speoml class of mhomogeneous left mvana.nt operators on this type of
groups.

§. 1. Intfoduction

" Local solv:zblhty of left mVarlant lmear pa.1 txal dlﬁ‘erentml operators on
mlpotenﬁ groups has been extenswely studled since 1979. Many unitary
'representatlon theom’omal oriteria have ‘been obtained by ma,ny authors such as
L. P. Rothschild, L, Oorwin, I. P. Greenleaf, D. Tartakoff, eto. (of [1, 4—8]
for mstanoe) The only result pubhshed concerning necessary cond itions for local
_ solvabﬂlty of genelal left mvarla,nt dlﬁ'elentla,l opera’ﬁors is that. obtained by L.
Oorwm and L P Rothsohlld in [6] in the homo goneous case, whioch was recently
generahzed to mhomogeneous case by the author in [12]. The most useful sufficient
oondltlons a,re ‘those obta.med in [1], [B], and [7], which say that a left mVa.rJant
dlﬁ‘el entlal operator L is 1ooa,11y solv:a.ble if for any infinite dimengional irreduoible
umtary repreSentatlon o, the induoced group~Fourier transformation o, (L) has
right inverse B,, and the family of operators {B,} are bounded in certain sense.
" This result is indeed effective in dealing with homogeneous operators as has been
shown by many. papers dlsoussmg the loxal solvability of speoifie left invariant
dlﬁ'erentlal opera,tors on speolﬁc groups But as mhomogeneous operators are
oonoerned theu' a.pphoa.’ﬁlon ig gr ea’sly 11m1ted becauso Very many looa.lly solvable

Ma,nuscnpt received: October 9, 1989, Revised February 23 1991 - _
o Department. of Mathematics, Lanzhou University, Lanzhou, Gansu, 730000, China. . * . ... .
. Pro;eots supported by the National Natural Scfence Fundation of Ghina,



144 OHIN. ANN. OF MATH. Vol. 13 Ser. B

inhomogeneous operators do not satisfy the cenditions in this result (e. g., the olass
of opél'a,tors disoussed in [9]). Another important advancement on this topic is the
study to transversally elliptic differential operators. For this kind of inhomogenéous
left invariant differential operators, some both necessary and suffioient conditions
for local solvability have been obtained (of. [8] for instance). |

The present paper is devoted to studying the local golvability of inhemogeneous
Joft inVariaﬁt linear partial differential operators on the groups of type H. The
paper can be divided into two parts. The first part aims at obtaining some sufficient
conditions for local solvability of geﬁei'é;l inhomogéneous left invariant differential
operators on. this type of groups. It extends the main result of [9] on the Heisenberg
group to the groups of type H. Roﬁghly speaking, this result says that if there is
a positive number M such that for all |A[=>M the opeérators wm.(IL) have right
inverse which are bounded in certain sense, then the operator L is loeally solvable
(seo The01 em 1 .and - ’I‘heorem 2 in' §8 for the exaot statements) This result

improves that of [1] [5] ‘and [7] at the pomt that the properties of the operators

w. (L) W;th A<M do not require congideri ing, and thus it is more useful in
dealing with inhomogeneous operators. In the second part we first extend the
concept of controllable operators introduced in [10] with respeot to the Heisenberg
groﬁp to the groups of type H. Then wWe use our results obtained in the first part
to derive some sufficient conditions for local solvability of this olass of operators,
We prove that th:s olags of mhomogeneous operators are looally solvable if the
group-Fourier transformations of their prmmpal parts (Whloh are homogeneous)
satisfy some invertible condibions (exao’ﬁ statements aro given in Theorem 3 and
Theorem 4 in § 4). Sinoce this class of operators includes the tlaﬂSVGlSally elliptic
operators, our second part of results partially genela,hzes the results of [8]

The plan of the present paper is as foll ows: In § 2 we introduce some conoepts
about tho gloups of type H and a olass of Hilberb spaces, which are the baokglound
of the whole paper. In § 8 we prove our first part of results. In § 4 we introduce

the oonoept of controllable operators and prove the sufficient oondltlons f01 looal _

solvablhty of thlS olass of operators mentioned above.

§2. Backgrounds émd_ Notations

Let G be a simply connected ‘step 2 nilpotent Lie group. Let g be the Lie
algebra of @ (whioh we identify with the Lie algebra of all left invé,rianii Veotor
fields on G). Set g,=[g, 9] = {[X Y]|X€g, YEg}. It is olear that gz is an ideal
of g, included in the centre of g. Take a linear subspace g of ¢ such that g= g1®gz.

It is also olear that §a= [gi, g__v,] . For a,ny _hnoar form 7€ g,,' let B, be the '
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al’ﬁematmg bllmea,l form on 91 defined by B,(X, Y) n([X, Y]) VX YeEg.
Following (3], [4] and [8], we shall say that G is of type H if the bilinear form
B, is nondegenerate for any nonzero linear functional 9 on gs, or equwalently, B,
i8 a symplectio form on gy for any n€ g2\ {0}. :

If G is of type H, then the codimension of gs (ie., the dlmenSmn of ¢y) is

olearly an even number. Set n—-—-—codlmgz, b= dlmgz Deno’oe by I" the set R¥\{0}.

Wo shall use these notations throughout the whole paper.
- Take»a,- basis Ty, Ty, +«+, T of g and fix it. Let 14, 72, «++, W be the dual basis
of g;. For any AE T, we relate it With an element 7,&¢3\{0} by setbing 7=

1.2 . . .
2}\:{)71: if A= (A1, Ag, -+ M) Let 8** be the unit sphere of R*. Choose for every

coE;S”‘ g linear basis Xl, X8, X0, Yl, Yz, oes, Y2 of gy such that
Bo(X5, Y1) =84, Bou(Xt, X9) =B (V6 YD) =0, 6,j=1,2,ym  @.1)
Moreover, we need the basis X%, X%, -+, X% Y¥, Y%, «, ¥ to vary analytiocly
when o varies. Loocally, this is possible. Indeed, we have - . '
Lemma 1. For every we€ 8%, there ewists a cow”éspondfin g neighborkood 8,, <
8% of wo such that there are analytic funciions @y(e) biy(w), cu(e) and dy (@) (4, j=
1,2, n) on S,, whwh have the property thwt if we set

X‘"»wo - -;§1 7 (w)X I °+be () Yw )9
Yo 2, Cou () X+ ()T o8
: i=1,2, oo, m, |
then X e, X g, oo X“’ s Y, Y‘”’“’P. oo, Yoron s basis of 9 mwl_ for any » €S,
the following holds: : B _ .
Bﬂw(x¢ s, Yw w‘) 8;1; an(Xw *@o Xm'm) "‘-an<Yw oo Yw w“) =0,
’ 4, j= =1,2 -

and furthermore, a;;(wo) = dis(@o) =0y, bis(wo) —-Gei(_wo) =0, 4, j=1, 2, ees, m.
Proof Set N | L
‘ : B, (X, X9) By (X9, Y{)
A(w) -
B, (Y, X7 an(Y A EON

ThlS is a real matnx of 01del 2nX 2n dependmg a,nalytloly on o€ S*1, M01eove1 ,~
it is obvmus tha.t A(co) is antl-—symmetuo and A(wo) J [ —7 0]. ‘Thus by

uSmg the standard matrix theory we conclude that thele is a nelghbm hood S,
- 8% of wo and an snalytic matrix O(e») on §,, such that 0(w)A(w)0(w)i=J,
ay(w) - Z’_u(w)

ou(e) dy(o)

O(wo)=1. Ifaw'e write‘ 0 (o) '—--'[
| (o), bi(w), cu(co), d,, (w) are the functions 1equ11ed "Theproof is finished.

], then it can be ea,sily verified that
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For any A€ T, denoto by |7\.] the Euehden norm of A and set w(A) = IM

@o€ 8%, Let §,,c8% be the nelghbmhood of w as in Lemmsa 1. Let I',, be the

open cone spreaded by S., i.e., Iu={AEI'|w()) €S,}. We define a family of
irreducible unitary rep1esentations {we[AET w,} as follows. First, take the
Sympleotlc basis X, Xgowe, vea, X000 Froe T weo T of gy ag in Lemma, 1,

where w € §,,. Then for any X E g deﬁne au‘,t*'\exp X ) to bé the following unitary

operator on LZ(R" :
¢ exp (&) =30 ( (2?%-!—!%[22 bt 1S e ) 7E+ 1R,
ViEI*RY,
i X =@ Xy ) + 34

It is easy to verify that the Lie-algebra representation of g mduoed by o (which
we denote by the same notatlon has the following property:

wo' W(A)swo o '§
3& Y Y=14|A| §,, j=1; 2,
' Ob';,’\Tz "'2/7\.;, l= 1, 2 k ' 5 (2.2)

we (X‘;(ﬂ-),wo l}\‘ l 7

In eépeoia.l, '
5 Wwo (Yw.) q’fi) j=17 2r *e0y N ‘ (2'3)
; .

Wo shall oall the induced representation of m on the complex universal
enveloping algebra of g (i.e., the set of all left invariant partial differential

wot (XP) =— 3

operators on @) the group-Fourier transformation on @, and denote it by the
same notation. , , _ . . | '_
Denote by ¢, &) the Hermitian function on B* with index a=(a;;, dgy ***y Oin).

€Z%, Le, : - : n 1. _11 o . |
$u(®=[T @) Tt (DY 677,

=1 9¢; |
It is olear that ¢.(§) €S (R;, Va€ Z%. As in [11], for every real number 8, wWe.
introduce a function space H°(R") as follows: ' -

H“’R"‘~{u(§)—2wa¢a(§) (8" B | el fo =21+ ] ) l“a|”<+°°}

"This olass of spaces was systema’owally studied in [11]. It is proved that for any

Teal number s, H*(R") is a Hilbert space, and H'(R”) CH’(R") if T8, M01eove1, ‘

we have the followmg conolusions:
(i) U H(B") =8"(R"), ﬂH“(R") -S(R").
(ii) If m is 8 nonnegatlve 1nteger, then -

, H™R) = {u(©) €S (B | 5"‘1)"16(5) €A B, V|a+/3| <m},.
and H"’(R”)has an equlvalent norm Huﬂ Hm=( 2 ﬂf“Df’u(g) I ,,.)7

Let
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F01 evely real numbex s, we introduce an operator 4% §'(R")—>8'(B") aw
follows: ’ ‘

Aou(g) = 2<1+|al>2@a¢a(§>7 if u(§) =2 auda(£)-

This is a linear topological isomor phlsm on §'(RB"). Its restriotion on S(RB") is also
a linear topologlca,l isomorphism. Furthermore, the restriction of A* on evely
H*(R") is an isomorphism of H'(R") onto H'~ *(R"). Set

B} = jg( 2 ~&) E;,——j——ﬁ(—;,—ger_&),

o=y~ G t§-1)=BiB ~BiEf=1, j=1,2,m 2.4

2
One may easily verify v R
E+¢a /1 0 Pov-rog Ej ¢a \/“:(l)u—j,r Nj¢¢=ai¢ar (2 5)
for any j=1, 2, -, n. Here ¢, denotes the index whose j~th coordinate is 1 and the

other cooidmad;es are zero. We. have used the motation ¢,-,, =0 if a,-O Denote
b —-H(E*‘)“’ Bk -—]_'I(E, )%, We ha.Ve

'Lemma 2. For every poswtwe number m, thefre ewist corresponding continuous:

linear operators FSY and F¢ ®(|a+B]<m), whose “restrictions on H'(R") are

bounded for any & (--oo +o<>), such that A ,
An— S F@ELES = S ELESFSD.

la+8 Koo la+Bl<m

Proof One ma,y ea,suly prove that the follovvmg holds:
I+2 .EH..E,' = - (’)’b 1)I+Z E—E! s

_ [EH El]="'8ﬁ1 %.7 =1, 2, - v
Moreover, if we denote by @} and Q7 the continuous linear operators defined by

‘ Q:u 2 ?"a“a¢a+en 473 U= 2 Ka“a‘/’a-an Vu= 2 "'a‘lsav
where A, = «/1+ }aI/E ~ T¥a 1+a,, then we have

A ZQ EE

Notlomg that the restrmhons of QF and Q, on-every H '(R”) are bounded, we:
conde to our conclusion immediately. v .
To end this section; we remind the reader to notlce that for any g==1 2, o, a,

-'bhe following equalities hold _ : . o
m:(X“’°+9Y *) &= \/ 2E, - m:a’(X“’“—f(,Y =~/ 2 Hf,

TP LT TP = ~gf+1=aly

which a_;:fe the immédiate édnSéquenoé‘:of ;(2,3) and (2.4),
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§ 3. Some General Results for Local Solvability

Let the notaltio'nshﬁ’w, and I",, be as hefore. Let K be the Hilbert space of all
Hilbert-Sochmidt operators on L?(R") with norm | A} as=~/tr(A4%). Denote by L°
(I’w,, K') the sef of all maps 4: I' ,—>K with property that f01 any ¢, PSS (R"),
the function f(A)=(4A(\)e, v,b) is a measurable function on I,, where (e, )
denotes the inner product on I?(R"). For a given linear map P: S(R")—>S8'(R"),
we denote by trP the sum ; (Pda, $s) if this summation is convergent, where

(%, v) denotes ihe dual operabion of u€ §’(R") to the function »E€ S (R").
Lemma 3. Let ACL(T,, K). Suppose that there ewist constants 0>0 M>0
and p€ (—o0, +00) such that

. IIA(%)IIHS<0|7\.|" Aa. e 1’,,,,(|7L|>M).
Then for any §(A) € O (RF) taking the value 1 idendbeally. when |A|<M+1 'wﬁd any
@(A) €0=(I',,) homogengous of degree r< ~p.—~—§—(n+k} whose restriction on;S’.,,, has
compact. support, there exists @ untque function uELZ(G) such that
= (g (W))p (i (D AM) [, Vo€ LHE@) NIA@),
where {u, 'fv>=j u(ajw(a)da, and do és the Haar measure on G- .

The proof of this lemma is smnlal to that of Lemma 2 of- [9], with a little
modification. We omit it here,
- Lét m be a nonnegative 1ntegel Denote by W”’(G‘) the Hilbert space of all
distributions » on G' such that LuEL2(G) for any left mvallant lmea,l partial
differential operator L of order im Takg a basis Zy, Z 2y %y L on of 91, and set =
{1}, Am=ALULZ 1T Ty | 1<y Gai e, <Oy 1<]v<m}. Then W™(G) has an
inner produet as follows: (4, v) = Eg}’m(Lu,Lv)A‘, ‘v’.u, pEW™(E), Whe;e (e .)__degotgs

#the inner product of LZ(G). ﬂ
Lemma 4. Let m be o nionnegative integer. Let A€ L(I,,, K). Suppose thas
Jor any partial di ﬁerent@wl.opemtor P of the form P= ") @apt*D? (@a5 are inde-

la+Bl<m

~ pendent of &), the composition operator PA(X) is @ Hilbert-Schmids 0pém}‘,or' on

L2(R"y for A a.e. T, and moreover, there emist comtwnts pE (—oo +0) and M >0

dmdependent of P, and another constami Op>0 depend@ng on P, such that
"PA@)HH5<0P|M” Aa.e. I'w.(lx»l M), '

‘Then for dné/f%(?_») €05 (R") twk%d_tk_ value 1 identically when |A|<M-+1 and any

@(A) EO=(T",.) homogeneous of degree r<—~1n—*-p——1~(n-{?k) and whose restriciion
49.0]. aegros =73 PR T s
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on 8, has compact support tkefre exists a unogue uE W’"(G) such that
@ o= (A= ())p Mt (AW [1]"0h, V€ LHE) NIXG).

The proof of this lemma is similar to that of Lemma 3 of [9], with. a little
- modification. We omit it here. :

Remark. For s€ (—o0 +oo) let K* denote the set of bounded linear operators
B: L%R“)——»H%B’?) such that A°B is a- Hllbel.t—Sohmldt; operator on L?(R"), and
let L°(I",,,, K*) be the set of all maps 4: I',—~>K* 'with the property that for any @,

PES(R™); the funocbion f(A)= (A(?\.)gu, ) is ‘measurable on T% Then the

condition in Lemma 4 is equivalent to the following:

AE LT, K™ and there exist constants 0>0, M >0 and pE(-—oo +oo) :

such thab e

ll—/l’”A(MHHs<0W*’ ra.e. Tw.(|?~1>M) e (81D
Indeed, if A€ LT, K™) then AEL"(TW K) since A(A)= A""A’”A(k) for A a.
e. I',, and A~™ is bounded on L?*(R*). Furthermorve, if (8.1) holds, then for any
' paltla,l differential operator P=" > @,£%D® wo have ' _

Lo et Blam
[PAG) Ly <|PA | A" A |s<O' 0%, ha e, Tu([A|>10).
One may easily pr ove the converse by using Lemma 2 |
In the followmg, we denote by W""(G) the dual spaoe of W"‘(G) for

nonnegatlve 1n+,ege1 m.

Lemma 5. Lot m bea nonnegatme integer. Let A€ LO(I,, K™™). Suppose

that thefre exist constants 0>0, M >0 and pE (—-oo +00) such thwt "
) [A™AG) | ms<O|A]?, Aa.e. Lo ([A=M).

Then for any ¢(A) €O5(R*) taking the value 1 odentwauy when [M <SM+1 and wny |
p(A) €O0=(I",,) homogeneous of deg'ree r<--2—-— p—--—z—(n+k) and whose restriction on

8., has compact support, the equality

@ o= [ A= pM)p@ir(as A (M| dr,  YoEIA@) NW™E) (3.2)

defines'a element u €W (@), if the netghborhood Sw;CS“‘l of ‘wo 18 sufficiently small.
Proof We claim that for some neighb01hood 8,8, there exist finite many

| homogeneous left 1nvar1ant differential opelatms Qi(j=1, 2, =+, N) of deglee m
and oorlespondmg bounded lmear opela.tors B, E "’”(R”)—-)Lz(R”) (_7=1 2 . N )

depending on wES analytloly, suoh that

3 <Q,>B,=-..,' Vee®l. '(3 3).

_(Notice that mee(@) ‘maps L‘“’(R") mto H ‘”’(R") boundedly) If this olalm is

proved, then from the equa'l%tles oo Dedaowiaih el p ) ey e 0 E
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EE ’ . A : Ll
W“’(‘Q;v)=ws‘.’°(”)W‘i"(Qz)= IMf wi (w)w m(Q:)
We get the following

EICIOVIHIE Y b tr(av‘;”(’Qw)B“‘“A(?»))
<A1 33 ot (@) g | BA() lzs  (hero o=w(A))
'- -<|M"%”‘éuw Q) s+ | B 4 1474 b

<O'[A| f"'“’E]IIm:‘i"(’va)Ilmx. VvEL‘(G‘)ﬂW’"(P)

‘Therefore, since @(A) belongs 16 O“(I‘.,,,) and - is homogeneous of degree T, WO ge‘b
the following - : o :

Jp 1= o) ltrmf-@mm 7"

<O,§J’ |1—¢v(7\.)| IM—.%MMH*%"‘"W%(tQj'”)"ﬁsl?\-vl%ﬂdh:' N

<o’(f s () e ia)

<a" EII’QWHL=<0"'H hom Vo€ IMN@) NW™(@).

From this and the denseness of L@ Nw™E) in W™(@), we see that equality
(3 2) defines a unique continuous linear functional % on W™(G), and the conelusion
of Lemma 4 is then ploved Henoe, to finish the proof we need only 170 plove our’
olaim on (3. 3) \ )
By Lemma 2, we see that there exist bounded lmea,l opera.tms Faﬁ I? ’R" ->
L”(R") ([a+,8| <m) such that _ |
A= S EiEﬁFz},, |
S . lakBiem, | . .
or equivalently, - S o ,
I= > EiE.Fad™. o (B4

lotBl <
Set o R R : o .
n e -
Quo= (=) ,,,,( =) e "“’Y, 1L 'X?’°—zY,°)”“,»
T Baﬁ-—FaaA"” | : |
Then e see tha.t B,,g( [a+ Bl grm,) are bounded linear opela,tors ma.ppmg g (R“) '
into L2(R"), and furthermore, by applymg equa.htles (2 6) a.nd (3 4) we get
2 2 <Qaﬁ) °Baﬁ o l
. . : la-h@l i
Denote . P AT
R(@ym ) (o Q) (Qas))Banr Vo&San ..
| Bince w® (Q,,g) is a pa.rtml dlﬁ'erentzal opela.tor of the form 2 :
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g Q=3 a;wg«w)g«'m

o £ | <m -
with coefﬁolenﬁs aa,ﬁ,(w) bemg analytio funetlons on S, we oo that Rlw) is &
bounded linear operator on “H-"(R") and -depends on »€S,, analyticly. Henoe
isinoce R(wo) =0, we oonclude tha.t for some nelghbmhood ;S'L,DCSQ,, of a)o, | R ()| Em

<-—1—, VwES ,,. a,nd ﬁhus the mverse opelatm V(co) (I + R/ co))"1 exmts when me

&, and momover, V(w) depends on €Y, &nalytloly and

| NV (oMg-<@A-|R(@)|z~) <2 Vo&s,.

Now set Bls=BazoV (w), for w&§,. Then we see thal -BY, maps H™™(R") into
I(R") boundedly and depends on & S, analytioly. Furthermore, one may easily

verify the following o
m«'w (Qaa a.@""I | Vo€ 8.,

latBi<m *
This" proves our olaim on (3.3). The proof of Lemma 5is ended
* The first main result i8 the following S |
Theorem 1. TLet L be'a le ft snvariant differential operator on @, which is @
group of type H. Suppose that there are positive number M: and integer s such that Jor
any we€ S*~ 1 thefre ewzsts cor'respondfmg Aw.EL"(I‘w,, K s) swtzsfywng the fouowmg
two conditions: ’
(i) of (L)Aw,(l)f—f, VfES(R™), ) a.e. I'w,()x|>M)
(11) There are constwnts 0=0 and p& (—o0, +oo) such that
ﬂA 4,,(A) IIH3<O(M" Aa.e. I’w,(IM>M)
- Then L is locally solvable. Morre pfreczsely, there s a dzstmbut@on EE wr (G) such that
LE =3 in a neighborhood of the umt ele'ment where m= min(s, — [2p] n— h)
 Proof Fllst we soleot ﬁnlte  many pomts w;ESk 1( j=1, 2 . N ) such that

U S, ‘_S’H If m<0, we need 8, to be chosen suﬁ‘iclenely sma,ll 80 -that the

conolusion of Lemma, 5 holds Le*b {gv,(co) li=1, 2, - N } be a paltltlon of unit of

S"‘i oonespondlng to the’ covellng {8.,17=1,2, <, N } Denoté A,-—A,,,,, j=1, 2,
, V. Choose a funetion () EO”(R") such that 11; is Jdenhoally 1o the 1eg10n‘_

l?«,l <M+1. Then by Lemma 4 and Lemms 5, we'see that there - ox¥ist distr ibutions

B,€ W™(@) (j=1, 2, +, N) such that

@By o= mpadsof e Yo (9) 41 29) | A1 d,
D V”EG:(G)’Q*]" 2, 7N° SRR IE S PR SEE L 4

Let Ey= ’21} E;. Then "E,c W™ (G) and"' one may ;eas.,lily' prove that Ky satisfies the
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<Lt =, (1 ll'7‘0)(2%(“\4)tlav?.”(’v))l?"l"dx
—(0) — j BP0, M)A, VvEO*’(G),

‘Whele fv(O A) =J v exp TP dT, V?\.EF Lot G = exp gz, 'Gy=exp g1. Since g, is

oommutatlve Lie algebla and the exponentlal map of g onto G is injection, we see
that @5 is & simply connected commutative Lie subgroup of @, i.e., it can be
identified with R. .Fiii-thermore, G4 is a submanifold of & and we have G'=G;RG;
in the topol‘ogiea,l sense. Since Y€ OF(R"), we see by using the inverse Fouriér

transformation that there is w& 8 (G,) such that Y(A) f w(exp T')e"™ dT VAE

I'. Thus the above equalities imply the following:

LEy=5— 81®'w on &,
where 8, is the Dn'ac 8 O-distribution on. G with support at the unit element.
From this, we 1mmed1ately come to our conclusion by following a similar deduetlon
as in the proof of Theorem 1in [9]..

. For any real numbel s, let B° be the set of a,ll 11nea1 ma.ps mappmg L2 R")
into H*(R") boundedly, and let:L° I's,, B°) be the set of all maps A: I,,—> B such
that f(A) = (A(A @, ) is measurable on I',, for any @, yES(R"). Our second
result can be satated as follows: -

Theorem 2. Let L and G be as n Theorrem 1. Suppose that there are positive
. number M and fmtegefr s such that for a,ny woE 8t there emsts com‘espondmg 4,
L"(I‘w,, B*) swt%sfyfz,ng uhe followmq
(1) @ (DA (Nf =, VFESRY, hao. T ((AISH).
(11) Therre are consiants 0=0 and p& (—oo, 460) ‘such thwt
" T A0, (W) [<OIA%,  Aa.e. T(|A]>M).

Thén ‘there -evists ¢ distribution BE W’"(G‘), where m=mnin(s—n—1, —[2p] —n- k)',
such that LE =0 in a neighborhood of the undt element, and thus L is locally solvable.

, Pfr@o f In fact one may easily prove that A‘”‘1 ig a Hilbert-Schmidt operator
on L2(R") Thus by applying Theorem 1 and ‘the fa,ot that |44, () |mss

ﬂ/l'”f | s uAsAw.()s,)ﬂ we get Theorem 2, - ~

- § 4 ; Controllabl;ea Operators.

In this section we are go*iﬁg t6 use Theorem 1 -and Theorem 2 to discuss the
local solvability of a special olass of inhomogensous lef} inyariant pax tlal daﬂ'el ential
operators on the groups of type H. Let us first mtloduce : '

Definition 1. ZLet Q be a subset of R¥. Let P,=P,(¢, D) wn,d Q,_—-Q;(E, by be"‘
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$wo famdlies of partial differential operators on R" with polynomial coefficients, AC Q.
Denote by R, the orthogonal projection of L2(R") onto Ker P, (here we regard P, as.a
map of LA(R") into H ™(R") with m=degP,({, n)). I f there ewists @ constans O=0
mdependent of M€ Q such that -

1@ lo< OGP, Flit | Bafl)s VFESCED,
then we say that Q, 18 weaker than P, unéformly for AEQ. - -
" By a similar deduction as in Lemma 2 of [10], wé-oan get -

Lemma 6. Q, is weaker than P, uniformly for AEQ if and only if therra exist
bounded lénear operators B,y and Bz on LA(R™) with bounds éndependent of -A such thas
’ Qxf -BhlPZf+BA2RWf7 VfES(R") :

Definition 2. Let L be an inhomogeneous left tnvariant dwﬁ‘qrentiwl operdgtor . on

the group G having the form L= Ly+ Ly.g+-+Ls, where Ly i3 homogeneous of

degree j, j=0, 1, -+, m. We say that L is of the typé that thé lower order terms are
conirollable, omsimpiy, L is a condrollable operator, ¢f for any wo€8*™ there ewisis a
oorresponding netghborhood 8.,C8"* of wy such that for every §=0, 1, <, m—1,
w2, (L;) 43 weaker than o, (L) wniformly for @€, : ‘
Let Zy, Zg, ++, Zsa be an arbitrary basis of gi. Let Tl, Ty o+, T, be an
arbitrary basis of g,. Then every inhomogeneous left invariant linear partial
differential opelatm L on' G can be written -.in %he f01m L= L,,,+13,,,_1+ +L°
with o . SRR o : S
L,-=L,(Z, T)~— > w(”Z“TB y 0 1,0 L (.4’2) ‘

lal+2lB| !

'where Z“==Z“‘Z“' o Zgan, T8 = TG . G ’and w&{%’s are constant oomplex numbe::,g,

j= 0, 1, «r, m. The funobion w,(l, 7\.) ——L;(zl, oh) (C € R A.GR") is called ﬁhe
amphtude of the operator L;, 3 =0, 1,
- Lemma¥. Let L ba as abm:e Then L s controllable opemtor wf the follomng '
ocmd@t@ans are sat'&sﬁed
(i ) There exist a real number m’ cmd posfz,twe constants 0,0 cmd M such that
O L™ < |am(s0) | <01Cl‘" VCER”(MPM) VwES’"“ |
(11) There is a freal nwmbafr PY= (0, 1} and thefre afre somé posztwe constants O,,,,
(e€ 2%, 3=0 1 m) such timt fofr any aEZ amd efvefryg =0, 1, -, m, the follo'wmg
holds: ; B
uk@(g’ “’) | <0ai[“m(z "’) I (1+ IZD.PI“' VCG R""(IC|>M), VwES"“‘ '
- Proof Let wo be an arbitrary point on S""‘ Lot Xgo, X o , Xo, Yoo, Yy,
Y bea Sympleotm basis assomated to the Symplectm fo1m B,,w Then thele

.. exists an invertible linear tla,nsfmma.tlon on g1 mapping this basi§ inbo the ba.s1s

"Dy Zyy e er ‘Using this, tmnsfmfmahon, (4.2) can be rewritten as
) L;-—L,'(X“" Y“" T).._ . 2 G(QYY“ Xﬂ T‘Y

AR T
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where ¢{, are some constant complex numbers, X5 = (X¢°)%(Xg)%. (X w“)‘*” Ye,
= (V) (Y ge) e (Y o0)%, TY<T7T%... T, Denote a;(&, m, A) =IL;(3€, 40, iA), j=0,
1, +ss, m. Then singe the linear transformation we used is invertible, one may
easily prove that the functions a;(€, m, A) satisfy the same conditions as a;({, A) if
we denote {= (¢, 1), j=0, 1, «-, m. Nobicing that ws:(L;)=a;(§, D, wo), and
w2 (L;) depends on @ analytioly, =0, 1, «+-, m, by a similar deduction as in the
proof of Proposition 5 in [10] we conclude that there is ‘a neighborhood §,,c8*-*
of wo such that ‘we (L) i8 weaker than w%(L,) uniformly for & €S, for each j=0,
Ay s, m=1, We omit. the details here. :
From this lemma, we see that tlansveISally elllptlc opera,tors are oontrollable‘
‘operators. . Lo BT : SR
- Theorem 8.: Let L be a corntfrouwble operator with pmncfbpwl part L. Suppose
that L, $atisfies the following conditions: - coL o .
(1) For somg real number s and any: wo € 8%, there ewvists’ oowespondmg* A,,,,G
L8, B°) such that S '
(Lm)Awo(w)f S VfGS(R”), o & ©. Sw.r a
‘and 'mo'reowr, there is & corresponding constant C,,=>0 such that -
' . NA434,,(0) | SOy @ 8. 0. 8y L e
(11) The: orthogonal pfroyectzon R, (@): I*(R")—>Ker wi*(Ln) can be estended as
G bounded limnear map of H*(R") into H‘(R") Mo'reoverr, there exils cor'respondmy
~ eonstant 0,20 such that. ’ BT
_ "A’Rw,(co)jl“‘ll <Ow,, ® a. . S,,,,
‘Tken ﬂwm emsts a distribution BEW'(G), where r= min(s—n—1,"m—n— 70), such
that LE=3 in & neighborhood of the umt element, and tlms L s Zocally solfuable
Pfroo f We have .
‘ ar“"(L) |7\.|7 wo (L,,,)+|M 5 m: (L,,,_1)+ +av (Lo), .
where w=w(A). By Lemma 6 we see that there exist bounde& lmear operatms Bt w
and By on I*(R"), j=0, 1, -+, m—1, wGSw,, such that
- i (Ly)f =By “"ﬂvw.(l'lm f+BiRy(0)f, Vf €8(BY, (4.4)
and fulthermore, for some posutlve numbel o mdependent of @,
1By <O, [B4| <0, ® a. e. 8., §=0, 1, i, m—1,"
By usmg the conditions (1) and (ii), we get from (4. 4) the followmg
L m@{- Bu@)) Au(@)f = Bm- » VfESERY).
?Hence We ilaVe ' '

<L><I Rw.<w>>Aw.<w>f ixlff+2ix|%3?iwof

W(I+2|M Ty ),
- VfeS@), Vxel‘w., )
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where c;=;o(x) Notioing th@t if l‘M >1 then. ‘
T mre| < FE 1z i<mon

we see that if we take M >0 sufﬁolently large then we havé : “
Pl

e <l, i (M| =M.

Therefore, the inverse ( I-+ 2 IM B“’ “’°) : exists when |A| >.M‘ . Moreover, we
have | , : |
m=1 =1
H( I+ 3 (] - wao) ”<(1 Y "2 By ) <2, if 1M>M
For any f€S (B"), take a sequence of functions f€S (.R”) J=1, 2,7, suoh that
f,-)( I+ 2 Al g B “’“) f in L*(R"). Then by using (4.8) to'f; and then

taking the limit, we get

EEON S ROWROIEFS m*‘“ By F$i
‘.  vaer(ws. |
Furthermore, using the conditions (i) and (ii) onoé more we geb

| ax(1- Rw,<m>)Awo<co>( I+ 2 2175 By “"')—1 |

-ip
<UA5(I = Buy(@)) A~ - | 44 (@) |- M I+5 |2 ”"'B“"”“) |

<O, Aae T, (|M=M).
Thus by using Theorem 2 we see the conclusions of the present theorem hold. This.
finishes the proof.
Theorem 4. Let L be a left invariant differential operator satis fyfmg the
conditions of Lemma 6. Then L is locally solvable if the following two equivalent

conditions are satisfied:
(i) For any wo€8** and wlmost all &8, Ker w2 (Ly)*={0}.

(ii) For any wo€8** and’ almost all w€S,, ni'(La) 48 @ Surjection on
S'(R™. |

Proof In fact, from the pseudodifferential operator theory of Shubin [13], we
see that any operator satisfying the conditions in Lemma 7 always satisfies the
eoditioﬁ (ii) of Theorem 3. Moreover, for this class of operators, the condition (i)
in Theorem 8 is equivalent to the two equivalent conditions of the present
theorem. Thus the conolusion is a corollary of Theorem 3. |
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