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SUFFICIENT CONDITIONS FOR LOCAL 
SOLVABILITY OF LEFT INVARIANT 
LPDOS ON THE GROUPS OF T Y P E 『

G u t  S h a n g t o w  (崔 尚 斌 ”

Abstract
. . .  . -  '

Some sufficient conditions are established for local solyability of inhomogeneous 
left invariant partial differential operators on the groups of type H. First some 

. general sufficient conditions .are derived £or local 曰olvablity of left iuv&riaat operators 
on the groups of type S'. Then by using these results the author discusses the loo&l
soivibility of a special class of inhomogeneous left invariant operators on this type of

. ■ •groups.

§1, Introduction
• . ■ • • . . . .. 

Local solvability of left invariant linear partial differential operators on 

nilpotent groups has been ©xtensiyely studied since 1979. M a n y  unitary 

representation theoretioal criteria have been obtained by m a n y  authors such, as 

L. P. Eothsohild, L, Oorwin, L. P. Greenleaf, D. Tartakofi^, eto. (of [1, 4—8]

for instance). Th© only result puWislied oonoernlng necessary conditions for local
. ; ■• . . .  *

solvability of general left invariant differential operators is that obtained h j  L. 
Oorwin. and L. P v Rotiispliild la [6] In the Homogeneous ease, which was recently 

generalized to inhomogeneous ease by the author in [12]. The most useful sufficient 

conditions are those obtained in [1], [5], and [7], whioh say tlijat a left invariant 

■differential operator i  is locally solvable if .for any lirfiixite dimensional irreduoible
' • r  ' . . .

unitary representation tli© induced group-Fourier transformation gvx(L) has 
right inverse and the family of operators {By} are bounded in o©rtain sense. 
This result is indeed ©ffeoiiiv© in dealing wx'feh homogeneous operators as has been 

shown l)y many, papers disfoussing the l〇3al solvability of specito left inrai*iant 

differential operators on speoMo groups. But as inhomogeneous operators are 

oonoerned, their application is greatly limited because very m a n y  locally solvablo
乂 ... . 、 . -v . .. •.
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inhomogeneous operators do not satisfy the conditions in this result (©. g., tih© class 

of operators discussed in [9] ) < Anothei* important advanoement on this topic is tii© 

study to transyersally ©lliptio differential operators. For this kind of inhomogeneous 

left invai'iant diffei'ential operators, some both necessary and î uffioienii oonditions 

for l〇〇a，l solvability have been obtained (of. [8] for instance).

The present paper is devoted to studying the looal solvability of inhomogeneous 

left invariant linear partial diflfeTOntial operators on the groups of type H. T h e

paper can be divided into two parts. The first part aims at obtaining some sufficient
•• • . . , . « r

conditions for looal solvability of gen扭.al inhomogeneous left invariant differential

operators on this type of groups. It e：xtaads thie main result of [9] on the H^iseu'berg'

group to the groups of type EL Roughly speaking, this result says that if there Is

a positive number J f  suoh that fox- all \%\>M the operators w%(L) have right
inverse whibh. are bounded ia certain sense, then the operator L is loeally solvable-

(see Theoirera 1 and Theorem 2 in § 3 for the exact statements). This result 
« * .̂

improves that of [1], [5] and [7] at the point that the proppriiies of the operators. 

^ a,(L) with |X|<il!f do not require considering, and thus it is more useful in 

dealing with inhomogeneous operatoi-s. In the second part we fix-st extend the*

concept of controllable operators introduced in [10] with respect to the Heisenberg 

group to the groups of type H. Then w ©  use our results obtained in th.6 first part

to derive some sufficient conditions for local solvability of this olass of operators.• ;. . .
W e  prove that this class of inhomogeneous opei*ators are locally solvable if the-

. . ■ . ；• * 
grolij^lFaurier transformations of their principal parts (*̂ liiah are homogeneous)

- . . , .  .

Satisfy somo invertible conditions (esaot statemeniis are given in Theorem 3 and. 

Theorem 4 ia § 4), Since this class of operators includes the transyersally elliptie 

operators, our Seoond part of results partially generalizes the results of [8].

The plan of the present paper is as follows: In § 2 we introduce some oonoepts

about tho groups of type H  and a class of Hilbert spaces, whioh are the background
:. . ——  . . .  .. . . . . . . . . . . .

of the wliol© paper. In § 3 we prove oui* firist part of results. In § 4 we introduce

the concept of controllable operators and prove the sufficient conditions fox* local

solvability of this olass of operators mentioned above.

§ 2. Backgrounds and Notations
Let (? be a simply eonneoted step 2 nilpotent Lie group. Let ^ be the Lie 

algebra of 6? (whioli we identify witli the Lie algebra of all left invariant vector 

fields on 0 ) . Set gr2=  [g, =  {[X, F] | X € g, It is olear that g2 is an ideal
of g, iaoluded ia the oen.tr© of g. Take a linear subspaoe gx of g suoh tliat g —gfi©^2.
It is also oleai* that 穿广 [.01，.S/'i]. For any linear form let B„ be the
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alternating bilinear form on defined by Bn( X f Y )^ r ] ( lX t Y ] ) t V X ,  
Following [3] s [4] and [8] ( we shall say that G1 is of type H  if the bilinear form 

B,j is nondegenersit© for any nonzero linear functional r/ on g2t or equiyalently» 
is a sympleotio form on gt for any 77G^2\{〇}.

If Q is of type H, then the oodimension of (ie,, the dimension of g^)
-j

clearly an even number. Set ̂ =*^-oodim^2l ̂ = d i m ^ 2. Denote by r  the set jRfc\{0},.

W e  shall use theis© notations throughout the whole paper.

Take a basis T lt T 2f 27¾ of g2 and fix it. Let *##» Vu be the dual basis：
ofgt.Fov any X £ T 9 w e  relate it with an element %G^a\{〇} by setting
ie^%iVi if %2, •**. ^¾). L©t /Sfc_1 be the unit sphere of i?fc. Choose for every
拉1

a linear basis X f f X 2,**s Y% ***, F^of gx suoh that
B  如(1 ST， 17) = 0, 、，卜 1,2 (2.1>

Moreover, w ©  need the basis X%, X%, Y f, Y% to vary analytioly

when 〇> varies.-Locally, this is possible. Indeed, we have

L e m m a  1. For every <〇〇.^：8 ^ \  there eooiUs a corresponding neighborhood cr 

8 ^ 1 of 6>〇 such that there are analptio fumUons ̂ (<») (^>). and cZi;* (〇>) ( i t j ^
19 2, •••,, «,) on 8 W9 which have the property that i f  we set

… i r ，w• ' 氧 (如 (啦 ? + & ♦ ) ，?。入
■ . ； . . . .  . .. .

’ r r - =  (〇i / a > ) x ^ + ^ ( 6 > ) r f )„ :

i=l, 2, , nf
then X J ,C0®, Y^,(0\  F f ,w〇, T t f0i9 is a basis of g% and for an yc^^S ^
the following holds：

i 9 ̂ ==1, % *•*, ny
furthermore，aij(<〇Q)雄知〇〇0) 这8衫， 雄09 i, j 粗1，2t … 9 n.
Proof Set

-4.(o>)=
BVa( x ^ , Y r y

• • . '• 
This is a real matrix of order 271X2« depending analytioly on co € Moreover,.

f 0 I
it is obvious iiliat A(a>) is anti-symmetrio and A(co〇) = J ^ ■ I 0

. Thus by

using the standard matrix theory we oonolude that there is a neighboi*Iiood S^CZ 
S ^ o fc o o  and an analytic matrix <?(〇>) on suoh tba,t O(〇))A (〇) ) 0 (〇))*=

.〇«(<») d,f((〇) f
〇〇(〇>), bij(co), 〇if(ed), df：j(eo) are the functions requii*ed. The proof is finished.

0(〇>〇) =J. If w e  writ© 0((〇) , then it can be easily verified that
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For any denoto by |X| the Euolidon n o r m  of K and set <o(X)— i i - Let
Let S ^ c iS ^ 1 be the neighborhood of co〇 as in L e m m a  1. Let -T„,0sbe the 

open oon© spreaded by i.0., W e  define a family of

irreduoibl© unitary represeatations as follows. First, take the

：Sympleotic basis X f 03% '•••, X % t〇>9} Yxf0)*} of as in  L e m m a  1,
Where ĉ  G iS^. Then for any 分 deifiii’e opp^xp 文）to be the following uniiiai了 

-operator on L 2{Bny:

的。:战p Z ) / ⑷ = e邱 ( 从 作 i气;I  I久|倉 _ 》 + 1久1 1 ) ，

if X  =  S ( * ^ ,CU, + y}Y f0>t) + S  ttTh
It is easy to yerify that the Lie-algebra representation of g induced by gut9 (which

(2 . 2 )

(2.3)

IVe shall call the induced representation of on the complex universal 

•enveloping algebra of 夕 （!•©•，the set of all left invariant partial differential 

'Operators on G) the group-Fourier transformation on (?, and denote it by the 
same notation.

Denote "by $) the H erm itian function on J5n with index ¢6==(0̂ ，a2，•••，aB〉

‘C g  (2、 !)九 (是 )％ -〜

li； is olear that ̂ >a(£) €jS(En；v, Wa^：Z%. A s  in [11], fox* every real n u m b e r  s, w ©  
iatroduoe a function space H s(Bn) as follows：

E 3(Bn) I ||M | | ^ = S ( 1 +  l«l )sM 2< + 〇〇}.
a a

"This class of spaces was systematically studied in [11]. It is proved that for any 

xeal n u m b e r  s, H s(Rn) is a Hilbert space, and H r(E n) d H s(B n) if r>s. Moreover, 
w e  have the following oonolusions：

( i )  U B * s(5n) ^ ( i 2 n)?
S  fi

( i i )  I f  m ii3 a nonnegatiy^ integer, then

-BT-(i2«) « {u(i) e  S \B n) I € x 2( > ) , VIa+^| ^ m } ,;

* n d  H w( E n)has an equivalent n o r m  ^

w e  denoije by the same notation) has the following property：

j-1, 2,

In especial,

sc%* Ti) i—I* 2f •••, Jb.

3 (XT) j==l； 2, •••, n.
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For every real n u mber we introduce an operator A8： as>

follows：

^ ( ^ ) = 2 ( 1 +  \a \)^aa4>a(i) , ifa(^)==S»«^d)*a oc

This is a linear topological isomorphism oii 8 \ B n). Its restriction on S ( B n) is also- 
a linear topological isomoi-phism. Furthermore, the restriction of on ©very 

JSr(Mn) is an isomorphism of H r(B n) onto H r~s(iJft). Set

屈 卜 : h d - O ’ 丐 一 ：M K

+  2, •••,.». (2.4>

Oae m a y  easily verify

JSpf>a= Vl+«,- 4>a+3j, B j ^  = ̂ <X}4>a-is, N ^ t, *= o^c, (爻.5》

for any j==l, 2, w. Here ̂  denotes tlie index whose j-th coordinate is 1 and the 

other cool*dinates are zero. W e  hay© used the notation <f>a-ei == 0 if «^==0. Denote
E% =n(-®i)a^ W e  have■ K 卜1

L e m m a  % For every positive number m7 there exist corresponding coniinuom 
Unear ojperators F 〇s} and whose respriciioTis on JSr(̂ Mn) are^
bounded for any (—〇〇, + 〇〇), such that ,

S  F ^ E l E i ^  S  E % E tF ^\\a+S\<〇〇 l〇t+/3Km

Proof O n e  m a y  easily prove that tlie following holds：

' i + g  聊 •1 ) 1 + 2 -®7^ ,
夕》 1(w-

[ E f r E j 2  — —5^ 1, ===1,2, …，队

Moreover, if w ©  denote by Qf and Qj the ooatinuoua linear operators defined b y
QJ*私= 2  $<»任a辛a+幻，Qy 乜 ** 2 心從》么，《，V议 也 》•a a>cj a

where X〇= V l +  [ a | t h e n  w e  iave •

A 1 S
Notioing. that :tlie re^triotions of Q/ and 啦 .on'.every -ETr(JS") are "bounded，卿  

oome to our eonolusion i°Pimediately.

To end this section, we remind the reader to notice that for any 2, »•*, 

the following equalities hold：

u c fX X ^+ iY r ) -
“<: ( (对 )2+ ( m 2- 职 、々 •])==备 -线 + 1 = - 2 ^ , 、

which are the immediate bonsequeno© of (2.3) arid (2.4).
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§ 3, Some General Results for Local Solvability
Let the notations S W9 and r w% be as before. Let K  be the Hilbert space of all 

Hilbert-Sohmidt opex*ators on L 2(R n) with n o r m  Denote by L°
K ) the set of all maps At F  with propez^ty that for any <p, tp^：8 (R n) 9 

the function/ (X) =  xp) is a measurable function on where (• ,。）

•denotes the inner product on L 2(B n). Fox* a given linear m a p  P: 8 (B n)-:>S/(Bn)y * 
we denote by trP the s u m  2  4><») if this summation is convergent, where

a

(u f v) denotes tHe dual operation of u^：8 F(B n) to the function v^：8 (R n).
L e m m a  3. Let K ) . Suppose that there e^ist constants 〇>0, 4 f > 0

4md °°j + 〇〇) such that
| | ^ L ( A . ) I \^\P} 久 a. e . I 入I

Then f 〇T any i/r(X) 6  O〇 (Mh) talcing the value 1 ideniicGHly when | ̂  | <JHf+ 1  and cmy 
homogeneous of degree r<  —p —^ ( n + ：h) whose restriction on has 

<compa>Gt supporty there exists a.uniqm function u ^ L 2(Gf) meh that
<u, v y ^ r ( l - l/f(^))9>(X)tr(5r r ( ^ ) ^ W ) i ^ | n̂ ,  \/veLK & ) f] L \G ) t '

where <(w, u(cr)/v(<r)d〇r1 <md dcr is the Haar measure on G.
J  G-

The proof of this l e m m a  is similar to that of L e m m a  2 of [9], with a little 

anodifioation. W ©  omit it here.
• • • >•

Let w  *b© a nonnegative integer. Deno七e by the Hilbert spaoe of all

^distributions m on (? suoK that Lu^L^iGf) for any left invariant linear partial 
^differential operator L of order ̂ w .  Take a basis Z^t Z 2t *•*, Z 2n of pi? and set 
{J}, ja/〇U •**> Then Wm(Gf) has an
inner product as follows： («, ^)*= 2  (*̂ w) V m , v ^ W m(Gf)} where ( %  ^denotes
rtixe inner product of L 2(G}.

L e m m a  4. Lei m be a rionnegatwe integer. Lei J.GIi0(Pto#, K ). Suppose that 
fo r  any partial differential operator P  o f the form  P  =  2  ^Te irtder|a屮召
pendent o f the composition operator PA(X) is a Hilbert-Schmidt opertior on 
L 2(Mh) for ^ a. e. and moreover9 there exist oonsianis p ^ (  — 〇〇̂ + 〇〇) and M >0
^dependent o f P, and another comt&ni 0 p >〇 depending on moh that

Then fo r  any i(s(%) £ 0 〇(B^) tahina the value 1 identically when ĵ | <ifef+l and any. . . .
77¾ 1homogeneom.of degree r<  — ̂ -^-p—-K-(n+k) m d  whose restriciiondS .id..::.



on 8 w〇 has compact mpporty there exists, a unique w€TTm(^)
*  - • . !  . . . .  . . . . . .  • • ■ . •

<«，《；>=(* (i—i/；⑴ ）炉 ⑴ 人 )）|.!|”孤， (分)》.

The proof of tliis l e m m a  is similax* to that of L e m m a  3 of [9] , with a little

modi^pation. W ©  omxb it here*
• v • < . . . .  , .

B e m a r k .  For «€ ( — 〇〇, +〇〇), let ̂  denote the set of bounded linear operators 

B: L 2(i2n) - » H S(-B") suoh that 4 SB  is a HilberiHSotmidi；； operator on Zr2(i2n), and 

let If0(J,u,<>, K s) be the set of all maps A: r wil-^ K s with the property that foi* any g)P 

ij/^8 (R n)i the function /(¾.) =±=(̂ L(X)9>i »/») i$ measurable on r wt. Then the 

condition in Lamina 4 is equivalent to the followiBg：

JS"m) and there exist eonstanfe 〇>0, M >0 and jpG( —°9. + 〇〇)

suoh that

m mJ.(X)|Us< a i X | p, A a. e. , (3.1)

Indeed, i f  A ^ L 0：̂ ^ ,  JST̂ ) then A ^ L ° ( r ^ ,  K ) sinoe A{"k)—A~mA mA{%) for X a. 
©.-T̂ , and !zl~m is bounded on L 3(B n). Furthermore, if (3.1)'Holds, then for any 

partial differential operator P =  2  aaSi aD0 -we h^YQ
IP並 ⑴ II册< | P Z ， |||十 2 ⑴ 九 a.e. r j l 入| > M ) .

* . ' ‘ ： . . . : .
On© m a y  easily prove the oonYerse by using L e m m a  2.

. ； _ .. ■ + ■

In the following, w© denote b y  W"m(G) the dual space of Wm(&) for
• ■ .  ̂ * ： ■ . . . . . . . 二 . . . .

nonnegatiye integer m.
.... "：■■ ■ - . : .  -* 

L e m n i a S .  Let m b e a  nonnegatwe integer. Let JST"m). Suppose
that there exist constants 〇>0, M > 0 and ( —o〇7 + 〇〇) suoh that

||2  九)I朋 1 入 I A» a，e. jTtt;0( I 入 1 )•

Then fo r  <my 垮 taMng the value 1 idenUGally when \X \< 2!十!• and miy
p(^) € 0 °°(jTw#) homogeneous o f degree r < — —p —
8〇,9 hm compact support, the equalMy

<^, (1 —列入)> ( 入)ti•(甿。(如M O ) )  W 獻， (3.2)

defines a element i f  the neighborhood 8 ^ -d S ^ 1 of w〇 is sufficiently small.
Proof W ©  claim that for some neighborhood there exiist finite m a n y

homogeneous left invariant diffex-ential operators Q/(j—lf. 2r N ) of degree m 
and corresponding bounded linear operators Bj： j?~OT(JSn)->Xr2(J2n)(^=l, 2, ---, N ) 
depending on analyticly, suol^ that

s  v 〇g ^ .  . (3.3)x
(Notice that ，m aps olainx is

proved, then from the i ： ^  i：, ； v .  ̂  ̂ S

No. 2 Guif 8 .B .  LQOAL BO LYA BILITY OF LPDOS

■ j(n+^) and whose restriction on
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一  (* 如 ) = < • 0 ) 甿 •(&) = * w l mW 〇> C w (弘)•

W e  get,the following

I M  的。W M L 〇 ))卜  m +  i  〜 ㈨ ）

l k ^ ( W I U « * « ^ W U s  (her6 6>=〇)(l))' , i«l f
<  I 入 | 4 m SII 甿。(* 伽 )IU. I I 5 M 1 U - M - 1 (入)I U

' l "1 N
<a'i 久丨 4 OT+P | ]丨丨的• c q ，) w  w e  i?(沒) n  F m(p) •

Therefore, sinoe ¢¢(¾.) belongs to and is homogeneous of degree r, we gei
tlie following 卜： .

f | i - ^ w i k w  i |trr<*(«)j.a))i î i» ^
JF-» ,

ii-批入) i m 一卜州 +如•«耐 •(如 )tusix十 d v  : ' • ' ，

i〇 -i J r a »  ̂ . i  . “ .
 ̂ < ^ ( I  l - r P W  121̂ I .S(jr \ < ° { ^ )  lllsl̂ I nd x f

' < 〇 " riT^CGO.
F r o m  this and the denseness (if 1^((¾ n T ^ w (G〇 也 1 ^ ( 6〇，we see that equality.• . . 、.. ■ ..
{3 .2 )  definejg a unique oon*binuous linear funotional u on W m(GF)y and the oonolusion
of L e m m a  4 is then proved. Hence, to finish the proof, we need only to prove our

claim  on (3 .3 )*
B y  L e m m a  2, we see that there exist bounded linear operators F a0: L 2{Rn) ^  

X 2(i2n)(|a+^8| < m )  suoh that

S  E % B iF a0} ' ； ： '； ". .  |a+/?|<w., . - . . . -
. .  .•■ •■ •• •. \  . •- . ： ( ) .  .-

〇r ©quiYalently,

I -  S  E%ElFa0A ^ 9 (3.4)

Bet

/  1. \  I a+j8| n . . . Ji

. • . . + • : . . .  t i t -  . . .  • , ；

TDhen 1̂  see that'及》a( I 1  aretounded. lineal. .Operators mapping 丑 - ^ 及 ) 

into L \ B n), and furthermore, by applying equalities (2.6) and (3.4) we get
：• • • ' I" .1 ； ,： \ ， ■: ' ■；，■■ ■■■ -

2  < ( Q 城) «  ， '

Ik n o ie . :

°Sa$f - ' Su,^.：r

；Sinoe gtZ1 (Q〇e) is a partial differential opex*ator of tĤ e form ! ■ •'
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»«— — ■"■■ 1 ■ ■■ "   111,1 1 " 1 ■.■ ■_■!■_■ __ ni i 1 ' 1 " '"
. • "  - .................• ................. .............  • -.- . .....................................

印 s  «織 ⑷ r w' . .._ 1̂ +/8-1 <»
with coefficients a^/(o>) being analytic functions on S^, we see that R(o>) is a 
bounded linear operator on and depends on (o^S ^  analytioly. Hence,
;sin(3e iJ(£〇0) =0, we oonolude tli珥t £〇r some neigtiliorliood of 6)〇, |i?(w) 丨

and thus the inverse operator F (〇)) = (J + jR1"*»))-1 ©xii3ts when 〇>€ 
■8'  ̂and moreover, V  (co) depends on co 6 S'̂ , analytioly and

Vo>€ ^#.

N o w  set B a a = B aa〇F(<«>), for to 6 ^ , *  Then we see that .2«̂  inaps into
t.Xr2(i2") boiundedly and depends on 〇>£S'u, analytioly. Furthermore, one uaay easily 

verify the following
2  5rS°(Q〇ij'-B ^ = I, VwWw..

Tiiis proves our claim oxi (3.3). The proof of L e m m a  5 is ended.

The first main result is th.© following

T h e o r e m  1. Lei L  he "a left mvariant differential operator on G, which is m 
group o f type S .  Suppose that there are positive number M and integer s such tKai for
<mp coo^S16̂1 there exists corresponding K $) satisfying the following
. . . . . . . .  . . . .  • _ . . . .two edndiiions：

( i ) o v H L H M f - f ，V/G^(i?n), ̂  a.e. ^ 0(|?.|>^).
，. •( i i )  There; are constarits 〇> 0 cmd pG ( —〇〇，+ 〇〇) such that 

：  ̂ iU，<a|X|^' k a. e. r wX|^|>Jlf).

Then L  is locally solvable. More preciselyy there is a distribution jS€ suok that, ' iL E ^ d  in a neighborhood o f the unit eleomntf where w«min(s, — [2p] — n —fe),
. ... . . …

Proo/First w e  select finite, m a n y  poiats N) suoh that
v  ' ' ' '
U  ^  w < 〇? w© need j8w；, to be chosen sufSoiehely smallv so that the
卜 1 ,
ooixolusion of L e m m a  5 holds. Let {¢^(6))卜篇1，2, •••，i^} a partition of imit ctf

. ； ；• _ . . • __ . . .

(Sffe_1 corresponding to the covering { ^ ( ^ = 1 ,  2, ••• , N}. Denote j = l ,  2,
•••, i7. Oh.oose a funotion ^ 0 〇(Bk) suoh that it is identically 1 in the region 
|X| Then by L e m m a  4 and L e m m a  5, we see that there eiist disfeibutions

B s^  2, -, N ) such that
.〈馬 ， =  - 屮(九))办 )tr(si?r(i〇A ；̂ ) ) |X |nA ,  

1，2，.”.•，具 ， . . .
L^t m a y  easily prove

* .... ：：■
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. =«(0)-| flik ifiiKv(〇, l~)dx, VvG 〇〇((?),.
where «>(0, X) =  | v'exp dT, V X G / 1. Let 6?2==exp ̂ 2, <?i=exp gx. Since g2 is
& commutative Li© algebra and the exponential m a p  of g onto Gf is injection, we see 
that (?2 is a simply eonneoted commutative Lie subgroup of <3-, i.©M it can fee 
identified with JR10. Furthermore, Gt is a su^bmanifold 〇{ & and we have Gf=Gx®G^ 
in the topological sense* Since i/rG^oC^), w© see l)y using the inverse Fourier

iransforinaiilon that there is w ^ 8(&2) such that i/r(X) == f w(exg dT7
J gt

jT. Thus the above equalities imply the following:

J 8—8i(x)^ on (jf̂
where 8；t is the Dir今o’s d—distribution on (¾ with support at the unit elemenii. 

F r o m  this, w© immediately come to our conolusion by following a similar deduotion 

as in the . proof of Theorem 1 in [9],

For any real nuiiibei* s, let j3s : be the set of ajl linear , maps mapping' 

into H s(B n) boundedly, and let^i0 Bs) be the set of all maps A： > J5S such 

that/(X) == (JL(X q>j xp) is measurable on. 1 \ 0 for any <py Our seooud

result oan b© satated as follows：

T h e o r e m  %. Let L  and G- be as in Theorem 1. Suppose that there are positive 
numberM and integer  ̂ such that fo r  any c o ^ S ^ 1 there exists corresponding 

B8) satisfying the following：
: ( i )  V/G^(jS«),Xa.e. ^ 0(|^!>^).

( ix )' There are constants 0 >〇 and ( —〇〇, + 〇〇) such that
'  ̂ ^\\AsAwXK)\\<〇\M py '

Then there exists a distribution where m  =  mia(s—w—1, —[2p] —n —h ^
smh ihat L B ^ 8  in a neighborhood o f the unit element  ̂ and thus L  is locally solvable. 

Proof In fact, on© m a y  easily prove that is a Hilbert-Solimidt operator
...... » ■ i- ? •

op. L 2(i2n)* Thus by applying Theorem 1 and the fact that 

\ A ^ - ^ m ^\AsA Wt(X) S； Theorem 2.
•». i . . .  * . ,*. * •. * * • «

§ 4； Controllable Operators；
•• "  -

.... .'v ■ :
In this section we are going t6 use TlieoireKi 1 itiid Theorem 2 i;o discuss the 

l〇pal solvability of %  $peqial class of inliomogenepus Jeflj inyarmnt 

operators on the groups of type H. Let us first introduce

Definition 1. Let Qbe a subset o f i2fc. Lei jD) and Q ^Q xt^y S y  be



two families o f partial differential operators on B n with polynoimal coefficients, K^Q- 
Denote by R% the orthogonail projection o f.L 2(Mn) onto Ker P A (here we regard P% as a 
map o f L 2(R n) into JS^m(R n) with m=degP^(^, t?))〇 I f  there ecoisis a constant 
independent o f such that

lQ,/IU.<〇(lP,/lix.+ ||^/|U.>,- V/€/Sf(i2"),. 

then we say that is weaker than P% umformly for %̂：Q.
B y  a similar deduction as in L e m m a  2 of [10], we oan get 

Lemma 6. Q^is wmher than uniformly for i f  and only i f  there exist 
bounded Umar operators B%x 〇>nd B%2 〇̂  L 2(Rn) with bounds independent o f X such-that

Q , / - 5 u P,/ +  5 , A / ,  V/€5f(JJn)..

Diefinition 2. Let L  be an inhomogeneous left invariant differential operator ■ on 
ihe group Q h'mmg the form  where L§ is homogeneous o f
degree j f j^O f 1, m. We say that L  is of the type that ih& lower order ternm ar^ 
controllahler or simply} L  is a conirollaUe op^rcuior, i f  for any a>〇Q8^71. there exists a 
corresponding neighborhood 8 ^ d S ^ 1 o f co〇 such that for everp j f 1, w —1,

^SoCA) weaker than uniformly for
Let Z 2y •••, Z 2n^  an arbitrary basis of g±. Let Tt\ T 2f be an

arbitrary basis of g2. Then every iniiomogeneous left invariant lineax* partial 
differential operator L  on Q oan be written in the form L — 
with ■

L ^ L ^ Z ,  T ) ^  S  1, -：S w, . (4.2)lal+21i0I=»/
where Z " T ^—T ^ T i^ ^ T f1, and are constant complex n u m b e r ,

j —0, 1, --, m. The function aj(Ct i^)(C€-Hi2n» A i s  .called the
.-- -: ' ■ . .-.

amplitudo of th© operator L/f j^O, 1, m.

Lemma 7. Let L  he as above. Then L  is a controllable operator i f  the following 
conditions are satisfied:

( i ) There exist a real mmber mf and positiw constants 0., Or m d  M stick
丨供，VC€i22B(|《l》^ ) ，,Vc«>.e妒- V  ’

(ii) There is a real number p G  (〇> 1] <^d there are some positive cm^anis 
j^Oy 1, m )  smh that for am/ m d every j 1, w, tJw fotlowmg

ID M L  «) J <0^/1 ̂ a .  «) 1.(1+! 1 1 5 an(] i I > M ) , Va)^^-1.
Proof Let <»〇 be an arbitrary point on S ^ 1. Let X%*, X p , •••, X^', Ti*, Y^', 
F̂ ° be a synxpleotip basis associated to the sympleotio form 5 ?a)>. Then there 

exists an invertible linear transformaiion on ̂  mapping this basis into the l)asls 

Z ly Za, •••,.,■ ̂a«. ："Using this transfoi-in^tiori, (4.2) oan be lwrit-fcen as
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where aSs7 are some constant complex numbers, (Xi

^ ( Y r ) H Y ct)a9- ( T T y ny T y^ T V T h - n \  Denote ^  %  l ) = L s( H 9 i% i%), j ^ 0 f 

1P m. Then since the linear transformation we uised is invei-tible, on© may 
easily prove.that the functions rj, X) satisfy the same conditions as a5*(C, i f  
we denote【=-(£，，”) ，j«=0 , 1 ， …， ?》 • Notioing that ，刀，〇〇) ， and

depends on co analytioly, ? =  0, 1, •••, m, by a sim ilar deduction as in  th e 
proof of Proposition 5 in  [10] we oonolud© that there is neigiiboritood 

〇{ 〇>〇 B mh  is weaker than ^ ( L m) uniformly foi* 6>€^ws>
:1, tw-4-1, W © :;omit tlie.details here.

From this lemma, ,W© ise© that transversally ©lliptio operators are controllable 

operators,::

T h e o r e m  3.V Let L  be a controllable operator with.principal part Suppose 
that Lm satisfies the following conditions：

( i ) For solne real number b and any there exists corvespondinff Am̂
suGk thizt

^ 0(im)-^cu〇(a>)/^/» V/G^(-Bn), G>a, e. ： 

and moteovefy tl^re is a corresponding constant sueh thai
： I 〇> a. e. ...

-(ii) The\ orthogonal projeoUon i 2(J2n)->K©r 5Fw8(im) can le extended as
a bounded linear map o f H s(R n) into Jff8(J2n). MoreowTy there ead ts a eorrespondi/ng 
MTidant 〇̂ 9̂ 0  sueh that/

. < C ^ a，仞 a. e•凡 。•

欠heTp exisU.a d私trilmtion where —n—i ，； m — it一To、 ， suck
that L B —8 in a neighborhood o f the unit element, and thus L  is locally solvable.

Proof W e  have

(If) = I 入 17 9lC (X〇  + 'I 久 I T s C  (Xf« 二 1〉 +  …-i-sC ( i 〇)，

■where 〇>—〇>(X)- B y  Lemina 6 we see that there exist *bounded linear operators 

and 欢 on Zr2(iJn)， 1，…，m —1，6)€汉叫，suoh that

卜  + (4.4)

and furthermore, for some positive number O independent of 〇>,

| 5 贫 叫 | < 0 , eo a。e. U 占 M , …r m —V  
B y  using the oonditions (i) and (ii), we get from (4.4) the following

.• • , t -  : ：. , ' •：-；
Hence we have'• • , »» tw—1 i •.^(£)(1-^,(0)))^(6))/= ixr/+ sif=o

m/ w—1 tn—/
B ^ r ) / ,

(4.5)
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where 6>«6>(入)• Noticing that if I人I > 1  then
Iwt—*1 m—̂ 1 tn—1 i
/ - 〇 /=〇

we see that if we take M > 0  sufficiently large then we have

|| tn—1 __ m—j I *1
|為丨入丨了 5 ¾ 叫 < 吾 ，if丨叫 >见

Thei-efore, the inverse ( I  +  I ̂  I\  j=0
have

.- iB^i00) exists when. |X| Moreover, w o

m—1
I +  S  I^I-2^  Bfi < ( l - 2  <2, if \X\>M,

For a n y /^/^(^), take a sequence of functions f f € 8 ( R n), 2, - ,  suoh that

(
7W—1 一  m \ —1

I + S l ^ i --5- /  in Ifa(JSfl). Thea by using (4.5) t o // and then

taking the limit, we get
• • .<*(i)〇 (1-^ .(0)))^.(^)( i+ s V r 2̂

. •

Furthermore, using the conditions (i) and (ii) one© more w e  get

i + 2  i^r 2̂

<  II ̂ ( 1 -  i2w,(〇>) ) /L - 1 . «A - ^ X 〇>) II • I(  1 + ¾  I ̂  I ~ ^ B f r

Thus by using Theorem 2 w e  see the oonolusions of the present theorem hold. This 

finishes the proof.
Theorem 4. Let L  be a left invariant differential operator satisfying the 

conditions o f Lemma 6. Then L  is looally solmble i f  the following two equivalent 
conditions are satisfied:

( i ) For any and almost all Ker

(ii) For any coo^S16̂  and almost all co^S^y uv%Q{Lm) is a smjeotion on
8 \ R n) .

Proof In  fa〇t? from the pseudodifferential operator theoiy of Shubin [13], wo 

see that any operator satisfying *fciie conditions in L e m m a  7 always satisfies the 

codition (ii) of Theorem 3. Moreover, for this class of operators, the condition (i) 

ia Theorem 3 is equivalent to the two equivalent conditions of the present 

tli©oi-©in. Thus the oonolusion is a corollary of Theorem 3.
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