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In 1985, L； W. Beineke, K. g. Baggac3：I and G. X . Huang, J. S, LiE4：l； proved . 
Theorem 0. I f  8  e  18 V, |^ | >2, then

In 1987 and 1988, J. S. Li and G. X. Huang proved following two theorems. 
Theorem D .c5：1 I f  S € IS V (m d \8 \  =n">2, then

Theorem J f  8 G I8 V a n d \8 \> B , then
S G 贫 (S)

This paper generalizes Theorems 0, D, E by the following result.
Theorem 1 .1 . I f  8 e i S V  and \8\ >j〇> l,  then

S ^ C h ) ^ K 8 ) > K .

§2. On ISY
Definition 2 .1 . I f  X — (xt, ao2, a>„) is a score vector, where l+a5i< 2+ ^ 2<**0 

■<7ii+a!n, then, X  is called an almost increasing score,vecter {AlBV)> And we say ZG
A I8 V .

D efinition 2. 2. Lei 8 =  (slt s2, s„) £ I8 V , n>3. Denote
(xlt CC2, •••, 05,,-1)== (81, S2, •••, Sj-i, sui> •**'； s„)

ari,d ; . ： . . . .  : ' . . . . . . .
• i ■

汉 一 (%，3¾，…， ，疋yfl —1， — 1，…，広n-i —1)* .
8 —Sj is dolled a deleted node sector o f 8.

'• Lemma 2 .1 .  I f  S - ( s l7 s ^ e i S V ,  then
i(^S一 2, <re.

Proof Let S —s ^  (co1} a>2, ^n-i)* When ^>s<. Thus a
®l +  i»2 + …+ 而>Si +  S2+… =

S o t ^ S —s ^ t i d  . * • : ， 一

When S jK i^ n —l ^ b j  the definition of S we have
fi(8 —s ^ ) = ••• + a 5 i ~ 一1) /2

• >(Si+$2 + …+Si+1)■—S;•二（《一Sy) — 一 1)/2
«= (S1+S2+ …+ 為+3：) — ( i+ l ) i /2 = ? t:+1(5). *

T lierefore^ ^ -^ ^ C iSf), ....
Iiemma 久 2. ie f  X = ，(〇?i，為 ，.…，<cn) 伽忒 351<»2<.“« .  ■?/.'
(i) xx>k, ,
(ii) : ' -  ̂ ： ：;

then 、

Proof then
^ 、 v 吻 (JT)



Suppose j is a minimal positive integer suoh that above Inequality holds. Thus
If •

®1+ 历2 + …+  由 +  + … + 吻 一 一 1) / 2+ 务 一 ()* —1) (J —2) /马十及*
It is a contradict ion. Thus Denote

TO=min{w—i,  i\l+o>i<Xi^i and i>j}f 
We have a?i+a?2+***+a;m—w (to—l ) / 2> ^ and

j — —1> 叫+2— —饥十,
So a5<<i—1, j + l ? **ay w . Hence

a?i+^2+# # # (iDi+£t?2+*#*+^) +^"+ (j+ 1 ) +  *•• +  (w —1)
<Cj(^^l}/2+ifc+ (w — ̂ )(^77^+^^1)/2==^(7^^1)/2 +  ¾.

It is a oontradiotion.
Lemma 2. 3, Let X =(® i, a?2, —, a?n)€JLI^F, 5i= m in (X ) m d  5n-=max(X). 

Then t(X*) =min{t(X)，Si，n — l — sn}，where X *  is Qn I S V  叻hioh is oMained by 

m r m g m g  all terms of

Proof Let A = m in {i(X ), st7 to—1—sn}, X # = {si, s2, •••, Sft}-Obviously, 
< i( X ) .  Beoauise -… ，

K X ^ X t ^ X ^ s t ,

# (_X**) <  (Z*) =  s；t+ s2+ …+  Sfl-i — (w — 1) (w—2)/2
= (s；t+S2+ ."  +s„) — t .—(w—lX n —2)/2 =  wi—1—sn， 

thus i(X*) <jfc. Otherwise, w© have
in_i(-3T*) = 71—1—

By Defoliiiioa 2 .1，l + 〇j：t< 2十 吻 十 a;n hold JHenoe
l+Sj<s;*+i =^s：t + …+ s严①！+ •••+ »，•— (j•一 1) / 2+ —1) / 2+¾

By Lemma 2.2 we have Therefore t { X ^ ) ^ K  -

Lemma 2. 4/  Let 8 =  (slr s2} ••*, sn) £ I8V. Then 
’ (2 .1)  

and the eqmUty holds iff «i= 5̂ ,-
Proof When Si=s„, 8 is the score veotor of a regular tournament. Thus S i= 5n 

»=(w—1)/2 and (2 .1) is an equality. Wlien st< sn, S i< (^-^1) / 2, i ,  e., Si^w/2^*ltt 
Suppose Si. Because si<S2< " .< s h, we have

S1 +  S2 + …+Sn> S !+  (W — 1一S〇 (扑一Si) (2?l — l)Si +  W(抑“ 1) ‘
On the right hand, it is a twice polynomU! for slt When ^  is a
decreasing function for $1. Setting w© obtain

^ + s2+ “ * (抑 “ l ) / 2+ lv 、

It is a ooaiiradiotioiii ', ; . ... ： . . . .
L^mma 2. 5.C53 ff tournament Tis k-^roiigi k ^ 2f ihm T  is (h^l)^$irongi

Now we prove the following lemma.
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Lisxnma 2. 6. Let 8^= s2, •••, sn) ^ I 8 V ^  I f  . S - s ^ ^ \ h ) y where
抑一1—■kj th67b 8  (¾).

P^oo/  ̂We need Only prove the ease for ^=1, other oases can be^pi'oved In a 
similar manner. Let & he b, ^-strong tournament with score yeotor S —s±j V (& )=  
{^2j •••> Suppose 37 is a toux^namenli with V(T) (Q) Ul^i} and A (T ) =
义(任） U { (”1，似i ) ， （ ％ ， ％ ) Obviously the score veotor of 27 is 义

Let U cF C r)； |Z7| l i  v t^Uj then G- — TJ is strong and
w—A — l; thus y —ZJ is strong. If then y  — U* 句 strong "by -Lemma 2.5.

Lemma 2. 7. Let T  be a tournament with, increasing score vector S  = (si? s2? 9co, 
dn). The inoreasing score vector .o f  its converse Tr is (w—l*™sn, 1— 
n —1—Si) • Then . . . .
• (i) 8 ^ ( J 〇) ^ 8 f^ ( J o ) ] ; …

(ii) i ( 8 y ~ t ( 8 ,')9 . , ,
Proof (i) Because the converse of a directed path \B tho dlreeted path, the 

conolusipn holds o b y io u sly ..
(ii) Let M —{ vxj v2l •••, Vj}y ^ = = { ^ 1 ,^+2» ***•? Denote ,

T { M ^ N ) ^ { { u } ^)| (¾. v ) e A ( T ) ,  uQM} v£ N } .
"We have

、 ' A〇S〇 ^ |y (JT -> i\〇 卜  (及 ― 髮 ） I
Therefore #〇S〇 =  #〇Sf’) .

- . • • . •* • >

§3. Simple Cyclic Tournaments
. ,  .........................  .

Definition 3. 1. A  tournament F n is called simple oyolie tournament, i f  
V (F n) ={vl7 v2, •••> v»}) and when n is odd,

(vi, Vj) £A(JFn) ^ 0 < j —i< n /2  or n /2 < i~ j< n ;  
ioh&n n is even, .Fn = F n+i—vn+：i, A  Hamilton cycle (V1V2 … vnvi). o f F n is called its 
essential cycle.

Lemmai 3 .1 ；. ： I f  F n is a simple eyclic tournament, then 
, (i) F n and it$ converse ar& isomorphic; ' ,

(ii) any non-strong mH oumammt o f F„ is a transitim iourmment',
(iii) F^.isi(n—l)/2]-sfrong.
P^roof (i) Ilk is olear by Definition 3.1,
(ii) If there exists a nonr-strong subtournamerit 27 whiph is not transitive, 

then T  contains at least a 3-i〇y〇l0 . WiiliQuii loss of generality suppose i < j ,
i< h , thus i < j < k .  Let vm£ V (T ) .  If m < i ox m>Jo, then I f
iihm ：v ^ m ^ k ^  If % n  Heno  ̂ JP is stroiig. It is  a
oontrad lotion.
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(iii) The number*, of vertioeig pf a maximal trausiiive gubtouarnament in J7” is  
[V 2 ]+ l .  For any U*c：l ^ d ) ，丨t7| =  [(w—1)/2] —lj we have |U"| — [(符一1)
/ 2] + l> [? i /2] + 1. So is not a trani^tive tournament。 Thus is strong
by (ii). Therefore F n is [(w—1)/2 ]-strong.

Let 8  IB Y  and 8 (slt s2} •••, sn) Obviously
一1'：一 (3 .1 )

So [ (^ -1 ) /2 ]  .
〇 . • . < • .• . .

Now we give a shorter proof for Theorem D as follows.
Proof o f Theorem J) Let [ (^ -1 ) /2 ] ) .  We choose J =  [(71—1)/2] in

(3 .1 ). Thus
[(n—l ) / 2] <Si<sn<TC—.1— [(« —1) /¾  == [«/2] ,  (3 .2)

Hence t(^8) = [(?i—1) / 2] .
Otherwise, suppoise t(S )  =  [(« - 1) / 2] . We have

8 i = h (8 )> [ (n -^  1) / 2] , ri —1 - sn- (iS)> [ (n—1) / 2] .

So (3.2)holds. Thus S  is an ISV of a simple oyolio tournament F n. F„ is [(w—1) 
j/2J-sorong by Lemma 3.1 , Therefore 8  6 ^([(«―  1 ) /2 ]).

§ 4. The Proof of Theorem 1.1
Thie necessity of Theorem 1.1 is olear. We proye its suffioieney by induotion 

for the dimentionality of S . *W© may suppose k > l  by Theorem B,
*W!h©n |^ | = 3  or 4, the odnolusioa holds ofeyicmsly. Suppose the tlieorem holds 

when  1̂ 1 (n>=5):.rL^t |jŜ | t==w. We may suppose §i<5n by ^teorem D, where =
(ftL，S2，…，〇 •

1. Suppose St>h^ .
Obviously min{iS^—Si}>^. 5y  Lemma 2.4, w© have Si+Bl< n —1—Si<n—2—

So max{j8f— By 2,1, Aad by Lemma 2.3 ,
where ISV which is obtained by aiTaaging all terms

of S —Si. By inductive hypothesis, (jSf— BecauseJb<«a< « — we^taYe ： 
iSf G ^(^)by Le.mma；2.6, In the following suppose

2. Suppose ; ..
； Lftt 8 f — (n—1i—sfl, n —%r~Pn-ii « -^1-¾ ). Because w© haY© i()Si〇

^t(8)p> h  by Lemma 2.7. Thus Therefore $f. and S ^ ^ Q s y
by Lemma 2 .7 .; la  supppse ： ;

3 .
By discussing the oonneotivity of S^-rSt or (w—1 —«„), we h&\Q S  Q ^X k)  as

ease 丄 oi. 2. In the following suppose 办+2=4, sn_i_fc= 抑一■丨 . ，
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：S — (Jc, •••, h, Sjh-i , Sj,+2, •**» Sn Sf+i, '''i s„_g, n - l —ib, •••, n—l —h), . (4.1>
y — _ ■ /  、.■丨 y | | |  H

p . a
where

p > F + l ,  g^>io+l, J c ^ s ^  s ^ n - l - k  ' ' (4.2>
« * *

4. Suppose there exists §;- such that ^—1.
We have t ( S —Sj)>Jc by Lemma 2.1. Because w© have

min {/9— max 2 —
. . . . : •

Thus By inductive hypothesis we have Thus
(Jo) by Lemma 2.6.

...... .• ... , . • . • . : .1 , . . .

la  the following suppose (^ee (4.1))
sr< ^，sr+.i>w—辽一1. (4.3>

■ 5 . Suppose t r(：8 ) >2Js—1.
We discuss the inoreasing score yeotor /S,r= (s2—1, Ss—l, •••, Wlxort

2<%i<h, we have —l  = yfc —l>i>  so ■ '■' ：/ ' v

■When. we h^ye ,s〇 . v ^  ̂ ；

And

k—i (汉 = 〈s2.-".l 丄 十 —.'(̂ —1) (r~*.2)/2
—(Si +  S2 +  *"Sr) — Si — ("T —1) — (^―I) (t — 2)/2

’ .= #r(/S) — Jo^h~~-；1* „ .-•： ■■■'■ •.,；：
Thus 1, r-̂ -lrA ■ ■ ： . v v

v s Similarly,； -when rrtrl, -*s we have #i(/Sff,)> ^ rr l too. Thus 
jfc，.l..Byindiiotive;.vh@oth9Sis.;.tl^reexists...a(.^；';~*l)..-strb；Qg.ticmriialba îit...2T„_2'wltit 
score yeotor 8". Let F ( ^ - 2) == {^2, v3, •••, =¾ - Denote- F i {%, ^
•••> f̂c}> Fa={%+i, %+2, Let T be a tournament suoh tBiat

. " - . V (J )̂ = F U'{^1, -¾})v - ；- "..... . 〜

A ( T ) (F2, r ^ ； (%, 〇 },
where (Fi, u) \u^V i}, i ^ l ,  2, j==l, n. Obviously,/
the score v^toi* of yt is Now We prove that 27 is ^-strong.

Let ? 7 c F (r ) ， I )7卜及一払 since IZV :̂

is 0  —l)-strong. Thus T  — U is strong. If 17〇{̂ 1) vn} = 0  l thQn{vi；vn}c~V(T^1J)., 
We need only prove that there a 'directed jiath froM v to vx and a dii;66ted 
P 2 from vn to v foi* anjr i> ^V (T —U) — {%, ■«„}> .…r' ： . .

Actually, because IF2I there I f  ^SF i,
ohoose Pi== {vvnmx), P 2= (vnm!v); if w gF ^tlien  btioose P i = ( ^ ) . '

•• ' Because (vii v„) A(T), T  — U Ustiong.  v， - -  ̂ V. .....+’ +
6. Suppose #r(jS)^ 2 ^ -2 .' ；v' ,. ¢ . ；v t ^   ̂^
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W© first prove the following inequalitieg
(1 +  ̂  2 )¾. ( 4 ,4)

If ^>>2 ,̂ then (2^+1) — (2^+1)2 /̂2====0, it is a contradiction.
Because r>^7h2, we.see that if r<2]c then:.

2/f (/5) — §!+••* + sr_ t (t一1) /2^^*r—t(t —1)/2^ 2^ —1«
But tr(8')<2Jc~2J hen<3©r>2^^\

By (4.1) and sr< ^ ~  1, we hay©
： ^r(8) ^h < ：Jcp-  ̂(^7-1) ( r— 1) / 2-

. ~ ^ 2；+(A+r-l- l)p--r(r；+ l) /2  — .
On the right harxd, it is a； twice polynomal for its digoriminanii 

(及 十 十  1) 7 雜 +2紅 + 及2_̂ 2為士][•
If t >̂To-f* (2 ^ —々 承;十 1)羊’2， 3ec^]us与（1十:〜/: ¾ ) 十(岛5? : —2洽+1)1 厂，死e s©o that
i f  r > ( l + \ / 2 )¾ tk©j3:̂ r(jS)>--^<p. (4.4) holds. Denote.

Si-1 i t l < i < i r(B)9 .
-¾ , ；if;

IVe now prove that X  = (%, , (〇r) €  ISY. ：

Denote ti = ii(8)j i< =  ̂ (X ) .  Obviously •；:

■':i : ：
Thus if then if  then ihe  defiaitions o f /S and %
we have ：' ..,¾ ;- - ； ■

Thus ； ■...
ft T 1 尹系 <  私 <  ,奸 … 4 〒.〇•

So X  GISV • .
Because t r(S )  < 2^—2<r,  we have ^=av* jLet ,：

• h ^ l ^ 1 i f P isey6^
■ ---v') v-v，'-.; \ l p  .,i：i f ^ i ^ x0dd.v;'. ： : .,..

Ofevaously is oddf and Denote,¢2=.[(^+¾)/2] 0
When. T ^ p + l j  wo have (^^[.2^/2] ~ p ^ s ri When ^=^==24-by(4.4). Thus ŝ *=
ic} h^2k—l 1 (2= [(2^ + 2^ -1 )/2 ] l^ ^ = s rv Heno© d>sr=?a?r；holds.

We disoii绅 ijliree ^^ttenoes: 、： r :?
^ 1 - (^ -1 ) /2 ,  a?2—(A ^l)/2,vv^i% ^(ft--l)/2; (4 .5)

(2™〇v ^-ir^ds；odd); (4.6)
‘d—叫^ 卜忒一也以，％ 嫜4 忒如:叫， 1 (对細rt r+fe:纽你 ep〇v :，

ri；n V ■ v^V'i-：- n  ..；. -:\..." U .:..( .̂7).
..•..Sy.vsimplfe ooniputing’;免 .haVe T' 公 、:”广 ”n〇.D:沒、 . K

> v ((i) thelsum^ oftaE^lerrhs of (4 .5), (4.6)； r(：4.7)ai'e;equal;  ̂ ； r' mj o-rf 
(〈ii》，也心dlflfe^ersx^ofitKe iii^Eini^l aa；d(fnidniinal torias to  (4:5) <々JUal9 (:z_
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or one.
Now we prove
( i i i)  the maximal terms 〇5—%+1<^ in (4.6) aud (4.7).
Actually, r < ( l + V 2)^<BA—1 by (4.4), Because w© have r < 3 ^ —1~

<A+2^ —2. Thus
(Z—0^+1=[(矿+ 办) / 2 ] —a;A 屮 1 < (犷+ 办) / 2 二（在一1)<CA.

Heno© ( iii)  holds.
By(i), (ii) and ( iii) , there exists a bipartite graph JD, F(J5)=:;{Af； N } t where» 
■{公i* %， •••， ％ }， ^  =  奴a+2，" .，奴r}， siioii that the degree sequence of JS/ is:

(4 ,5 )， the degree -equenoe of i\T is (4:6) olr (4.7) according as <r 十办 is 6dd or even 
respectively, and is adjacent to the last d~-a;ft+i yertioes in. M.

Bedaiise h<2h, there exists a sequence nx, n2, •*•, w», whioli is the arrangement 
of {1, 2, •••, suoh that if theia. and ¢=̂ =1̂ 2, whereyi〇 ==
Wi ==%+!. ' •

Let E  and F  be two simple oyolio tournaments such that V {E ) = {f〇nx, <oKl) 
F(-F) = N . The essential oyole in  B  •••, Vnhy
Let G be an r-tournament suoh that
(i) B  and F  are two subtournameats of & and F  (SI) H V  (F ) =  0  ；
( ii)  if  ji ■ ■ ' s"

(vi} Vj) £  A (G ) ^  ̂  and v} are adjaoent In D.
Obviously (^h+i, 2, /^ -d+»ft+i, and X  =  (a；i, ®2) •••> av) is a

score yeotoi* of (?.
Lei ^7= («—l —si, to—l^s„_iV to—3t—Sr+ii »»--1— **• n ^ - l—Si). By Lemma

2.7  we have Denote
_ f n - 2 i l l ^ i < t r(Sy,

^  In  —1 —s„+i_j if  i  (/S5) < i < n ~ r .■■ \\ .
Obviously Y '= (y1, y2, •••, yn_r) GIST.-Similarly, we have (n—r)-tournamenb i? 5, 
V ( S ) { ^ v n, v ^ ,  ^+1} an^ its inbreasing score vector is F , ^

2, •••, w-̂ r> Suppose the converse of S  is H \  . {-
Now let T  be an ^r-toux*nament such that
(i)  Gf and W  are two subtournaments of T  and F (0 )  H：F ( ^ ) j ̂  0 ；

Obviously ihê r increasing T  is  j5?4str〇B；gi * ：
: 9Det m = F (r )，|17卜务一1. If 议€ F 巧一  17)，VGFCS7—1〇, （w，〇 € 义(2〇, 沾⑩  

«(or w〇 is called & bridge nod© of G - U  (or W —V ^. F i r s t a  
Hamilton path of ZJyMwboseClje^i^Ii verted is a t e  we
lEi^d cMly ptoV6 tiiat for aii^ BOii^bridg© node» t  # 0 — W eacdatS ^dir^oted path



from v to.a,bridge node  ̂of & — U (i. eM u is a reachable node of
Obviously there exists at least on© bridge node u〇 of E —U .T hen  <2J(w〇) 

da(u〇) <2s(w〇) =  (^ -1 ) /2 , d^(u〇) —dQ(u〇)~ d ^(u 〇)^?T-~k~  (A—1)/2, The
disouissing oan divided into four oases.

OaSe 1. E  — U. and F  — TJ are all strong.
Obviously «〇 is a i-eaohable. node 〇f all non-bridge nodes of ^  — 17. Suppose 

\U f] F \< T —To— (h —1)/2.- Because d j(u 〇) =  r —i5? — (¾—1)/2, there exists v £ V ( F )  
such that (vy u〇) ^ ：A (〇 -). Thus u〇 is a reachable node of ©very vertex of F  — U. 
SuppoiSe IU hM] (A--1)/2 . We have ：|Z7n^| 1)/-2) =
2A — r +  (/& —3)/2. Let v ^ V ( F - - U ) . Because -̂ -1̂  dj(-w)<[(r—A)/2], r>2j&r
w© have ：; . .  . .

 ̂ (^ -3 ) /2 >  I u n  -SI.
Thus there exists wQ V {E  — U) suoh that (-y, w )^：A(Gf). Therefor© %c〇 is a reachable
node o f - 〇' V v 心，. : H . ' :丨.：

OaS© 2. E  — TJ is strong, Frr U is. non-sirbng.
Because F  is a simple cyclic Houmament, F — U is transitiy© by Lemma 3 . l 〇 

Lei % b© a terminal vertex of F —U. I f  ^ is a bridge node, t l i e i i i s  a reaoJiabl© node 
of other vertices of F>~ TJ. If 2； is a noii-bridge node, then So tliere exists

such Because JS--17 is strong, w〇 i$ a reaoiiable
node of every vertex of —Z7.

, , O&e 3 . JS — U is non-stiong, F':-^ U  is strong.
Because E  is a, simple oyolio tournament and E  — TJ is non-strong, we liay© 

jZ7n-®|>(^-l)/2*byLemma3.1. Thus \ V [ \ F \ ^ T o - l - ( h - l ) / 2 < r - T o ~ { h - l ) / 2  
—dp(u〇) and d ^ p(^〇) > l .  Because F  — JJ is strong, «〇 is a reachable nod© of ©very 
vertex of F  — TJ.

Because E r-U  is transitive? let be its t^rminaL I t  w is a bridge node, then； 
the oonolusion holds. If w is a non-bridge node, then Let — U)
and (w, v) £  A (&). Because %c〇 is a reachable nod© of 1st a reaohable node of w* — 

Gatse 4 . jS —Z7 and F  —W  are all non-strong.
Because E  and j?1 are two simple oyoliq tournaments^ wq have 117 Q -E | >  ■. 

(A—l ) /2 a n d  |17门罗| > [ 〇- 办一1)/21. Thus
^ - 1 =  ^ t 7 } ^ ] U n B \ + \ u W \ ^ l h - l ) / 2 +  l ( r - h - l ) M  -  [r/2]

Eenoe we have 17= (U fl-®) U f i \U f]SJ\—(h ~ l)/2 , 117 (1-̂ 1 = [(i"—^ ~ l ) / 2 ] —
j k - 1 -  (Ji- 1 ) / 2 < t -Ts~  (^ -1 ) /2 .

If V i ^ V ( E  — XJ), th.©ii dt(Vi) =1b—1. Thus ^ is a bi-idge node of Gf^-TJ.
Let P〇 be a longest path of jE?—U. Then P〇 is contained in the essential oyole of B . 
By the order of yertex of JSJ, at least one of the adjaoent two vertices of P〇 is a 
bridge node.
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Let g be the terminal vertex of the transitive *b〇umanient 疋 一 If 幺 is a ’ 
bridge node, then  ̂ is a reachable node of other yertioes of And>very vertex
of F(-S —17) is a bridge node. Thus the conclusion holds. In the- following suppose ̂  

is a n〇n-bx*idge node. Thus d%̂ u{%)>t. If a iierminal vertex w of P〇： is a bridge
•r* ___

node, then w is a reachable nod© of every vertex of In Isiie following
supposa w is a non-bridge node and (% w) ^ A ( P 〇 ). Thus u is a bridge-node.

. : If (如，洛）G』（沒） ， then w is a reaohable 口ode of 浴 by 啦 “口(名）> 1 . The coiiclusjUiii 
io ld s. \

If (z} w) G A(G) 7 w© prove d〇. (z) >h.  Conversely, dt(^) ==̂¾. Because there exists 
n non-bridge node in \B, w© have tr( S ) < p . ： Tims K^SFC^) ==1, 5?=̂  .

By the oonstruoijion of (?, if  a；GF(-®-™I7), v)^A(Gf)y then dj(-y)=« 
i. ©., v is a bridge node. and w is a non-lDridge node. It is

a. eontradiotion.；A, ' -.wi；
d%{z)>h} we hay© >1* Thus there exists v ^ V ( ^  — U), snohî .

iihat (迄， 沒） . So w is a reaohaWe node’of 迄. Because 辟二P(]^ )> 1，g; is a 
t nbde pf 忉 _ Therefore m is a reachable node of o卞her vertices of Ĝ—UV 

r As mentioned above/there Hamilton path P =  (wx, u2***ui) in  Gf- — U 9
wliex̂ e % is a ；bx*idge no^e,：Let yQV(JSf— U) , (%, y):̂  A(G).  Because d%{y) == r  
we^haye. (^v ：Wi) ¢^4.(37) . Thus there ©xista a .cycle. T-rTJ\
contains all verWces of and one vertex of 丑 '一17. Siniilarly, we oan fiiid out 
cycle 0 2 in r  — U", 0 2 contains all vertices; of 丑 17 and one ferfex.df Ĝ—U。 

Therefore T~JJ  is strong.
i
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