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"ON SCORE VECTORS AND CONNECTIVETY
- OF TOURNAMENTS**

Yao TIANXING  (k kﬁ—) .

~ Abstract

An n-tournament T is called . h-strong - (I<k<n—2), if every n+1-k)~
subtournament of T is strongly connected. This paper proves that & score vector (s1, 89y
v, 8a), Where s;<89<<+++ <s,, is the score vector of some k-strong tournament if and
only if min{t, ts, ++*, tn-1}>k, where #y=s8;+sa+-+ +8~ (G~ 1)/2, j=1, % n—1.

' §1. Introduction

Let V(T —-{fvl, vz, *rty Vn} be Veltex set of an n—toulna,ment T. A ‘score of v; is

GF(vi) =s;, 6=1, 2, +o2y . S (s1) S20 75 s,.)ls oa,lled a scow vector of T'. And if $1<82

< - <s,, then § is oalled an inereasing seore veotor (ISV) of T'. And we say SE
ISV.

An n—tournaimeni T .is 6alléd k¥str6ng__ (1<k§h—.—2), _ ,if ‘ eVeJ;-y (n+1=F)— -

subtournament of T is strongly connected. If there exists a k-strong tournament 7'
with score vector S, then we say 8 contains a k-strong tournament and say S &
Ek). o I R
Let X = (aa, a’?z_ *y @) hoa Veetbl, where 3, @, * -- @, are nonnegative integers.
. We denote its dimensional by | X | =n. In the followmg denote |
ty=1(X) =y taptec oy —j(—1)/2, j=1, 2, -
t(X) ~mm{t1, b2y o7 n-i}: i
- max(X) ==ma.x{w1, g, +++y @y}, Min(X) = mm{a:i, a:g, ceoy @}
In 1953, H. G. La.nda,umploved o
Theorem A, I f 81 <8< o0 <8, isa sequence 0 f nonnegwtwe integers, then .
8= (s;, Sz, * s,.) EISVﬁt(S) >0, t (S)==O

In 1966 . Ha,lary and L. Moser™ plOVed o .

Theorem B, Let S’ €I8V. Any toumament with:score 'vGGtO’I’ S zs stfrong g, f .and
only of $(S)=>1. ‘
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In 1985, L. W. Boineke, K. 8. Bagga™ and G. X. Huang, J. 8. Li* proved .
Theorem C. If SCISV, |8|>2, then |

SEZ(®) o (8)>2.
In 1987 and 1988, J. 8. Li and G. X. Huang proved following two theorems,
Theorem D, ™ IfSEISVandlSI =n>>2, then : o

8 € F([(n~1)/2]) «1(8) =[(n—1)/2].
Theorem E, © If S€ISV and|8|>8, then
8EF(®) < i(8)=3.

This paper generalizes Theorems C, D, E by the following resuls.
Theorem 1. 1. If S €ISV and |S|>k>1, then

= (f(io) @ #(S)>h..

§ 2. On ISV

Definition 2, 1. If X= (aa, Doy o0, Bn) 98 @ Score vector, where 1+m; <2+ wa<eoo
<n-+a,, then X s called an almost increasing score.vecter (AISV) And we say XE
AISV.

Deﬁnltlon 9.9, Lot 8= (s1, 83 **=, 8,) €IS V, n>>8. Dénote

(@ @ vy @) = (s s2, Sovy Sj-2y Sjaty **) Sn)
arid - Lo o
8 — 8= (w1, W2y ***;, By Boyra—1, B p2—1, oo, a,-,,_i—»l). '
S —s; 4 called @ deleted node vector of . ' ' |
Lemma.2 1. If 8= (sy) 85, **+ 8,) €ISV, then
. ' (S —s)=e(8), §=1, 2,

Proof Let §—s;= (wi, Tz, ***y Tp_1). When @<sj, @;=>s;. Thus
’ w1+zv2+ +£v¢>81+82+ +s;——t;(;S') +'b(’b—1)/2
80 % (8 —s;) =4,(8). . :

‘When s;<¢<n=1, by the definition of §— ) ‘we have

t,(:S’ s,) 1+ Dyt e +:v.f-z(o /2
o 5 (sy+Seterr +841) —8= (4~ s;)—-z(q, 1)/2
= (81+$z+ +s.+1) (@+1)z/2 t,+1(8)
Ther efore 1S ~s) =4(8). "

Lemma 2. 2. Let X= (wl, Bay +*o, a;,,) wm‘ﬁ w1<mz< <w,. I f

(1) =k, 6,-3(X) =>F; ' .

(i) 1+m,<w,+1(2<y<n—2)=>t,(X)>70
then t(X) >k. ' o

- Proof Ift(X)<F, then there gxq',sfg s 2<i<n—2;.8uch that 7. T
KD oyt agke o= D/2<h,
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Suppose j is a minimal positive integer such that above mequahty holds. Thus
<@ <1+a;. If @;=>7, then ‘

D1+ Dot oo+ By <Dy + Dp A0 05— g<y(] 1)/2+k—j< (y 1) (G~ 2)/2+k
It is a contradiction. Thus ;<<j—1. Denote

- m=min{n—1, ¢|1+5,<wizs and i>j},
We bave a;1+a72+ e+ @y —m(m—1)/2=k and
‘ j= 1>w;>w;+1—1>m,+2—2> O — m+j.
Bo <t —1, b=, G441, «os, m. Hence
BBt F O < (@ Bo oo 1) +_7+(9+1}+ +(m—1)
<j(j=1)/2+b+(m—3j) (m+j~1)/2=m(m—1)/2+5.
T+ is a contradietion, ' : S _

Lemma 2.8, Lot X= (1, @, **, @) €EAISV, sy=min(X) and s,=max(X). '
Then t(X*) -—mm{t(X), si, n—1-— s,.}, where X* is an ISV which is obtained by
arranging all terms of X. ' .

Proof Let k=min{i(X ), $1, n—1— s,,}, X*= {s;, 82, ***y 8p}. Obviously, #(X*)
<#(X). Because : - : ' o
HX*) <t (X*).= 81'; ’ ‘ .

HX?) <tpr(X*) =s1+so++0+81— (n—1) (n—2) /2
= (saFsgteeets,) —-S,,'—-'(n—i)(n—-2)/2——{n—-1-—s.,,
thus {(X*) <k. Otherwise, we have.
. 1(X*) =s:2>F, t,._l(X*)—m 1—s,>k.
By Definition 2.1, 1+m1<2+m2< «Ln+a, hold, Hence
1ts<siza=>sit +s,~w1+ ta=j(j- 1)/2+t1(X)>J(3 1)/2+70

' =S 4(XN =k o
By Lemma 2.2 we have #(X*) =k, Therefore #(X*)=4.

Lemma 2. 4. Lot 8= (sy, 83, +>*, 8,) EISV. Then -

o mpseeles @)
‘and the equality holds iff 8y==3,. S .

Proof When §1="Sn, 8 is the score vector of a fegular tournament. Thus sy =g,
= (n—1)/2 and (2.1) is an equality. When s:<<s,, < (n=1)/2, i. e., s1<n/2 1

Suppose $y4e,>n—1—s1. Beoa,use $1<82 <+ <8,y Wo have

818yt +s,.>s1+(n —1-8)(n— 81) =257~ (2n 1)si+n(n=1).
On the right hand, it is a twice pelynomial' for s;. When sl<n/2 —~1; it is a
deoreasmg functlon for §;. Setting s;=n/2—1,-we obtain - -
T ! s1+sz+ --+s,.>n(n—1)/2+1
Ttisa contradlo'blon B R L TS FEIVE R :
‘Lemma 2, 5. 1f tournwmant T Ic——strong, k=2 t}wn T ¢s (Ia 1)~strong
Now we prove the followmg lemma. - . o
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~ Lemma 2.6, Let S=(s1, 85 o, s,) EISV. If. S—s,e C(k), where k<s;<<
n—1—F, then S€ € &%). _

Proof - “Wé need only prove the case for j= 1 other cases can be proved in a
similar manner. Let & be a k-strong tournament with score veotor §—s;, V(Q) =
{vz, g, ***, U,}. Suppose T' is a tournament with V(T) =V (G)U{vs} and A(T) =
A(@) U{(vy, v), (v, 1) [2<<L+8<j<n}. Obviously the score veotor of T’ is s.

Let UcV(T), |U|=k—1. If v,€U, then G-T is strdng and 1<di_;(v1) <<
n—k~—1; thus T—U is strong. If »; €U, then T'—U is strong by Lemma 2.5.

Lemma 2. 7. - Let T be a tournament with. increasing score vector 8 = (s, Sz, *=y
8a). The increasing score wvector.of its converse 1" ¢s S‘e{n—-l-s,,, n—1—S8,.1, °*v,
n—1—s.). Then

(i) Se€k) 8'cek); .

(11) #(8) =4.24(8"), 2(8) —t(S’)

Proof (i) Because the converse of a dneeted path is the direetod pa,th the
conclusion holds obviously. ' . : '

(ii) Let M={wy, vz, **, v}, N = {0js1,0i52, =, /v,,}. Denote

. T(M—»N) ={(u, v)| (u, v) EA(T), ueM,m.ez\_r1 .
‘We have
t,(S) IT(M—*N) [= IT'(N—*M) | =a-3(8")e
Therefore ( : t(S Y=2t(8").

'§ 3. Simple Cyclic Tournaments

Definition 8. 1. A tournament F, is called @ simple cyclie tournament, if
V(F,)={vs, va, *+, 'v,.}, and Wwhen v is odd, , "
(v, v;) CA(F,) ©0<j~i<n/2 or n/2< i~ y<n, '
whén n 18 even, Fo=F 11— Vps1. A Hamilton cycle (vivs - @,.rv1) of F, is callod s
essential cyele. . :
. Lemma 8. 1. If F, is @ simple cyclw toumwment then
, '-(1) -F,, and-its converse are isomorphic;.
(ii) aeny non—strong subtournament of Fyis a tmemtwe touma/ment
. (iil) Fgas[(n—1)/2]-strong.
' Proof (i) It is-olear by Definition 3. 1 : o
(ii) If there exists a non-strong subtourngment 7' Whlch s not tra,nsﬂlve,
then T’ contains at least a 8-oyole (vwmw,): Wikhout:logs of gener a,llty suppose ¢< j,
i<k, thus ¢<j<b. Lot 'vaV(T)_ If m<4 or m>k, then "’k“’."?mz.f? i, »If:,?'»<"-."‘<.7r,
then : 9> U ~2 vy B j<m<k, . then v;=>Vp+>ve. Henoo I' is strong. It is a

contradiction.
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(3.1). Thus

No.3. .. Yao, T. X. CONNECTIVITY OF TOURNAMENTS 161

“(iii) The number. of vertioces of a maximal transitive subfournament in ¥, is

{n/2] +1. For any UCV(F,.) [U| =[(n—1)/2] —1, we have n—|U|=n—[(n—1)

/2] +1>[n/2] +1. So F —U is not a transitive tournament Thus F,—U is strong
by (ii). Therefore F, is [(n 1) /2]-strong. ‘

Let S€I8V and § = - (83, S+ '3,) CE(E). ObV1ously o __
s <, <n— 1- k | (8.1)

Now we give a shortel proof for Theorem D as follows ,
Proof of Theorem D Let S8€¥([(n—1)/2]). We ohoose b= [(n -1)/2] in -

[(n— 1)/2]<si<s,.<n 1~ [(n— 1)/2] [n/2]. v (3.2)

. Henoe t(S’) ((n=1)/2].

Otherwise, suppose t(S) » [(n'__ 1) /2] We have
81=1(8)=>[(n~1)/2], n—1~ 8,.—-tn_1(t8’)>[(n 1)/2]

So (8.2)holds. Thus § is an ISV of a simple oyolic tournament F,. F, is [(n— 1)
/2]-serong by Lemma, 8.1, Therefore § € €([(n—1)/2]).

§4. The Proof of .Thebre‘m 1.1

The necessity of Theorem 1.1 is olear. We prove its suﬁ‘iomnoy by mduoblon
for the dimentionality of §. We may suppose 4.>>1 by Theorem B. Sl

- When |§| =38 or 4, the conoclusion holds obviously. Suppose the theorem holds
when |8 <n (n>5) Let-|§| =n. We may suppose: sl<s,. by Themem D, where 8=
(31, 80y ++v 8). . e o

1. Supposesl>k : IR T T

Obviously min{§8 —s,;}>%. By Lemma, 2.4, we have S14e,<n—1—8<n—2— .70
So max{§ —s;}<n—2-—k. By Leroma 2.1, §(8~3) >1(8)>h. And by Lemma 2.3,
t((S —81)") >k, where (8§ —s;)" is-an ISV whioch is obtained by arranging all terms.
of § —sy. By mductlve hypothesm, (8 ~81)"€ % (%) . Because, 70<31<n—-1 -k, we have -
aS' € ¢ (k) by Lemma 2.6, In the following suppose 81-76 Ve

2. Suppose s,<n—1-%k . R T T

i Lot 8'=(n—1—8,, n—1— s,,-1, ey n—l 81) Because n—lés,>70 We have £(S’)

=t(S) =k by Lemma 2.7. Thus §’— (n— ~1—8). E%(la) _Therefore 8" a,nd SE k)
by Lemma 2.7, In: the following suppose. s,.-n—-l k... STV

3. Suppose s;.,+z>70 or Sy v<n—1— —k. L T

By discussing the connectivity of § -—s; or S” ‘ (%'—flés,',),' we have 8 € #'(k) as
case L or 2. In the following suppose sy.2=5, s,._1_k—-n-'-r;;L—.'-Ic and - . . i
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S=(F, ++*, B, Spry Spszy ***y Srs Spazy *%y Samgy M—1—TH, o5y m—1—5), (4 1>
where _ C L
o ' p>lo+1 g>k+1 70<s,,+1, s,,_q<rn—~1 b 3.2
4, Suppose there exishs s; such that p<s,<fn, g -1, o - |
We have (8 ~s;) =k by Lemma 2.1, Beoause p<s,<n q— 1 we have
‘min {8 — s} >k, max {S s,}<n ~2—k.
Thus #( (S—-s,)')>k By mductlve hypothems we have (;S’ s,) E%(k) Thus S’ (=4
% (k) by Lemma 2.6. " :
 Inthe followmg suppose (see (4 1)) - o
s,<p, s,+1>'n-g 1 . o C(4:3)
‘5. Suppose t,(S)>2k 1. S ot
We disouss the-increasing score veetor 8''= (s;—1, ss-1 o s,,_l—l) Whon:
2<i<k, wehavese 1=k—1>4; 0" T e TR e
tl(S")<t2(S”)< <tk_1(S")
When ]a<fz,<'r, we, have S¢+1<'I/, 80 .
B (8" >tk+1(S”> > >t,..1 (S")

And
H(8") =k—1,
by 1(;8”’) (85 1)+(s3 1)—!— (sr 1) ('r 1)(rr 2)/2
'—(si—l—sz—i- s,)—31~(fr' 1) (rr 1)(7* 2)/2
s:-—-t,(S) b=k—1 T S IO R AR
ThLIS t;(S")>k 1, 4=1;2, 00y r=1.: PO TR S

¢+ Similarly,: when @r;r,..a”rf;l» be—2, We ha,ve t; (S”)>7o ~1:t00. Thus t(S")>
k—1. By inductive:hypothesis gthele_ exists ‘a(k=1)-strong tournament 7', , with
goore veoctor S''. Let. ¥V (T, s) = {vs, vs, ***, Vp-1}, df,_,(v;) =8;—1. Denote. V1= {vs, vsy-
wooy Uk, Vo={0pp1, mk+2; voe, fv,,_i} Let T be a tournament suoh tha.ia ’
Py = V(Tn—2> U{9y, 9y
A(T) A(Tn—2) U{(V1> 0n); (Vs 00)y (’01; Vz)y (’Um Vi) ('viy 'Un)}) ‘
where (Vi, )= {(, v;) |4 €V}, (o, Vi) = vy, w) W€V}, i=1, 2, 3 1 7. Obvmusly, ‘
the séore vestor of T'is §. Now we prove that T' is k—stlong \
Lt UV (D), |U| =k—1: ILUN{vi; 0} =T, ‘then’ T,,_2~U is sti‘bﬁg ginoe T, 5"
g (h—1)- strong. Thus T—U is stlong If UN{vy, v} =" then{vs; fv,,}cV(T ).
 We noeed only prove that theve exist adirvested- path P1 from v to 4)1 a.nd a dueoted.
Pyfrom v, to'v for any 'DEV(T U) fog, v LEOYGE g e .
Actually, because |V,| =n-L1— sk, thers exists hEV,= U It ’UEV:L; then":
ohoose Py= (vv,uv;), Py= (f,)nwvl,u), if ruEVg,’ﬁhén’choose P,,— (m;” bEa P'2~ (fv,.fv) '
5 Becallge (’01, BYEA(D), LT 18 strong .
6. Suppose #(8) <2620 G gt B
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- We first prove the following inequalities : :
p<2h<r<(1+~T)h. | (4.4)
If p>2k, then tyes(S)=k(2k+1)— (27ﬁ+1)2k/2 0, it d9- a ocontradiction.
Because r>k+2, we see that if r<2k then. :
5 (8) =844+ +s,—fr(a" 1)/2>krr r(r 1)/2>2lc —1..
But £,(8)<2k—2, henece r=>2k::
By (4.1) and s<p—1, we have
| - H(8) =k<kp+(p+1)(r—p)—r(r—-1)/2=5k
_ \ = +(lo+'r+1)p—~fr(r+1)/2 k.
On the 11ght hani it is a.twice polynomal for p, its disoriminan}y -
A=(k+r+1)2=2r(r+1) =4b=i—0r"+2br +5 2k +1.. .
If r>h-+ (26 —25+1)Y2 4<0. Because (1-+~/2)b>k-+(2k: 2]0-}-1)1/’ we gee that
if r>(1+~/2 )k thon 4 (8):~£<0. But.4(8)=k, herice (4.4) holds. Denote .
s;—1  if 1<<i<s,(8),
PR ‘w’:{sz L RS <isr,
We now plove that X (wl, By *ov, w,) €ISV,
Denote #;=1%,(8), #, =1 (X). Obvlously B
- O (Biga = i) = (t “t4><1 :
Thus if t‘<t,+1, then t,<t%+l, if t,>t,+1, then t,>t‘+1 By the deﬁmtlons of ;S’ and %
we have oYL RS s N
R k.#:i1<t2§..f‘i'§in,.t;cv=»- tk+1\>tk%2}".7 >t,.
Thus . ' .
S b= < Ky 1 g 28 =0,
So X €ISV. | . ~
Because ¢,(8) <2k — 2<¢, ‘we have:s,=a,, Let. o
{p ~1 ifpiseven, ..
Obviously 4 is- odd k+1<h<27a -1 and @q = 1>(h 1)/2 Denoted [(rr'+h)/2] :_
When r=p-+1, we have d=[2p/2] =p>>s: When r=p, r=p=2k by(4.4). Thus s;=
b, h=2k—1, d= [(2k+2h—1)/2] = 2b—13h=s: Honoe d>s =z, holds
We discuss the'following three sequenoes: : R I R O
w1— (h—1)/2, a— (h—1)/2; 2, a5~ (h—‘\/2 Sl (4.D)
d—w,,;f,“d-:-zb,,.m; svo; D= (Whien i+ b.45.0dd); . (4 6)
”:d——a;,.-—l (when r+h:is- even)

p. - ifpiigiedd.

d= wh-{-i’ d— (Um-zy 63 mdv dﬂ—wdn“'l

ST 3 R R (4 7),

By smnple computmg, we have "i% .y U W e b onh ST
_:. 4 '(1) thelsums of:all; terms of (4.5), (4 6) (4 7)a.1e equa,l aar rend (e
------- . (ii)" the'-difference : of ithe- riaximsl .and {minimal-térms in (4 5) equals 7010
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or one.

Now we prove 4

(iii) the maximal terms d—w, <A in (4.6) and (4.7).

Aotually, r< (1++/2)k<8k—1 by (4 4) Beoause h=k+1, we have r<3k-1.
<h-+2k~2. Thus :

| d—apez=[(r+h)/2] _a’h+1<(""+k)/2 (7‘ 1)<h
Hence (iii) holds. '

By(i), (ii) and (iii), there exists a bipartite graph D, V(D)= {M N}, where
M ={v1, vg, «++y 0}, N ={0pgk, Vs2, ***, O}, such that the degree sequence of M is:
(4.8), the degree sequence of N is (4.6) ot (4.7) according as r-+r is 6dd or even’

1espeet1ve1y, and vy44 is adjacent o the last d—ay.s Veitioes in M,
' " Beoause h< 2k, there exists a seiiuenoe ny, Mgy *++, ny, Which ig the alrangement\
of {1, 2, «++, h} such tha,t if rn.>k then m_i and n;+1<70 i=1, 2, +, h, where ng=iy,
Ty = Nppte -
Let B and F be two simple oyclic tournaments suoh that V(E) {v,.‘, Vpy **oy
0.}, V(F) =N. The essential oyole in B iS(0n, Uiy ***» Vnyy ns)e’ o

Let G be an r-tournament such that 2 :

() E and F are two subtournaments of G and V(E) nV(F) Q :

(ii) - if o, € M and'v;EN, then i1+ - . S

(vy, v;) € A(G) © v; and v; are adjacent in D. :

Obviously (vp1, v:)€EA(Q),:i=1, 2, -+, h—d+dpgsy a0d X = (01, @3, *++, @) i8S &
soore vector of G. P

Let. 8’ = (néle’s;-; n—1-8,y, %+, —1—8p 53, n—=1—8, ++o n=1—3;). By Lemma, -
2.7 we have - (8") =%,(8). Denote ' o

: 1= =81y iE1LEKE(S),
y‘={ n—1=s,s i HE)<i<n—r.
Obviously ¥ = (y4, yay ***, Yn_r) €ISV Similarly, We have (n—r)—tournament H,
V(H){= ,v"', D1, °=*; Vppz} and its inGreasing score veotor-is-¥, where du(v,41-1)= y,,:
J=1; 2, ++e, m~r, Suppose the eonverse of His H,.. .=t ‘ : T

Now let T be dan- mr—toumament such. that :

(i) G and H' are two subtournaments of T’ and. V(G) nV(H’) @, SR

(11) when fv,EV(G)and fu,EV(H" O

ey, ) EAMY S I<i= n+1-3<t,(8)
Obviousilfy-the‘sfi_n'creasmg ‘soore veotor of T is §.. We will prove !l’.,gs k-strong. . |
| Let UcV(T), |U|=k—1. Ifu€V(@-T), wWeV(H -U), (4, ) EA(T), then

u(or u") is called & bridge node of G—U (or H'-U). Pirst we. pmv'e there exists a
Hamilton path of G —U,: whose! “toitn inali vertex id.a: ‘bridge. niode:: Obwviously we
need only prove that for any non=bridge node v &G —T: thererexists d:direoted path
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from » to.a. bridge node u.of G—U (i. e., u isa reachable node of v).

‘Obviously there exists at least one bridge node u, of B — U.Then d}(uo) =k—1,
dgz(up) =r—F, dE(uo) (h—1)/2, dz(uo)= dG(uo) dE(uo) = —f— (b= 1)/2 ‘The
diséussing oan divided into four cases.

+Case 1. H—U and F—U are all strong.

Obviously up is a reachable.node of all non-bmdge nodes of B—T. Suppose' :
|\UNF|<r—k=(h—1)/2." Because dz(u,)=r—k~(h—1)/2, there exists vEV (F)
such that (v, uo) €A(GF). Thus u, is a reachable node of every' vertex of ¥ —-U.
Suppose |U N F|=r—k-— (h—1)/2. We have. JUNE|<k—1- (r—=b—(h—1)/2)="
2% —r-+Ch— 3)/2 Let fvEV(F U) Becausa d"‘(rz))>k =1, dF('v)<[(fr h)/2], =2k,
‘we have : : -
o dE(v)= dg(fv) dp(’v>>]0 —1= [(fr h)/2] >2k fr+(h 3)/2>lUn El _
Thus there exists wE V (E U) such tha,t (v, w) E A(G‘) Thelefore uo is a reachable -
node of w. Ry ST M ST EGRSITINE ¢ ST L
Case 2. E—U i stlong, F=Uis non—sﬁlong

Because F is a'simple 6yelic tournament, F— U istransitive by Lemma, 3.1,
Let 2 be a terminal veitex of F—U. If 2 i§ & bridge node, then # ig'a reachable riode
of other vertices of F'--U. Ifz is'a noﬁ~b1idgé'node; then d§(2) >k, So'there. exists -
wEV (B -UT).such that (2, w) € A(G). Because H— U is stlong, up 18 a 1eaoha,ble
node of every vertex of F—U. B IR e -

. Case'8. H—U is non-strong, F~=U is stlong .

Because E is a simple oyolie tournament and E U iy non-strong, we have
|UN.E|>(h—1)/2 by Lemma 3.1. Thus lUﬂFl<k ~1—-(h-1)/2<r—F—(h—1)/2
=dzr(up) and dF..U(uo)>1 Because F—U is stlong, tho is a 1eaohable node- of every
vertex of F—U. P T - S

- Beocause E—U is trangitive, let w. be 1ts termmal If w is a. brldge node, then 5
the conolusion holds. If w isa non—bndge node, then d*_v(fw)>1 Let o€V (F = U) )
and (w, fv) € A(G) Beoa,use %o 15 a reachable node of v, uo is & 1eaoha.ble node of w.

Oase 4. B—U and F=U are all non—strong .

Because B and F are two snnple oyolig - toulnaments, we haVe IUﬂ El
(h 1)/2and lUﬂF[>[(rr h— 1)/2] Thus T o

IUI UNE| +lUﬂF|>(h 1y/2+ [(r=h— 1)/2] [fr/2] —-1=k—1.
Hence we have U= (UNEVYONF), |UNE|=(k-1)/2, |UNF|=[(r—h— —1)/2] =
b—1—(h— 1)/2<rr b~ (h—1)/2. o

If o, €V (B-U), 1<i<h, then d"'(m) =k—1, Thus v, is a blldge node of @~U,
Let P, be a longest path of £—U. Then P, is contained in the essential ocyocle of H.
By the order of vertex of E, at least one of the adjacent two vertices of P, is a
bridge node. |
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Let z bo the terminal vertex of the transitive tournamiont #-U. If ¢ 1s a'
pridge node, then z is a reachable node of other vertices of F—U. And svery vertex
of V(B—U) is a bridge node. Thus the conclusion holds. In the following suppose*
# is a non-bridge node. Thus d}_,(z)=>1. If & terminal vertex w of: P, is a bridge-
node, then w is a reachable node of overy vertex of V(G =U). In the following
suppose w is’'a non-bridge node and (v, w) € A(Py). Thus u is a- blidgefndde
LT (w, 2) € A(G) then u is a reaohable node of # by d*-u(z)>1 The conclusion
holds L L L :
If (z, w) EA(G) We prove. dé(z) >k. Oonversely, d‘*(z) =/. Because there exists
a non-bridge node in H, we have #,(8)< p..Thus |{v€V (F)|d§(v) =H}|=1, z="
Vp41=0y. By the construction of @, if v€EV(E~TU), (2 v) EA(G), then d&(v) ="
k—1,i.e,visa bmdge node.- Bu’o(z, w) EA(G) and w is a non—budge node.. It is
_ a contradietion, . -+ G e i Pk

By d¥(z) >717 we have df _U(z) >1 Thus there exists fvE V (E U), v=%w, such::
that (2, v) EA(Q). So u is a reachable node:of: z. *Because i c(W)=1,% is a
reachable node of w. Therefore u is a reachable node of other vertices of G—U.

- As mentioned above, there exists a Hamilton path P= (uy, uss+es;) in -G=T,
wheve u; is & bridge node.. Let y €V (H'~TU); (u, y)y€ A(GQ). Beocsuse d¥(y) =r—1,;:
we'Have (y, u) €A(). Thus there oxists ‘a.0ycle Oy= (yuyugs+upy):-in T'—l, Oy
contains all vertices of G—U and one vertex of H'—~U. Similarly, we can find out"
oyole Oy in T—U, O, contains all vertices:of H’~U and one veltex of @-U.
Therefore T~ U. is strong. - L e '
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