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BOUNDEDNESS OF SEVERAL OPERATORS 
QN MARTINGALE SPACES AND THE 

GEOMETRY OF BANACH SPACES
L iu  P eid e  (刘培德 ） * Long R u ilin  (龙瑞麟）
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A bstract

The aim of this paper is establishing some inequalities of .several operators on
Banaoli-spaoe-valued martingales and using them to give-some characterizations of

. . .  •. «■ ■-

geometrical properties'of Banach spaees.l3i particular； tlie «S-furiotioa ;nequalitities of 
sharp operators f t j . J f ,  p-yariation operators W PJ Wp and the martingale tranform  
operator Tv are discussed. I t  is proved that the boundednes忌 of these operators 
characterizes the smoothness/convexity and UMD-property of Banach spaces.

■ . .  ,

- . .  , . . ■

Throughout this paper, denote by X  a Banaoh space, (i2, 2 t P) & p robability  
space and /==(/») an X -valued  m artingale whioh is adapted to some inoreasing 
sequence of sub-cr-algebi'as of 2  and df = (df1n) its difference sequence, where dfn^  ' 
f n —fn-xp n > l 9f 〇 ^Of {¢, Q}. F o r /^ C /^ /w e  addpt iEe'fbliowm^

1 /I I^ S u p  ] /„ ||^  i ^ p < 〇 〇 ;

^  ( / )  =  ( g  ̂  ( I df, h  , 〇•«>(/) Sup < >  ( / ) .

The definitions of ille’ f  Uniform ^tnoothness and $- xiiiiform ebnvekiiy of 
Banach spaces can be foiz'iid ih； [i€i] •尤 is 忌aid td "be j>-sm：6o1ihable (g-convexifia/b» 
if  there exists an equivalent norra on X  under which X  is ^-uniform ly  smooth 
(g-uniform ly convex). In  addition, for the definition of the UMD property of 
iBanaoh ispaees see^[2]^-\ : ：r ： - v

； '： .： - + •

A funotioii 0: [0f 〇〇)->[0, 〇〇) w ith ¢ (0 )= 0  is said to be a general function 
®(古） is an 磬' (fc inftiiite) boniiiiuoxis function on [0, 〇〇); i t  is said to

b©:a l&feing>tonbtjpixYM#4^) is inoreasiag and convex on-1^/〇〇) and lim  ^f—OO
r .... 'I - • ； , ：.-.>•； -

^=〇〇5 0  is said to be moderately inoreasing if there exists a constant c> 0  suoli tliat
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0 ( 2 t ) ^ 〇0(t)  for ©very i>0. For oonyes function ¢ , we denote

歷 )— — i n f i r m2^= t>o 0 ( t )
. . . .  ... ■:

■where 歪’（古） is the riglrt oontinuous derivative of 边• I t  is well kaown ilmii <P is
moderately iaoreasing iff p^<〇 〇 , somewhei*e in  what follows it  is needed that 

• . .. • ■ • • . . . .
1. In  addition, the norm of Orlioz function spaoe is defirtod as usual.

§ 1 .  / *  a n d

Here

m>n n -
J f „ -  . - . . .  ^m>n

Theorem 1. Suppose that X  is a Banach space and 0  is a moderate Ym nj
. .  . . :  . . . . . . .  . . . . . . . . . .  . .  . : V

functiont Then the following conditiom are equwqlent (TFAE):
.. •' -v: • . . 1 . . .  .

(i) X  is q-comexifiable (2<^<〇〇).
(ii) There exists a og$>0 ^ch that . . , , v

for every X~mlued Tmrtingale f  ̂  ( f n) .
(iii) There ecdstB a c = ca®>0 such that

for every X-valued martingale /*» (/„).
Proof (i)=̂ (ii). F〇r/= (/n)and a>0, ̂ >0, A.>0, define

-r==inf{TO, 8 ^ y( f  )a>(l+pi^},
^=inf {n, 
ju,==inf{ra,

Then -r, 9, {m are stopping times with It is:olear that

P ^ K o o X P ^ K o o , 0</i)+P(/*<〇〇) .. ,-m
r ., .-. . . .  - • • . . . . .  - ■

and

P (^<〇〇, e< l^< P (9 < l^  s r ( f ) Q；rS灼 ( fy > S K  :二

A J{9<fi}
. ■ . . . .- .. - 

' * *. 4* t . . • • * . i %

From the ̂ coavexity of X, there isc163 a c^o^>0 suoh ilxat eYery -l/^bouixded 

yalued marttogale/ - (/^jatisfy, ,. . 〇J. H; ̂

|(2/M 8 | ^ , e ； u S ：；T ： ^

{m>n>0) and then (B) becomes t 1.0 •：},



P(ar<〇〇, $ < ^)< -^  ^ g<̂ E ( \ f ^ - f eL ^ \ 0 e)dP
f f 黎d P « ^ P ( f i< 〇〇)。A J(e<̂ y

Hence
JP〇Sf ⑷( / ) ff> ( l+ « )W < c A P 〇S ^ ( /)« > 〇d ) + P ( / p >  麻 )， 

this is so called good X-inequality of (8 iq)( f ) qt f f q) and then tliere oxists a 〇>〇 

such that (1) holds when y8 is small ©nough.cl:I.
( i )  与 （i i i ) .  For 欠士（ jQ  and 〇;> 0 ,泠> 0 ,九;>0, define

v-r inf {», ( / )« >  (1+ «)^}.
. 0 =  inf {n, a^ i(/)«>aX },

In this time we have
P ( r < 〇〇. e<fi)< P($<iJ„ < r^ U fy -< r^ ( f)a>^)

< l . r  E M M f y - ^ d Y l ^ d P
A v i〇</̂ } ■ v

= i f  W M ^ ) d P .  : .(5 ).
A \i=e + l  /

From the g-oonyexity of X , the inequality

E  ( 4_ S x I ) < 〇E ( \ fm- f n I 〇 l0 n) ； a. e. (6)

(m>M >0) holds (c=o3> 0) and then (5) becomes

尸〇< 〇〇, 沒< 烊)< .号 | ^ >丑（| / 科1一/ ， 丨涿）(0 > . 1 .
. * ■ - '  . ,

< 1 - f f p d P ^ 〇fiP (0< 〇〇).
Honoe

P (0-<=>(/)5> (l+ « )^ )< c^ P (a ^ > (/)« > (^ )+ P (7 f > A )  
and the inequality (2) follows in tiie similar way.

( i i )  =^(i) and ( iii)  ( i ) . Let / = ( / „ )  be an X-yalued Walsh-Paley0-31 
martingale with ||/||〇0< 〇〇. Then the inequality (1) gives

and then 8 m( f )<〇〇 a. e., henoe X  is ^oonye^ifialbie1-^. Similarly, tHe : 
inequality (2) gives ....

: , . . ,  , ：：, A
and then am ( f )<〇〇 a, ©. But a<a>(/)9<〇〇 a. ©. iff 8̂ y( ^ q< 〇<>^ e.r when ., 
! u( ̂ iip last

n _ ... ..,.r • .*? ；i-. • ...; ； . n . ； \ ■ ：■；'
a. e.); borisequeiitiy -S: is g-oonvexiflalDle,

Theorem  %. Suppose that X  is Banach space cmd 0： a ritii&efate Yowkg 
m t h g 9> l ,  T h m T F ^ M :  ■，■： x  \  - ;
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(i) X  is p-smoothable ( K p ^ ) ,
(ii) There exists a o —〇̂ > 0  such that

, 、 ii，ri 丨 州 妒 )(，)，  co

for emry X-valued martingale
(iii) Theô e exists a G^〇 p0>O such that

, . . . . ： . '  . , .  (8)  

for every X-valued martingale
Proof (i) =» (ii) . The ^-rsmopthness of X .gives a oonstant c—Cp>0 suoli bliafe

丑( l A - A N 句 < 必 ( 5  刚 4 ¾ )  a .e .  (9)

(m'>n>0)9 w here/ =  ( / w) is any X«yalued ip-bounded^martingale. Thus we have
=  Sup Sup . ， ； .n m^n ,

n '' i-n /
： : ^ c S u p  E{8 ^ { f y \ ^ . n).n

T.ke condition and Dellaoheri© theoi*em giveis

n 1
<cSup, \ \ E { ^ \ f Y \ m  I ^ c | ! ^ > ( / ) 1 , ,. . . .  n •

henoe (7) holds. : : :丨 “
(i) => (iii) . To prove (8) ,t. we the sim ilar ine^nality

■  \ . - - .  •.‘

五 氧 卞 丨 武 ) a. e. (JO)
(w ^ ^ > 0 )  when X  is ^-smootli, where / = ( / , , )  is any X -yalued i^boundod  
m artingale. Thus we have ，

J* p =  Sup Sup n) 'n „ tn>n ., .. ' ' ' . ■

< c s u P s (  i in \i=»+l / , . .

and the inequality jS) follows in. a, sim ilar way, , i ,.；,„：•；

(ii) =^(i) and (iii)= ^(i). L e t/== (/„) be an X -valued W alshrPaley mar；tiag§,lo,

w ith  S m _p|( ^ n|p€ lrM/  ^ f i n e W i t t  (i>n) and then

(和 )‘(沪 S  C l 私  Ip 4 〇 V  : . 族辦u,. ma” ： （¾ : a _ r e s  吨 織 .

lim 1 Jpn)#p||®==〇 and henoe lim =0. If W  is the complement funoiion, of

U S去％:19哪 _ _ 桌 观 方 綱 '
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Hence S  converges in. i j ,  and a. e. The Eroneoher lemma gives that -ra"1/»
W=1

->0 a. ©., th is shows that X  is p-smoothable by Hoffmann-Jorgensen and P isier 
theorem1183 * The sim ilar arqum ent with a little  modification gives the same 
oonsequence from condition ( i i i ) .  .

The following oorollax-y follows from the Kwapien tixeoz^em^ and TheoremiS 19
2.

Corollary 1. Bamach space X  is isomorphic to Hilbert space iff there exists a g = 
>0 such that

命2)(，） . . : (ii〉
or (and) H  ::

<：12)

f 〇T e^eryX~mluedmaTlmgale f  ̂ Xfrdi ^ ^  ^ ^ ^  m〇̂ ^  Young fum iim  with
^ > 1 .

§ 2 .  F ；  a n d  W ；

For every increasing sequence (¾) of natural numbers wo defi^

\V®njc+l^J nx I

where %«=0 and

■ W ^ K f )  = ( J  I / n J l ^ n v )

i w P( f m ^ m v w ^ >u y w p>
n C ( / )  i ^ - s u p i r ^ c n i ^ .

where the 飪耶 runs over all suoV (¾) •

Theorem 3. . Suppose that X  is a Banach space a7id 0  is a nmilerate Yopmg 
functiont Then TFAE：

(i) X  is p-smoothable (l< p< 2)..
(ii) There exists a c^G p^O  such that

. ； ' … (13)

for euery X-valued martingale f  ̂  ( f n) •
(iii) There exists a e=〇p$>0 such that , . : :: : 勹 ：二

for every X-mlued martingale f  •
Proof (i)=̂ (ii). For fix sequence (nj)t 0 = = % < % <  W2<  (/«*)»>；〇 is a.,

martingale. From the jp-gmoothness of tlie ine<iuial#y (9) gives  ̂  ̂!
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E (jiv< rvy I ̂ 〇)= (|:0-E( I a +i -/n, ip i ̂  i ̂ 〇)

<〇e ( ± e ( 2
\fc=0 \i=»fc+l /  /

= (15)

Replace/=(/„)by 5r= (£fi) = (/i-/n,,.-i)(i>%0), then (15) becomes
■ B ( / ) l  叫 JU。) = 丑(_**) (s〇 叫琢％ )

< 。丑(評 (/)叫 j ^。) . ’ : (16)

Let Ai^=W%^{fy, B-=8w { f y  and t be a stopping time with respeot ii〇 ie>>
* • . . . . + •  .

0). Then (16) oan be rewritten as

E (A^ - I . '
Thus Neyeu-Garsia lemma1153 implies *；'

,  ̂ ^ 0 ( w ^ ( / y ) < 〇m ( m m . . (IT)
and
' - l|TF^(/)p|U<c||^>(/)1U. ，

The right hand of the inequality (13) holds.

In the other hand, taking (¾) = (h>) , we have
‘ \ \ s ^ K m ih < ^ v  w ^ K m i h =\\wv( m i ^

The proof of (13) 10 bompleted, ’

(i) ==̂ (ili), we proved in [10] that there exists. c>0 such that

' ‘ 許 (/)1^ (18)

f〇r every X-valued t̂ krfcingale /===(人) and Young fmiQtioii 逻 when X  is p-
smoothable. Oonsequently, (14) follows from (18) and the left hand of (13).

； • ' • . .  . •  - ；； ■

(iii)=̂  (i) and (ii)=̂ (i). By applying the method of the proof (ii) =» (i) of 

Theorem 2, the jp-smoothablity of Xfollows from (iii)-. To prove (ii)=»(i), notice 

that we have • ■

II |/nhll/J，= II '
• • • • ' 、 .-.. ■ -

finiti rigM of (13). Applying tli6 game method to this inequality, we

obtain the p-smoothability of X.

The proof of the following corollary is similar to that of Theorem 3 and oan be 

omitted. . .

.Corollary % Suppose ihat X  is a Bmuzch sptcce and ® as in Theorem 3. Then 
TFAE： ^ .>/' -

(i) X  is p-smoothable (1<^3<2).  ̂：' ；

/ . (ii) There exists a 〇=̂〇̂> 0  meh thati
、 乂  (19>

f  or every , K-^oalue^ < rr^tingaM  /  == ( / « ). , :

(iii) There ^^s-q (G ^p^> 0；̂〇h that
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(20)
•  . . .  •

for &very X-mlued martingale f  (/«).
• , . .

Tlieorein 4. Suppose that X  is a Bamch space and ^ a moderate Ywmg
function. Then TFAE:
.. . t ： . _

(i ) X  is q-oomeHjiabie' (2^ ：q<〇o).
(i i ) There ecoists a o=et$>0sucA that

(2 1 )
J ot every X-^aVued Tnartmgrle f  ( f n) .

(i i i ) There ecdsts a c = ô >0 such that
… : : l l & O T丨妒< 刎/户丨|汐 (22)

J ot every X-mlued martmgale / u= (/n).
P^oof (i)=^(ii)〇 For fix sequenoe (%), 0*=w〇< wi< % < v , (/w  ^>〇) is a

:inartingale. The gf-oonvexity of X  gives

: ^  : -

.:.‘ ； . . . , . . . i -：r  ̂ ：•；. ； ； .；. .  ̂ -
< 〇W * aj 風 ） . (23)•• ； . . . . . . .  _ • -• . , »

：Replace/(jf„)by ĝ = (gt) = (/{-/«*„_,) (i>%,), then (23) beoomes

Lot Ai = W q^( fy , jB==/*e and tt be a stopping time with respeot to (^„k1 A>0). The 
.：a*b〇ve inequality can "be rewritten as

五 (尤 —人 一 」 乳 ) 命 新 丑 丨 藏 )•
• ：..!' '

^Similar argument gives 、

'  獅 ( 卿 气 ,， ) 〇  麵 ， ，

"and, finally, th© inequality (21) holds,

(ii) =̂ (iix). The inequality (22) follows ii*om (21) and the inequality

<cE0(W， ( f ) Q) (24)

■ which holds for ©very martingale / «  (/；) and also is due to Neyeu and Gar^iaC5：I.

(iii) =̂ (i). The proof is Similar iso that of (Hi) (i) of Theorem 1,

Corollary 3. Banach space X  is isomorphic to Silbert space iff there evisis a o
篇 c公>0 smh that

’ 命丨丨/ 1 浐 (25)
(and)

乂 於  «尸 ， <  «f 2( / n  給 科  «鬥 ^  (26)-.--¾ •
fo r  every X-mlued martingale /=(/»), where $  is a moderate Young function.

§ 3 .  %  "

For a martingale/«= (/„ ) and a real adapted R^；y ，K'Sê ueiJ；6e,̂ v
d̂efiiio
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W ©  shall consider X-valued martingale space pKay H ap wiiioh are similar to th©' 
olaiSSioal cage, for the definitions see [12].

The following proposition follows from Burkholder theorem^3 b y . using*
• « s l .V ' , . /  \

standard oonditionallization method. ... ..

 ̂Proposition 1. Bmach space X ^U M D  (i% e. X  hm UMD-property) iff one- 
of the following three inequalities holis for any (or, some) l<^?<〇〇, every X-mlued^
martingale f  = ( f  n) md v 二 Qvn) with

: (i) 屈( | ( I V % —(2W C w |pl爲 ) < 通 ( « A r /w I P I氧 ) n  . (27>
(ii) a 'e . :  . :. .:V」 v : : v (28>
(ill) J?(Sup (J .(rv/)^- ( r ^ ^  a. e,... m>n ' m>n ° . . …

-. ,  ̂ (29)1

Remark. The proposition also lioldig if ̂ martingales is replaced by ^dyadic 

-martingale^ in the statment. In fact, ihe index p of the inequality (29) can bo 
©stented to whole inteval (0, ̂ )^/== (/̂ ) is a dyadic martingale043.

Proposition Let Jt be d p^naoh $pace and l<C^<6〇. Then there exists a 〇>- 
0 such, that ’

 ̂ (30>

for eve^y Tnartingale /==(/0) cond general function ¢, where
/ r - S n p B u p [ ^ ( | / m| ^ ( ^ ) ^n m>n

• • ■ ； •

Proof The proof of the i’igh.l̂ ajrid Qf (3Q) is similar to the olasical case (se©̂  

[11]). To th© left hand, we define

Then 0<ir and 

From

9 =  inf {n, \ f  „ | >21/p_1«^},,
/̂, == inf {ip, f% > ^k}. ：

P ( i r <  〇 〇 ) < P .(t <  〇 〇 , 9 <  jjb) +  P (/ju<  〇〇 ) . 
• «
PQt<〇〇, e<fj^ \U - fe - i \p> ^ ~ ^

〇p-l c
: 與 彳 人 - y w ：t | pi爲 ） 

/ ^ d P < 2 ^ W ( 0 < o o )
. K V J

we get

and hence E 0 ( fw)<cE0-(f*) for giveh. Now from the obvious inequality 

I E ( \ f m\ W l 1/r<  \.E{\fm- f â \ ^ ny ^  l /n - i l  < / * + / *  

the left liaiid of (30) follows.  ̂ v/；/■■■•

TheoriBin 5. Suppose that X  is a Banach space，l< p <〇〇 and 0  a •tmAemW



Ko. 2 Liu, P. D. #  Long, B, L, BOUNDBDNE3S OF SEYEBAL OPEEATORS 175

Young function. Then TFAEx
( i )  X ^ U M D . ,
(ii) There ecdsts a suck that ：

' 》W)r.«Kefl惠 ’ ' (31)

J ot me^y X-valued martingale f  ssz U r ) —  vf=(v„) with v*<：l 。
(iii) There e^sts a c^G P0>〇 such that 、

.. . .IK^fll^cil/riU (32)
. . . . . . .  ..-. . . . .  ............ —  . . .  ♦ - . .

J ot every X-^valued martingale (/n) and
Proof THe iiiequalities (28) (30) assilx*e that; (31) and (32) hold when

X ^ U M D . Oonyersely, ^  a Walsh-Paley martingale with ||/.(U<pc>?

Then (31) giVQS , 〇

；and (2Tt,/)p*<°° a- ©• Notice that »• % henoe (Tvf y < c 〇 a. e.

«,nd X ^ U M D  by Burkholder theorem E8：1. On the other hand, (30) and (32) ĝ ive 
t̂he same oonsequenoe, the proof is；completed,：,

Eeoall tliat the Burkholder inequality

s(0<j?<〇〇) shows that as an operator； eyery Tv: S Pr-> JB[p (with 0<|><〇〇 and 

：1) is founded iff X ^ U M D . Similarly, we can prove -that every Tv: -pKa-^pKa is 
"bounded iff X ^JJM D (the proof is trivial). Pox* dyadic martingales, the further 

jresiilts.h6ldV'!；: ! : ■■

Theorem 6. Suppose that X  is a Sanaeh space. Then TFAB：

； <i) ^GDTfefD； v :.i

ip )  For any 0<pi， px+p2q;nd'&^r.y dyadic martingah f  
fthere emsts an {rn) ^JTct (i. rn h  nonnegcotim increasing R. V. sequence and 
.Et%<〇〇) mch that and f-

-where
(33)

.1  . . : . . :i,  . .r 、

•.4ZTid with o^^PipsCpa^PiJ »
{iii)、 m y 0 辦y 夺锻Mil m<i竹 f  there exists

â,n r= (rn) ̂：r p mch that Tvri f  ̂ B M 〇 and_ m  (34)
where . . . ,

/：；,，I — . 读 V

oj— j ：l . :

Proof ̂ a|Î nbtioe1iiiat̂  ̂ / is a dyadic

martingale, and then there exists an X ^ r pmoh that |/n| <^n-i â id
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Denote h j this sequence in the following.

Now if 0<j31<^2< 〇o> )8 = 1-j3i/p2* Fi*〇i3a Tvr-Xf  ̂ T v{Tr-if) we have firstly

Bl ，6 d 7F - D
and then

il {T r l f )  „ || <  % IJ  +  g  X»， ! ( / )  (j — j —  - 、 i(j y  )

； . . _ 〜 ， )) :
f 奢 中 -， •

Hence T r~i f ^ H pa and
! 1 ^ / | | ^ < 〇« / ||^ ,. (35>

From th© UMD-propei-ty of X , the Burkholder inequality gives
i ^ m ^ c i T r . m ^ e i m y : ■

mis is (33). : (:
If 0<p2<pt<〇〇, a similar oompufetion gives- 1 0

|| ( r r l / ) nK  1 /4|
«；=i

Then and .

I^V， / 1  I /  n '

Consequently, (12) follows from the UMD-property of X  and the samo airgument.» 

The proof of coriYerse is ̂ asy. ， 7 :

(i)=»(iii). Let ^=(^(/)) as above, take p0<min{ly p) and Refill©
\vix6i © -, t *

' « S u p ^ c Q ：/)叫爲
' J<i ' ；̂ ; ■ ,

Consider g=(g„), where

Then

Since

f)- n-

^0=0, ^==21 dfi(n>l).

gm~ g n- ^  S
<=» 7m^l '■ , i-n； , • -Vfi-1'- Ti /

f»—1
修 S

1 1
^m-1 . \T t+ l Ti .

m-1 1
< 2 + 2  23爲  Ti

)
(36)«

1< 屈〜 ( / 产丨满) J (  

1

t
(/产

< r 0 ( -

k /)
(36)'beoomes
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and then

— ^ 2 + 2  2  ( ^i — ? T T 满)
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^ 一於-11 博乂 <2+2 及(il ( H 1)屈(rbyj 深)1風 )
( s\  i=n

入i 一 V ~1 <4.
入。〇( / )

Notice that iis also a dyadic martingale, the UMD-propex-ty of X  and the remark
■ ' . 、... V % •

assure
E  ( Stfpll (Tvrr f) m-  (T ^ rf) 10 n)<  E {Sup Igm- gn̂ t  j < 4〇m>n ‘

On the other hand, it is olear that
tn>n

E r L = E & u v E ( K < jy > \^ i ) _ < c M J jy < 〇〇,

this is required. The oonverse is also easy.
Bem axk. For the olia3SioaI case, See [12].
Theorem  7. Suppose that X  is a Banach space, Thm  TFAWi
(i) XeUMD.
(ii) For any 0<a, 8̂<〇〇 and K . l / y ^ l / a + 1 / ^  there eadsts co c s=s=c〇((̂ l7>〇 such

'tllCbt
•® ((2V/)n  丨風)1/7<@(/灿丨風  丨属) 1从窃 • 0。 (37)

fo r  every f -=-(/„) ^ S a and r ^ r B.
(ili) For every 0-<.a, jS<〇〇 and l<C.l/y = 1 / ( ( , + 1 / there eooisfs a 

such that
. ll^ r /lk ^ c ll/lH jr .lU  (38)

for every f = ( f n) E a a7hd r ^ .T s, where Tvrf = ( ( T vrf ) m (Tvrf ) 〇=0} {Twf ) „ ^

and v —^Vn) with

Proof Let f ^ S a and r ̂  r B. From

(Trf )n= -  S  / t  (n  -  n -i)
we have - ’  -..

( T r f y ^ f ： ^  and ( r r/)* < 2 /V M,
and then the conditional Holder inequality gives

( r r/ )  <oB{f*a\ ^ aE { r i \ ^ se
The X J ^ D -p ^ r ty!〇t ^  aii<i;(2^  & v /  ,

m ^ t m \ \ ^ \  r ： ' , .

Take expectation in two hands of (37) and use the Holder, inequality, the
inequality (38) is obtained.

The UMD-property of X  foll〇ws:̂ birl the Walsh-Paley martingale arguments. 
Tliett#6aw V'-J
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(i) X e U M D .
(il) For any 0<af $<〇〇 and l /y ^ l /a + l /^ w i th y p > l? thereeasisisac^c^^p

■ • • ’ . .

^>0 moh that
丑((； /)浐丨爲)1/w« 通 C/?r丨潑。)聯 丑 (代1爲 )1勝 a，6. (39)

J ot &imyf= (/„) e H ^ a n d r ^  (r„) £ r m
(iii) For any 0 <〇:, ^8<o〇 osnS ^ th  7jp>l, there exists a ¢=

'®ciSf>9f% SUCh/
11(^/)^11 Pv<c|/?J^lkJI^ (犯)

for every f  r= and r== (rn) ̂  wh&re Tvrf  and (v„) are its in Theorem
7.

Proof Firistly, we have
. . .  • .

_ w—i .,.-.

.and then
Sup I (Trf ) m- (7,./),,.11 <2 Suptn>n m>n

"The conditional Holder inequality gives

[丑（Sup I (2Vj〇m - (2V)n_：t I 叫 武 )]w

<c[j0(Sup \ f m- f n-i \n ^ r ^ \ ^ n) Y ^
, . .  m>n
■k e [屈(Stip丨/ f / w 丨叫氧)]_  [及« 丨風)]V站m>n

^nd the conditional I3oob inequality gives

( r r/ ) ^  sup 间 ( i w % - ( i v / u  丨贈  |„ ) F 吖

<IE (Sup \(Ttf ) m- { T rf ) n̂ \ ^ n) Y ^m>n
<clJE(8uv  j f m- f n- l I3X1510 n )lm>n ' ■
< e  Sup [j®( I f m I I # „ )^ am r pJ \  ̂ n) Y /vem>n '

[ 丑 . ( ^ m ) i v 如  '
；and

(Trf)%<of*a8up
. . 、； n. ri

Henoe

C ® ((2 V /)n  ̂ ) ]  1/py< c  [及( / ， I ^ ) ] 龙(Sui> 龙(7^1¾ ) I爲 )辦n

"The XJMD-property of X  and (29) assure (39) holds. Take exp^tatioii ih  two hands 
in  (39), tli© inequality (40) is obtained by Holder

. i ........
Conversely, the UMD-property of X  follows from Theorem 5 an<I tfiie arguments

必f * a l ^ 视 綠 ％ 跑麵幺 1 戲 s.諭 祕 、 '' 广、
• «• . • . - .
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