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BOUNDEDNESS OF SEVERAL OPERATORS
) ON MARTINGALE SPACES AND THE
‘GEOMETRY . OF BANACH SPACES

L1u PrIDE (%] }%jé) *, LONG RUILIN(/&%/%#) il

Abstract

The aim of this paper is estabhshmg some 1nequa,11t1es of several operators on
Banaeh—spaoe—valued martmga,les and usmg ‘them to give some chalaotenza,tlons of
geometrical properties’of Banach spaces. In partloular, the G-function *nequa.htltles of
_sharp operators f;’,*, T&, p—varlatlon operators Wp, W, and the martmgale tranform
‘opera,tor T are dlsoussed It 1s proved that the 'boundedness of these opera,toxs
characterizes the smoothness, convex.lty and UMD—property of Banaoh spaoes ' o

Throughout this paper, denote by X a Banaoh space, (.Q 2z, P) 8 plobablhty
sx;aoe and f=(f,) an X —valued’ ma.rtmgale Whloh is ada,pted to some 1ncleas1ng
sequence of sub-o-algebras of 3 and df = (df,.) its dlﬁ’elenoe sequenoe Whele df,,
Sn f,,_,,, n=1, fo=0, Bo={o, Q} For f= ( f,,) We a,do;pt the" followmg notations:

Ilpr-—Sllp “f Iss 1<P<°°

o Deswlfl fi Sy
59 ()= (B 1a12)"s 89)= SupS‘”’(f>
oP(f) = (ZE(Ide B0)", 09) =Su0 0P (1.

The definitions of the p—umfmm smoothness and g——unlfoun oonvexﬂiy of
Banach spaces can be found in [16]. X is said o be p—smoothable (g-convexifiable)
“if there exists an equlvalent norm on X undel which X is p-uniformly smooth

(g-uniformly oonvex) In a,ddltlon, for the definition of the UMD property of

Banach spaeces see* 2]’ L
A function @: [O oo)->[0 oo) Wlth @(0) —-O is said to be a general function

if @(t) isan 1n01easlmg (to 1nﬁn11se) ontinuonus function on [0, co); it is said to
 be'a Young funetionif @(#) is:inoreasing and convex on. [0, oo) and: hm 2D ()

=o0; @ i said to be moderately moreasmg if thele emsts a consta,nt c>0 Stoh tha.t"
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D(2t) <D (¢) for every $>>0. For convex function &, we denote
LGOI td)’(t)
Pa=SUp = By 0 T t>§ &) o
where @’ (t) is ’ﬁhe rlght continuous dellvatlve of @. It is Well known thadi D is
moderately inoreasing iff pp<<oo, somewhere in what follows it is needed that g,>
1. In addition, the norm of Orlicz function Space is defined as usual,

§1. :f;*' and ﬁ*

Here . | o

| B -f*"—"SuP[E(lfm—fn-il"l%)]f*”’;f** Supfp,.p
= Sup [E<Ifm—f| | #0102, 74 = Supf‘*

Theorem 1, ;S'uppasu that X is @ Banach space and @ 'z,s @ 'modefmte You'n/
Sfunction, Then the follofwmg condwt@ons are egwlmwlent (TFAE)
(i) X ds g-comvemtfiable (2<q<oo)
(11) There emstsao qus>0 such that A T SNt
| U sedel e )
for every X—mlued martingale f=(fa). P | o
(111) Theme emstswc Cqe>0 such thwt L I
leo(pafyeselfielye @
Jor every X —valued frmzfrtfmgwle f =(fa). :
Pfroof (i)=>(ii). For f= (f,.)and >0, ,8>O 7\,>O define
w=inf{n, S@(f )“>(1+a\7\,}
§=inf {n, S‘“’(f)">a?\.} '
—-1nf{n.f >/3?»} ‘
Then v, 8, u are stoppmg times with <. It is olea.r that
P(m‘<°°)<P(fr;<oo 9</.b)+P(p;<O°)
a,:nd . - e
| P(r<so, 0<u><P<e<u’. SRS (>N

< e ED=S ’1(f)q)d1f‘
L m(Sllm ), (3)

(9<u)

From the g—conVexﬂiy of X, there is"% a g=0,>0: such that every- Lq—bounded X
Valued ma,ltmga.le f=( f,.) samsfy T e o T T e

E(z a7\ B, )<GE(lfm—f..-1l lﬂ..) - ay

(m>rm>0) and then’ (8) beeomes
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P(v< 0, 9<ll:)< j E(lfr"‘fo:i‘dljge.)df.

<2 j f qu<c,BP(0<oc)

‘Hence _

P(S‘“’(f)“>(1+a)?»)<OBP(S“"(f)“>a?v)+P<f “>81),

this is so called good A-inequality of (§@(f)¢, f"*‘l) and then thele oxists a ¢>0

' such that (1) holds when B ig small enough™. :

(1) => (iii). For F=(f,) and «>0, 80, A>>0, define

v=inf {n, 0{Q:(f)4>(1+a)A},

@ =inf {n, cr@i(f)q>a7\.}

y,==. 1nf {n, f¥ >,B?»}

In this time we have :
P(z< o0, 9<M)<P(9<M. @ (f)1— o (f)T>A)

7\' Le E(a(q)l(f)q_a(q)<f)qlgo)dp

-5 [, B3 4.1, )dP e

€9+

From the g-convexity of X, the inequality :
B( 3, 14148, )<oB({fa=ful | B) ae. ©

‘(m>n>0) holds (¢=¢,>0) and then (5) hecomes e
P(e<oo, <) <7 j{;; B eafole| B aP

<% f dP<c,8P(0<oo)
Henoce P
P(a@(f)">(1-+a)i) <oRP (o ()00 + P(Fie> )

and the inequality (2) follows in the similar way. -

(i) = (i) and (iii)=> (i). Leb f=(f»). be an ' X-valued Wa,lsh—Pa,leymz
martingale with ||f].< co. Then the 1nequa11ty (L) gives

. 189 |l”"<cllf#“|lé"’<0@(llfll‘lo)l"’<°°

and then S9(f)<co a.e., henoe X is g—oonvemﬁablemj Sfmilia-rly', the
mequalrby (2) gives - : B L S S

v e 6T )“||1’°<Gllf ”H”"<0@(|lf llw)l’q<°° e e
' and ‘bhen a‘q’(f)<oo a. e. But a““(f)“<oo a. o, iff S(q’(f)q<oo A 0.y When_.‘
B (Sup [df,,[q)<oo tHe last condltlon holds olearly in 0u1 case (Sup | df,,] <2|| f lw

2 o. ), oonSequently X is g—oonvex1ﬁable :
Theorem 2, Suppose that X ws Bamch spwce mwl d5 @ moderate Y own,g functwwi";“
with q»>1 Then TFAE R A T
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(i) X is p-smoothable (1<p<2).
(ii) There ewisis @ 0=0,0>0 such that
IIf#”Il”KCIIS"”(f) 13 ™
for every X —-valued fmartmgale F=0. '
(iii) Theoe XISt @ 0 =0Cyp >0 such that : R
. | llfz*"ll"“’<olla"”(f)”ll”” - _1 )]
fo'r evea”y X —mlued martmgale f= ( f,.) . : .
Proof (i)=> (ii). The p-smoo’uhness of X glVeS a oonstant o= c,,>0 such bhab

B(|fa—fusl? |ﬂ><cE( idfll=@‘> a. o. o

(m>n>0) where f=( f,,) is any X-valued I, —bounded max tmgale Thus we have
fi?=8up Sup E(Ifm~fn—1i l@ )

ST gc’Sup'E<2 fdf'-l”le@) |
<cSup B %)

The condition ¢,>1" and Dellacherie them om gives
I f#”||w<0 |Sup B(S(f)? A
- <¢Sup (\E(S“”(f)"[vg)H@<0ﬂ'5"”(f)”ff

henee (7) holds. . ‘ ’ _
(1) = (iii). To pr ove (8) We use ﬁhe smcular mequahty

B()fn=al? x@><cE(2 CALANRS (10)

(m=>n>0) when X is ;_o—smooth where f=/( f,,) is any X -Valued L ~bouudod
martingale. Thus we have

f’“’—Sup Sup E(lfm fn lfé”!»)

<oSupE< Idfi Ige?)
N <cSupE<a"”(f>”I«@).

and the. 1nequa,1113y (8) follows'in a similar Way

(ii)=»(1) and (iii)=>(i). Let f= ( f,.) be an X —Valﬁed Walsh—Paley max tmga,le;_
Wlth 2 n~?|dfa|? E L“, deﬁne f‘“’ = (f‘”’) Wlth df“’=@'1df (z?n) and then
(S(’” (f“"))”-— 2@ *’]df;l ¢0 as n-»oo By Fa,tou
11m ]| f("’#l’u@—-o and hence hmE@( f‘"’#") O If K2 1s the oomplement funofuon of »

'Amma. (7) assules ﬁha,t;..},; -

the Young ;‘Zunctlon @, we.have - s S ah Yo ke oseews 0
E[ f (")"f o ]” QEf(”)#" <W(1) E@(fc")*")—)() (MOO) AT L ShRe




‘No.2 - Liu, P. D. ¢ Long, B, L, BOUNDEDNESS OF SEVERAL OPERATORS 171

Hence ﬁ‘, n~rdf canerges in L,,.a,nd a. 6. The Kronechei: lemma gives that n™'f,
n=1

-0 a. e., this shows that X is p-Smoothable by Hoffmann-Jorgensen and Pisier
theorem™. The similar arqument Wlth 2 httle modification gives the same
consequence from condition (iii). - | .

The followmg corollaly follows flom the KWaplen theowmm and Them oms 1

~ Corollary 1. Bamach space X is somorphic to H@lbert space Gff there exists @ c=
o¢>0 such thwt o |

| ‘1Hfi*2lli""<||3<2’(f> perr an

g o
for every X -valued mwrrt'mgale F=t f,.), where @ is a moderate Young function wzm
ge>L, ' |

§ 2 W and Wp
For every momasmg sequenOe (nk) of na,tul a,l numbels we: deﬁne o

W(m)(f) (2 ’fﬂk-i-:l. fnxl) ’_-
W"""(f) <2E(lfn,+1—fm,! lng,,k) »

where no-"-_'-O.‘a,Itld | ,
| u Wp(f> 1152 Sup (W20 ()14,
W) I¥r=Sup HW‘”"’(f)”ﬂ’“’
where the Sup runs over all such (vnk)

Theorem 3. .Suppose that X is @ chach space amd @ is a 'nwrlefrate Young
fqut%orm Then TFAE :

(1) X is p-smoothable (1<p<2).

(ii) Theqe OxiSts @ €= Cpp >0 such tkat .

T 8O(S)” < IW,()7l P SOAE - (18)

fm' euery X-valued martingale f=(f.).
(ii1) There exists @ c=—0y5>0 such that

17+ 15" <clle(f )" ||1” T (g)
for every X-valued 'mwa"t%nga&e o ( f”) S e _

Proof (i)=> (ii). For fix sequence (nﬁ), 0=ny< iy & Mz v+, ( fm;)k>o' s gl
maltmgale From the p-smoothness of X, ‘the’ 1nequa11ty (9) gives * " P
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BW (%) o) = B ( 2B favia—F || Bur| )
<cE(2E( il 92)%)

OB, @
Rep]ace f=( f,.)by g=(g:)=(f:- f,,k._i) (i=m,), then (15) becomes o
- B W(f)r- W&ii-ﬂf)‘”l B.,,) =B(W§ (9)%| B.,,)

| <oE@®(9)?|%.) .

 <cE(SO(f)|%.).  (16)
Lot A;=W&» (f)?, -—S"”( f)? and 7 be a stopplng tlme with 1eSpeot to (ﬁ,.,‘, b=
0) Then (16) can be rewritten as s :

_ E(4., A,_il,%’,) <oE(B|3’é’,)

Thus Neveu~-Garsia lemma™ implies

s <emEey)

- AwWER () le<e[SP(f)*]ls.
The right hand of the inequality (18) holds.

In the other hand, taking (m)= (%), we have

IIS“”(f)"Ilg‘p'KSuP W (f) ll””= lle(f>”|l1"’

The proof of (18)-is completed. "

(1) = (iii). we ploved in [10] that there exists ¢>0 such that

<ol ST (18)

for every X-valued martmgale f=(fs) and Young function & when X is p-
smoothable Oonsequently, (14) follows from (18) and the left hand of (13)

(iii) => (i) and (ii)= (1) By applylng the method of the ploof (1) = (1) of
Theorem 2, the p—smootha.bh‘ay of X follows flom (111) To prove (ii)=>(i), mnotice

aﬁd

that we have : : :
A l?1Z? =1 1Fa=Sol? llé”’<lle<f) Hé’KOII}S""’(f)”IIl’”
 from ‘the' right- hand of (13) Applying tHé ‘same method to thig mequahty, we
obtain the p-smoothability of X. E

The proof of the following corollary is snmla,l to that of Theowm 3 a,nd can be
omitted ' L L ' o
Corollary 2. Suppose that X is a Bmuzoh space and @ 65 as in Theoq em 3. Then

(1) X is p-smoothable (1< p<2).

(11) There ewists & ¢ =0yp>0- such, that; - Sy

o)l ”<||Wp<f)”|| 'v<cua<ﬂ><f)°um W a9y

Jor gvery X-valued martingale f=(fn). o oo - oo w00 iy cet ad

(iii) There Gists @:0 =050 >0. such thwt ST ook AT A
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llf"”llé’KGlle(f)”ll”" . (20)
for every X-valued martingale f= =(fw). R
Theorem 4. Suppose that X is o Bamach space and D a moderate ¥Young
Junction, Then TFAE: ‘
(1) X is g-comverifiable (2<g<oo).
(u) There ew@sts @ 0= 0qe >Osuch that ' .
o W<l e | @)
" _for every X——wlued martmgﬂe F=0f). R B
(iii) Theo'e em'bsts @ 0—-0445>0 such that

1Y ”<0l|f"’|l”" R (22)
. fo'r every X-valued martingale f=(f.). ~ | A
Pioef (1)::)(11) For fix. gequence (m), —@;,<n1<n?;<--.-.; (for £220) is a

‘martingale. The g—oonvexﬂiy of X gives -

B(Z VTl D) <oSBALINT)
' | <oB(f| %) (@)
* "Replace f = (f,.)by g (g,) ( I —Frnes) (§ms,), thon (23) beoomes o
B(WE (F) =W ()2 Bo) <CB(f*1| B,
Lot 4i=Wg&»(f)% B=f" and v be a stoppmg tlme Wlth respeot o (B Iv>0) The
-above inequality can be 1ew1 ‘itten as
B(4. A,..1|%><0E<Bl%>
,Sumlar algument glves
| e CHBWEI(f)) <0E’@(f““)
ﬁand finally, the inequality (21) holds.
(ii)=>(iii). The mequa,hty (22) follows from (21) and the mequa,hty
BO(TE (£)8) <cBO(WE (1)) . - (29)
~which holds for every martingale f = ( f5) and also is due to Neveu and Gargia™.
(1ii)=>(i). The proof is similar to that of (iii)=>(i) of Theorem 1.
Corollary 8. chwch spwce X is zsomoa"plm,c to Hzlbefrt space iff there evists ac
: -=c,p>0 such thwt _ ‘
e <IWL() 111’2 cllf‘“ll“z B (25)

O <UT L) sl 13 | (26)

Jor every X -'vasluad fmm'tmgwle f ( f,.) /wkefre @ is @ moderate Y. oung fuowtwon N

~or (and)

R

For a martmgale f ( f,.) and a 1ea.1 adapted R.. V sequence v==(v,.), usu;zl
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vf ((va>n) (va>0"'0 (va)n E’Z)t—ldf

We shall consider X~valued martingale space pK, H WhlGh are sumllal to ﬁhe-
classical case, for the definitions see [12].

The following ploposﬂuon follows flom BIIlkhOldel 13heole>nc1t§J by usmg
standard conditionallization method. oo

- Proposition 1. Banach space X € UMD (q, e. X hws UMD—p'rope'rty) wﬁ one:
0 f the following three inequalities holds Jor any - (oo' some) l<p<°o every X —wluecl-
- martingale f=(f,) and v=_0,) with v*<<1:

@) BT n— (Tofaea? ]%)<OE(Hfm-f»-1H l%) a.e.  (20)

(id) (T.f)8<oft m.e. . . . G
(D) B(Sup (| (Lof)i— (Lofocsl? |£><0E<Sup ||fm—fn_1u l% a0 .
(m=n=0). T TR L (29)

Remark. The proposition also ‘holds. if “martmga,le” is replaced by “dya,dlo
- martingale” in the statment In faot ‘the index p of the 1nequa11ty (29) can be

extented to whole inteval (O oo) 1f f ( fa) i8a dyadio mar tingale™!.
Prop051t10n 2. Let X be a meoh spwce and 1< p<oo Then there ewists @ 6>
0 such that ‘ | | .
- CUEB(Y<BO(H<BOSH T (3D
for every martingale f=( f,,) and general function D, whefre R ' o
—‘SUP SUP LB ful? [,@)1/9

Proof The proof of the 113ht hand of (80) is similar to the elaswa,l caso (see:
[11]) To the left hand, we define
' . w=inf{n, | f, I><a+1)?»}
O=inf {n, | fu| >27 %},
p=inf {n, f5>B1}.

Then .9<17 and
’ P(7<00)<P(fv<oo 0<u)+ P(,w<00)

From :
© P(s<oo, <) <B(8<is, ]fv"fe JJps2tng)
. op-1
<. 7\;3) J{a< }E(If'n""fe-ll [@o) dP
cee . }\: (9<;4) .
we geb

P(f*>(1+a)?\.)<2”"1,8"P(f*>a7\.)+P(f,, >,37«.)
and hence ED(f*)<cED(f*%) for given . ‘Now from the obvious inequality
LE(|fn]?| Za)]P< [E(Ifm—fn~1l l@ )1”’+ lf»—il <f*+f*
-theJeft hand of ‘(30) follows. ' 3
Theorem §. Suppose that X is a Bamwh space, l<p<oo and @ @ modea ate:
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Young function. Then TFAE: :
(D) XeUMm D.. ‘ .
(11) Tkem emsts @ 0=0p0 >O suck tkat o
‘ N(Taf)s Ilqs<0ﬂf*il@ . C 3D
Jfor every X -'valued martingale f=( Iu) amd Ve (fu,.) fwm‘h v <1 Co

(iii) There' emsts ac= c,,gp>0 ‘such that - S :

1 (T,,f)*il@<cllf lo - (32)
for every X -valued mwtwngwle f (fn) and b= (fv,,) awith o*<1.

Pfroof The inequalities (28) and (30) assure tha,t .(81) and (82) hold when
XE€UMD. Conversely, let f={ f,,) be a Wa,lsh-Paley martingale with | f[.<oe,
“Then (31) gives - B
| @D (I¢<cllf**((@<o¢(ﬂfl(m)<°° e
and (T,f)y"<oo a. e. Notlce that (T,,f)*<(T,,f) . a. ¢, hence (va)*<oo a. e,
and XEUMD by Burkholder theorem ™. On the other hand, (30) and (32) give
the same consequence, the proof is.completed. .. x : .

Recall tha,t 1she Bulkholdel mequa,llty _

: "(va) lo<el 715
0<p< o) shows that as an operator; every Ty H,—> H, (with 0<p<oo and USS
1) is bounded iff X € UMD. Similarly, we can prove that every T';: Ko, K, is
"bounded if X E UM D (the ploof i trlwa.l) F01 dya.dlc mar tlnga,les, the fm Lher
xesulty hold:" Bon > CE G R .
Theorem 8. Suppose thwt X isa chaoh spwce Then TFAE
Lol XEUMD: B TR R N A .

(ii) For any 0<p1, P2<2, pﬁépz and, overy dywdw mwrtwngale f=(f.) €H,,
ithere ewists an = (r,) eI, (4. e., 'y 68 nonnegwt%w mcfrewszng R, V seguence wrwl
.E'fr“<00) such that T i f € H,, and ' Cb T

Mo F18, <0l flE g Brasel Fi (33)
‘ ~whers

(Tvr 1f)0—-0 (Tvr f)n 2 'vz—i’rq;_‘mdf

and v= ('vn) w@th v, ==:1:1 “"1’1102(})2—3)1) i |
(iii) For any 0<p<oo and gvery dyadic mitf&tta}ngql_a.. f=(faYEH, there exists
an r=(r,) €L, such that Types fE BMO an i

A Lo lfHBM0<07 Er2, <0"f“§u (34)
‘Wk@’)’& vl

(Tcr lf)O""O (Tvrf)n E Y «-1'7‘{—1 df‘

and v= (fv,.)mth v, _f;ti
Proof- (1)=>(11) Fus‘a of aLI no’ﬁloe thaii f EH 1ff f Gf’ "when f is a dya,dlo
martingale, and then ther exists an A€l such that | fa |<?v,._1 and |f | 2 =0 ||,,

4 - A
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Denote by r=(A»\*(f)) this sequence in the followmg
Now if 0< py<py<<co, lot B=1—ps/ps. From Tppuf =T o(T s f) we ha,ve firstly

(T o= Fhus( D af = f(f)ﬂ‘*gf“( .-ff)ﬂ ~%57)

and then . o ) ¥ . o
| @ Pl <t ‘2}?».-1(f) (et éy )
, <§ o f),g (3\‘4-—1(f) hz-z(f))
| _ :4>‘x(f) ?g \-—glxm 1(f)9:/9l |
Hence T, f € H,, and .

1T Sl 25, <clfl &, e (3By
From the UMD—plope1 ty of X ‘the Burkholdeér inequality glves

S | "Tvr“*f Ilﬁ,,<0HTrnf H£;,<cllf ll£

this is (83). -

If 0< po<pr<< o0, a similar oomputaﬁmon gives

[T )l < lfnlln-x(f)“"/‘”ﬂ-E lf | (M (f)”’"“~7& 1(f)“”‘"")
<2A,. 1(f)1"’*/“ 2?\,,, N
ThenT-leHp,and R
' | IIT flla,.<0!lfll%,, . -
Oonsequently, (12) follows from the UMD—plopelty of X and the same: a,1gument
The proof of converse is easy. o L ey ~ SRR
(1):5(111) Let A= (A, (f)) as above, take po<m1n(1 p) and deﬁne r= (q.),,,
where _
C = Sup 50 (P Bym, i1
Gohsider_ 9=1(¢gn), where o
| go=0, gn.;;i Tty dfi("'?l)-

Then -
e Senane LS (_f; f‘_1>(7‘_-;—,
= gu-al< %,:"1 +2’§’?¢7,1 (rif% | o
. <242 2 (- 7«.,-1)--: o (se)e
Singce e Bt
- 1<EO(F)> [.%‘)E(?h 5| 2 )<r‘ (x o | ) o
R <E(x (f)’f ]g)/ ) S

(86) becomes *



No. 2. . ."Iiwy P. D. ¢ Long, B, L,  BOUNDEDNESS OF SEVERAL OPERATORS 177

el <242 g 08 (75| 4)

and then '

"( Sup lgm gn-—il fﬂ)”<2+2ﬂ}(2 (A'i ;—i)E (?“ (f) ,‘@)‘
<2+25(3 3 Am (7;31 %, )<4

Notlce that g is also a dyadio martlngale, the UMD—plopel ty of X and the remark
assure
BN 1C  T¢ ARVOREC MY 7)< B(Sup | gn—gu-al | B) <o
On the other hand, it is clear that
Bre.~E Sup A (. (f)“l%)f'/ﬂo@m ( f) <oo |

this is requned The converse is 4180 easy
Remark. For the olagsical case, see [12].
Theorem 7. Suppose that X is a Basmwh spae. Then TFAE
(i) X€UMD, :
(ii) For any O<a B<oo wnd 1<1/y 1/a+1//8, there emsts @ C=Cq,p5,7>0 SUCK

h .
e BT *7I%‘o)1’7<cE(f*“l«@)”“E(q"’ l%)w a.e. €

foq' every f= (f,,)EH., and €I, :
(iii) For every O<a, ,8<oo and 1<1/'y 1/a+1/;3, thefre e:v'bsts a c=cq, 37>05

such that . B
- urfllﬂ,<0|lfilrza||'f»((e o (38)

for every f=(f.) GH afnd frEF & fwkefre T,,,f ((wa)m (Tvrf) 0=0, (TW o=
Z V1742 df; <%>1) wn,d Q= (”n) /w%h Iv*-<1 L Lo .
Proof Let fEH a,nd :rel‘,, Flom ’

(Trf)n""r»-ifn vfi(q’r‘ﬂ 1)

we have
(Trf)n<2fm-1 and (Trf)*~<\2f"'rm

and then “nhe condlﬁlona,l Holder 1nequa11ty gives

BT )" B < B (fens T | By <cE(f*“l§fo)W“E<fr" Ay,
' The. UMD-property:of X and (29) agsure . T
E((T.,ffyvl%>1fv<cE<<T,f>*vwé’>1~ e
Henee (37) holds,. .« .. . o -f :
'I‘ake expeo’oatlon in two hands of (37) and use the Holder inequa,li’ﬁy, the .
mequallﬁy (38) is obtamed :

B0 S
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(i1) For any 0<a, B<oo and 1/y=1/a-+1/B with yp>>1, there exists & c=Ce,g,1.5
>0 such tlmt S
B(Tonf) 3| Bo) Vo <CB(F57°| Bo) VP B (| Bo)/ ave. - (39)
Jor evory f=(f2) € Hpu and 7= (1) € L. |

(iii) For any 0<q, ,8<oo and 1/7=1/a+1//8 with yp>1, tkem exils & ¢==

BG»B)‘)’ p>0 S‘uch th“t ' . S .
| (Tar )3 Up-r<0||f AT | .(4-02

for every f=(fu) € Hys and r=(1,) EI'gs, whore Tof and v= (va) are as in Theorem
Progf Firstly, we have
m 1
(@ f )m"' (Trf Yut=m-1(fm —fa-z) + § (fe ~fu-1) ('rs-z—ﬁ)

and then
Sup l (Tf‘f)m_ (Trf>n—1l <2 Sup Ifm"'f,,_ll’)”“, BN

“The conditional Holder mequahty gives
B8 | Tefa= Tl sl 7| BNV
c[E<Sup | fumFucsl 20| )y |
| <a[E<Sup|fm-— e M%)JW[E(MI%>]W -
:and the conditional Doob inequality gives e "
(Tef) b= SR LB (Tef o= (Trf Yoms | 7| )1
 <[E(Sup| (Trf>m-.- (Trf)n_il’”@ DS
<0[E(Suplfm—fn-1lp“!=@‘)J”"“[E(ﬂ‘”"!@)l””" o
<oSup [(| fafusl *| BY W B2\ BT
~ o 2B (2| BT | .

and
(Trf )2"7<cf#a Sup [E(qd’”[ gg )]1/aw -

‘Hence
[E((Trf)*”"lﬁ’o)]"’7<c[E(f !fé’o)]”‘”“[E(SuPE(T”"l%’)lé‘é’o)””*’
SRR T e :_-O‘[E(f#pzx"@o>]1/pa[E(¢ﬂﬁlg)]1/176 ' '
“The UMD—-proper’oy of X and ( 29) assure (39) holds. Take expéotation in two hands
-.in (39), the inequality (40) is obtained by Holdeér 1nequa11ﬁy
Conversely, the UMD—propel ty of X follows flom 'I‘hem em 5 and the a1guments “
-«of Wa,lsh-—Pa,ley martmgales agdbove.” T Tt i e
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