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A LAW OF THE ITERATED LOGARITHM FOR
NEIGHBOR-TYPE REGRESSION o
FUNCTION ESTIMATOR ..

Hone SHENGYAN (# 28"
| A:blstract | : L

Let (X, Y) be a two-dimensional- random variable. A law of the jitera.ted'
. logarithm is established for a smoothed neighbor-type estimator of the regression .
function m(z)= E(YlX—w) Junder conditions much weaker than needed for the o
N. ada.ra.ya.—Watson estimator. Also the sharp pomtmse rates of strong conswtency of
thig estzmator is discussed in detail.

§ 1 Introductlon and Background

- Assume that (X, ¥) is a two-dimensional random Va,rla.ble with finite
_expeotation B (Y). Then the regression function m(z) =HE(Y|X=2) of ¥ on X
-exists and is (almost surely in o) uniquely defined in Vi_eW. of the equation m(X)

=E(|X). Let (X1, Y1), (Xs Y5), - be independent random observations .
~with the same distribution as (X, ¥"). It is required to estimate m(s) with these

observations.
Nadaraya™ and Watson™ ? independently proposed the kernel esmmatoz

| 2Y-K<<m~X->/h> | .~

M () =+ ¢

| 2 K(@-X)/h) ‘
where K is an appropriate kernel funotion and A=h,~>0 i8 a sequence of
bandwidths. Since then, there have been lots of researohes in literature about it
oonsistenoy and rates of convergence. Hardle'™ established a law of tho iterated
logarithm (LIL) for m;, and obtained sharp pointwise rates of strong ooﬁsistenoy
of my, under conditions requiring a) the differentiabilities of m(s) and density of
X' and the continuity of E(Y?|X ——-'é;), b) appropriate rate on the tail of H(¥?).
Hong™, ‘with slightly stronger condition on Y than that of Hirdle, extended
Hirdle's i'esults to the cagse of random bandwidth kernel estimator (i. .,
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bandwidths & may be a sequence of positive random varmbles depending-on (X 4y
Y), 1<é<<n), and as an apphoatlon, obtained LIL for a special nearest neighbor
estimator - _ _ (
mz,,(m)=z'n;/7a 1<k"=o<q¢>,'
where Rl, ony R is a rearrangement of 1, ««+, m in the l'ight ‘of
| | Xz ~ol< IIXR.—wlI< < | X g, —a).
Apropos of nearest nelghbm estimhtor of the genelal form

m3n<m) EpniYR. L

where {r,, 1<i<n} is a sequenee of a,pproprlate nonnegative numbers, the
obtainment of the LIL is more difficult than tha,t of kernel estlmator although
almost all other large Sample prorertles of them are oompa,ra,ble Hong and Gao™® |
obtained an uppel bound of LIL for msg, under SGVera,l restricted condltlons on
{Vpir 1<E<<n}. - :
Another important estimator of m(wz) proposed by Ya,ng£13J has the form (vnth
the same meaning of K and h) o ' ‘

Mo (@) = (nh)"lEYK(F (‘U) an(X¢)> N )

Here‘ F, is the eiﬁblrlcal distribution Tunocbion (e d. f.) of Xy, 1, m, X, That m,, is
in fact a (smoothed) neighbor—typek.estim'aters* may be-seen when K =1I i v In

this case m,(z) is the a,Verage number of ¥, s for which, when. X > (say) there,
exist no more than io =nh/2 X~values with s<Xj; a,nd. X <X The mean square
convergence and asymptotio normality of m, to m ‘have heen stud:ed by Yangh®
~ and Stute "% respechively. L
| In this paper the LIL of m, is der 1Ved under conditions much’ Weeker than
needed for Ketnel estimator. Speocifically, only ‘the dlﬁ’erentlablhty of - H(Y [F(X )
-—a;) is required (Z is the distribution of X), while X need not have a* density -at
all. On the other hand; the ‘condition on ¥ is the Same as that of kernel estimator,
' We also’ esta,bllsh the. LIL for the following estimator - v '
L INR((F@)-F <X.>>/h> A
@)= R ¢
CBEE@-FEDM
Wlth these Tesults of LIL, we also disouss in detail the shalp pothJ.Se rates
of strong consistency of m, and m, as done in [5]~-5011nea;9st neighbor .est}m.ato; of

densnsy funetion. R N T T

. As . footnote,. we would hke to mentlon some 1elated works -On . den51ty
egt;mgﬁ;on_.sfl?hese;melude among others Hall® (LIL for kernel- type eitimators),
Hong®™ (LIL for random bandwidth kernel estitaators inoluding nearest neighbor
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estimator),
§2. LIL and Sharp PointWise Rates
Let H,(z, y) denote. the empirical d1st11but10n funetion. of (X, ¥y), -

(X, Y,), H(a, y) and F(v) denote the. dlstllbutlon funotlons of (X,7) a,nd X
respeotively. Take

=] yx(mo, £ >H-<dw, #.
- Now -we state our.main results

~ Theorem 1, Assume that F is cont@nuous. thwt the supporrt Of K i - ( 1 1) =
S (say), that K is twice continuously d@ffea”entmble fwwhfm S, .and that hm K (3) =0.

If the following three conditions hold:
i) h—0, nh"’/ log log n~> 0o,

11) hmhmsup sup -—O

&0 n-00  MELMIm—-nl<en)

111) 2 (h/ log 108' n) BY® T, (lYl>a»)<°°

where w,.—O((nh‘lloglog n)*2/ (logn) ), then we. ha/ve for a. 0. mo(F) o
-Hm sup o+ (nk/2 l.og log 0)/*(my(@0) = Tin(@0)) =0 a8, (4)

_ “nd 'whefn/ b= IK(M) d'waéO . SR , .
hmsupi(nh/Zloglogn)i/ (m,,(wo) m,,(cuo)/b)—cr/b 2. 8. (5)

‘N—r00

whe're o= (Var(YlX wo)IK‘(u)olM) K

Theorem. 1 implies that sharp pomtvnse 1ates of strong consmtenoy of m, and

m,. take the forms of LIL, To show this, one needs to prove o
~ (nh/loglog n)¥ (m.(we) = m(me)) >aER a8 n—>o00, . ... ... (6)
‘While the convergences of the “stochastio components” m,—m, and % —my, could
be proved under minimal assumptions on . the underlying distribution, (6)
‘typically needs some..fur thel conditions Whloh guarantee m,(w) —>m(w) at a
satisfactory rate. In our dase; smoothness of the functlon
8 (u): AE(YlF(X) w)..

ina’ nelghbmhood of -F* (a,o) suffices. Note that in the case-of the kérnel estlmatm,
the smoethness of m(z) and density of X are required. L eabingred et

" P gtate our' results for- integet r:=2; et H () e the set of ‘functions m and
Fin Wthh 818 ‘rbimes continously’ daﬁ’elen~t1able in ‘& meighborhood: of “F(ae)

S TR SIS U S

and e T RE R
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(s0) Swv(zr(wo)) 0 for 4=1, ['”_21]
‘Theorem 2. Under the wssumptwns of Theorem 1 Zet K' be such thwt

(s1) J K (w)du=1;

(82) Ju’lK(u)du Oforq, 1 o [—;—-]

If m amd F belong to H,(mo) amd
iv) - lim nh**1/log log n=a<co,

then we have S VO T P PR =
lim sup = (nh/2 log log n) /> (ma(a0) —m (@) =0 2.8, ©)

;a,n_d . fipee Y N ; .

- . Jim sup d:(nh/,210g_1ogn)?/:’(ﬁ.-.(mo)—am(;vo))i-%% a8, (8

(Var (V| X = wo>j Kz(u)du) S(”(F(mo)) j WK (u)du
. Now we give the ploof of Theomm 2 thafﬁ of The01em 1is pos’ﬁponed %o the next

section. :
Appalently, it sufﬁces to plOVe (6) holds f01 "

By Taylor's lemma and the a,ssumptlons and noting that : i
h—ij k(£ <”°> —F (u) )dF( )= f e K(u)dusi‘ "

(Fay~1/n
for 0<F(mo)<1 and n sufﬁomnﬂy Tar ge, We have

o)~ (a0) = j(m(w—m(%))z{(l’" (a0) = ¥ <“>)dzr<u)

L= J (8 C (ao) =) =S (B (o)) K ().

where 4 is between F (ao) and F (a:o) uh Hence (9) follows V1a. the domment'

convergence theorem. '
Remark. If one choos:es a kelnel K for Whlohf ‘K (u)dm 0 for 6=1, 2,

r—1, the assumphon (so) may be deleﬁed F01 tr>2 th:s may be only aehleved 1f one '
admits- nega’ﬁNe Falies: forK' S AT A T LR IR

It follows from Theorem 2 ’ohat f01 applopnate m, F; K, and b satisfyng ‘the’
ondlhons EYER¢); $herate off pomtwme conver gence of Wy B0 may at most 1ea0h
‘('n/ log log my-*7@r0) Then what’ happens When R R R

v) hm nh“”*‘/lpglogn =007 A
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By Theorem 1 we have in this case

hm (n/ log log n) i “'*”(m (wo) — My (wo)) 0 a8,
* On the other hand if f.urzc (4)du+0, We have by (10)

hm (n/log 10g n)/ @+ (m,, (a;o) m(mo)) =0 a.8.
Hence the rate of pomtvnse convergence of my o m can not 1eaoh (n/ log log rn,) ~r/tars D,

If, however, ‘[ WK (u)du=0, (10) guarantees that for some constant o>0
om0 = mCen) | = [ [ ) (808) 50 (e
<OKW sup I;S'(”(F (@0) +t) S’"”(F (o) | 2 OF'S,.
Note that lim 0,=0 in view of the contmulty of 8§ ot F (@), there must exist la v

satisfing i)—iii) and v) such that

| hmsup (nh/log logn)llzlm,,(mo) m(w1)|<oo a. 8.
and so.that o o L S N

T maup (h/loglog )Y [mu(a)~m(s)|<oo a5 (1)

When, for example, §© satisfies d-Lipshitz eondition (0<3<1) at F(az), We cam
take = (n/log log n) /@ such that (11) holds, |

From all above, we get S o

Theorem 3. Under ths "cbml"l)z?’l?ﬂns on m, F', amoZ K, ws_suw’ié‘ that- h*’swti’sﬁes” i)—"
iii). Then we have | ’ ’ SRRV TR .

1) 4f iv) és satisfied, the rate of pomtw%se com)ergencc of my to m may cvt mosi _
reach (n/ log log n) ~/@rED,

2) if V) is swtzsﬁed therrb when fu'K (w)du+0, the rate of pomtmse ‘conver gence:
of my to m can not reach (n/log logn) "¢ ™*Y; gnd when J’u"‘K (u) du = 0, the rate may

- excogd (n/loglogn) =@+ (for example, the rate w@wy q;éwch (n/log log n) ~¢+o)/C Geykdy
of 8¢ satwsﬁes S—prshwtz condition (0<8<1)) .
" Qlearly, the result of Theorem $ is also triie for My,

§3 Lemmas and Proof of Theorem 1

In th1s Seotlon the ploof of Theomm 1 is deeompOSed mi;o a, Series. of lemma,s

We begln with-mentioning the two inequalities, . T I
. Bernstein's mequa.llty Let.Zy, +», Zin.be: mdependent va,rlables such that for.«,
some 0 >0 and all 1<é<n, P{]Z [<O} 1. Then:we have for every $>0. |

{l‘% (Z;-’-—EZ;)I>#}<29XP{ —¢ /\22 Var Z,-l—-z-s@t)l

=1
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Chen—ZhaO’s 1nequa,11ty Suppose that Zs, Z, - i8 a sequence of iid. variables,
and the common. distribution H is continuous everywhere on R, Denote by H, the
e.d. f. of Zy, -+, Z,. Then there exist absolute constants 0,>0, 4=0, 1, «--, 4, such
that for any e>0 we have

P{sup [H.(4) ~H(4))| >6}

< 04 (/T /s +1/8) 6xp (~Oims’/b)+Cuexp(~Tins),
where 27 is a set oonsmhng of some intervals A€ R* with
. sup H(A) Ab<1

and n/logn is grea,tel than Co/s. o
For proofs, see [11] and [1] 1espeotiifély.
Lemma, 1. Suppose that F is continuous, and 0,~>0 satisfying lim infno,(loglogn)

/(log 1n)?=0. Then we have foa' some M0

lim sup (n/c,, log log %)1/2 sup |F, (a;) - ,.(a;o) F(m) +F(a:o) |<M a.s.
n—oo "‘ lF(ﬂ)—Fk@o)l<0n
. ' ' (12)

Proof Take U F(X,), = 1, 2, . Then U;-, Ué, i gre iid *U'.['O; 1]
variables, and :
lF,,(@ F (mo) F(a;)+F(wo) |

IF(z)-F(:v,) I< C’n X

= sup  |Ua() = Uit 4| & L,

it~t g|<0mt toclO, 1]

where Ua(#) ige. d. f. of Uy, Uy, ++-U,. Therefore it sufﬁces to show for M>0 _
hmsup (/o log logn)WI <M - a.s. (13)

F01 this, suppose w, 1 o. g. that 0<to<1 Let
= (logn)/loglogn, Z-—to+ya
where j is an integer with |j{ <1+, Thenifor n large enou'gh
: 1,_.< max sup U ~Ualio) —t41]

D Ht<ldant <t <t5+1

o< max |Ua(t)— Un(to)"fi'l‘tol’(”sup'Un(A)"'-A”

ifl<iton .

2 Iy, + 1o, : (14>
where # dénotey the set of intervals-in [do—om %o+ 6a) whose leng’ohs ‘aré’ shorter
than % 100, and | A| denotes the. length of A.-. -

It is apparent tha,t forn suﬁ“mlently la.rge
S | o sup [A|<a,. o,..éb,.<1

.and n/log n>s;1 for a,ll Ia,rge MI, where s,,=M1(n o,. log logn)1/2 So we get by
Chen-Zhao's mequahty
. P{Izn>8n}<01(\/ b /8,.~/~+1/b,,) exP{ Ozns,,/b,,}—l-cgexp{ Oums,}

ft <201a,.c,, Lexp { = 02M210gn}+036xp{ 04M1(nc,.10glogn)1/‘} b
' Notmg tha,t llmmf rrw,.(log log n) / (log n) >0 we see that the r1ght ha.nd S1de of
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abiove inequality ig bounded by O(n~2) for M1 suﬁ‘iolently lalge It then: follows
from Borel~Oantelli’s lemma that S : _» HEEEEE
llm Sup (n/cnloglogn)1/412n<M1 a. 9. o (15)

For @, 5€ [0, 1], =1, deﬁne
B (“y b) I(mm(a b)<l7¢<max(a,b))"‘EI(mm(a,b)<U‘<max(a,b))y
where I, denotes the indicator funebion of set' 4, Then

3Bt ).

£=1 .

Ii;;=rn"1 ma,x
BN ’l<1+an

Suppose W. L. 0. g. that ¢, , 16,1 . Lot np=[6"%], dm =m~ c,.,,, for m>1 and s'
My(ne, loglogn)l/z Denote for nm<n<nm+1 «

2 Bt(to to’*"fldm) ‘ >3nm}

¢=1
—i )
) _ﬂrm'f'

ZB (to‘i‘ [ya Gnd l]dm, to-l"ja,, Gn)

$=l

o=
151<2m”

n-{mx | 3
A <2m

{ maX
PR E 1M

Sinoe for any 0<<a<b<e<1 -
B;(a, b)+B, (b o) B (w, o)
and [jo;tednl] <2m for |j|<1 +0s, we have for nm<n<nm+i o
{Ln=8M1(n e log log n)l/ }CA U B, U Dy,
Ther ef01e, 1f We can prOVe _

B (f/o, iO +ydm)

Er{au T, <BUD>}<oo . sy

then e
{D (Ian>3M1(n cnlog 1ogn)1’2)}=? cee

that is - -

hm sup (n/a,,log logn)” Im<3M1 a. s,

which, together with (14) and (15) is tantamount to (13) Thus, o prove (18), it
suffices to- vellfy (16). Now fﬁhe__Verlﬁoatlon of (16) is the same’ o,s that of (8.8) of
Lemma 2. If h satisfies the condition 1), then there ewist a. sequence of sets Ay

satisfying lim P{ ()4, } =0 such that for & 4s, | Fa(o) ~ Fiar) |<hy ields | (a) =

V»F(mo)[<(1+019,,)k and | Fa(a) — F(cvo)l>h and IF(m) F(a;o)l<h ywld ]F(w)-

F(mo)]>(1 czen)h where Op= ((nh) ‘1log Iog n)" 204, 02>O are constmnts o
"Proof By the welliknown Smirnov-Ohing’s theorem ' We have SRR

_ hmsup(n/loglogn)"?supIF,.(m) F(m)l—-co 2. s

5->ao

for some co>0 It follows that Hm P{ U A,,.} 0 and that for coEAi,,, IF,,(m) -

F,.(a;o)[<h yleldsz II‘F (w) _F (@0) |<2h for lalge n, ‘where
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Agn={o, (n/loglogn)/2sup | Fu(z) —F(a)|>2c0}.

Honoce, note that nk(loglogn)/ (log n) ?—,—>0<_> via the oondition i), Lem_ma, 1 guarantees
that for some M,>0 S
hm L sup (rn,/hlog log n) su |F,.(m) F,.(cro) F(a;)+F(wo) |<M2 a. 8.

Fn(fD)"'Fn(wo) | <%
Whloh if ta.klng - . .
= {co (n/hloglogn)¥?  sup [F,,(a;) F,,(wo) ~F (a;) +F (wo) [ >2M 2,

. | Fpl) ‘Fn(@o)l <h

ensures that lim P{U Az,,,} 0 and that for o€ A, IF,. w) fF”(w9)|<h ylelds

K-y00 n=k
T (2) = F(an) | < (1-+ 4M0,)h. |
On the other hand, if we write
A= {0, \'n/h log log rn)i,”" su |F,.(w) —F (wo) ~F (m) +F (wo) |>2—M}

. F(a.‘)—F &vo)l <k

Te~yo0

we have by Lemma, 1 that lim P{ U A3,,} 0, and that for © € Agny IF,,(w) If’,.(mo) I

=h and | F(z)—F (@) [<h yield that -
IF\Q}) F<mo)l>Fn {D) F (o) l—‘ : |F,,<CB) Fn(wo) F(‘v)_l_F(wO) I

22 o S roi<h
L >-4MER | : -
Now taklng A=Ay Aga; Wo complete the proof of Lemma 2,

Since 4, Satlsfy hm P{ - } 0,. wh-ich‘=.ha,ve no inﬂuenoe on the following

ke . L n=l
discussion, we can and will assume that all 4, are empty sets
Now define

 Bi={, Fy(@) = Falwoy | <h, | F@)~F(ao) [<h}, .-

By={w. | Fy(w)— F (@) [<h B< [F(m) F(mo) <@ +010,,)h}
Smce the support of K is ( -1, 1) on Whloh K is twme oontmuously differentiable,
wo have by Taylor expansion and’Lemma 2. (gua.ra,nteemg ‘that - IF (m) = F o) | <
(1+010,.)h if ]F ’a;) F fmo)]<h) A

e ey
e ” (F(mo\ —-F<w> )H,.(da; dy)

+12 [y (uten) ~ Fula) - cho>+F<w>>K'(F e o2 @)Hc«m )

o
Bi
o

+h | 2 y(z:',,(wo) -—F,.(a:) F(mo)+F(w))“‘K"(A)H (dw dy)

Fﬂ\ '0) F”( )
ﬁ’K ( <f+ 10,.>hm») o ‘z”)

+h? j (F (azo) F (a:) ¥ ((fj:;f)(,f) )K '(41>En(dw, i
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’*ET;m R R o a7

where 4 is botween (F,.(wo) —F(2))/h and (F (@) — F(m))/h and A1 is between:
(Fn(20) —Fu(w))/h and (F(a0) —F(2))/(1+016n)h. ‘ |
“ In the sequel denote by O an absolute constant whose valie may be different
from appearance to appearance, o L
Lemma 8. We have
hm(nh/loglogn)"sz-—O a. 8. .i.=3, 5.
Pfroof Oonsudel Ts,, Oleally ‘ o

Tul <OW° 55, , (Fa(®) oo~ P+ P(a) j j 1 )
and - |

J.leIH (da, dy)——-Z|Y[-—>EIY\<oo 8. 8. asn—>00,
Thus, by Lemma T and thecondition i) o |
11m (nh/log log n) 1/2T3,,-— 0 a,s8.
AplOpOS of Ts,,, smée Kiis bounded we have

Fo(a)~Fa(o) =L, g”fcﬁf;gm) | J f v H(da, dy)

| Tsn | < Ohn™2 su

|P@)~F@)| <A+010mT

K OR? sup | Fu(me) ~Fa(w)~ F(fvo)+F (w)l”lylﬂn(dw, dy)

IF(T)-F(a'o) | <2h

+dh"1onff|ylﬂ (de, dy),

which, together with Lemma 1, 1mplles that it suffioes. to show -
o hmh-ij IyIH,,(da;, ) =0 as )

For this, ta,kmg X m=I<n<m<m)—1r<xm<<1+cxe,.)n>, we have

” |y | Ho(do, d?/)<- E | Y 4|I<n<m(x.)—F<mr<<1+c;e..>h>

1/2 1/3 s e
<(% EYQ) (1 3 X,,‘) . (o)
nE K= o
~ Condition iii) 1mphes that EY”<oo, and o that’ Bl
_ZY“’»EYL’ S I (20)

Also, it is ea511y Seen that
, Var X,,;<EX,.;—P{h< 1B (X) = F (@) | < (14040,)h} = 20149 .
Henoce KX, =0(h?) via the condition 1), a.nd then f01 a,ny s>0 and n large enough
Bernstein’s inoquality shows {yv o7 W0 e 5 ; T e e
{(nif) P X,,;>2s}<P }E (X~ EX,..) >nh2 } o
T <2exp{ n%* 2/2(2017&9 h+nh2s)}




» Ne. 2 @ Hong, 8. ¥. N EIGHBOR—TYPE REGRESSION ESTIMATOR T 189

<z ey (BEBER) )] 0o,

Therefore, we obtain by BoreI—Oa,nteHi’s lemma and letting s—>0-

Hm —— EX,,,--—O a.8.,

: ) oo W;h gl
whioh, combined with (19) and (20) ylelds (18)
Denote

. By={®, | Fy(a)~F (wo)|>h | F (@)~ F(wo)|<h}
Noting that K and K’ vanish outside (—1, 1), we have '

Ti,=h7* JJyK < F(m°> F(m) ) H,(dz, dy) h" JJyK ( F(m") F(2) >H (dw, dy)=
AT, —T0 ‘ | |
Ty =2 ﬂ Y(Fo(t0) = Fol@)~F (o) - F(m))K’ (F (%) F o )H (da, )

s [J g/(Fn(mo> _ ”v(m> ~F(wo) +F<m))K’_ (_F@;O)h F(év):)‘Hn(d?; dy)

2T,
Lemma 4 We have for a. e. wo(F) L _
 Im (nh/loglogn)ifzmz',._o 8. 8. b= ~1, 2 N (21}

11m (nh/log log n)i/ 2T4,.—-0 a. 8. : (22)

/rOOf Flrst by Lemma. 2'we have
Bsc{m; (100, h< | F () = F(wo)[<h}AB4
Then T |
4 -3 — —_ ; I -1 . ' .-
T SOWmp () =) =P+ P ) j; [ | 2| Ha(da, dy), -

and henoe slmﬂarly to g, - v I

11m (nh/log log n)w'_ﬂ =0 a.s,
Next, ta_ke . T e
Bs~={w, h<<|F (2) — F (o) | < (1+6:0,)1},

~ F(wo) —F N
. K n(w) = IK ( (<f£01 an)gf) )l ;,(”f:"?,(f")}f:"@:!ﬁqﬂ’a")hi)-"‘ »

T4n<h“ j miz Fffggclf)(;) |H<dm, dy)

| .....2 (K X,)[Y‘Q—EK (X¢)]Y,l)+k “IE, (X)IYI
,,.-i—T” : S '
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=7 [[ |y Ko(a) H (dm, a)

=n| ( r,’ﬁ(w)K (@ F (do)

—_ -1
J’1<t<1+0190 m(F (F<w0) kt)),K(1+ ¢, > dé o
P .
1
<010 1<ts<li+c;6nm(F (F((I}o) ht)>1<t§&£19n ’K<1+010”) ’

~Where m(e)=E(|Y||X= @). Since h—>0 and
F ({@o; 0< F (w) <1, F- WE (w0)) =ao}) =1,
‘we have for a. e. wo(F) and n large enough
sup  m(F1(F (@) — ht)) <O< oo.

1<t<1+019

‘Then by the oondltlon lim K'(4) =0

1¢1-1 A _
11m (nh/loglog n) V2T =0 4. s. for a. e. a(F),
As for T, Theo ‘om 2 of- [3] guarantees
lim 1 sup (2n02 log log n)~¥ 2TQ,,-—1 a. 8. , (23)
‘where, taking m*(s) =B (Y | X =ug),
oy = (nh) "2 Var (K,(X)|Y])

1 it 2( Lo
S n'h 1<q<1+ole,.m (F (F(mo) k) K 14e40, >dt

010,. % 1 5 .
S 1a B, ™ T (@0) ~ W) K (1 To ) o(D)/nh .

for a. e. @(F) and n large enough. Here 0(1)—0 as n—>co, Henoe (23, 1mp1ies for

. O, (00(17’)
lim (nh/log log n)¥2T", =0 g, s,

Finally, observing that S
1l <571y 1| (LT @) 710, g
. By . . .

we get similarly to T,
11m (nh/loglogn,i/“’.'l’ =0 a.s. for a. o. wo(F),

Thus (21) and (22) hold. ;
Now write &, ()= F,(x) ~F (). Then

T, —h‘z.U (y— m(m))(a,.(wo)—an(w)K’ (F(%) I’(w)) ,,(d:v, dy)

+h” 2f (m w)—m(wo)ﬂan(mo) —a, (@)K’ (Fm — ¥ (a) )F (d )

-+ (ap) f (0 () = o () ) K (F @0)7& F (a) )a,,(dw)

+h"%m \wo)f (a,.‘( o) — 0, (@) ) K’ < F () }: F(a) ) F (d=)
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A2 Jin

=1
Lemma 5. We have for a. e. xo(F)
- lim (nk/log log n)*/2J,=0 a. sy, 6=2, 8. (24)

Proof Let ai (8) =U, (8) =1, 0<t<1 (U, (2) is as in Lemma 1), then @,(X) =
a,,(F(w)), o€ R

‘By the contlnul’oy of ¥ and the boundedness of K and K’, an integration by
parts shows '

[ ael =] w»;(wo)h-é | j‘ G (00)) ~ 5 ) ('—1'1“-’91?—%) (1)
l m(%) h—zJKI (M) d(a,,(F(wo)) —a,(u))?
<Oh‘3 sup (an(F (@0)) —~ an(u>>2

umF (0> 1 <
And so from Lemma 1 and the condlmon i) we deduce that

1im (nh/log log n)*/?J3,=0 a. s,

Furthermore

Tal<h  oup Joua) —a(@)] [lm(@) —m(a) || K (F2TE )ar, ).

From this and Lemma 1 we seo ’nhat to complete the 'plOOf of (24), it sufﬁoes to
prove that for a. e. wo(F) '

limh‘1jlm(w) m(m)[lK’ F(W F@ IdIf’ (m)——O a5 ()

n—I0

For this, nole that L .
h‘lj_lm(w)—m(mo)l |K’ F(%)}:F(m) >‘ dF (o)

= [ 1m(#-47 (o) —uh) ~m(an) || K" ) |
Slnce F-(F (wg)) =wo for a. e. zvo(F ), Theorem 2 on pages 62-63 in [9]asser ts that
lim [ |m (@4 —uh)) ~m(F-()) || K@) |du=0

i

for Lebesgue almost §11 5, say for all s€ A. By the continuity of F, we thus have.
P ({oo: F(w0) €4, FA(F (a0)) =) =ae}) =1
and so f01 a. 0, wo(F) -

hmh-ljlm(w) m(w)IIK’ (£ <m°> —F(2) \dF(m)=0 a.s.  (26)

Now define _
m“’(w)=E(YI<m<a,.>HX cv>, m‘”(w)—m(w) mP (@),

XD = |mP (X)) —m& (w0) lK'(F(“) hF(Xs) >, j=1, 2,

It is easy to see that HX® =o(h), and, from this and (26) that BXP =o(h).



192 ' : OHIN. ANN. OF MATH. S Vol. 13 Ser. B

* Furthermore, for every ¢>0 _
P{ 1 (X‘z’ <2>>| l>8}<E(Xﬁ’)2/nh”8’ _
SEY?I w1500 mases

and the condl’ﬁlons i) and iii) 1mp1y that 2 EY I yyi54/nh?< o0, Therefore .

lim = 2X<2’—0 a5 | (e

Lo nooo - TUY =1
On the other hand, smce X¥<0a,, Var X,EP<O for 1<i<n, w117h the

vcond1t10n i) and the a.SSumptlon on a, we get by Bernstein's mequa.hty
{ _BX®) >s} |

- <2exp { — (nhe)?/2(nVar X 5y +~0a,.nks)}
<26xp { «—Onhz/(l-l—w,.h)} =0(n"®),
yielding f01 a. o, oo(F) .

hboo nh
Now (25) follows from (27) and (28).
Lemma 6. We have

2 X(l)___(‘).:.‘gal.".,.s‘...‘: ‘ . (28)

ij(nh/loglog n)1/2J'1,.=0 a s (29)
Pfroof Let M be the oonsta,nt in'the 11ght hand side of (12), and put o
Bn(a’) (an<m0) “n(a’)) G SI‘«’u(’ﬂ)l »lan(r.)—fn(0)ltz2M (n‘fh lozlfg'f)f")o
r‘I‘hen (29) follows from Lemma 1 if o ' |
' 11m (rn,h/ log log n)Y3J =0 a.8.- . o (30)

‘with

w=h" j j (y=m(a))8(@ K" (F ()2 )H (da, dy)
() 3 - m(E) B KDE” (1” (o) F (X))

s achieved. To demonstlatevthls, put R
Y“—-YiI(,y,Kw, Y@=Y,-YQ, ng) =J1.— Ji,? with

J(z) (nhz) 12 ( “mm(Xs)),Bn(X;)K'(F(‘EO) F<X ) )

/

Observe that conditionally on A,,=0'(X 1 vy Xu)y Va, o0, ¥, are mdegendent :

and L
j?E(J“’lA) E(J‘2’|A,.)==O

BT 4) = BB -y X (BT (1 OB ) 2))

while, sinec K’( F<w°) F(w)> Owheneve1 IF(wo) F(m)|>h

e <X>K’(F<‘°°) F<X‘))l<o (g log “>”’ PN
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we have for every s>0
" 3P {| (wh/loglog w)2I2| >s}

<s™? 2 (nh/loglogn)E(E(J{z”lA ))
<O 2 (nh/log log n) (n‘ih log log n) EY L (171500 / nht
<0 ZSEY’ZI(|Y|>,,,-,)/nh2<OO

so that B .

lim (nh/log log n)Y2J® =0 a. 8.

" To deal with J§, since

1Z4] 2 | (7o m<1>(x,>)3n<X)K(F @0) F F(X) ’<0a,.(n"1hloglogn)1/2/\b

We.get for every >0
P{(nh/log log ) 270>g| 4.}

<exp{—is (ahs log log n)¥/?} H B(exp(tZ ) | 4 )

<exp{ —is(nh*log log n)ifz}n(1+-. OLB[(T P —m@(X.)? | X, 1™ h 1og'1o'gn).

an then |
P {(nh/log log n)*/2J > >8}

- <exp{—ts(nh®log log n)*/?} [1 +-%— O#*(n~*h log log n)

xo BT~ <X1)>2]"‘

<exp { ig (nh®log log n)¥/? 4= 1 Otz(hlog log n)e’™ } &P,

Notmg that there exists bounded sequence ¢, satisyng
o/ @k —>0, nha;, 1# /logn—»oo
We thus have with #= by,
P,<exp {“ 2 B, (nh* log log m) }'= oxp{ —Onkaz%,} =0(n~?)
and so by Borel-Oantelli’s lemma B |
lim  Sup ‘(nh/log log n)‘”J P<s avs. L (81)
Similarly ' - L e B
: hm mf (nh/log log n) Y 2J {”> -8 a8 - (32)

Therefore (31) and (32) and letting &—>0 yleld
| e ,_._lsmq__(nh/log logn) /2T =0 " a. 8,

and so (30) holds. : N b e
“Proof of 'I'hearm 1 -From all above we oonolude tha,t (4) follows frOm the
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~ following , ’
lim sup =+ (nh/log] 100' n) 1/ 2(T it 4n;~-’;7?'§(wo))

= (Var (Y[X—wo)j Kz(u)dfu)"/z a. 5.
To estabhsh (33), we have by mteglatmn by pa,lts '
Tum ~ (@) | (o) — ()i ()=o) )

f B— <F<wo>;F<m>)dan<m)_-

Then

(83)-

Tho 4T o = FinCon) =37 [[ (=~ m(w))K(F @) =F®) ) (11, t,ay) ~ H(a, i)’

and by’ Theorem 2 of [3]

lun  Snp + (2no2(n)log log n)‘i/z(T +J4,,-ffr7z,,(mo)) =1 a.s.

where, with mo(m) E((Y m(@))?| X =w), C
| o2(n) = (nh)~2 Var <(Y m(a; ))K(F(%) F(a;) ))

= ""*‘“ J mo(F~(F (ag) ~ht)) K*K* () dt

h f’m;o(F 1(F<970) ht))"mo<wo)>K2(#)d$

+ —l— mo(wo) f K?‘(u)du
Note that mo(@o) = Var(Y | X o), and snnlla,lly 10 (26)

j (mo(F*(F () = ht))-—mo(mo))K (zﬁ)dt-—>0 for a. e a;o(F),

(83) follows from (34).
To prove (5), set

Then by takmg Y ;-—1 in (4) (4) ensures that for a. e, wo(F)
hmsupj:(rmh/logloan)i/ (f,,(a;o) J’ K(u)du) 0 a. 8.

(sinee in this case, for 0<<F (mo)<1 andn large enough -

F@)=D/h |

() =h 1IK< F(zvo) F () )dF( - J'F(a:a)/h v (q)du=j:K(”>du' L

1;110 F ({ao; 0<F(mo)<1}) 1) NOW |

don(a0) — T (a)bt T VT
= (1 (@0) 753 (6) )/ o (dh0) +71; (210) (B =T (wo))/fa (wo)b
(5) thus follows from (4) and (8b).

. Remark.. Fr oru:above proofs wo can see that the. eompamh\fely strlot oondltlon

oy

(35)
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lim K (%) =0 can be cancgelled at the expense of losing the exact value of LIL. For

iti=1
example we have

Gorollary of Theorem 1 Umler ol comlzt'bons of lewem 1 emcept for ll.'unl
_K' (£) =0, we have L ‘ '

lim sup (nh/log,log n)/?| m,(@0) — My(a0) | <O a.'s.
M 00 . - S PR i . ‘
lim sup (nk/log log n)*/2| 1, (a0) — Mn(20) /8] <O a. 5.
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