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A LAW OF THE ITERATED LOGARITHM FOR 
NEIGHBOR-TYPE REGRESSION 

FUNCTION ESTIMATOR
• • • •

H ong S h en g y a n(洪圣岩广

• ■ ' ■ . . . .  .
Abstract

. ■ .
. . .' … .

Let (X , T ) be a  two-dimensional. random variable. A law o f the iterated 
iogaiithm  is established fo r a  Smoothed neighbor-type Estimator o f the regression 
iunotion ? » (a ;)= S (Y |X = a ;)  uader conditions much weaker than needed for the 
N adaraya-W atson estimator. Also the sharp pointwise rates o f strong consistency of

■ this estimator is discHsised in detail.
, , •； •

§1. Introduction and Background
Assume that (X , F )  is a two-dimensional random variable with finite 

expectation .© (F). Tlien the i* * *egx*ession funotion m (ct})=E (Y \X —a>) of Y  on X  
exists and is (almost surely in x) uniquely defined in view of the equation m (X') 
= B ( Y \ X ) .  Let (X i, F i ) ,  ( X 2, Y 2), ••• be independent random observations 
with the same distribution as (X , Y ). I t  is required to estimate mQc) with these 
observations.

Nadaraya1-73 and Watsoncl 3 independently proposed the kernel estimator

± r iK ( (< c - x i)/h)
----------------- .■--------- , .(1)

S  I ( 〇 - 工 ) /¾

•where is an appropriate kernel funotion and ^==^„-»0 Is a sequenoQ of 
bandwidths. iSirwe then， tliere have been lots of researohes in literature about its 
oonsistenoy and rates of oonyergenoe. HardleC3：l established a law of th© itei'ated 
logarithm (LIL) for mi„ and obtained sharp pointwise rates of strong oonsistenoy 
of mu under conditions requiring a) the differentiabilities of m(a?) and density of 
X  land the continuity of E (Y 2\X  =  x ), b) appropriate rate on the tail of E ( Y 2) ,  
HongM：1, with slightly stronger condition on Y  than that of Hardle, extended 
E a rd l^ s  results to t ie  oase of random bandwid-bh kernel estimator (i. 〇•，

Manuscript received March 27, 1990.
*  Department of Mathematics, Anhui University, Hefai, Anhui 230039, OhinA*



JbC[qSi9n q.gfoj'BOtt Suipripnr sf-to^niT^ jeu-Te ̂tj^px^pn^q raopn^x .toj ^n；) M8^〇H

^(si^rax^Te .xo| qjfjJ ^1¾ si^0 ©pufo^ ^ttil
X̂Tgxi0|) vio : Qmos xiot̂ot 〇q,v\©̂pf m ; ^^ott^oqj" ̂ |

；■ • •ttoxq.otmj ^isttep

jo ^dqifSten ^sei^etr .toj [g] xif euop s® wm ptt« ww：joiotc^STS^：oa Sti：Ĝ
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estimator)*

§ 2。 LIL and Sharp Pointwise Rates
Let R n(x, y) denote the empirical distribution function .of F j) ,  •••,.

(X„, F n), H (x, y) and F(<d) denpte the. distribution functions of (X , F )  and XI 
respectively. Take ■ ； ,；： . , . ;

mn{x) ) H(dco, dy).

Now we state our main results.
Theorem  1. Assume that E  is support of K  is ： ( —X, X) ~̂

S  (say), that K  is twice oontimomlyMffermtia^e withm lim K { t )' . . . . .

I f  the following three conditions kold̂  ； ■
i) hr—Q, nhy log log n -> 〇〇,

ii) lim Mm sup sup
€->0 n̂¥〇〇 m̂ {!mi\m̂n\<eny

.h“ .'.....-
K =〇,

iii) 2  (h /log logn)E Y % m>an) < ^ ,n=3
where % = 〇( ( ^ -11〇̂ ^ ^ ) 1/2/ ( 1〇§^)?), tkeiri we have for a. ©. a)〇(F )

lim  sup 土（并V 2 loglog (a?〇) ( a ; 。 ) ） = 〇* a.
»->〇〇

andy when 6== [K(^) d^^0y "
J .

lipa ^ip 土（W/2 log q) 1/3 〇̂ ”(a?0) - $ „ ( » 〇)/&) =  cr/& a. s。

⑷

(5>

where <x = ( V a r (F  |X  =  o；〇) f

Theorem；!  implies that sharp pointwise rates of strong ponsistenoy of mn and 
take the, 曰 pf p IL , Tp show o îe need日 to pi.〇v^

. （wV細 log.扑) v  乂̂ (①o)~T%(⑦。) ) _ 喊 ; •  。 .v ' ( 6)
While the oonvergenoes of the ^a fcoohastio o〇Eapon©ntsw mn—mn and opuld
be proved under minimal assumptions on th© underlying distribution, (6) 
typically needs some further conditions whioH guaraiitee mn(x〇) at a,
satisfactory rate. In our oasei smoothness of the fup.otion

.^v ： H ： - ：r ；;：；v ^
. .. ■ . . . .  ■ - .. ' 

in  a ii^ighlDorhdod of that in: tti© case； of the kernel es¾imatol^
the smoeiihness of m(〇j) and density of X  are required. a : a !

; T6' state our-results, foi- integer r > 2; let Sf(o?6) the set of fuiaotions m and
^  i^  vihijoh 8  is T-iixxxes cdhtinoioufily dififereiatiable in d 1 ̂ neighTaorlibod -
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(s〇) 汉( ^ 7 0 0 ) ) = 0  for ¢ = 1 ， …， [■ r —1 
" T " J

Theorem 2 . Under the assumptions of Theorem 1, let K  he suoh that
r- \

(sa) jK (u ) d u ^ l i

(¾) U (tcjdu^O foT

I f  m cmd F  belong to JSr(co〇) cmd 
iv ) limM "r+Vlbglog^===^<〇〇,

then we have

；an.d
、踔m sup 土(jnh/罕log lp g n)1/2(̂nn(^Q) — m (xay) =  a ± a • S•

fi->〇〇

.Iim.sup 士 a .s .

(7)

(8)

whenever (4) cmd (5) cure satisfied respeetimly. Serfi /

cr± -^ V a r  (F  ( X =a;〇) |  £ ：2(m)<Zm) 1/2±  汐(r)(jP〇0)) j V g (M )版

• ； •
Now we give the proof of Theorem 2f that of Theorem 1 is postponed to the next

section.
Apparently, it suffices to prove (6) holds for

a= 〇H %
rl S (fX ^ 〇 ) ) j ^ ( u) d^ (9)

B j  Taylor^sJLemm^ and the assurap-tions and noting tta t
(̂¢0)/¾

(10)

h~i r k  ( i - ^ i r . z ^ y \ dF (u ) = r 、 —" K (u )d n ^ i
• •'.， ." . * . . . .  ••； ...... ..， • •、 ， ■ .

for 〇< ^ ( « 〇) < 1  and n suffioiently large, we have ,,

mn(<〇〇)  — m (〇!〇) =  ̂ -1 | ( m ( « ) -m (0 〇) ) K ^ (cô ^  dF(u)

、 f j*p s fC F (吻).一d ) —汉(夏〇〇) ) I ( « ) 却 ”

4=去 — (解 ⑷ 财 '

where A is "between -F(®〇) and F(co〇) —uh, Henoe (9) follows via the domlnent 
•oonyergenoe theorem, 、

Remark • 'If p如典 oo^e? a 知rn^l 寒■知r 神 4〇!1 ，震〜)却《Ô fĉ r ¢== 1，2，…， 

•r—1, the assumption (§〇) may b© deleted, Foi* r > 2  this may be only aohieved if on©

It follows from Theorem 2 that for apipropriat© m\ F y K } and b Satisfyng iiliei7 
幻 紐 迕 谢 雖  ̂ 如组  tWiSia 〇(^v故g— ^ 一 ‘ 鴨 y at :ba6_  :i^aoh

l o g T l i t o  #M t-liapp6ns  ̂ -  v - 5 >
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By Theorem 1 w© have in this oas© > - . *
lim (n/log log n) r/(2r+ly(mn (x〇) — mn (x〇) )=0  砰• s a
»7+00

On the other hand if  |  we have by (10)

lim (n/log log^)r/(2r+:1)(mn(a3〇) ~m(a3〇))  — 〇〇 a .9.
n-̂ oo

Hence the rate of pointwise conyergenoe of mn *to m can not reach (n/loglog n ) ^ ^ ' 1̂ .
■ . *

If, however, ^urK  (u)du =  0} (10) guarantees that fox* some constant ¢7> 0

I mn(x〇) -  m(®〇) I =  —-n.
f  ufK ( u ) { S ^ { ^ - S ^ ( F ( x 〇)))du

sup I 汶(— (%) + i〇 —S(r>(^  (®〇) I 会 O^S„.
Iil<A

Note that lira 8n= 0  in view of the odritinuity of j8̂ (r) at F  {〇〇〇), tHere must exist h  
?!—)0〇

satisfing i )—iii) and y) such that : ;v .
lim sup. (jnh/log log w) V2} m»(a?〇) j-t m(co±) | <  〇〇 a . s .

t l - ^ O O  . * •

8iH(l SO, / . ; ;
limsup (M /loglog 扑V’  I饥“ ①〇) — ①〇) l < ° °  〇<• s . (1 1 )，n—〇〇 , .

When, for example, )Sf(r) satisfies S-Lipsiiitz condition (0<S-^1) at F(x).r mQ oam 
take h =  (n/loglog n)^1̂ 2̂ 6̂  such that (1 1 ) holds,

Fi*om all a"b〇Ye, w© get
Theorem 3. Under the donctitiom on F\ aM K 1 assume tkat h1 satisfies i)— 

i i i) . Thm we ham •
1 ) i f  iv) is satisjiedj the Tate of pomtwise comergemo of mn to m may at most 

reach (n/loglogn)"r/(2,*+1)；

2) i f  y) is satisfiedj thenj when ^urK(u)du=^Ot the rate of poiniwise comergence^

of mn to m cm not reach (n/loglogn)~r̂  r+1;； cmd when J urK (u) du =  0, the rate may

exceed ( / ^  example, the rate may reaoh (w/loglog7i)~(r+6)/(
i f  8 {r) satisfies d-Lipshitz condition (〇< 8< l ) ) .

Olearly, the result of Theorem 3 is also true for mn.

§ 3. Leihmas and iProof of Theorem I

In this seotionthe proof of Theorem 1 is decompose^ 碑 to ^  .辨 - 
'Vf© begin with m^ntiomiig th,e in eq u ality  ; ; ； ； ； ■；

inequality, U t  Z ^  -vr, W ia d e p e ^ e ^ ^ ia b le a  su<* 
some 〇 > 0  and a ll P {\Z i\ < 0 } - 1 .  .Then .we have for every t> 0  y>j ；；；〇*

P 2 (1 ¾ )  > 4 < 2 exp 丨 脅 翁 :
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Ohen-ZhaQ^ inequality. Suppose that Zx, Z29 ••• iS a sequence of iid. variabas, 
and the oommon distribution 丑  is continuous everywlie:re on iJ1. PenQte by 
e. d. f. of Ztl •••, Z n. Then ther^ exist ab^lute oonstaats 〇 i>0 , ¢ = 0 , 1, such 
that for any s > 0  we have

P{B uV \Hn( A ) - S ( A ) \ > B }

<  0 ! ( V  & / sn/  w + I / J )  exp 十 仏辦乂

where W is a set consisting of some intervals JR1 witli
sup 丑（_4)会&<1 
XSJaf .'  • - V • - • , » .  .  .

and n/logn is greater than O〇/s .
■ ' ； • ； ., ,

For proofs, see [11] and [1] respectively.
- ' . . .

Lem m a 1 . Suppose ihat F  is Gontinuous, <md on-̂ >0 satisf ying lim inf w n(loglogw)n-̂〇〇
/( lo g « )2= 0 . Then we have fo r  some Mp-0

lim sup CVen log log n) 1/2 sup | F n(x) —F n(x〇) ~  F{oe) + F { x 〇) \< M  a . s .
n-*〇f> I iT〇p)—-Pv.iro) \<〇n

(12)
Proof Take i = l } 2, •••. Then. TJ%, U^y ••• ate ixd tfJ09 1]

■ variables, and

^  - sup j Un(：i)-TJb(t(d -  i +  h ! ^  Lt\t̂ -t 〇l <〇nft tt 〇6 [0»1]
where Z7»(i) is e. d. f. of IT"!，U2，…t7„. Therefore it 声uffices to show for 血 > 0

lirasuji (n/cnl〇g l 〇gn )1/2I n< M  a. s. (13)
n->〇®

For this, suppose w. 1. o. g. that 0 < t 〇< l .  Let '
(Xn == (log n) /log log n, t j= t〇+ jC X ,  

nvhei*© j  is an integer with |/ | < l + a n. Thea；for w large enough
I n.< max sup \U » (t)-U n(t〇)-t-\-t(i\ . .

会 l：u+Z2»’ (14)

vhere ^  denoted the set of iiitervals in [a  ̂ ^6+ 0̂ ,] whoste lengtihs are1 sHorter
% n  ^On, |4 |  denotes the Jen^th o f4 ,  v , , , ,

It  is apparent that foi* n suffloiently large
• ■■■. •■  .■  • ,  . • • ,

； S U p l ^ l ^ ^ A & ^ I

and w/log^ 5 1̂ 0̂T all large Mt  ̂ w^exe . jS〇 w© get by
Ohen-Zhao's inequality

P {l2n >B n }<〇 iW  bn /8nW n + l/b n) e ^ { - 0 2nsV&J+C3 6xp{--(74n6n}

( 4；' ^ I ; ? k：：0 ^ r f i n ^ m  i - M l . % . 4  +  ̂ 3 - ；：

looting that lim inf w〇n(loglog»)/(log«).2>(), we see that th^ right hand side of
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above inequality is bounded by 0(n"2) for Mt sufficiently large* It then fo llow  
from Borel-Gantelli^s lemma that

lim初 p (抑/¾ log log a • S • (15)'

F ora , 6G [〇, 1], ^>1, define

where denotes the indicator function of set 4 .  Then

m a s 2 S j ( i 〇, t j ) .

Suppose 1. 〇• g. that ，？1〇„ 个• Let 抑饥= [0^ ] ， 一 for and
•.七 ；..•

Mx(rtGnlo g lo g n )1/2. Denote fox*

5 max
. i / 1 <2w

nm 1
^ 0 + ^ ¾ )

max
I =»m+l

J h m a x
.I/!<!+«» g _ 0 + [ K W ] 4 ,  ¥ 心 ） X

Since for any 0< « < &< o .< l  .,
Bi(a, b )+B i(b , e )= B i(a , c)

and ^ 2m for j j  j < l + 〇〇, we have for nm< n < n m4i
{lin^ZM ii^O nlog lq^n^-jdA m lJB n  U D„.

Therefore, if we can prove
■! i.："' • ； .... . . .. 11 .̂ 5 .. ... ..- •' •. ； .... . ： . ！

P  y 二|̂)+1 (私 U'J?，) ĵ P°，. • （16>

then
K m P { u

that is
lim 白up log 允) v  liW  av s • 丨 ’

n ■ \ ) ■ r； ；： V：；i：
which, together with (14) and (15), is tankmount to ( i3 ). Tims, to prove (13), it : 
su伍oes to vetiify ( i 6) • Now 士杠穸 verification of (16) 1旮 tlid

[§31
；u； h satisfies tlw ecmdiUm X) t {ihm there eocî  of sets:A^

satisfying lim p\  U  ihat for |^»(a5) — ̂ »(o?〇) \^hy ields \F(jB)^
l»=：fc J .. ，■.-S V； ■ .： ：̂ -. iv - V-："-"：' T^VVu,：.：;■;,,； ■;,；；

J (吻) | < ( 1 + 。1似办, 《tmZ I’ 》(〜 了 」名 (a?) —J(®〇)|< A  ^#id|*F(a〇 — 

-F(^o) cohere 9n— ((½¾)-1 log log 9¾)1̂  bt, c2 > 〇  are oonstmis.
Proof By the well-known S&iriiby^diiiin^s tHeorera w© Hay©1 

lim sup ( V l ^ l o g ^ ^ s u p  \Fn(^x)-F((〇) | = c〇 a,
0

for soiia^〇〇> 0 , IifolloWiS that lin ap j Q  =  and 5 that for \F n(os)--- . ; l»=fe J ..
o：v ^ r r 1 ：7;, : ; : %iP :.■ }(：//：■,

F nQc〇) j < h  yields | J?(a?) —-?(〇?〇) | <2h  for large ny where
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幺加= {c*>:(抑/log log 扑)1/2 sup I — # ( 〇;) I
s

Honoe, note that nh (log log n) /  (log n) 2~><x> via the oondition i ) , Lemma 1 guarantees 
that for some M 2 > 〇  

Jim  sup (n/h log log n)1/2

which， if taking

sup
—iPW((P〇) I

9** So

^ 2n ̂  {<〇： (n/h log log 9¾)1/2 sup I F n(x) — F n(w〇) — F ( 〇}) + F .^ 〇) j> 2 M 2,
1 (¢)-^(^0) 1 <h ,

• . . . . .  ^ . • •

ensures that H m P jO jL a tj^ O ， and that for 〇)巨為阳 |_Fft(a!)—_F„(a;9) I y i e l d s
JĈoo Lft—fc J

1^ 0 ) - P 〇0) j <  (1 + 4 M A )、

On -tHe otliei* hand, if we write ■'
ASn =  {c〇. (n/h log log n) 1/2 sup | F n(x) — F n(x〇) —F (c c )+ F (〇;〇) | > 2 M }

we have by Lemma 1 that lam P \  Q  —0, and that for 〇)^,A3n, \Fn(〇}) —̂ nicoo) \

and [^ ( 05) - ^ ( ^ 0) \<.h .yield that ,
[ F i x ' ) - F ( 〇B〇) \ > F n,cB)~Fn(ai〇) | - 2  sup | F n(co) -  F a{as〇) - F ( x ) + F  (a?〇) |

' I編一沪_<&

Now taking An^ A 2n[J A3n} we complete the proof of Lemma 2.

Since J.ft satisfy lim P { ：Q  > ^ 0 , whioli have no influence on the following

disoussion, we can and will assume that all An are empty sets.
Now define

• Bi =  {x- F n〇3〇) ~  Fn  iC〇) I' ft? ] ■—2^(〇/〇) I
： > s 产 尺 ⑷ ―尾 (> 。 ) ⑷ +

Since the support of K  is ( — 1, 1) on whioh K  is % i〇e continuously diffex-entiable, 
we have by Taylor expansion and^Lemmo, 2； ̂ guaranteeing)tliat |^(a;) |;<
( l  +  ci^»)ft if \F nra) —F n(cc〇) | < h )

、 .. -,,■ +• . ... . .. :'v.... v •
tn»(350)=¾-1 IJ* yK  ( 5 ( 3¾) ~ H n i d x ,  dy)

Bt

^ r h - ^ y i F A ^ ) - F ^ - F ^ t F ^ y i K ' ^ d y )
t . ■ M ! - . . ■ ■ ■... . . . .  ： V  .: .. . • . . . . .

物 )广  _ * )  ¥  ■ + 尋 ) W ⑷ 丑 》 _ % )
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^ ± T ,n ； (17)

where J  is between (®))/A and ( # ( ^ ) - ^ ( 35))/¾  ̂ and A% is between
{F.n(<c〇) —F n(x))/h  and (F (x 〇)--F (a)))/(1+C t〇n)h.

Til the sequel denote by O an absolute constant whose value ma^- be different 
from appearance to appearance. ' .-

Lem nia 3 . We Mve
lim(nh/loglogn)1/2T i n = 〇  a . s. ¢==3,5..

. ' • » . . . "  
Proof Consider T 3n. Olearly

- • - . . ： 

|!r8j < a r 3(̂ s u p )j<ft +
s jid

\ y \ H n(dc^, =  \ Y i \ ^ S J \ Y \ < <:>^ a . s. a s <nr^〇〇a
9¾

Thus, by Lemma 1 and titeodnditioii i)
lim (nh/log log n) 1/2TSn =  0 a. a.

. . .  .

* Apropos of T 5n, since ^  is "Bouiided, we have

\T5n\<O h~2 sup F ^ ) f f | 2/|.Hfl(& , dy)
\FCat) ̂ FC!P) \ <a+〇i0«)ft • : . 乂丄十 J J

• '

.‘sup'- :...|_F„.(;c0) —& (£〇).“ 丨(>0) 屮丨({1! ) | . ％ ) . ,
■8*

丑8

which, together with Lemma 1, implies that it suffices, tb show

Min f f I y I H^dco, % ) =  0 a . s .

f  [  12/1 Ay) S  \ ̂ J J  9¾ <=X ■

(上8>

(1 9 )

Oondition iix) implies that JB F ^ <〇6 , and so that

^ E Y 2 a . s.1 n
7'，..n. tSt (20)

Also, it is easily seen that
轉 r 挤《— ( : )  ⑷ , h<  (1+,(成 )补 =釦 冰 木

He.noe _BXnl=o(A2) via the ooxiditioii i ) ，■ and then for any s > 6+ aad n large enough
. ■-：  \  v

Bernstein^ inequality shows ：'-v- ' J ：：\. • - 1

p{(繁 1t e 油 參 & 翻
>nh2s

< 2 e i p i ^ ^ y 2 ( 2 ( ^ 0 J + ^ a ) }
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< 2  exp (nhsW^ ( 2¾ (今 夢 !i ) V2+ s )卜 沒 (M， 。

Therefore, we obtain by Borel-Oantelli's lemma and leiiing  s-»〇

lim — My ^ } . .X =  0 . a ,s .,
»-<〇» nti

which, oombined with (19) and (20), yields (18).
Denote

5S=={®. \F„(as)~Fn(co〇 ) \ > k ,  ^(¢)-^(^0) |<ft}.
Noting that K  and K '  vanish outside ( —1 , 1 ), we have

J X D j ’ O ) )  H n(dx, dPy
BZ .

会 n

2V=r2 J] y ( F „ { ^ ~  F n(x) ~ F ( ^ ) - F ^ ) } K f dy)

- r 2J ] ， „(彻) - 场 ) - 丨(彻) + 增 )亙' ( Z M z Z i £ ) i ) H n(& , # )

^ T L - T ' L

Lem m a 4. We have fo r  a. e. cd〇(F )

lian (nh/loglogny^T'U^O  a. s. « =  1 , 2,

'lim .(抑V l〇g l〇g 抑) 1/22V =〇  a . sv

(21>

(22>
; , l - i - . . . . . . . -  - : i. , ' ' -； • .

Proof F irst, by Lemma 2 we have

( l ^ j 此 汴 <  |丨 ( ® ) 会瓦 . 0

Then
, . . . . . . •:. :+:.

( ¾  I I J* ((〇?〇) - j " | \x\H„(d<Bf dp),

and henoe similarly to T 5„ ■ ..
lim (nh/log log n) 1/2Tln= 0 a. s.

Next, take
J5g={a;： h^s 111 (a?) —F {x 〇) | ■ < ( l + 〇i0„)^}?

l (ore)—f1 (®) I <(!•(•0 iff») A) 〇

如 丨 丨 [ 瓦 ( 軏 祕

^ T l + T l
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furthermore, for every e > 0

<  J r F 3I(|y | >anVtth^
OO

ibjxA the oonditions i) and ili)im ply that 21 Therefore
»=3

a. s. (27)
n，〇〇 nh i 攻i  ■

On the other hand, since X ^ < O a nJ V arX ^ ^ C ?  for with the
condition i) and the asisumption on an we get by Bornstein^s inequality

p { ^ i ±

^2exp {  — (nks)2/2 (n V ^ X ^ )~f Oannks)}
< 2  exp { Onk2/ ( l + } —〇 ( ^ a) t 

yielding for a. ©. w〇(F )  .:,.
lim S  0 a • 曰• ： (28)nri i^i

TSTow (25) follows from (27) and (28).
Lemma 6 . We have ......................

lin^n^/ioglogTO.VVin^O a. s. (29)
«•»〇〇

Proof Let M  be the constant in the right hand side of (12), and put_ ；. .； .../
^n(^) ^  (卬) )1  sup lanCa?*)—〇«〇P) I <23f (n**A log log ti)119)*

UPCr)--PG〇)l <h
Then (29) follows from Lemma 1 if

lim (nh/log log *n.)1/2J i„—0 a . s . (30)

f i t h
J ^ h r ^  ( ^ - m { p ) ) ^ K f (-生 ) , ( ， ) .) H n(dx, dy)

is achieved. To demonstrate this, put
with

Observe that conditionally on An̂ < r(X 1} X n), •••, Z n are indegendeat,
游 nd

…  玉 ( /扔丨 4 0 = 丑 丨  ■ ■ ' 'v '

14)=(^2)-1 S  m n f  - mf (X,))21X,) ( ^ { x d K r

■ while, sinoo ^ =  〇 whenever 1̂ ( 070) - ^ ( ¾ ) \>h ,

罐 锷 ' ( ■魏 麵 丨 續 : , : : . : :二 u
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we have fox* every s > 0
.. CO . 1

s  P  { I (nh/log log \ > s>

< 8-2 2  (nh/loglogn) E ( E ( J i r \ ^ ) )n-3

<  O 2  (riWl°S w) (vTxh log log n) E Y 2I (, T, >〇„>/nh*
tt=3

< 0  ± E Y 2I cm>aJ n h 2 < 〇 〇
ft—3

so that
lira (nh/loglogn)1/2J ^ —0 a. S.

To deal with J ^ ,  since

\Znl\ ^ \  (Y^> -  ( X {) )/3n ( X 〇 K  ) | < O a ^ h  log log ̂  4  b,

We get for every t> 0  
P{(nh/loglogny /2J ^ > s  I An}

< e x ^ {- ts (a h s log log n)1/2}  IX MJ(exp(tZni) \ An)

<  exp{ -  is (nhs log log «) ̂ ) ^ ( 1+ - |  K W  ~  W )  2 I ^  l〇g l〇g

an then
P  {(nh/log log n)V2J ^  > 8}

<©xp {  -  is  (nhs log log n)1/a}  1 + y  〇 tz(n~xh log log n)

x e ^ U i Y ^ - m ^ i X t ) ) 2

<exp  I  -  is (%¾3 log log to) 1/2 + - i  Ot2{h\og\ogn)6trn^ ^ P n.

Noting that there exists bounded sequence tn satisyng
%Ja„h -> 0, nha~H„/\og « - > 〇〇,

We thus have with t^buHn

P n< e x p I ~  y  K%(nhs 1<^logn)1/21 =  exp{ - Onha~H„}= 0(n~2)

and so by Borel-Oantellfs lemma
lim sup'O ^/loglog»)1/2* /^ ^ ^  a , s 。 ’  ' (81)

ft-*®»

Similarly

n

lim inf (nk/log log 7¾)1/2J ^  — s a. s«

Therefore (31) and (32) and letting s ->0 yield

liai (nh/l〇glogn )t/2J ^ a.

(32)

.x

and so (30) holds. K
Proof of Th^& tn 1 Froria a ll above w© oonolud© tiiat (4) follows from the
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(3B>

following
lim sup 土 M / l〇g w) + «/4d (a;0))

»->»〇» '•： .• •

= (Var (,F ,I X==a?〇) J x s(«)£^)1/2 a. s.

To establish (33), w© have by integx-ation by

( « n ( ^ o ) - a rt(a?))^jSr )

= = ^ d 〇in(a?)q

Then

Trln+ J 4n —mn(x〇) ^  {y — m{w〇) )K  ( ! ’ )入, ( 怎) ) dy) —E(das, dy)y

.(3 4 >
and by Theorem 2 of [B]

lim snp 土 (2〇 )1〇这1〇客抑广1/2(2^  +  / 4„ —‘ (物) ) 《 1 . a, s.

wlxere, with m〇(3j)—E ( ( Y —-m(w〇) ) 2\X^co),

a 2n(n )^ (n h y 2 Var ( ( F  -  ̂ ( ^ ) )

' 1 j  m o C F ^ t F ^ - U ) ) K 2K \ t )  dt
■%zh

vlh
I  m〇(F~'1( F  (〇}〇) —ht)) —m〇(x〇) )K 2(t)di

n h ^ 0(% )  ：J ^ 2(u )du .

Note that 7n〇(;e〇) =  YarCF" | X  =  ̂ 〇), and similarly to (26)
...、：：

I  (m〇( F " 1(F(a}〇) —ht))—m〇(a}〇))K~:(t)d t-:>0 for a. e. ¢0(.^),

(33) follows from (34),
To prove (5), set ' ;

/n(£C) e S  r ( ~  (iC) . , .

Then by taking F , = l  in  (4 ), (4) ensures that for a. e. x〇(F )

lim sup 士 (M /log log tc) v  Q/ „ ( »〇) —j 工 =  0 负• s.

(sitibe in this ease, for 0„< ^ (a；〇) < l  5,11̂  «  large enough

‘ 〇0) =  A-1 j* d F  (^ )  =  /ft ^  K { u ) d u  ：

wiiilo F {{(〇〇• 0< ^ (^ 〇) < 1 } )  = 1 ). Now
mn(a；〇) … ： ” '

= (mn(〇}〇) - TO；(^))//„'(»〇) -f ̂»(^0) (5 -/»(«〇)：)//»(«〇)&.
(5) thus follows from (4) and (35). '...,

• n E em ark . E ro^ ；afcwre jw-oofe wp oan see ikat tlie oomparatiyely striot condition

(35>
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〒 0 can "be cajioelled at the es:pe;ase of losing the e;xa t̂ yalue of LIL . Por

example w© have
Corollarjr of Theorem 1. Under all cmdiUom of Theorem, 1 except for Ilm

î i-> s、' .
K (f) =6, we ham ' ' - •

lim sup (jhh/loglog<tb) 1/21 m„(o?〇) - ^ (w 〇) \ < 0  a. s. 

lim sup (nh/loglogn)2/21 mn((c〇) -  mn(x〇)/b  \ < 0  a. s.
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