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DERIVATIONS OF THE GRADED LIE
ALGEBRAS OF CARTAN TYPE™

CHIU SEx (ﬁf? ',;i)“
Abstract |

Let F be an algebraically closed ﬁeld of cha,ra.cterzstm p>0 2, L= (—B Lm a gza,dedt

Lic aigebra of Cartan type over F. This paper glves a descnptlon of the ad301nt module- '
by means of the mixed product and the induced module so that the computation of -
Hi(L, L) can be reduced to that of the cohomology of L. Then the structures of the
- derivation algebras of L is determined. '

§0, Introduction
The Cartan’s theorem shows that nonmodular semisimple Lle algeblas do not

have outel derwatmns Let L= 6—) Lm be a graded Lie a,lgebla of Qartan type over

F, Whele F igan a,lgeblaloally olosed ﬁeld of oha.lacteustm 2>0. In [16, Ohap 4
§ 6], the derivation algebras of the restricted Cartan type Lie algebra W(n, 1),
8(n, 1), H(n, 1) and K (n, 1) (p>2) are investigated and the results illustrate-
that simple modular Lie algebras may possess outer derivations and -overy
derivation of W(n, 1) (p>2).is inner. In this paper, we propose a new unifying-
approach to investigate the derivation algebras of Qa,rtan type Lie .algebras of
~ characteristio p and determine the structures of H*(IL, L) and the derivation
algebras of L, where L=W (n, m) for p>0, 8(n; m) for p>2, H(n, m) for 1b>2'-
and K (n, m) for p>2.AOur results show that if p=2, then W(n, 1) ma,y possess:
outer derivations. ‘ |

Our method is mainly based on the computation of H*(L, L). We first give a.
description of the adjoint module I by means of the mixed product (ef. [13]) and
the induced module (of. [9, § 3]). Thus the computation of H*(L, L) is reduced o
"that of the cohomology of L, which is the Lie algebra of a certain reductive
algebraio group and we exploit certain techniques in the ;-épresentation theory of .

reductive a.lgebra,ic groups.
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§1, Preliminaries -

- Throughout this paper we shall assume that Fis an algebralcally olosed field,
ohar F =p>0. Let I be a finite dimensional Lie algebla over F and V an L-module.
A‘linear mapping @: L—>V¥ is called a deérivation from L into ¥ if -

p([ly, 12]) =lip(ls) —lep(ly), Vi, 1:€ L. | -
Thus ¢ €0*(L, V) is a derivation if and only if p€Z*(L, V). Hence the se} of all
derivations ¢: L—>V has an. F-vector space stluctulé we shall denoté the vector
- space by Derr(L, V) (=2*(L, V)). A derlvatlon @: IV is called’ inner if there is
vEV such that <p(a;) =g. v, VwEL ’I‘he inner derivations in Der (L, V) olearly
form an F—Subspaoe, which we denote by Iders(L, V). It is clear that Idery(L, V)
—~B1(L V). It implies that
Hi(L, V) ~D91F(L V)/Idelp(L V).

~ In case of V=1L, we denote Derp,(L L) and Idery(L, L) by Dery(L) and
Iderys(L), 1eSpeot1vely By abuse of language, Der F(L) /Ider »(L) (~H1(L L)) is
referred to as the algebra of outer delJ,Vatlons If L is simple, then the adjoint’
replesentatlon ad: LT—>End;(L)gives an isomorphism of L onto Ider F(L) It implies
that the stluctule of H*(L, L) detel mmes that of the derivation a,lgebla of L.

- §2. The Adjoint Modules of the Graded
| Ca,rtan Type Lie Algebras

Thloughout this papel we sha,ll assume that F is an algebla,loally olosed ﬁeld '. ’
char F=p>0, and all Lie algebras and modules are ﬁnlte—dlmensmnal '
We are 1eady to give a brief desorlptlon of the graded Lie algebras of Oartan
type Let- A(«n) be the set of rn/—f:uples of nonnegat1Ve 1ntegels, 8= (81,, v, Bp) €
.A(n) For o= (a;, voe, a,,)EA(«n,) sob '

ol = B

Let oA (n) be the drvlded power algebra with baSls {a;‘“) | aE A(n)} and muhtphcatlonﬂ
: m(“)w(ﬁ)_od'l' (40, o, BE A(m), — _ .

vgheg;e ’ L
' .‘ H aﬁ(’ for o= (al’ " ] a’n) B (Bi’ °tty ﬁn) E-A('fb) ‘ .
If m=(my, -+, m,,) is an n—tuple of posﬂalve mtegels a,nd A(n, m) {aGA(n) Ia;<h
P, i=1, - m}, then U=A(n, m) = (m‘“’laGA(n, m)) is a subalgebla of ¥(n).

- Define denvatmns D,, 4=1, sy m, by R O A 17
R Dm(“)"w(“—e') e bl L e T :
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(We set 2@ =0, if actA(n)). Then
W=W<‘Yb, M)’ """‘{gwfpi-{ da‘ E%(n, m)}
is » derivation algebra of U (m. m). The bracket operation of W(n, m) is _
[2 a,D,, 2 bz"Ds']’ =22 (@'Df(bi) - biDi(“t))D . (2 1),

Set Apyy=<o®||a| =iy and Wcu—~<'r‘“’l) |2 ’E%m, j=1, v, m. Then W=
C—D Wm is a gla,ded Lie.algebra.of depth 1. '

The subSpaee S(rn, m) (rn>3) Spenned by - o
D.(f):= :(f)D ~D; (f)D” fEQf(%, m), 3, j=1, <, m, '(2-2)'

isa Lle suba.lgebla. of W(n, m) Wllte w=1{ p’”‘-1 eey p"’"-—l} If n= 2r, lot
' &) { 1, 1<i<r,
ot -1, ‘fr<'b<fn,

L; -—fz,+(fo)'r = 1
'I‘he subspaoe H(n, m) spa,nn ed by :
, Da(a®): = Zcr(e')D (m(“’)D,, «C A(n, m), a#av, R .;(2.3)
s a Lle subalgebla of 8 (n, m). | -
IfL is anyone of- W (n, m) S(rrb, m) a,rld H(fn,, m), then. L—- 6—) Lm—- Ei—) Lﬂ

Wiy is.a graded Lie algebra of depth 1 and under the lmea,l map m("’"D,l—éE,,, Lm is,
isomorphio to gl(n), s1(n) and sp(n), respectively, where Hy is the matrix whose
(%, [)-component is dudu. .

We prooeed to construct a class of graded modules of Li=W(n, m), S(n, m) or
H(n, m). Let po be a 1eplesenta,t10n of Loy in the module ¥, and 70—%[®V0 If
D= Za%D €L, then D,=23D, (w,;)@E,,E%@Lm Let E 29,0, Whele gie% Z &
Lig,. Define a lmeal transfor ma,tlon po(D) of 70 by '

| . po@)(f@'v) D(f)@fv—l-zng@,oo(l)%f@[ vGVo " (2 1y’
4A,0001d1ng to [13 Theomm 1 2], Po 1s a 1eplesenta’010n of L in Vo and 70-—
O <as<“’OVo| [a] ~q,> is a gla,ded L~modu1e suoh ﬁha,t the base spaoe of Vo 1s 1@@0-.;

fvo The module Vo is called “the mixed ploduet of o a,nd Vo. We shall glve the"
adJomt modules W(n, m) 8 (n, m) and H (n, m) in the forms of mixed produocts.
© Let k(Lm) bo the staridard Cartan subalgebla of Ligy=gl(n),. sl(n) or: sp(n).

and Ai, =1, «++, m, the linear funotions on A(gl(n))= (Eu, »+y Hppp such that
S As(En> By _ (2 5)

'I‘he 1es‘01 1et10n of A; on evely k(Lm) W111 also be denoted by A; Let

, 7“0"0 7‘4'“2*’1!’ i=lnm (2 6)

Then A(s=1, «+, n, for Lyy=gl(n); =1, +++, n==1; for L= sl(n), g=1, saej o, for.
Loy ~sp(n)) are the fundamental Welghts of Ly;. Every weight of gl(n), sl(n) or
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sp(n) is a lmea,l eombmatlon of the fundemental WGlgh‘bS We have
A==y, i= 1 4 . ,
If A€ (h(gl('n)))* denote by Vo(?\,) the 1119du01b1e module of gl(n) with hlghest
welght A. Let N, be an n~dimensional linear spaceé with basis {91, esy e,.} On N 0
we have the natural representation v of gl(n): )
. ' - Vo(Eif)en=5;zzGi-
It is obkus that . -
/\’NO—NO/\ AN fact01s) Vo(i\,), p=1,
By [18, Llemma. 2.2], we have A :
. Win, m)=ViAy), . . (2.7
_ bhat is, the adjoint module W (n, 'm) is isomorphie-to the mixed plodueﬁ of A and
+ the dual module Vo<7~1> of Vo(Ay). Lot I=FEyi+++H,, G g1(n) =W Then the
aotlon of I on Vo(M) ig the scalar multlplmatlon by p—-l As sl(n)—modules we
have 3 S
: 70(7\»1) ""VO(?‘%—J.) e S (2 8)
Note that the gl (rm)—-module 70(7\. ) can be also regarded a8 an. sl (n)—module whioh
is sl (n)—llleduoﬂole and Vo(i\,,) %[@Vo(?») ig a.lso a mixed ploduot of § (fm, m). As
sl(rn,)—modules, the adJomt module S(rn,, m) is 1som01phlo to. .the. mmlmum
submodule of W(n, m) = 70(?\.,,_1) (by [14, Theorem 2. 21). Sinee [15 Themem 2. 2]
is also true for p>>0, we.have an exact sequence
) o - 0—>8 (n, m)-—>'[7'0(7\,,,_1)——->]7'”+1—>0 , S -, 9)
' Next we shall consider the case H (rn,, m) (n 2r) f01 p>2 Let. 3[' 6—) <w‘“’>

,Slnoe the base space (homogeneous Space of deégree 0) Hi.yy=W .y of the adjoint
module H (n, m) is the natural H;(=sp(n))-module Vo(As) and [15, Theorem
2.8} is.also true for p>2,‘ by [14, Theorem 2.2], H(n, ) is isomorphic :to the
minimum submodule of 7,(A;) and there aie thiee exact sequences - D
D 0->A A (2T o(he))—>E—0,. . (2.10)

0—>F—->U'~>H (n, m)->0, ~ = (2 '11)
0->H (n, m)=>V o (X)) o(X%)/H (w, m1). - (2.12)

We conolude this section by considering the case of K (n, m) (p>2). Adoptmg
‘the ‘nobation of.: [16, Oha,p 4, § 8] and putting n =2r+1, Ja|:=|o]+ta,—2,
A (n, m) =<2 |af ~q,> and [m|=s, then we have
% (n, M), n+37¢_0 _ mod(p),

) e K(‘"J’ m) {<m(¢)|a<m;>, n+8= 0 mod(p), (2.13)

where. ..

@, a= 20‘(.7)50‘““3%(3“”’+(l\3“ (“'*'38 o )-—u u(“”’ - )) ;“‘*""*’"’
| R @

.is Lie product of A (ni'm) and "
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| oL, (g g<n,
0(9) { 1 ’ {‘7 =
j>'r+1 j=1, g>'r+1
Let- K K(’n, m) K[ﬂ*‘%('fb, M)m a,nd.K @KUJ The K @ Ktq Let V

be a Ky-module, and U(K) and U(K,) the universal enveloping algebra of K and

Ko, respeotively. We shall define the subalgebra §(K, K,) of U(K) and conmder
the mdueed module U(K YRux, xyV . It is obvious that the elements

| g = (w“")”m" g=1, e, 2r,

A =1 .
belong to the eenter of U(K ) Let 0(K K,) be the subalgebra of U(K) which is
generated by U(K,) and {2y, +**, 2,}. Then it is isomorphioc to F[zy, -, 2,]®w
U(K,). The action of U(K,) on ¥V can be extended to §(K, K,) by letting the
polyromial algebla. Flz1, ++, #.] operate via its canonioal supplemantation.
Henoceforth all K—modules W111 be considered H(K K 0)-—modules in this fashion,
Liet { denote the na’oula,l representations of Ko in K/K,. Then there exist unique
homomorphlsm o: U(Ko)—>F of F-algebras such that o(w)= tl(C(m)) We
jutroduce a tw1sted action. on ¥V by setting @. v: =zv+o(z)v. The new K o—module
will be called V. By [9, ’I‘heomm 3.3], there. isa natural 1som01phlsm of U(K )—-
modules

U(K)Qex. K)Vc*Homear Ko)<U(-K> V).

Let V be the {a®™+?|1<4, y<2¢>—module (i. e., Sp(Zfr)—module) with the hlghest
weight A such that the action of @® on ¥ is the sealar multiplication by ¢. We
denote the K g-module ¥ by ¥ (A, 6) and extend the operations on V' (A, ¢) to Ky
by letting Ky act trivially. By [8, Proposition 4.3], there: is an’ injeotive
homomorphism §: ¥ (n, m)->Homug, xy(U(K), V(0, —2)) of K-modules. Since
dimp¥ (n, m) =dimy Homyg, x,(U(K), V(0, —2)), we have : o

%(n, m) 2T (K)Rex. Ko)V(O -2, ' (2-15)
Thelefow, if n+3=0 mod(p); then _ -
K (n, m) = U<K)®o(1r, 0), V (0, 2),; (2.16)
“if n+3 0 ‘mod (p) then there is an exach séquence ' ' L '
" 0K (n, m)->T (E)®o(K, Ko7 0, 2),,-»1?-»0 @)

§ 3. The Derlvatlon Algebras of W(n, m)

Suppose that p>0 and W(n. m) is sumple Put W= W(rn, m) and W;= (-B Wm-

Smoe V*(M} i8 a nontrivial 1rledu01ble gl(n)-—module with a h;ghest we:ght by
‘{6, Lemma 2.1 and Lemma 3.1,] we have
HAW, Wy W, V30a) = HWo, Vi)™ (3.1)
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Since the a,otlon of I on Vo(xi) is the scalar mulhphcatlon by p—1, by [1, Lemma

3.2, (38.2) and (8.4)], we have '
HY(We, Vo(h)) = H* (W, Vo(ha)) % Homgyn (Wz/ (W, Wil, V3(h))

& Hom ey (Y1, V(M) O Z Homgyy (¥ gz, V5 (Ae)) - (8.2)

where Y, is the contubutmn to Wi/ [Wl, W1] coming from Wy; and ¥ gy is
isomorphio to a direot sum of *{j|m;,>wu}-copies of Vj(A1). Then there ave #{glm,
>w}—isomorphisms, denoted by § for j=1, -+, nand m;>u, Whloh form a basus
of Homny (¥ yus, V§(A1)). Hence , B |

@ Hottgio (T, V30D =G lj=L o m m>u>0. (3.5)
If p>2, then | |

Homy,y (¥4, 3(A5)) =0.
Since the aotion of I on Yy is the scalar multlplleatlon by 1. If p=2, then
Homyy (Y1, Vo(hy)) =Homg (Y1, Vo(Ap-v)) ZHom oy (Winsy Vo(Mn-1))
= Homgz(n) (%;2:@ Wesz, Vo(hna1)).

As sl(n)—modules weo have U2Vo(2h;) and W:—n—VO(?\'n—i) In pllme
charaoteristic, we know that the tensor product ¥n@W,.i; has a good filtration
with two factors. These two factors are the Weyl modules Vg, 44, and ¥, with
highest weights 2A;-+A,-4 and Ay, regpectively. We claim that

_ | HOmgz(n)(]—?%m,.-; ’ 1—7:»,..1 )=0, '
where V;, . is the Weyl module with highest weight A,_,. Let the maximal forus T
be the subgroup of G'=GL(n) consisting of diagonal matrices, X (T') the lattice of
all weights of I' and X (T')* the set of dominant weights in X (I'). Then any
weight p€ X (T) ig of the form '
w(g) = (gn)"* (g,m) .
: Where g= ( ¢i;) €T and oty *+*y Ml BTO m’ﬁegers, 0 we can identify u with the wveotor
= (g, oo, w,) €L, By definition
. X (T)* = {n € (T) [us>pa> S>>0}
Clearly X (T)* is in1-1 correspondence with the set of pa,rtﬂuons wmh at most n
parts. Then 2A;+A,.; and A,_; can be identified with the par titions w=(8,1,1,.-
1,0) and p'=(1, 1, +-, 1, >O) 1espective1y Since E,w,(—-n+1)aé2m( n—1) in Z,.
by [2, § 8.8, Remark 2)], we obtain the asserted 1esu1‘s It implies that
Homg,(,,)(Y 1 Vo(?\,i)) Homgk,.)(V,‘,, Vz,,.;) Homgl(,,, (70(7\'1» 70(7“13—1))
. : F,ifn=2 '
{0 “if n>2.
By (8.2), (8.8) and (3.4), we have '
* Theorem-3.1. 'Suppose that p>>0 and W(n, m) is simple, Then, -
o '.Hi(W(n, m), W () {(50?‘ | y 1 v n, m>p>00@F, 6f p=2 gnd.@=2
: TP =1, 0w, my>p>0%, other'wwsa

(8.4)
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Remark 3.1. . Now we: shall-determine the derivation algebra of W (2, 1) for:
p=2. In the same Way, we can also deal with the other.case, Since {he g1(2)-modules’

{apertes) D gtV DS (C W) and <D2, D>are 1som01ph;o 0. VD(M) and V(A
respeotively, we can easily see that -

gv(m(“)D) {D,, 1foa 81+§2a,ndj =1, 2,

: 0 othelvvlse - .
-1s a l«ooeycle on Wo, Usmg the method in the ploof of [7 Lemma 2 1], @ can be
extended to a 1—eocyole @ on W such that
qv(:v(“)D ) = a;(”"s“s’)D for aEA(n, m) y 1 2
is an outel derivation of W(Z 1) and _
B(W (@ 1), W@ D)=,

§4 The Derlvatlon Algebras of S(n, m),

. Let ehal F —p>0 S S (n, M) and S;—— O Sm Firs, - we shall .corapute
H"(S(n, m), 70@,._1)) By [5, Lomma 2.1 and Lemma 2. 2] or [s 001olla,ly 4.5,
we have. -
H(S ,7o(h"_1))§H1(S, IS‘L..1], Volhuze)) '—"_iﬂi(pS'o, 'Vo(?\,,,_i)) . 4.1)
Using the cohomology five-term sequence, we have |
: 0-H*(s1(n); Vo(hn-1)*)—=>H* (8o, Vo(hn-1)) ’
SR o = HY(Sy, Vo(haoy) ) W—H (s1 (n) Vo(%n_ﬁ“‘) - - (4.2)
As 84 aots trivially.on Vo(A,_1), e T

H(S4, Vo(Anoy) )™ =Homn (81/ [ 81, Sl V0<?‘m—1))
We regard §1/[S1, Si] as an Sgo,(2sl(n))-module and mvesiuga,te its Welght veotors

. ‘with the Welght Apg = 2./1,, Let D, ,(w(“))-!- 8y, 15’1] bé one of them Whele o=
(1) **+ &) €EU(n, m). Write D=D, ,(w‘“’) and note tha,t ”

0ty == B+ O+ oty — 835 — -84 mod (p), b= 2 . n—1, | .
e Yy .{.Q‘n—sm’l,‘am“l‘QGl—l —01;— 0y mod(p) ‘ <43)
c [a;(k)Dl D] E [S’i, 48'1] f01 l<k<l<n, N C )

- By (4.3) and (4 4), we can show that S o

- D= D (m(s"””‘s*)) for f1,==1 Y n 1 l 1 "y n and 1<70<'m1.

i-.58ince D, (cv("‘-*”" %) = —g®N]D, g, Z 1 vy, “m—1, and D1 (a;(“‘“"s”’) =
(m(s4+pksn)) =2, +»-, n—1, we have o e i
. Homsi(n) (Si/ ['5'1; Sl}r VO(?"n—l)) <D1 (fv(s"ms') ) Z 1 weey My 1<7i7<'mz>
Su‘pPOSe tha,ﬁ p>2 By [10 'I‘heomm III 2], “We ha,ve ‘ A
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~ . “HEL(w), Vo(x,,_g) =0, o (4.6)
Therefore, we have A ,

Lemma 4.1. Suppose that p>2, Then. : _ :

H(8 (n, m), Vo(h-1) Z<Ds, ,(a*7%9) 1<i<my, j=1, ey .

Next, we shall compute H*(S, §). Since [15, Theorem 2.2] is also frue for
p>0 we have an exach sequence ' RS
' : 087 o(Mna) . "+1——>0
" Then we bave the long. exaot gequence .. . , o
, 0—>H(S, Fr+Y)—>H(S, ;S’)——»Hl(S Vo(xn_i))»HI(S F"*i) (4.7)
Smce HO(S, Fr+ty =+t gnd H(S, F**) =(, by Lemma 4.1, we have . -

Theorem 4. 1. Suppose that p>>2. Then _ .

HA(S(n, m), 8 (n, m)) 2 FH@Dy, o (6459) 11<"'<’m5; j=1, -, m.

Remark 4. 1. In (4.7), the Imea,r map - e

H (S, S) >H1(;S’ 70(7&,,_1))( <D1 (w“’“"sf)) {1<fb<m,, 3 1 -'", fﬁ}l)'."sends the
. outer derivation (ad D)® of §(n, m) onto Dy, (a7, |

§5. The Derlvatlon Algebras of H (1, m)

Since H (n, m) ( p>2) possesses a nondegenela,te assoo:La.tlve f01m (of [16
" Char. 4, Theorem 6.5]), H (n, )*NH (n, m) (1ega1ded as H (n, m)—modules) By
{6, Theorem 5.1], we have
Theorem 5 1.  Suppose that p>2 Then
_ dlmFH1<H<0’b, m), H(n, m)) = |m| +2.‘

§6 The Derivation. Algebras of K (% m)

Wirst, suppose that n+3=6 mod ( p) By @. 17), we have the long exach sequence
0> F—>H (K (n, m), K (%, m))—>H YK (n, m) U (K ) @oar mV (0, —2),~0.

(6.1)
By [8, The01em 4.1],

+ HY(K, U(K)®eur £V (0, -2)0)“‘51(](0, V(O -—2)) (6.2
Using the cohomology five-term sequenoe, we have : "
0—>H (K3 V (0, ~2))~>H* (K, 7(0,.~2)) |
L —>HY (K3, V0, = 2))F>H (Kpey, V0, '—2)) (6. 3)
Smoe (w(s”)> is an 1dea1 of K [0l ‘there is tho Hoohsehlld-Selle spectla.l sequenoe
{E“"}, whose ., term i§ associated with H*(E90L ¥ (0; —2)), that is, - o

”—H‘(K;o:/<w‘“”’>, H‘(<w“")>, V(O 2)>=:>Hk(KceJr V(O —2))

for I’o z+g Sinee H’(<w("'">>, V(O =2))=0"we ha.ve
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H"(Km, VO, —2)=0, for k0.  (6.4)

By (6.3), (6 4) and direct computation, we have
Hi<Ko; V<0 ~2))~H1(K1, v (o, -2>)K‘°’
~Hompg, (K1/[K1 Kil, V{0, ~2))

WD |G=1, oor, my—1, j=1, sy m).- (6.5)
By (6.1), (6.2) and (6.5), we have
HYK, K)2F®LaD |t=1, . ,my—1, j=1, +, n). (6.6)

Next, suppost that n+ 380 mod (p). By (2.16), (6.2) and (6.5), we have

HY(K, K)"’(m"’“!)[fb 1, +ve, my—1, j=1. vor, m). (6.7)

Therefore, we have
Theorem 6 i Suppose that p>2. Then

F@<m(9‘6j)[z 1 -.u’ mj 1 j=1, ooo’ {n,>’
" if n-+8=0 mod (p), ‘

< (P‘si)lrb 1 seey m’ 1 ‘7 1 oo, fn,>,
otherrwose. : '

. HI(K(W’ m) , K(n, m)) P
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