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THE ESTIMATE OF THE RANK POR 
REGRESSION COEFFICIENT MATRIX
IN A MEDIAN REGRESSION MODEL* * *". ■ ：, … - ■  ■

M ia o  B a iq i  (學柏其 ) *

Abstract
•'， 'It is discussiBd to infer tho rank of regression coefficient matrix in a multiyariat©

ilinear regression model. I f  the zero median vector is unique and the design matrices
.-satisfy some weaker conditions, it is derived that tite estimators of the raiak of regression
-ooeffloient matrix under the minimam distance criterion by using model soleotion method
：is strongly consistent.

§ 1 . Introduction

The technique of multivariate regression analysis are muoh useful and general 
in  the multivariate data analysis. In this area one important object is to determino 
ih© i-ank of th.e regression matrix (RM).

The assumption that a serie曰 of errorg of a model is independent normal is
iixripresjged in order to test the ranks of EM. When the error covarianoe matx-ix is
.^nown, Tinijner (1945) delayed the likelihood ratio test (LET) statistic for the
:rank〇f RM. Anderson (1951) derived the expressioa for the LET statistic to test
.the hypothesis S r that tiie rank of RM is r. Fujikoshi (1974, 1977, 1978)
Krishnaiah, Lin and Wang (1985) also investigated the expression of the asymptotic

'•distribution when the underlyiag distribution is elliptially symmetrio and similar ■ • . _. . . …； -. test problem. For other results on© is referred to [10f 11,14, 7, 13],
Bair Zhao and Krisimaiah (1985) further investigated this problem using . ! . . .  imodel selection metiiGd/ Only assuming that errors are lid. and satisfy som©

momenli conditions, they derived that the e3tima1i〇rs of the rank of ooefixoient
rmatrix are strongly consistent, • . ,In this paper we only assume that error vectors are lid., then the strongly 
■ oonsistenii estimators oan be derived by using model seleotion. method under ihe  
jninimum distance oi-iterion*
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§2,. Statement of the Main Result

Consider'the following model
Y n̂ B X n+S%t n̂ ==l9 2, *•% (2.1)-

where Y n^={yti y2f yn)t w >l, are Xw obiservation matrioeis, X n9 n > l t are qXru：. 
known design matrices， 5  is ‘丨父 g'.Uî knowrL i-egi^ssioii matrix and == ( ¾ ，•••，〜）卜

w >l, are jpX  ̂©rroi* mati*i〇es, where e%t e2t en are iid. p x l  random veotors. We： 

want to estimate the rank of the ooeffioiQnt matrix B by observation matrices and..
design matrices X n. Notice that (2.1) :oan "be rewritten as the following form

• ： . . . .  ； ■ . .; for i==l, 2, •••, w,： ,
• ^==1,2, (2.2)-'' Set ' . . . . . . ； : _ ., ；■  ̂ -

where 卜 f| demotes the spectral norm of a matrix or vector.
^  a LS estimator of JB. In general* construobing a statistic by B%St one caru 

estimate and test the rank of B. Ingeniously using model selection teoimiqu© and
irapressing various conditionis on error vectors, Bai, Zhao and Krishnaiait,

- ；.......  . . . .investigated this problem and established that some statistics derived "by are、: 
stx*ongly consistent estimators of the rank of 5, On the other hand, if we set

^ n ^ B ： S  ; (2.3>
jAtha*i Is, J5„ is estimatoips Qf 5  under the minimum distance criterion. "We can、 

also construct a statistic "by Bn to estimate the rank of B. It is beyoad -doubt that
this is an important technique, but ii) was not noticed for a long Mmer in history».
One reason is th^re was soiiae difficulty in computation of whicli has now been 
-oyeroome with the advance of modern oomputing facilities, for detail one refers tô  
Oharnes ©t al. (1955) • Another reason is the lack of an adequate asymptotic t!heory" 
for wbioh has been overoome by Bai, Ohen, Wu and Zhao (1990) in the ease 

l  and by Bai, Miao and Rao (1988) in the case It offers a strong tool for ug 
to estimate the rank of-jB by* "using adequate statistic constructed by Now we-« 
establish the main theorem. . .:

Assume .that the common distx-ibution F  of iid. erim* Vectors satisj&es the^
* •>follq-wing conditions：

(i) There is a S>0 suoii tliat F  has a bounded density /(« )  for A.nd̂
for eaoh. non-zero veotor c, we have

(uy ：； y ：-



Here and iiereafter the transpose of a matris M Is denoted by 
For design matrices X n, ^>1, we impose these conditions：
(iii) There is a positive inter n〇 suoli that the Tank of X n〇 is q,
(iv) Set 8 n—X nX'n, then

^ « m a x l l^ - ^ l - o a o g - 1/^ ) .  (2.4)X<i<n
: . . . . .H ie n  is known, the rank of 5  may be any integer "between 0 and min (p, ==§•

. •• , . .  . . . . . . . .

：：;S©ii ®r= {B : rank(B) = r}, : (2.5)
r€ {0 , 1 ， …， §}•

Nextv tve sel台ot tlie true one using model selection teolmique froin these (s 十  1) 
models.

Assume that is determined by (2 .3), and are eigenvalues
«of ^ nBrn. Let H n be a sequence of numbers inoreasing to infinite such, that

 ̂ ' ' (2.6)
• r It-»"»'Write ■ -

±  )  ' (2:7)i=r+l
"Take 7 as the estimator of the rank 犷 of the. coefficient matrix B. Then it follows: 

Theorem. Under the model (2.1), i f  and satisfy conMtions (i) —•(iv)» 
4hm r defined by (3.7) is the Wrongly consistent estimator of r〇 when ® r〇 is true.

Before proving the theorem, vie make ŝome remarks.
• . i . .  . “ . X ,(1) Conditions (i) and (ii) ensure that the median Yeotor of the distribution 
F is unique. Tiierefoi*© zero yeotor is the unique median vector of F  under our 

-conditions.
⑶ Set

； ； ； ,  . ：：；
It iseasy to verify that the matrices A and D are positive definite. Arid the

, '■ . . . . .■ condition that F is known can be substitulid by a weaker oonaition that positive 
-definite nia-brioes A and D are known which, oan be seen from the main, tiieoretti.

(3) The oondition (iii) imposed on the.design matrix X„ is general； the
.'； .. -1..condition (iv) ensures that the smallest positive eigenvalues of ^n = X n^ . ； tend to 

infinite 會 iliari log爪  To see this let
.eigenvalues of Snt where n>n〇. By one result of Netunan (1937), we have ；-

tr (8no8 1̂) > 2 l  K jK i  for n>n〇. . (2.8)
Then it follows from tlie condition, (iy):
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t r = ¾  = ¾  = 1 ] ^ ¾*̂1 j篇1 夕篇1
<n〇 max 4 8 ~ \ = 0 ( ^ ) .  (2.9)l<«n〇

But Xncg>0, so we have lixnAna/logn =〇〇 by the inequatities (2.8) and (2.9). Bjr
the way we obtain

\»â 2 ~  0 (̂ ») • (2.10)'
It is quite weaker that the smallest positive eigenvalues of 8n tend to infinite* 

with rate higher than logw. This condition is equivalent to the oondition derived, 
by Bai, Zhao and Krishnaiah (1985) when error vectors are normal.

(4) If the decreasing rate of c?n is higher than log t̂/2nt say (Zn«=o(log"5/2ffi)̂  
then Hti can be chosen as logn. This pan be seen from tlie following proof.

§ 3. Some Lemmas

For the sake of oonyenienoe, we need some lemmas.
Lemma 1. (Bennett) Let £1, •••, n̂be independent variables with E(£}) = 〇

n[61 where b is a positive constant. 8eb • Then for any e>0,.issl
we have

P (IIÎ11 > e ) < 2exp { ~ -m ^ b e ) ) '
. • • . • ... •' ■' .For proving our theorem, we continue to xwrite the model as (2.2). In tW- 

following the Kroneker product is denoted by Write the transpose Br of the»' 
ooeffioient matrix jB defined by (2.1) as (bit •••, bp) t where 6,-, 1^-j^p, are g X l 
column vectors. The pqy.1 straigiit©niiig vector (brlt bfp) f is denoted by y3〇. Also^.
the p q x l  straightening vector of Pn is denoted by /3„.

Lemma 2. Let a and ^ (or with subscripts) he real numbers emd Abe a mairix... 
Then we ham

1 . (A2®B2) = AtA^BxB；,,
2. {A ® B y^A '® B '；  2

__  ̂ <>>=1

4.
5. tr — (tr A) (tr B) ,

: 6. «學 K.|斗丨网，

solong as the previous operations are reasonable, where fl • | denotes t3te speotraB 
norm. The proof is referred to Rao ( .̂973, pp. 29—3〇)〇

Throughout this paper we always assume that w>»〇. Set
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( B . l )
(3.2)

(3.3)

(3.4)
(3.5)

Acoordlng to the definition of and (3.2) we Wve 21 From above..<=i '
definition and Lemma 2 it follows that

tr ( S  ^ -1/2®XiSf-1/2)== (3.6)
Here and hereafter 入!（i f )  （if )  denote the positive eigenvalues

of a symmetrip matrix M. . 、....
Lemma 3. Let E  be an open convex, subset of Rp and h t fi, f 2, •••, be a sequence 

of random convex functions on E such that for cmy as. (or in pr.)
as n->〇〇 , where f  is some real function on E. Then f  is also cmvex aid for all eompao  ̂
J)c :E ,• ■ lim sup | / n(a?) —/(» ) | = 〇 , a. s. (or in pr.).

Furthermoroj i f  f  has a unique minimum.at E ani con f m we have
lim^n==i», a.s. (ori-npr^).
»̂〇〇

Refer to Anderson and Gill (1982, Theorem II. i 9 Corollary II. 2 )e 
Lemma 4. Under conditions of ike theoremy m  lmm

»S=1

(IP®a>dA(IP®ccft) ^ A m nt

) 8 „ o - W 〇,

Now the relations (2.2) and (2.3) can be rewritten as

= I ^ , s  I I - *n« ÎI = mia }

， 疋 2 吨 ‘辦 一 ikll) 一 則

I f  minimize S  -  Ikijl), then
,  , 〜

.7. : . f. , ,« - r r  • • ' ■ •. *J " H^IK^ldg1/^ , a.swhere ； (3 .7)
Proojft , . .veipify/tliktifor any egfe〇a;nde弄a where ® and a belong to 

JB*1, by Taylor expansion one has ；i > ^ .  ̂ : ( ), ■ ；-T ■
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(Hn〇 -V § ^ (< A „ i(i8 )-^ (〇))i(«ei!l<2|Ki| Vn) |
< ( 2 / E nvn) ± t x n4 nni<=i
= (2/J3>„) 2  W  細) +  (2/丑„〇〇21 房〜|勒 》«<«a <»i
as=Xi +Jg. (3*21〉

Sinoe ||a^|%<&1/2(i))(2«̂ ;n->0, it follows that ||〜卜》»<8 uniformly for i<nand  
for n large enough. By the condition (i)?

t J  IiUl<l\0ni\VHdum n̂ p ( \ \ e 4 < 2 y j v n)

: = 碼 (2丨丨〜丨丨《;„八 （3.22)
where M is the upper boundary 〇f/(w ) and the constant 〇 p is only dependent on 
dimensional p. The relation (3.6) and p > l  implies that

I 2 =  ( 2 / H nvn) ±  M E V n ^ / S ^ )  ±  M O t ^i=X <=»1

< ,2 ^ 0  P>M • X； ^-»  (3.23)
Next we estimate I t. Froin the fact that and (3.22)e

±  l^irVai-C^) < S  1^112¾  = ±  ||^ I 2̂ fle<<=i <=i »=i
<M O^qX； ^  (D)(dnv„y^e1(dnvny .

Take b =  2Xj1/ss(D)dn and Bl=et(dnvn)p in Lemma 1 and notice that^j>l, we have
P i ^  t(Cni\\(.Vni~^Vnd > e E nv„/2 ；

<2exVi - e m y j ^ 2 ( e 1(dnvny + 2 ^ \ D ) d n(eS nvn/2 ))} . 
^Jsing Borel-Oantelli lemma we get

It
lim  (2/H„vn) 2  ||®ni||(i?ni- J ? 7 7 n{) = 0 ,  a . 3. (3.24)

Since the right of (3.21) is independent in ^ when |^8||<-ym it holds by (3.23) 
.̂nd (3.24) that

lim(£?■ „«„)_1 sup |；2 - ^ m ( 〇))J(lkil<2|afB，8«;n) |  =0. a. s, (3.25)n-*« î S«sv»ll<=l 〇

Oomtining (3.19) and (3.25), we have this lemma.
Lemma 6. (Oourant-Fisoher) Let K  be p xp symmetric matrix cmd ii%, fi,9

<be the eigenvalues of K. Then .
. .  . . . - , .
 ̂ , V  .2  fii~m in {tv(JJfK U ) i U £ M ( p ,  p —q), TJ'TJ

fit =  max minlc ĵSTa:^05=1, £«==0},
Hvh&re M (pf q) is the set of all p x q  real mcutrioes. ： i 

This is referred to Eao (1973  ̂ pp. 62-63) ,
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§ 4. The Proof of the Theorem

(4.1)

(4.2)

The model (3.4) implies that

So by the definition (3.8) of /3* and Lemma 4, it follows that
||/S*|| < £ fnlog1/2Ti=«n, a. s.

.And by Lemma 5,
lim sup (5 ^ 1 (^ -^ 7 1 ^ 0 ^ 0 (^ 0 3 )  -(^(0))11=0, a- s. 
n~*°° 8>3il<Uf» '  II II

'Therefore,
1̂ ( ^ ^ ^ ) ( 2 ^ ( ^ ( ^ )  ^ ^ ( 0 ) ) ) 1 ( 1 ^ 1 1 ^ ^ ^ /^ ) ^ 0 ,  a. s. (4.3)
»-»〇〇 M»1 /

By (3.9) the fact that l^ySjl<Xp1/2( D ) ^ n-»0 when. ||/3||<aj„ implies that
=  - T：̂+o(Hnl〇g1/2n). (4.4)

Combining (4.1) and (4.3) and noticing that ^ ^ ( 0 ) = ^ /1 ^ 1 = 0 , w© get
T ^ o iH t lo g ^ n ) ,  a. s.

'That is, based on the definition of Tl and /31 and Lemma 2,
Write

we haye from (4.5)

For p x q  coefficient matrix B there exist orthogonal matrices Q and K  witli 
-■ degree p and q7 respect iyely, suoh that

B ^ Q A K %

( A t l  0

a 1J \ B n- B ) ,A B -^ ^ o{H llog 1̂ n )) a . s. (4.5)
8 V \B n- B ) ^ K , (4.6)

R n =  o (HI log1/2 n). a. S. (4.7)

where
A PXQ'

0  0
I, A x x s=sd i a g ( \ /  , s/ 乂r )

.名dd

înd are non-zero eigenvalues of BBf. Write

Then (4.6) oan bo rewritten as

P nP n- Q f̂ A ^ { A + a x A ^ n ) >
By (2.10) and (4.7) it follows that

When the model is true, w© have
金私产  洱)tr，l 7 € ^ 〇p,)  -

(4.8)
(4.9)

(4.10)

»r+l
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<-br{(〇, i ^ qyy
;=r+l

- S  ^ + 0 ( ^ ) ^ . 8 .  (4.11>;=sr+land fir^ max min{af{A +Q n){A f L〇i=0}£€3£〇)—r,p)
>m in{( ^ /0 0 ( ^ + ^ ) ( ^ + ^ ) ( 4 ,  Oyiat^B% 〇ia i= l}

0’）（2G^+(?nyl’十 見 6^)(〇4, 0’)'： a ^ i^ ,  0^==1}
^3311^1^+0(^^), «1«1=1}>\/2^ a. s. (4.12)^

by Lemma 6, (4.10) and til© fact that *fch© eigenvalues of ai*© the same as ones- 
of ^ nPn. I t r > r 〇j by (4.11), it follows that

I(r〇; H„) —I(r , Hn) *= (r—r〇) H^1 — 2i=r〇+l
« ( r - r 0)丑 ; 忤 。(耳 ;: 0 4 - ^ ) ) / ( 2 5 ^ 0 .  (4.13> 

On the other hand, if r< r〇, by (4.12), it follows
1(『。，瓦 ）—I(r，丑 抑 ― (r。—̂ 丑 ；"1〉 ^ 。—(r。—̂ )/5^ 1

卜 r+l ■ - ....
^Xr〇/4^>Oj a. s. (4.14)^

Oombining (4.13) and (4.14), we get the theorem. -
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