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A bstract
The following problem is discussed: If Ji is an J.F-algebra, J. and B are two 

i7* * *-algebras, ^ A )  and ^T(E) are the unit balls of and respectively, and
there iis an affine isomorphism ixom ^ A )  onto when are A and B isomorphie?
This problem was inspired by 2-theory of 0*-algebras, If ^  is a UHF-algebra of 
type {wp}, an orientation on X(A) and i. ev an action of the special group of JC9
is introduced. Then it is obtained that if the affine jgoinorphisia commutes with tile
group action then A  and B are isomorphic,

■ ' -- .

§ 1. Introduction
. . .

One of the problems in  operator algebras is to classify all the operator algebras.
■t Tite problem was partia lly  answered for Von Neumajm algebras Von Neum am i， 

Murray, Take^ki, Oonnes, et al, for a decade. However, it was not given any progress 
for O^-algebraS u n til iT-theory was introduced in  0*-algebraS.

The idea of jST-theory of 0*-algebras is that we oaa construct abelian groups 
K 〇(A )  and fox- a O^-algebra A. The olassifioation of Cf*-alge*bras was
i*edu〇ed to that of its JST-groups, The basic problem in JT-theoiry of 0*-algel>raS is 
when JKT-groups are oomplet© inYax-lantiS of ^-iiSomorphio classes.

In  tliss paper w© w ill deal w ith  such problem in  some sense. I t is wellknown 
th a t the oonstruotion of jE"〇-group of a O ^algetea  A  is from Grothendieok^ 
groupization of the semi-group H (A )  whioh is t]b.e equivalent classes of 
P ro j(-4 .® ^), wlxere is the O^-algobra of coinpaot operators on a seperable 
H ilbert space. From Kadison^s theorem^3, -we iiaye

E x t ( ( J .® j r ) f ) - P r o j ( l ( 2 ) j r ) ^
where E x t denotes the set of extreme points. If  ̂  is a 0 #-algebra, ¢: E x t((^L ® Jf)f) 
- » E x t( ( 5 ® J f ) i ) Is bijeotive whioh. is equivalent to that 0  is an affine isomophism
"bet-ween and ( 5 ® t he loasio problem is reduced to the following

•• . ,Problem  1. 1. 1/(5： is m  affine isomorphism, when can
f • ： •#  induce a ̂ -isomorphism from A  〇h,to BT ；••
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Moreover, w© have following general problem：

Problem h  2. I f 』 u  <m AF-algehra，毋， • u  an affine' 
iscmfyrphi r̂rbj when cm ^  indme a ^-isomorphism from A onto 5?

It was answered by Prof. Wu Liangsea1163 for Problem 1.2 in oases -that ^  is ani
. » ■nXn matx*ix algebra Mn over 0 (for w>2) after introduoing aa orien-fcatiou on.

and In this paper we will discuss Problem 1.2 for ̂  aUHF—
algebra of type {mp}, and also define an orientation. Therefore, the general question, 
mentioned above is reduced to discussing the orientali ion for an' J.jP-alg©bra and 
how the affine isomorpliism preserves the orientation. The idea was first used by  
Kadison in [2], this will be discussed in a subsequent paper.

§ 2. Preliminaries
Definition 2.1. A O^-algebra ^  is called a USF~algebra i f  there emsts an

sequens Ô -suialgebras {An} of such that
• .  ' ! •

(1 ) l c ^ c A 匚 …
(2) Q  J.n w  dense in with norm,ft~l
⑶ 丄 竺 礼 乂 G )，/ o r 卿

It is wellknown that the UHF-algebra is tlie inductive lilnit of finite- 
dimensional matrix algebras over 0  with the same unit and also the infinite tensor 
product of finite dimensional matrix algebras over C, which is as the following 
theorem.

. .  ■ _ •

Theorem 2, 2.c3：l For {pn} d Z } there exists a USF-algebra ^  of type {pn} iff' 
JP«|j〇n+i> 2, FurthereTMTOj we haw

(1) f<̂  n>lf where the tensor norm is-

taken the Ô ~norm.

(2) norm dlosure of lim{3£Pn，q>Pn+1$t} ，叻here q>Pn+1Pnis a 费一embeddinff
from into Jfp„+1 such that =  where l m„ is the vmt of Mmn, to„+i =
Pn+l/P，n>

By oonstruotion of induotive limit, there exists a sequence of ^-embeddings. . . .  .’：， ’： ... . • : . . . : . : • -■ . q>p„: M suph that
, :.. . . . .  • . . .  -•

: (1) . <Pvn̂ <Ppnn<P̂ m ：

⑵  Q i炉伽(财

Definition S. 3. Let 8U(MPn) be the special miiary grmp of M a n A■ . +-.. -. • ...

A s s l
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V)h&re is a USF-algebra of type {^n}. W e  call the special unitary g r m p

of the algebra.

Sinoe M tn Is generated bj 8 U ( M tn), Is generated by 8 U ( ^ )  also. 
D efinition 2. 4. Let {pJcZ , pt\pi+i, fr^oo. Define 

/{抖 } (〇;) = sup {to: a;" I灼 ， /or sowe i } ， 

where mis cn prime numb&r.

Theorem 2. S.at The〇rem ^ USF-alaeiras of types {p„} and {rB} are isomorpMe 
if m d  only if %{fn} = x{rn}.

Proposition 2. 6. If is a UEJF-algelra of type { m n}, then for every n > l  

ih&re exists a *-isomorphism'such that

Proof By Theorem 2 .2,

iSinoe inductive lim it operation commutes witii tensor produoii, we have
.

—hin 供饥抑+1 饥i：m}«
—>

Henoe, is a UHF-algebra of type {mR+f,}, Sinoe %{wft}=^{m fc+n} from 2.5
w© have assertion of the theorem.

In fact, w© oaa construct ihe ^-isomorphism as follows：

<p {(pmx{<o)i^y) *  <pmn*n(co®y) ,
p€ M mnj 2, It is easy to proy© that g> ean b© extended to a 

^-isomox-phism from onto
The following is a property of tensor product of O^-algebras which is used in  

this paper (Ref. § 3).
. Proposition 2. 7. Let A  m d  B  he umtal C^-algelrm. ^  faithful

representaUom of A  mid B  (m and respectively. Then

M | min =  |l (心 ® 卯B) I K  姆 5 ， 

cohere the right h m d  side is the operator norm over

where the right h m d  mAe is the O^-algebra generated ]>y operator iemyr product.

Proof The first assertion is the Theorem 2.3.9 in [3], the seoomd follows from 
ihe structure of tensor product of 0 #-alg©bras.

§ 3 . Main Result
. .........

,  • . . ■, .  ‘ . . . . . . .

D efisiiti〇32 3 .1.. Lei,^£m be a,.. VHS-algelra of type { m p}, A  a umiaW*~al^elraf
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We call m-hyperfinite buildina UocJc of Ô -algebra A.

Definition 3. 2. Lei 8TJ(^m) be the special unitary group of. UHF-algeb^
〇f type We define a group aotion on

顺 ， )—聯 ⑷ )，
stcch thait . ^

where is the unit of Ô -algebra A y is the affine automorphism group of

B em ark 3. 3 . . The definitions 3.1 and 3.2 are the generalization of nr-finit©1 
building block and an in  [6], This aotion gives an orientation on

Definition 3* 4, Let A and B be 0 -̂algebras9 0 : a Unear map. We oalt

0  a J or dan homomorphism iff t . :
⑴ 边 ⑷ '
⑶逻(秘，6}卜 ⑷ ，0(6)}，

where {ay 6}==a5+6la? a£Ay b^：A.
. ： • . . . -  . . . . . .Proposition 3, 5- Let ̂  be d USF-algebra, A and B uniial Ô -algehras. If

is a Jordan isomorphism moh that 0 〇â =a〇̂ , let A = B:

then ̂ (A) B and 0 is a Jordan isomorphism from A io B,
Proof Siaoe ^  is simple^» ^ 〇rem ©very npnzero repres©n*tai；ion is faithful0„ 

Let 〇) be a factor state (i..e . a product state) on. which, induces a factor* 
represeritai/ioa (^〇>, ^ w), i* e., is a factor in  and (tcBi B^y
tlie uaiversal representations of A  and 5  respeotiyely. Since j7pw, uva.j W b are faithful;,, 
we have

whioh follow from Proposition 2.7, ^
Let

亦 〇>(〇0 (m)= (亦 0 ^ ^ (0 1 •亦s ) )。仅(亦: 1〜)）.。(而〇>® 沉4(〇i_ 抑 )）、

uGSU(^T). Then
(a) (w) (jo) =- (^® l^(〇t^))^(w#® l^ (〇r〇rB)),

0 € 亦〇)(-^〇0 心 （立) (〇1* 印 P e & a e『《(cFoi⑭ ! W© hav^♦ * * following observations. “
Observation 1. W  is a ^  (a)-iiiyarint Jordan isomorphism.
Olearly, ^  is a Jordan isomox-phism^ the iavarinoe of W  is from the following〇.

= ( 筘a>®5FjB)。〇!(亦: 1〜 ) ）0®0(茆w®心 ) 一1==;诹w(C〇  (M)
 ̂ p b s e i^  Let ebo. Then

• ot?庠(J5). .
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Indeed, for ©very u £ S U ( ^ ) y
(̂ *(2)1-4.)*

T hen
茆厶(卬) ~ (卯w®!*®#〉) 筇A(®))(茆〇>(汉” ^ 1巧(左)乂

fo llow ing  the inyarinoe of W} w© have 

Therefor©
• - ■ ■ . . +

, w < ^ ) )  € ( ( ^ ( s u c ^ ^ i ^ y a M ^ ^ s i J S ) ) .
By Oommutant theorem113̂  w© have

Henoe

Considering we get 

w tioJi completes the observation.
O bservation  3. Let Then i t  iiS a Jordan isomorphism and

; ■ . \ —
The first oonolusion follows froin the above discussion. The second is verified a3 

following
边'(如）= (亦 〇心）（必），（亦⑴多亦五)一 1〇少〇(^(^)心 )(1义(g)芯）

Following the three Q*bservations, w.e complete the proof of the theorem.
Now we prove the main theorem in  this paper.- . . . .  -,
T heorem  3. 6. Let be a UHF-alg^bm of type {m9}, A, B two uniial 0*- 

algebras, ̂ m(a) and Am(B') the h/i/per finite buiding ilochs of A and B and am the action 

of 8U(^fm) on CTm (A) and ̂ (B), If 0 ： is an am-inmriant

■affine isomorphism and ¢(0) =0, then A and B are *-isomorphic.
Proof By [7, Lemma 2 .2 ], 0  can "be extended as an am-inyariaii1i positive 

Jo rdan  isomorphism from t o ^ m0 minB. Following Theorem 2.6, we hay © ：

(1) J U 狀焱， V . : •
9>©id̂(2) ^ m(^)minMmP̂ )m]ni  S
抑i<U y ’

where q> is defined by ^  a ll y & M ^ . From
(2), we define

W =  (<p® idsy^o

-- , - • -• • '
• I , . v ;  - - - . 1
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Olearly,逆 is a positive Joi-dan isomorphism.
Let 〇x be the inner action of 8 T J on and i. e.,

Mh»(M(g)id4l) ( •) (w;#(g)id4l) ,

«卜》(M{g}idjBa) ( •)
where Int(») denotes the inner automorphism group.

Now we have ^  is «t-invariant. Indeed, for eyei*y u^：8 T J , yQ,
:Mmp, a £ A f there exists g>Te suoii that (w) G Mmt and 

Wm^{x)®y®a\ }^ W { ®y®a}
= (pgJid̂ L) _1。耍。〇® id4) { ®2/(g)a}
*= (p(g)idB) - ^ { (p  [ {uq>m% (oj)m*) ® 2/] ®a}
-=(p(g)id4) fe a  (.u<pm*(co)u*)®y} ®d}
-=(^ (g jid s)-^ # ^

•= (95®ids)~:t〇̂ {(pmatp[(^J(M)®laf)nj,] (pmw
’ X 如 《>[>;̂ 〇*)©1一 ] )物 }"

«  (沪® idB) _1{ (沪祕> [(‘ (M) mp] ®1B)(盃
^  \jPmt*» (SPim ( (̂ m* (®) ) ®V) )

X { (<PQ^b) ' 1〇 ̂  l<Pm̂p {<Pml ( (.(Pm̂ (®) ) 02,0®«] }
X { ( ^ ® i d B) _1 (?JmafP \_cpZX (U*) ®  1B) }

■  _1。边。(沪®idjs)
x 〇m*(a；)® 2/(g)ai]}〇*®iBl)

- * ■ ■ = «i (m) 〇W  ,
where the seventii equality Is obtained from the ee^-inyai-ianoity and 1^,,, 14, l Bt.

• - .  '  . -1 厶， are the identities in i f mp，J_，_B, 2 ：!, _Bi respectively.
From Theorem 4.2, let ^.1=1^-»®^!, then ^p(JL1)=j51 and W is

a Jordan isomorphism. Following [6], let am<. be the inner action of SJJQmP) on Ai 
and JBx, then W is oommunioaiiiye with the action amp. Indeed, for every (•»〇?. 
a^Mmp, a^ A , we have 

W(amp(u) ((〇® a))
= W'(lym®uasu*®a) ̂  (q>®idB) -J〇®〇 (^S1̂ ^)

•  (9J®idB) _1〇c5{^TO«H.[(lMmS®tt；) 0-mJ S xb) (lirmfc®M*)]®a}
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x { ( 9?(g)idB) " 1[ ^ p ( l JIf)nS;( g ) ^ ) ® l B] }  •
. . . . . . . . . .  . . . . . . .  . ' ’ . ..

= 切參IjS)取 龙 ⑭ 邙 ）（1 = 0少(印®邙），
• • • 'where the first equality is derived by the definition of the action am* and  M mP® A  

the second by the definition of Wy tli© th ird , fourth, fifth, and  
sixth by the definition of p and the fact that 识„1*详 切  a ^-embedding， the seventh b y  
the am-invarianoe of ¢ , the eighth by the fact that ?>(2)idB is a *-isomorplxism, the* 
n in th  by

• • • _

<P w) =  w),

and the ten th  by the definition oi a ^  and

Let 丨> 1 ， then mp>2. By [6, Thearem 3 .1 ]，̂ (*1) =J5 and ^  is a *-is〇morphism* 
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