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UHF —ALGEBRAS AND *——ISOMORPHISMS

XIE HUOAN (3% k—x) *

Abstract

The following problem is discussed: If .4 is an AF-algebra, 4 and B are two

. O*-algebras, #(A) and #(B) are the unit balls of #®A4 and 4®B respectively, and

there is an affine isomorphism from #'(4) onto #(B) ; When are A and B 1somorphlc?

This problem was inspired by K-theory of G’*~a,lgeb1a,s If #is a UHF~&1gebr& of

type {m?}, an orientation on #(A4) and ¥(B), i. e., an 8otion of the special group of .4,

is introduced. Then it is obtained that if the affine isomorphism commutes with the
group action then 4 and B are isomorphic.

§ 1. Introduction

-One of the problems in operator algebras is to clasgify all the operator algebras.
The problem was partially answered for Von Neumann algebras by Von N eumann,

Murray, Takesaki, Connes, et al, for a decade. HoWevel it Wasvnot'giVQn_ any progress
for 0*-algebras until K-theory was 1nt10duced in O*—a,lgeb1 a8,

The idea.of K ~theory of O*-—algebras iy that we can eonstlueJo abelian groups
K o(4) and K;(4) for a O'*—a,lgebla, A. The olassification of O*—algeblas was
reduoced to that of its K -groups. The basio ploblem in K-theory of O*-algebras is
when K- -groups are complete. mva,l iants of *—-1som01 phlo olasses.

In thss paper we will deal with such problem in some sense. It is Wellknown
that ‘the oonstluotlon of Kogroup of a O*-algebra A is from Grothendieok’s
groupization of the semi-group H(A) which is the equivalent olasses of
Proj(A®A), where I . .is the U*-algebra of -compact o.peratoré,”on a seperable
Hllbel'b Space. From Kadlson s theor rem™, we have

Ext((AQA)T) =Proj(4®4),
whele Ext denotes the set of extreme points, IfBisa O*—algebla., @; Ext((A@%‘)f)
—aExt((B@% ) ;") is leeotlve whioh is equwa,lent t0 that @ isan a,fﬁne lsomophlsm
between (ARHA){ and (B@%‘) the basio problem is reduced to the followmg

Problem 1. 1. If & (AR ){'»(B@ A )1 is an affine @somorph@sm, 'when can
D dnduce & —rz,somorph@sm from A onto BY
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Moreover, we have following general problem:

‘Problem 1. 2. If M is an AF-algebra, O (A®,/£/)f—>(B®,/ﬂ)1 is an affine

'asomorrph@sm, when éan ® énduce *_gsomorphism from A onto B?

It was answered by Prof. Wu Liangsen™ for Problem 1.2 in cases that . is an.
nXn matrix algebra M, over € '(fOJ‘." n>2) after int‘i-oduoing an orientation on.
(AR.#)t and (BR.#){. In this paper we will discuss Problem 1.2 for .#, aUHF~
algebra of type {m?}, and also define an orientation. Therefore, the general question.
mentioned above is reduced to discussing the orientation for an -4 F-algebra and
how the affine isomorphism preserves the orientation. The idea was first used by
Kadison in [2], this will be discussed in a subsequent paper,

' §2. Preliminaries

Deﬁmtmn 2.1. 4 0*—algebm M s called @ UHF-quebm @f there evists @
sequens O*—subalgebms {A,,} of M such that

Q) lcdijch,cecd,Cooe,

@ l:l A, is dense in M with norm,

3) A,,M.MM(G) fm" every n€ &+,

It is Wellknown that the UHF——algebla is the mduetlve limit of ﬁmte
- dimensional matrix algeblas ove1 C with the same unit and also the infinite tensor
product of finite dimensional matrix algeblas over O, which ‘is as the followmg
theorem, ‘

Theorem 2.2.31  For {p,}CZ, there exists a UHF——adebm ./// of type {p,,} @ﬁ“
Du| puery =1, 2, -  Furtheremore, we have

(1) A= ®M,,,,,(G), My = Pa, m,,—-p,,_ip,., for n>1, where the tensor norm ds

taken the ménimal O*-norm., -
(2) M =the norm olosure of hm{M tnr Pontip,)r WHOTE Py, i1, U5 @ —embeddmg'
from M,, into M,,, such thwt gv,,,m(m) w@lm,,, rwhere 1,,,,, s the unit of M,,,,,, My g1 =

Pusa/Po: | S
By OODStluctlon of mduetlve 11m1t ‘there ex1sts a sequence of *—embeddmgs

Po: My suh that | |
@ PP
(2) -//_ U ‘Pw(Mm) o L
Deﬁmtlon 2.8 Let SU(M,,) be the specwl unitary group of M,,; wnd

ST = o (T,
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whea*e M s @ UHF—algebm of typa {pa}. We call SU(A) the special umtwry gfroup
- of the algebra. }

Since M,, is generated by SU(M,,), 4 is generated by SU(J) also,

Definition 2. 4. Let {p;}<Z, p;|pis1, p—>oo. Define :

2{p} () =sup {n: a"|p;, fm‘ some 4},

where » s pr@me nuimber. -

Theorem 2, 5t Theorem 1. 13 UHF—wlaebms of tg/pes {p,.} and {r.} are @"somorpbic
if and only of 1{p.}=1{r.}.

Proposition 2. 6. If M7 38 UHF—wlgebm of type {m"}, then for efvery n>1
z}wm exists @ *-wsomm‘pk@sm such that

‘ Jl’”@M ,,,..:g///"’
Proof By Theorem 2.2,
M7= lim {M vy P}

.,Smoe induetive limit operation commutes with tensm pr oduct we have
M m@M mn = ]Jm {M kaM mny ¢mx+lmr®ldmmn}

= llm {Mmkm, ¢7mk+n+1mk+n}

Hence, A™RQM ;.. is UHF—algebla of type {m""}. Smee 2{m*}= x{m"“"‘} from 2.5
we have assertion of the theorem.
- In faet we can construot the *—isomorphism as follows
- | <p(<vm~(w)®y) = im0,
for a;é-me, EM,,..,, k=1,2, - It is easy to prove that ¢ ean be extended to a
*~isomorphism from A"QM . onto 4™, v
The following is a property of tensm produot of O*-algebras which is used in
this paper (Ref. § 3).
Proposition 2. ¥. Let 4 amd B be unital O*—a,lgebms w4y Ty ATE fw@thful
representations of A and B on $4 and $p respeciively. Then
| o= (@sB5) |, € ARB,
where the vight hand side is the operator norm over $,R%9s, and
| - AQunB=wa(4)R@mws(B),
whers the mght hand side is the O*~algebra generated by operator tensor product
Proof The first assertion ig the Theorem 2.8 9 in [8], the second follows from
$he structure of tensor product of 0*—algeb1as. ' '

§ 3 Mam Result

Deﬁmtmn 3 1 Let ,///"’ be @, UHF—wlgebm 0 f type {m”}, A a umtwl 0*~wlgebm,
Jf’ D(A) (vﬂ m®mmA-)1
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We call .%"”‘(A) the m~hyperfinite building block of O*-algebra A.
Definition 8. 2. Let SU(A™) be the special unitary group of. UHF—adebm
A™ of type {m”} We define @ group action on HA™(A):

o™ :S’U(.//"‘)—»Aﬁ( A™(A)),
such that

o™ (1) (fv) (u®1A)m(u*®1A), uESU(v%’”), o€ A™(4),

where 14 is the umt 0 f O*—al gebra A, Af(H" ™(4)) s the affine automorphism qfroup 0 f '

A™(4),

bulldmg block 7, (A) and a,, in [6] This action gives an onenta,tlon on H™(4). -
Definition 8. 4. Let A and B be O*-a,lgebms, ®@: A—>B a linear map. We ca,lt
@ g Jordan homomorphism iff -
@) @(a*) =D(a)*,
@) @({s, 8})={2(a), 2},

 where {a, b} = wb—{-bw, aC4, bEA,

Proposition 8. 5. Let . be a UHF—-wlgebm, A and B unitel O*-algebras. If D

MR i A—> M D ryin B 18 & Jordan isomorphism such that Poa=0od, lot A=1,R4, B

=1,RB, then @(A) =B end @ fos a Jordan fbsomo'rphfbsm Sfrom A to B.
Proo f Since . is Slmple“" Theorem 5.11, every nonzero representabion is fa,lthful

Let w be a factor state (i..e. a product state) on .#™), which induces a factor

representation (@, $u), i. 0., wu(A)" is a _fa,otof in #(9w), (wa, $4) and (ws, z9)
the universal representations of 4 and B tespeoﬁively. Sinoce mw,, w4, wa gre_fa{;thful;',..

we have
T®%q

l/ﬁ®min -’—V-, Ww(%@”A(-A)Y

MR uin B g Ww<'///)®WB(B)y
which follow from Pi oposnuon 2.7. C
Let '
Ww(“) (u)= (Ww®au(01 WB)) °“<Ww1(u)) (ﬂb'w@WA (01 UFB)) -1
u & SU(A). Then ’ o
@ (a) (u) (a’> ('M@lm(oma))m(u ®1W4(or:7h)) )

’wEavw(.///)®au(A) (or WB(B)) Deﬁne QI/'= (avw®av3)o@o (avw®mr,1) -1 We | v:'h'a'vé

followmg observations. .
Observation1l. ¥ isam., (oa)—-mva,rmt Jordan 1som01ph1sm

Olearly, ¥ is a Jordan isomorphism, the invarince of ¥ is from the following..

W ot (0) () = (@) B (5 @) o (St oz (1)) (s Bra)
= (@.Qws) oa(wz* () oPo (w,Dewa) ™ = w., (a5) () oW,
Observatlon 2. Let 4 sl,,.A .Sf = %.14. B -=1,,®B eto.- Then '@F(M (A
"’WB(B ) - . E

Remark 3. 8. The deﬁnltlons 3.1l and 8.2 are the genela,hza,tlon of n—ﬁnltex
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Indeed, for every o€ 4, u€ SU('/é’),
' o=(u®14) (1L.R) (©*@1s).
‘Then
wa(w) = (m@lum) (e @ma (fb')) (W (W) R1aycay)e
Following the invarince of ¥, we have .
T (wa(o)) = (we (u)®1w,<s>)q"(754(w)) (@ (u“) @1%(3))

Therefore

W(wa(2)) €(C <Ww(S U(-///))@)lwxn)) n (ww(%®WB(B))

By Gommutant theorem™, we have

@ (w4(w)) EWB(B)
Hence
, W(WA(A))EWB(B)--
‘Considering ¥'~%, we get
‘1(WB(B))CM(A),

which completes the obser va.tlon
OOServatmn 3. Lot &= =m3 o@F‘oavA Then 11; is a Jordan 1som01ph1sm and &'
=, :

The ﬁrst oonelusion follows fl-qm'ﬁhe above discussion, The second is verified as -
following o :
D' (2) = (w5  Womwa) (2) = (w.Qumws) oW (w,Rms) (L&)

=0 (1.Qa) =D(w)..

Followmg the three observations, we complete the proof-of the theorem.

Now we prove the main theorem in this paper.

Theorem 3. 8. Let A" be UHF—wlgebm of tg/pe {m?}, 4, B two umml o
.algebms, A™(a) and A™(B) the hy per finite buiding blocks of A and B and o™ the action
of SU(M™) on H™ (A) and A ™(B). If &: A™(A)>HA ™(B) is an a™—invariant
affine isomorphism and ©(0) =0, then A and B are *~isomorphic. A

Proof By [7, Lemma 2.2], @ can be extended as.an o« m-invariant posrblve
Jordan isomor phlsm flom .///"’@mmfl to A™ ®mmB Following Theorem 2.6, we have:

@ .///"*@mMmp Zoqm

¢®4

(2) | - | ‘ j m@minM m’@mm-A- = ./% m@mm

AR M s @uinB & M@ 1,8, P
where ¢ is defined by ¢(¢m~(w)®y)=¢mx»(w®y), for all meM,,,,, yEM,p. From
- (2), wedefine . .

W (9’01d3> 1°@°(‘P®1dA), _
Ay=MnQuindy
By~ M o®snB.
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Olearly, @ is a positive Jordan isomorphism.
Lot oy be the inner action of SU(V//’") on MR Ay and AR By, i. e,,
» oy: SU(MA™)—>Inb( M ™ Ruin A1), '
u>(u®ida,) () (W' ®ida)
SU(A™)—>Tnt( A" RninB1),
uF> (u®id,) () (W' ®ids,),
where Int( ) denotes the inner automorphism group.
Now we have @ is a;—invariant. Indeed, for every uCSU (A ”'), wEM mty ye
M0, a € A, there exists g=Fk such that @, (w) € M and - ’ -
VH{ou (u) [P (2) Qya] } =V { [upm:(2)u"] @y&Qa}
= (p®id 1) oBo (p®id 1) { [upm(2) "] RyDa}
= (pRidz) o0 {p [ (upm(a)u") Ryl Da}
= (p®id 1) "*oB{ Paer [Prg (upmr(2)u") Ry] ®a}
= (pQidp) 1o@{pn o[ (Prs(w) RLu,,)
X (@ (pme(2) ) By) (¢ma<u*>®1MmD>] Qa}-
= (p®id ) *oB{(Pmee [ (Pt (4) Rar,.p] Prosie
X [@re (@ (0) ) RY] rnars [@ra(w") OLatp] ) R} -
= (p®idg) (¢mw[(¢ma(“)®1mmp] ®1) (0
X [@mes(@ra((@mr(2)) Ry) Ra])
o X (Pren [Pri (W) PLar, ] R15)}
6 : ={<¢®ld3) 1(?’"’“"[(?’"12(“)@11[”4)] ®1B)}
- X {(p©@1id3) @ [@mne(pr ((fpmk(w))Oy)@w]}
- X {<‘P®ld3) H @maw [Q’nw(“*) Rlu,.p] R15)}
= (u®1z,){ (p®ids) *oDo (p®id )
X [pms(0) Qy®a]} (u'@1p)
| =01 (1) W [pmr(0) R0,
where the seventh equality is obtained from the a™—invar 1a,nelty and 1y,y 14, 1,
14, 15, are the identities in M, A B, Ay, By 1'95pec'b1ve1y _
From Theorem 4.2, lot Ay =1 ,4n® A1, Bi=1 @By, then T(A4p) = .31 and ¥ is
a Jordan isomorphism, Following [6], let ame e the inner action of SU(m?) on 4,
and B;, then @ is oommunlca.tlve with the a,otlon o Indeed for every u &8 U(m’),
BE M, aC A, we have :
W (0me () (2Qa0))
= ’!l'l'(l,,".@umu'@a) (p®idp)~ 1od50 (¢)Old 4) (1 4 Quan*Ra) _
= (p®id5) B [p(1em@uau")Ra] = (pQids) 1°@[¢mk+v(1umk®uwu')®w]
= (¢®idp) "o B{Pmsis [ (L1, 3®) (Lat, s ®) (Lar, i®") | @ar}
= (p®idp) "1oB{ [Pmre (L, s&u)B14] [¢’m~+v(1x.,.k®m)®a]
[%m(lu,,.k@u’)@h]} BEEE
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= (p®idp) " { [pmre (12, 2Du) @151 P [@ mre (L1, 1R 2) @B]
X (@ (o, sQu*)R15]}
= {(p®idz) " [pmre (Lo, s @Pu) @ 1z] }{<¢®1d3) to® [‘Pmm(lu,,,k@ﬁ) ®a]l}
x {(p®idg) " [@mr-r(la,s@u") D151} - - i
= (1JM®U®1B)W(1J"'®$®“) (1 4m®u*®13) = “mﬂ(u) °T(w®w) ’
Whele the first equallty is derived by the definition of the action O a.nd M,..R A
=1 QM @A, the second by the definition of ¥, the third, fourth, fifth, and
sixth by the definition of @ and the fact that @ is a *~embedding, the seventh by

the a™—invarianoce of @, the eighth by the faot that p®idp is a “*-isomorphism, the
ninth by

(L) ~¢m;m<1m,,,,;®u>,

p(1 Q") = Prwso(Lag,uDu)
and the tenth by the deﬁmtlon Of Otyye and

M RA =1 @M DA,

M @B =1 ¢nQM @B, R
Let p>1, then m?>2, Bjr [6, Theorem 3.1}, ¥(4)=B and ¥ is a "-isomorphism,
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