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A GENERAL DETERMINISTIC PIVOT METHOD
FOR ORIENTED MATROID PROGRAMMING**1 •

A new pivot metliod for orieniied matroid programming is given out. This matlxod 
is deterministic by nature and is general in the sense that its flexible pivot selection 
rule allows a family of possible algorithms, to be its special cases, inoluding tiie so 
called criss-cross algorithm and the Bdmonds-Fukuda algorithm as well. As an example 
of a special implementation of our general method, an extended version o f  the 

Edmonds-Fukuda algorithm is presented.

For oriented matroid programming, the so called oriss-oross algorithm, whioh 

was discovered Independently b y  Terlaky and the authorC8»10*11:If and the E d m o n d a  

—Fuku d a  algorithm^3 are both of determixu'sliio type. The oriss-oross algorithm 

x*equi；res no initial feasible oirotdi and uses no oonformal eliiainaiiionoraole, whereas 

the E d m o a d s - F u k u d a  alg〇x*ithm does. However, the. latter gives an explicit w a y  of 

■showing h o w  the iterations converge by- a lesioographioal orderiiig^ -while tho 

former does not. Moreovex% the piyot selection, rule of the latter allows a* certain 

flexibility, whex-eas that of tHe former is fixed. I n； this paper we  relate these two 

algorithms and produce a general pivot method, which oan be regarded somehow 

as a unified version of these , two seemingly diffex*ent algorithms. Also introduced in 

this paper, as a n  example of a special implementation of our general method, is an 

extended version of the Edmondig-Fukuda algorithm, whioh, unlike the original 

Version, requires no initial feasible cix'ouit. Methods based on recursive appx-oaoh 

ci, 2, n〇^ genLeral give explicit ways of showing h o w  the iterations oonyerge, 

while ours does b y  means of providing an upper bounded binary digit, whioh

increases monotonically not b y  only one unit in general) at each iteration.

Let £1 be a finite set, a signed set of JS is defined as an ox*dered pair of subsets
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(〇/，〇;’’) of 见  where 〇/ 门a/’ =  0 ，and  a?’U 〇?" is called the undOTlying set of (忠’•

T w o  signed sets (〇?% 〇)f,) and ( y \  yn) are called orthogonal if ©ithei* the interseotion 
of their underlying sets is e m pty or (a>; fl 2/0 U (pf, D yn) and (oof fl yf/) U W r fl-2/0 are 
simultaneously nonempty. Let and M* b© a pair of dual matx*oids with E  as tlieir 

ground setcl2J, M  and iif# are called oriented matroxdsc >43 if

(1) for ©very oirouit O of M  and M*t it has been assigned to it two signed sets 
(〇 r\ Off) and (0 ,f , 0 ,) with O as theix* underlying set;

(2) the signed sets assigned to the oirouits of M are orthogonal to those assigned 

to the circuits of
■ ' .

Now, members of any suoh signed set are called tho orietiteid parts of the oirouit

oonoernedc

O n e  of the fund amental properties of oriented inatx-oids is the so called C o n ­

formal Elimination Property118»4^ 0*1, which can. be stated as： Assume 〇i and 0 2 are twa 

distinct oirouits of a given oriented matroid,((?i, Of)and (0$ t 0^) are two signed sets
assigned to and 0 2 respectively; i t  A — (〇} f \ 〇^) U  (〇I  f\ 〇 i )  ^  noneitnpty, thea

■ .
fox* aay given noneiapty subset A f ot>A and any given element /  〇f ( 〇i U there

exists aa element / r of A! and a oirouit C?3 of tiie given oriented matroid $uoh that：
(1) /€〇3 and / ^ e ^ a；

and

(2) a m o n g  th© two signed sets assigned to On, there must be one, Say^ (〇i t O 3) 
Satisfying:

(〇} r i〇 i ) \ A ^ 〇 t 9

(a3- n a 〇\ ^ a r ,

〇 i f \ { 〇2\〇i). . . . • ..

〇 s 〇 ( p ^ 〇d

■where A ,r= A^Af.
W h e n  A' contains oaly one element, this property ia bx*iefly called tlie Elimination 
Property. . ■ ■

Let b and b* be two distinct given elements of JE; a oirouit ,0 of if is balled 
feasible, ii  h ^O  and either {6*} br the empty set is an oriented part of O; a bii*6uit 

JD of is called feasible, if and either {&} or the empty:, set .is 'aa/orleiited

pari of D. A  feasible circuit O of and a feasible oirouit D of are exiled 

eompiementary/if (0 〇 ̂ ) \ { ^  6*} is empty. A  oirouit 0  of M  is called iafinitely-^ 

augmenting, if and the empty set is an oriented part of a oii-ouit 3
M *  is called infinitely-augmentiiig； if S  and tlie empty set is an. ori­

ented part of 5 ； : ! :

Tlie most fundamental theorem of oriented miatroid ^  is th.© Du-
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«,lity T h e〇r e m C2#4»8>9*10：Iff which oan b© stated as； On e  and only on© of the following 

statements holds.

(1) Either there Is aa Infinitoly-augmenting oirouit G oi M  ox there is an 
infinitely-augmenting circuit jD of (this statement is equivalent, "because of 

orthoganality, to that: either there is no feasible oirouit oi M* or there is no  fea­
sible oirouit of M ).

(2) There exist a feasible oirouit O of M  and a feasible oirouit J) of suoix 

that O and D are complementory.

Oriented motroid p rogramming provides algorithms for realizing oonstruo- 

iiyely the Duality Theorem. Based on reoursiy© a p p r o a c h B l a n d  first proposed 

rmoh an algorithm^3, whioh was later on further improved fcy \Jens©n.C5：I. T h e  

E d m o n d s - F u k u d a  algoi*ithm and the so called oriss-oross algorithm are also algo­

rithms of this kind; whereas theirs are based on determiniistio approach. Although, 

^generally speaking., their algorithms oan. be interpreted as refinements of the 

Jensen algorithm, theirs however employ no x*eoursiye procedure and, thereby, 

appeal* more straightforward and implemental. T h e  E d m o n d s - P u k u d a  algorithm 

requires an mitial feasible oirouit and an Oracle capable of realizing the Oonformal 

Elimination Property, while the oriss-oross algorithm requires none of them; 

oinfo^tunately, the piYot seleotion rule of the latter allows no flexibility and gives 

:no explicit w a y  of showing ixow the iterations converge, while the fox'mer does. 

W e  relate this two seemingly different algorithms and present in the following 

^section a n e w  algox*ithmt whioh is virtually an improved yersiou of the oriss-oross 

.algorithm in tho light of the E d m o n d s - F u k u d a  algorithm.

§ 2. Algorithm

For a base 5  of if, let B* denote the base E \B  of M*; for ¢ 6  5*, let O(0r S )  
«denote *blie unique oirouit of M that is contained in B 1J {〇} 9 and let (et 5) denote 
the oriented part of 0 (e t B) that contains ef 0^(e, B) the other ox*iented part of 

^0(et B) ; for e* €：B t let B*) denote the unique oirouit of 3P that is oontained 

ia  JB*\j and let Z>+ (^, B^) denote the oriented part of D(e^t that oontains

the other ox*iented part of D(e*t
Without loss of generality, w ©  assume that {b*} is not a oirouit of M  (othex*- 

■wise, {6*} itself is an infinitely-augmenting oirouit of M )  and {6} is not a oirouit 

■of Jf* (otherwise, {6} itself is an. infinitely-augmentitig oirouii； of Jf)fc 〇n  this 

Assumption w e  oan assume that the Initial base 5  of if is sueh one that and

W ©  then assume that is n o n e m p t y  (otherwise, 0(b , B ) a n d
3{b*, 5 #) beeome n o w  a pair of o o m p l e m e n t e y  feasible oirouits of M  and ikf*) .



This algorithm uses a working ybo^ot (XxtX2t 入is'ii) for the purpose of

giving the elements of E r a changeable ordering. Also used In this algorithm is a, 
working subset L  oi W  9 whioli, together with Xt provides for an explicit 'W'ay of 
showing h o w  the iterations of this algorithm converge, Qur algorithm is as fol­

lows：

Step 0: Set

K: =-whioh.eyer permutation of the elements of E r that one chooses to take® 

Step 1: Let

=  B)};
and lot

k ' ^ k 2\ l .
If set

0 : - 0 ( 6 , 5 ) ,

2):=D(6*, j5*>;

now, 0  and D  are a pair of complementary feasible oirouits of M  and 

M*, stop.
Otherwise, let

% == m in{^ I €  K't U Kt})
if g〇 to Step 2; if go to Step 3.

Step 2: Let

I ^ { h \ h € 〇-(U , B)},
X,= J \ { X « i I i a n d  X i^Ly.

If 0,  set

d : ==0(¾¾ B);
xiow, d  is an infinitely-augmenting oirouit of M, stop.
Otherwise, go, aooorditig to what one likes, to Step 2.1 or St^p 2.2. 

Step2.1: Oho聊 ，ifpo雜 wh+ichever 入̂ m々ilikessuoli that ? < 茶 .:入?€(7 

(A，S, B); let J  denote %, go to Step 4,
Step 2.2： Let U be suoh a coordinate of X that l©t̂ ' denoto

%, go to Step 4.
Stop 3: Let *

J —{X)\Xj£I)~(K%, 5*)},

set .

S: =D：(X%f B*y, ； ^
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