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It is easy to see that 0  m a p s  E into itself and is a oontx-aotioii mapping. So by 

oontraotion mapping principle 

Theorem 2 ,1 is p r o v e d . . ,

§3, Upper Bound of Life Span in Theorem 11%
Case j^ > 0

T h e o r e m  3.1. Suppose, g(x) m  (1.2) satisfies

(■+% ( 〇〇咖>0. (3.1)

Then there exists a positive comtani 〇t indep endent o f  8 swh that
、 T ( s ) < c x s ^ 2. (3.2)

In order to prove Theo r e m  3.1? w e  need the following lemmas.

L e m m a  3.S. The classical solution to the 0-oursat problem o f (1.1) with 'boun
dary Gonditiom

mmt blow up in  finite time.

( Vt ~  lj(

^ u=^l (3.3)

Proof W e  shall deduce a oontradiotion b y  assuming thatch is a global s〇lution〇

Let

=51 u(t, as)d<tt, (3.4)

It is easy to see that

«(0)=0, (3.5)

V ( 0 ) = 2  (3.6)

and by (1.1) w e  get

’ V ’⑷ = 几 丨 〇 +«(;，-i))。. （3.7)
' , - -  

Notiojng. (3.3), (3-6) and (3.7), w e  have

vf(t)> 2 W > 0 .  (3.8)
T h e n  by (3.5) w e  obtain.

W > 0 .  (3.9)

Aooording to Holder's Inequality, it follows from (3.4) that

々 ) < ( J 、”4 1+")’ 《>)(2古 )雜 气  (3.10)

So (3.7) together wth. (3.3) yields

…  (3.11)

It is easy to deduce froin (3.11) a n d  (3.8)--(3.9) tliat

〜 告 《 ^ - ， „ + 2 ) ( 2 〇«)>0. (3.12)
. . . .  - * -•»

Noticing that v (i) /2 t-* l w h e n  #->0, w e  have
-  2 r * a(#)/(«+2) (2t)a) -4. (3.13)f“A
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Henoe it is easy to see that

(3.14)

(3.15)

(3.16)

(3.17) 

(3:1¾
, ( ;•；

which has been, reduced to the case a =1, so w ialso blows up  in finite tiine. ；
..

This oontradiotion proves L e m m a  3.2.

L e m m a  3.3. Let t («) he the life  span o f classical solut'iomr to the following 
Goursat problem

[斯  n = H i+a，

< co=t. w  — (3.19)
■

[aj= —1:
where h is a positive eomtant.

Then we have
•j? (3.20)

where T 〇 is the Ufe sp<tn o f classical solution to Gfoursat problem (1.1), (3.3) which 
is independent o f «.

Proof Let
w(i,a;) =w(i/«a/2t ®/«a/2)/«* (3.21)

It is easy to see jfehat u satisfies (lil), (3*3). T h e  oonolusion of L e m m a  3.8 is 
then obvious.

v'(t) ( t ) /^ a + 2 (2 t) â -\ft>0.
In oase 0 < « < ! ,  w e  get from (3.14)

> < 1 )  / [ 1 -仰 （1) « ( 广 < 2- 1)] « " ，
where

^ ~ 2 a /2 ^ 2(2 -a ) V 2 + ^ .

Thus v must blow up  in finite time.
In case c«>l, w e  have from (3.9)

T h e n  w e  get from (3.14)

v \ t )  (¢)/^/2+^(201̂ .

Lemma 3.4. Let v ) \ i> 〇, V>〇, i+V<<x〇} and u(i, rf), w(f, 77) G
0(Q) satisfy tespeotively

< i ,  » ? ) > S + ^ £ | M ( f , r }〇 |1̂ W / 2 ,  W(i，r ,)e〇, ' (3.22)

v )  = s +  f  f 7\ w ^ ' ,  V ) | 1+a^ W A  V(£, V) (3 .23 )

where S is a positive oonstani. ,

Then, we have
u (i, r{)> w {tr})\ V(£, t?)GD.

Proof W e  deduce a oontradiotion by asisuining that (3.24) does not hold for 

all ( ,̂ rj) In this aaSe

-4={(£» ^)1(^ ?̂) 9?)«w(^, •>?)} (3.25)

is a nonemp-by, closed set in T h e  refor© there is a pbint ri〇y ̂  A  wMoiL id- 
closest to the origin. B y  (3.22), (3；23), it is obvious that axid ^〇̂ *0； thus
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for all (f, rj) such that 0 < ^ < £ 〇, 0<r}<ri〇 (3.24) holds,
Notioing that u, v are both positive, w e  obtain

This-together wiiih (3.-22) (3 .28) iimplies

«(£〇> % ) > . w ( £〇, 7J〇),

which ooatradiots the fact that (f〇, 7]〇) ^： A . The l e m m a  is proved.
W e  introduce the following notations：

K +(t, as) = { ( r t ?/) I (2/ - 031 < 1? max(0, 〇 <-!?},

K ~ (t, <e) = { ( t?, 2/) | 12/ —a;| -r, 0<T?<i},

which, are nothing but the forward and backward ligiit oones passing iihrough 

(t, <c) restricted on the upper plane respeotively.
Proof o f Theorem 3.1 W e  suppose that the supports of both. /  and g lie in the 

interyal (~ p , p). Let

= 香  J , g r » / 2 .  (3.80)

B y  assumption (3.1) M > 0.
For all (t, x) 〇), D'Alemberfs formula yields

a?) = s i f +  JJ 丨m (t ,女) |1+01如 ％ /2. (3.31)

T h e n  it is easy to see that .

u(t, x) > sM +  Jj" Iu(̂ 1 y) 11+a<ivdy/2. (3.82)

Let w (t, <〇) be a function, defined on. K *(p, 0). suoh that

wQy —sM +  ： p ) \ lf<xdrdp/2i : (3.33)

K~(lfa〇nKHp,Gi)
B y  m e ans of a change of coordinates 「

卜 (“ —" ) " !• ， (3.34)

i?= (t+so^~ p ) / \ f2 '.
"We can apply L e m m a  B.4 to yield, whenever, u. and w both exist,

u(t, a})>w(t, CD). , (3.35)

O n  the other hand, it is easy to see b y  the change of coordinate (3.34) that w  

is tlxe^aolution to the following Qoursat problem .

- ' |w|1，5：a, i>p, ' .

• CB=t~p. w=sif, ： (3.36) ：

-， [〇?= - t f p ； ：w=sM-, .' ；. ； ,v.\

T h e n  L e m m a  3.3 together -with a, shifting of -bime jshQtfs that w blows u p  at time 

p -i-T oM r'^sr f2, Therefor© it follow^frpm (3,80) tbat ；

(3.26)

(3.27)

(3.28)

(3.29)
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T (s)< (p -i-T 〇M~â )6 -a/2.
Thus T h e o r e m  3.1 is proved.

§ 4. Upper Bound of Life Span In Theorem l l g
f

Case ^ < 0

Theorem 4.i. Suppose g in (1.2) satisfies
.. .: ,

g(x)dx<0. (4.1)
J —oo

Then ther& exists an Bxp̂ O such that for any s with
r ( s ) < c 2s-flZ3， (4.2)

where g% is a positive constant independent of e.
To prove T h e o r e m  4.1, w e  need several lemmas:

Lemma 4.‘2. Omohy problem (1.1), (1.2) admits q classical solution u(t} m) on
the domain

〇)> 〇<t<bs"a} (4.3)
with

: & = 夏 1°72〈1 士《)P. (4.4)

Moreover |w(#, a?) V( #, <c) £ D y
where Mt is defined by (2.5).

Proof B y  finite propogai/ion speed of waves we k n o w  that u vansheis outside 
p, 0), So b y  D'Alemberts formula the O 2 solution to (1*1) (1.2) outside 

K ^(p } 0) is equivalent to the 0° solution of the intergral equation

u (iy a;) = 8  Jj** \u (^} y) l^d u d y . (4.5)
n £：+(-/>,〇)

Define

<f>x(v) (iy w) =  8u°(t, 3>) -f* JJ I一 ，y) 11+0&如  ％ /2 (4.6)

for any where

'〇;) |̂ (i, a?) €〇(D), sup(^(i, ic) j (4.7) 

As  iii the px-oof of Titeorem 2.1> w e  can prove 4>x is a conti-aotion m a p p i n g  

from JBi into itself. Thus, b y  oontraotipn m a p ping priaaoiple, L e m m a  4.2 is proved. 

Lemma 4.3. The (3-omsat problem

■ *  -

*< os^tHc^ ~~〇} . (4.8)

is equivalent to the followmg problem for ordinary differential equations:
j T幻" ( T T ) 卜 (T〇 |1+〇S，T：> 0 ，

1.^(0) =  —0., , -
( ^ 9)

so they the same Ufe 8p<m. ^ere o is a comtanL
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Proof Let m  be the solution of (4.8) • By* the Loi^nfcz in variance of tlie equa- 

fcion and botmdaiy conditions and noticing the uniq^ness of solutions to (4.8), 

w e  oonolude that there exists a funotion v such that
u (t} (4 .10).

F r o m  (4.10) we  derive
v(tt) =w(r，0) ， (4.11)

so ̂  is a Ol funotion. Insert (4.10) to (4.8), w e  get (4,9).
Oonyersely, if v is the solution of (4.9), then u defined by (4.10) solves (4.8) 
L e m m a  4.#. I f  c> 07 then the solution o f (4.8) must Uow up in  finite Hme. 
Proof W ©  deduce a eontradiotion b y  aissuming w is a global solution of (4.8). 

Define v by (4.11). B y  L e m m a  4.B, v satisfies (4.9). Integrate (4.9), w ©  get

入幻’(入）= J*。 r I 幻(t) 11+adir. (4 .12)

Noticing v(0) — — c<0, w ©  see that there exists a X〇> 0  such that

v( X ) < - g/2., V 〇< ^ < ^ 〇. (4.13)

So w e  get fx*om (4.12) that w h e n

W ( X ) > ^ ( c/2)1+c6/2. (4.14)

T h e n
^(X)>^(X〇) + ^ ( c / 2 ) 1+a(lnA-lnX〇)/2. (4.15)

Th u s  v becomes positive w h e n  K is big enough. Let be such that

w (入i，〇) = 幻(入i) > 〇• (4 .16)
For (t, (〇) 0), it is easy to see that

ic) = ~ c +  jj y)
jr+ ⑴ 的  n p ( o , 〇)

> —〇+  JJ |w(t?, co) I x̂ ad td y +  | |  V) |1+â c5y
K-(Ai,〇) n K +(o,〇) sr+(Ax»〇)nK-(f,iP)

=  m i (Xi, 0 ) +  J | 1^(^, y ) \%*advdy 
jr+ai,0)ns-(f,a?)

> u %(%x, 0 ) /2 +  JJ 丨M(T，y) 丨 1+ack%.

B y  L e m m a  3.3 and L e m m a  3.4. m  must blow up  in finite time, wiiioh 

'our assumption. T h ©  l e m m a  is then proved.

Now, w e  return to Oauohy problem (1.1) (1.2). Define

〇=  —g(x)das/2.
W e  haye.

« (i, a?) = - ec +  JJ \u(v, y) | dy/2, V(t, as) € K + (p, 0 ) .
K~Ctt〇)

(4.19) oan be rewritten as
V -* •

x) = - 8 c +  JJ Î C-r, y) \1+ad v d y /2 + E (t, x, s ) y
K-(f,®)nKt<>,〇j

(4.17) 

oontradiots

(4.18)

(4.19)

(4.20)
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■where

w it li

8 ) = 1 /  j j  +  j j  +  | h K ^ 2 / ) i i+a^ %

\Bi(f»a?) fia(̂ ,iP) JT'<pf〇)/

=  05, 8) + 12 (^ ®, ¢ ) + ^ 3( 8)

rc) =  {(T, g/)| —p < y ~ r < ：p, p < y + v < t+ cB },  
Ms(tt cb)=={(v , y) I®— t p, —p<2/+i"<p}.
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(4.21)

(4.22)

(4.23)

According to L e m m a  4.2, it is easy to see that w h e n

. t<ba~a (4.24)
■me have

s ) < ( s M 1) 1-i-a (2 t~p)P/2, (4.25)

0 < I 2(i, 6)<{& M x)^a(J i~ x-p )p /2y (4.26)

0 < Is (s) < 9 ^ 8 3 1 ^ / 2 . (4.27)
"So w e  jget

$ )<p (sM 1) 1+a(2 t-p )/2 . (4.28)

W e  next estimate dH (t, as, g ) a n d  d S ( t ,  a, s)/dco. In order to estimate dl%/ 
dt and d i i / dx, w e  m a k e  a change of coordinates

f i f=iy~ v~ P } _

l r j'^y+ n  — p.
It is easy to see that

I i =  f2P P + e + v O l^ d r i^ /A .
Jo Jo

T h e n  we get
\ d l t /d i l  Id l^ d x ^ p C s M t) 1̂ ^ .

Similar estimates hold for d l2/d t and 8 I2/B^> T h e n  we  oonoli;de tJiat
a, s) /5 oj| +  <〇 j s ) /d t\< ：2p(sM i)t'i，a.

N o w  let

According to (6,17),it is easy to see that ws satisfies ::

w*(<, as) =- - 0+ ^ ( ^ ,  as, e ) +  |J \we(vt p ) \1*^dvdp/2
iĉ «yajr<〇.p)

(4.29)

(4.30)

(4.31)

獅 )
(4.33)
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w e k n o w  that I a?) I is bounded in [0, 27) X i2. Hencie，f I 叫 (#，a?) jdoris also bound-

ed. Thus, by  Theox°©m 2.1 it can be extended beyond time T, which oontx-adiots 

the faot that T  is the life span. So the l e m m a  is proved.

P r o o / o / 5.1 B y  D ^ J e m b e r f s  formula aad noticing (1.5), for any 

( i t 0), weget

w(i，o〇=  jw〇 ,2/)ji+a(k(^/2* ■ (5.3)

. :  KKttaf>
W h e n  i<5s"a, by  L e m m a  4.2 wo have

u(Jir a?) =  J J  u (v9 y)  j1+ad；T? dy/2+  J J  u(r} y )  | 1+a< ^ r ^ /2
门瓦+(p，〇) K +(tf〇0 n (X+(-p,〇> -JT+(pf〇))

<  || l^ (r t y ) \ 1<i，ccd t d y / 2 + ^  (s-3f〇1+a |J drdy
jr-(f，iF)n.jr+6>，o) K+it,»y n (b:+(~p,o)-k +〇i*〇>;

«  |f \u(r9y )\1+ad td y /2 + p (sM 1y ^(t-p )+^^^  (5.4>

， K-ct*»)nK+〇*o)
Let

u(ty x )= A 2/au (A t+p} A〇))$ (5.5>
where

A ^p^a/^ \ s M x y a{a^ )/(a* 2\  (5.6):,

T h e n  b y  (5.4), w h e n  e is small enough, w e  hay©

u(tj w)< J| u(vy 2/)|1+a(2rdy/2+i+l, (i, x ) ^ K ^ ( 〇j 0). (5.7)'

K-c?̂ )n̂ r+(〇(〇)

Let v be defined on JST+(0, 0) suoh that

v(tj a))=̂  JJ j^(r, y) [1+a^r (^2//2+^+1. (5.8)^

K-(M〇n 瓦+(〇,〇)

It is easy to see that (5.8) at least has a looal olassioal solution on G < i < j P 2. B y  a. 

comparison argument similar to wiiat w e  have applied in L e m m a  3.4, w o  can get

u ( ty <3〇y < ^(t, <c). (5.9)

If we take s so small that 111611 by L e m m a  5.2 w e  oonolude th託t:

u{tjCd) can exist untill time T 2. Noticing (5.5) and (5.6) w e  get
r ( s ) > p —«(时 於 祕 ) 2 V + ^  (5.10>.

Thus T h e o r o m  5.1 is proved with

构念 p-〜(42哑产awv(«+: )2^ (5 , ii):,

§ 6. Upper Bound of Life Span in Theorem 1. 2

Theorem 6.1. Umder the amimptim of Theorem 1.2, time eô f̂ ts a 8^>0^ 
tuoh ihat fi)T^any s with 0 < s < s 3

(6.1>
v wh$tr& o k is  a  positi^ s d_8td<rd o f  芑‘



T o  prove T h e o r e m  6.1, w e  need

L e m m a  6.2. Let v be the solution to the following Ooursat problem

 ̂ v = t y (6 .2 )
/JJSK — ¢.

then v Uows up m  fimte time.
Proof This l e m m a  can be proved in a w a y  similar to that of the proof of 

L e m m a  3.2, but with more oar©.
• ' -r

Proof o f  Theorem 6.1 By D ;Alemb e r t ^  formula we get

u ( i} w) = sF (x+ t)+ sC f(cB ~ t)+  JJ 2/) j1+*ck <2̂ /2, (6.3)

K-(Jt,a)
where

^(«) = / ( 5 ) / 2 + f  g w m ， (6.4)
J — 00

沒(s)=/(S)/2— fS 夕〇8)邮 /2. (6.5)

B y  (1.5), the supports of both F  and 〇■ lie in (—p, p) .Moreover, F  and (? are not 

both identically zero. N o  loss of generality, w e  assume (?. is not ideniioally z o t o. So 

there exist constants c〇, 6〇 and  ̂  such that

|^(s) I >fx,r Va〇< s< 5〇. (6.6)
Obviously w e  have

—p<a〇<b〇< p. (6.7)

Let T s be the life span of solution to pro blem (6.2). B y  L e m m a  6.2, T s<  + 〇〇i 
Let

r(s) =[(&〇- « 〇)/2]- _ » +2f 3〇 s/2)-«(a+1V(， ) + P . (6.8)

W e  olaim that if the solution exists on [0, v(s)) xB , then it must blow u p  at that 
time.

For this purpose we ohooae a so small that
r(8)^6s-®

where 6 is defined by (4.4).

For (t, co) Q K +(p, 0), w e  define
B*{t, a;) =  {(r, y) \a〇< y —t< b 〇, p< y+ v< t-3rx \i  

For (t , y ) € »)> by (6.3) w e  have

■ m(^, ^)==5 0 (2/ - ^ ) 4 - JJ  ; \u ( v r,
K̂ir,y)nK-f-(r-p$0')

T i e n  b y  (6.6) w e  get

I m (t ’ y) I >s/* -  JJ |«(^»

Notioing (5.8) and using L e m m a  4.会，W 6 营ei f o r K 古(s)
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(6.9)

(6 .10)

(6 .11)

(6 .12)
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Jj |m(^, 2 /0 1 ^ ^ 2 /7 2 ^ (8 ^ ) 1̂  Jj (h W /2
SC\rf0nK*(^pt〇) nK~C-p,〇)

< ( s M 1) 1^ p t < ( r M 1) 1^ ( 8 ) .

.00 w h e n  8 is sinall enough, w e  haye

JJ |w(r’，2/’) 丨 1+W % 7 2 < ^ s / 2。：
瓦"•(賞：)。妒(-/»,〇)

.Hence, it follows froin (6,12) that

y ) \ > ^ ! %  V (t?, 2/ ) g d +(^ c〇) .

O n  the other hand, for any (t, cc) €£T+(p, 0), w e  have

m (" a〇=  JJ I w(7T，2/) | 1+a(fo ¢̂ //2.

T h e n

u{tj <〇) > ^  JJ \^Qti 2/) | 1+a^  dy+ ~  J°| | w(t?, y)\dn^dy.
瓦-(̂ ?)n 瓦**4p*o) '« . •

'Tiiorefore, w e  ha,ye for t< ^{s)

(6.13)

( 6 .14 )

(6.15)

(6 .16)

(6.17)

I  J"j I w 0 , 2/) 11+〇!如 〇 s / 2 ) 1+fl» 6m dy/2

(5〇—«〇) (/is/2)1+a + ® —p) /4. (6.18)

'Thus w e  get from (6.17), (6.18)

u(t, co)> JJ \u{n, y ) \1*ad^dy/2+(J}Q—a〇){fjJs /^ )x，ira(t,-\-sB—p)/4：. (6.19)

K-(f,«)n £■+((».0> .
Let w be defined on K * (p, 0) suoh that

(6 .20)
is *bh© solution to the following Goursat problem

• co=t~p, w = ( b 〇 - a 〇) (fis/2) 1+<*/2, .(6 .21)
C l〇>=-^+.p, w==0. ;



Again by  a scaling argument, w ©  k n o w  that the life span of w is exactly Tr(s)fr 

T h e n  a comparison argument similar to that in L e m m a  3,4 gives

u(tj x )> w (t, ai)f (6.22)

Therefore u blows u p  at time r(s). T h e n  the life span of u iSatisfies (6.1) with
心 = [ ( & 〇  I 從

Theorem 6.1 iis thus proved.
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