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CONSTRUCTIONS OF POWER BASES OF
CYCLOTOMIC FIELDS

Luo CHENGHUT (¥ &4E)®

Abstract

Suppose @ (L) is the m~th cyclotomic number field, where £, isan m-th primitive
zoot of unity, m>1 any infeger. Lt Gm={pnt+ L2 4 oo+ LD2 if m is odd and let B, be
the product of the integersl— L, (l<j<m, (, m) =1) if m has at least two distinct prime
divisors. It is proved that both a, and B, generate power bases of Q({m), i. e., Z[an]=
Z[ B +Z[ Ll The suthor also conjectures that there is no other power basis generator
except {n up to equivalence, and proves that this is the case when m=8, 9 and 12. The
corresponding result for m=p an odd prime was also obtamed by A, Bremner with & -
different method.,

§$1. Intr'oduction and Main Results

Suppose K is an algebraio number field of degree n, O is its algebraio integer
Ting. An algebraic integer « is said to generate a power bagis of K if Z[a] =Oy, i.
‘e, 1, & af, «:-a™t form an integral basis of O over Z. Let G'=Cal (K /Q) be the
Galois group of K/Q@. We can-easily prove the following

-~ Lemma 1. If a generates a power basis of K, then so does hto(«) for oll kC 4
and o €G- - o

By Lemma, 1, we can define an equivalénce relation among the generators of
‘power basis of K i« is equivalent to 8 if a=kc(B), k€2, o €GQ. '

In 1976, K. Gydry ™ proved that there are only finitely many power basis gen-
erators in K up to equivalence. In 1988, A. Bremner ® considered the question of
‘power basis of @({,), where p is an odd prime. He found one and conjectured that
this is the only “non-obvious” power basis generator ay={,+{3+++ C"’“”’z In
this paper, we give several power basis generators besides the obvious one {n for
cyolotomm fields Q({,), where m is any positve mtegel, and prove that they are
the only ones in @(Ls), Q(%s) and Q(Z12). We may assume m#2 (mod 4) as usual,

Theorem 1. Suppose Q(L,,) is the m—~th cyalotomw field, where Ly, s a primitive
00t of unity,
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(1) If m is odd, then = "m+I54--+LT"2 gonerates a power basis of Q(lm).
(2) If m has at least two distinct prime divieors, then Bn= [[ (L—Lh) gen-

Ui
erates a power basis of Q({m).

Theorem 2. The power basis generators Lm, O and B deﬁneol in Theotrem 1 are
n0t equivalent to each other when m+3, :

Remark 1. We conjecture that {n, &, and B, are the only power basis genera-
tors up to equivalenoce,. fhat is 0 say, we have the following list for -all the power
basis generators of Q(Cm) up to equivalence:

' C,,,, if m=2%

Ly By if m= 27°m1, odd ml%l B>1:
Cmr Omy if m=p¥, p is odd prime, 5>1;
Loy Gy By if m is 0dd and has at least two. dlstmet

. o prime d1V1801s

- .Theorem 3. Up to eguwalernce,
() The only power basis generator of Q,(Cs) és {s.
(2) The only power basis generators of Q(L12) are L1oand Bia.
(8) The only power basis generators of Q,(Cg) are Cg and o,

§ 2. Proofe of Theorems 1 and 2

Suppose 0';6 Gal (@n)/8) is deﬁned as follows
e o2 Ln—>Lh (4, m) =1.

First, we need some lemmas. ,
Lemma 2. If « generates o power basis of K and o is & unit of K, tlwn o~ also
generates o power basis of K. - .
Proof For any BEOx, wé have ,806“‘1605,' n'= [K :Q];. Since: & generates a

powerbasis of K, there exist w,EZ = 0 1, -+, n—1, such that

i N

B«x"“ & .

that is

n-—1

B= 2%-—1—%(0‘ 1)‘
Thus o~ generates a power basm of K.
Lemma 3. {,, generates a power-basis of Q).
- This is well known (see, for example; [8], p. 11).
Lemma 4. If m is odd, then 1512 45 g um,t of Q,(?,’,,,)
PrroofFlom _ A o o T
0= 14 Lot oot LS 21 (G one D) L0 Lo L50)
= Lok (L) Qb L),
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we know that - ‘ ; ' , o
A+ )= = (ALt +L02) = —ag
is an integer. The lemma, follows.
Lemma §, If m has ab least $wo _pmme dévisors, then 1 l,,. is @ unit of Qw).
In fact we have II (A-Z)=1.
(! m) 1
Proof See [3], p. 12.
Now we can easily obtain Theorem 1 by the lemmas above. :
Proof of Theorem 1 (1) If m is odd, then ((m—1)/2, m)=1. By Lemma 8 and

Lemma, 1, we know that 1+{IV2=0(p_1y2(1+n) is a power basis generator of

Q(Ln). Sinoe 14L& ig 5 unit by Lemma 4,
-— (§<m—1)/2>~ =Lt Lo +Z‘m“1)’2
is & power bagis genelator of (L) by Lemma 2. '
(2) If m has at least two distinet prlme divisors, then 1—{,,, is a unit by
" Lemma, 5. By Lemma 8 and Lemma 1, we know that 1-{, is also a powel basis
generator of @ ({m), s0 by Lemma, 2 it follows tha,t ' '
Bum(i=lw) = I (1-U)
_ : » Gt
is also a power basis generator of @({,).
Proof of Theorem 2 For any kE€.Z and o;& Gal(Q({x)/Q), we have
b+0;(ln)+0om-1(Bxoi(ln))

=2k (UL — 2%+ co0s Ej.g”;e/ng(mass, 4).

Singe ‘ -
O+ 1O ) = —,1’ B +0'm—1(:3m) =1 . ()

{m 18 not equivalent to &, or B,.
If o 18 equlva.lent t0 Bm, then a,,,—-lc-!—cr,(ﬁm) for some lnEZ and a;EG‘al (*3

() /Q). _
(1) If am—lo+a,(,8m), f:om (*) we obtam k= ——1. So
N S
e TETTE

' -1——{;:“;'51 =—1+{7,
. _’-C':'zﬂaﬂ";,"-—-of .
| N )
This is impossible because m isodd,
(1) I ap=h—0;(Bw), from () we obtain b=0. 8o .
| =L Al

t
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_ C<m—1>/2+ C’ =0,
thls is J.mpossuble, either. So Theorem 2 follows

5

§3. The Cases m:s, 9and 12

In order o -prove 'I'heorem 3 we give a necessary and sufficient condition for
@ to generate a power basis. '

Lemma 6, A necessary and sufficiont aondmon for an rmteger o to genemte @ powea'
baszs of QL) 4s that all : '

__a—ay(a)
Q}(Zm') C "‘O‘S(Cm)

«are units for i €N, 1<i<m, (4, m)=1 and owEG‘al(Q(Zm)/Q)
Proof See [2]

Besides this, we need the followmg well known resuls.

Lemma ¥, Lot m be @ power of a prime. Then every unit of Q(Z,,.)ws the pa'oduct
of a real unit and @ root of umty

Proof of Theorem 8 Let us prove the case m=12 ﬁlst The degree of @ ({yz)0ver
‘@ is 4. By the reason of e_qulva,lence, we may sqppesethat a=b1l1a+balE1 +bslz is
& power basis generator of Q(Ziz),_ 711, ,62,: bgez Then. We get |

95(L12) = b1 +b:L 0 €R (L), g1(L1s) =b1+bs{hEQ (Zs)-
By Lemma 6, they both are unlts of Q(lu) I—Ienee .
| (B4, bs, be) = (0, £1, 1), (0, 1, £1), (&1, 0, 0),
o= {1a, £ ({a+Li), i(le"“C 2). Bub
{la—lle=07(lTz+T %), C 2+C12—(1 ‘:12) (1 {fe) (1—{33) = Bz
50 up 10 e quivalence all power basus geners a‘u01s of Q({y2) are {12 and Bi..

Now we prove the case m=38. Slm.'l.la,rl].y, suppose that a=>bsfe+b2{3+bsL8 is a
power bagis generator of @({s). The,n»,}q;((:_g) = (by—~by) +bs({s+L8). By Lemma 6
and Lemma 7, there exists & Z such Atha‘u Ligs(Ls) is real, that is to say,

Lhgs(Ls) =La%qs (LY.
Smee {i= ——1 we may take k=0 1, 2, 8, to obtain the relations aroong bi s.
k=0 :unphes by=0; :
k=1 1mp11es by=bs, bz-—=_O;
k=2 1mphes b1==bs,
- o =3 implies by=by, =0, S
On the other hand g5(Cs) bi—l— 63§3€Q(C4) is a unit of Q,( Zs), and We ha.ve i
(s, bs) = -(£1, 0), (0, £1). . O E
Fi nally we get (byy Bay bs) = (£1, 0, O), 0, -0, il), %= :i:Zs or ;t-Cs So up to
equ:.va.lenee the power bams genela,tm of Q.(L’,s) can only be s |
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Finally, let us deal with the case m=9. Let a= b1C9+7)2C +.-.+b5§§ be the
power basis generator. Then S
g2(Lo) = (b1~ by —b5) + (by— bs) Lo+ (b2+bs—bs) {3+ (bs— 65)§3
+ (bs+b)4-+0L5
9a(Lo) = b1+ (B2~ b5) o+ bal 3+ baL3.
By Lemma 6 and Lemina 7, $here emst k,€Z such that C’“‘g, (&) i real, i=2, 4,

Tha.t is to say,
£8q:(Lo) =Ls™qu(G5Y).

We can obtam the relations a,mong bys from thls equation.
If =2, then
ba=0 implies by=bg=b;=0; =
Bp=1 tinplies by=by+2bs, by=0, b= —bg:
ba=2 implies by=0, bs=b;-+bs, bs=—bo—2bi;
hy=3 implies by = b3—-b4—- ‘
“by=4 implies 61—64, by = 61, b5=2bz bs;
by=>5 implies by=bs, b4—-261—-bz, b5—-bz,
" }y=6 implies by=by= b+ bs;
ka= 7 implies by=bs, b=0, by=by—bs;
by=8 1mplles bs——bl—bz, b4=bz ba, bs=0,
If ¢=4, then | ‘
' Jta=0 implios by=by=bs=0;
k=1 1mphes by+be= b4—b5,
b,=2 implies by=by=0b5=0;
fy=3 imaplies by = by, by=bs=0;
Fre=4 implieg by= —by, by=~bs;
by=>5 imples by=0b,=0, bz=b§; :
by==6 implies by=by=bs=0;
=" -implies by=by= b4+b
ks =8 -implies by =by=54=0.
So the only possibilities for (%, k) Whlch 1esu1t in aaeo +§9, +2, ;!;C‘é or {3
are the following:
(1) (kg ks)=(0, 8) with' by=bs, by=bs=bs=0. ‘Sinoce q,,(lg) b1 (1+{8) must be
a unit of @ ({,), we see that by=+1, o=+ ({o+{8) =T is equivalent to {o.
(i) (Rg) bs) = (3, B) with Dy=bs, by=by=Ds=0. Wo have By==1 since gu(ls}
= b,04 must be & tnit of Q). So a=+ (§§+§5) FLEis equlva,lent to L. o
(111) (]oz, ky) = (6, T) with bi—bz—b4+b4 Then
2 L8ga(ls) = (ba— bs) + (Be+bs) (Lo+18) +Ba(L3+ L)y
'-994@'9)=b4(§9+§9)+(b4+65) (Gs+ 9), REAEE
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gs(o) = (bs+2 b5) +2b4(Lo+8) + 05 (£34-L3). :
Let Q(Lo)*=@Q(Ly+{3) be the maximal real subfield of @({s), Nag, is the norm
of @({,)*/Q. Obviously, we have

Nagor(@)? =N qeona().

Sinoe . |
Nacorala+b(Co+E8) +o(G3+LD)]
. N =a*—8a(b*—be+c?) — (b°—6 b%+3-be®+6%),
we have | '
aco+al0892(8e) 1 = (bs—bs)*—~8(bs—bs) (bg’{‘ bsbs+07) :
| — (b3~ 3b3b4—6D3b3); @
Noco+a[E3ga(Lo) ] = b3 — 30305 — 6b,b% — b; ‘ (2
Nacoalgs(€e)] = (bs+2 b5)®~8(bs+2 bs) (b5 —2 bsbs+4 b3)
— (b3 +6b3bs— 245302 +8b%). (3)

These three expressions are congruent to by—bs modulo 3, so without loss of gener-
ality we can equate the three expressions above to +1.
Substracting (1) from (3) gives :
bs (b3 -+babs+b3) =bi-+8b.bs —b3.
By >(2), b4, bs can not be zero simultaneously and (b4, bs) =1, so

bi+3 b3bs—b% .  8bybs
B2+ bbs+ b2 T'(b"' bs) + 4+ babs+ b ba

b%+bsbs+b3%0, bg=

So we obtain
| 3 b,bs
BT b, ATE €2 @

since by € Z and (by, bi+bsbs—+Db3) = 1.1t is easy to see that

8 bsbs |
BIT babs T B ®)

Hence we obtain. the solutions of (1), (2), (8) by (2), (4) and (5):

(bs, bay bs)=(1, 1, 0) implies o= Lo+L3+{3+{8=0;

(bs, be, bs)=(1, 0, —1) implies o= —Ly—L3+L§~L{§=04(an);

(bs, b4y bs) = (1, —1, 1) implies a={3 - {5+ {3=0"1(a).
So, up to equivalence, the only power basis genenators are {, and & This com-
pletes the proof of Theorem 3. ‘

Bemark 2, A. Bremner ™ also proved the case m=p, an odd prime of Theorem

1 (1) by a different method. The conjecture in Remark 1 for the case m=>5 and 7
has been verified by T. Nagell® and A. Bremner™; and it is obviously trua

—-3<

when m=38 and 4. _ _
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