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CONSTRUCTIONS OF POWER BASES OF 
CYCLOTOMIC FIELDS

L u o  C h e n g h u i  ( 罗承辉) a

Abstract

Suppose Qt(Xm) is the cyolotomio number field, where is an ws-th primitiv® 
ffoot of xmifcy, any integer. Let …+  C2T， i)/a if  w is  odd and let be
the product o f the iutegersl— Qy m)==l) if  m  has at least two distiuct prime 
•divisors. It is proved that both am and I3m generate power bases of ^ Z Ĉ m]™

The author also conjectures that there is no other power basis generator 
except Cm wp to equivalence, and proves that this is the case when w =8; 9 and 12. The 

'Corresponding result for m=p  an odd prime was also obtained by A. Bremner with ft 
-different method.

§ 1. Introduction and Main Results

Suppose K  is an algebraic num ber field of degree n_7 〇z  is its algeteaio integer 
Ting. A n algebi-aio Iniieger a 拍 said to generate a power basis of I  if Z[cc] = 〇£：，i 。 

e” 1，〇s，a2，…W 1 form an in tegral basis of 0疋 over Z. Let (瓦 / 位） be the
<3al〇iS group of K /Q. We oan easily prove the following

I f  a generaUs a power basis of thm so does for all
• md

B y  L e m m a  1, we can define an equivalenoe relation among the generators of 

■pcvwei: basis of *£*:〇; is equivalent to 泠 if a =  ̂ 土cr(^)，A G Z ，crG说

In 19T6, K. Gyory m proved that there are only finitely m a n y  power basis gen- 

©xators in -K" u p  to equivalenoe. In 1988, A. Bremner m considered the question of 

power basis of where p is an odd prime. H e  found one and oonjeotured that

this is the only ̂ non-obvious^ power basis generator (^篇“+ ^ + …+ ^ ^ -1),2. In 

■this paper, we give several power basis generators besides the obvious one for 

-Cyolotomio fields ̂ (^), where m is any positTe integex-, arid prove that they are 

iik© only ones ia ft($s)T ftCC») and W e  m a y  assume m ^ 2  (mod 4) as usual.

T h e o r e m  1. Suppse is the m~4h eydotomio field, where &  a prmMme

嘗mb of mMy.
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(1) IT m  知 〇dd，认併6 «^ =€ »+^ 1+… 一1)/2 押邮抑細 a 知也 〇/  级（D .

(2) I f  m has at least two distinot prime divisoo's, then — II (1 — Cm)

erates a power basis of ft(Cm)-
Theorem  2. The powef basis generators Cm, «« 〇̂> defined in Theorem 1 are 

not equivalent to each other when m ^3 .
R em ark 1. We conjecture that and ySm are the only power basis genera­

tors up to equiyalenoe,, that is to say, we have the following list for all the power 
basis generators of Q(^m) up to equiyalenoe:

Cm, if m = 2 ;̂
Cm, if w==2smi, odd m ^ l ,  In>l； 

cem,if w —̂ )fcKjp is odd prime, i ; > l；
Cm, «w> if iw is 〇(Jd and liaa at least two distinot 

prime divisors..: . . . . . . . .

Theorem  3. Up to equivaleneej
(1) The only power basis generator of Q(Cs) ^  Cs.
(2) The only power basis generators of Q(^i2) wcq 8̂12.

• .

(8) The only power basis generators of ft (^9) are C9 md  «9.

§ 2. Proofs of Theorems 1 and 2
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Suppose cr4̂ Gal is defined as follows：• _ .. . • ；
<ri：Ctnr̂ im, (h w )= l.

Pirst, we need some lemmas.
Lemma 2. I f  a generates a power basis of K  and a is a m it of K , thm cr1 also 
generates a power basis of K ,
Proo/For any we have ^a n̂ x^：0Kl n[KiQ, ' ] ,  Since a generates a

powerbasis of JST, there exist i=0, 1，•••，w—1, suoh tliat
• •. ..71, 1.

iSan_1=  S aiaS
■that is

<=〇

Thus <*-1  generates a power basi§ of K.
Lem ma 3. t,m generates a power basis of
This is well known (see, for escamplej [B], p. 11).
Lem m a 4. I f  m is odd, then 1 + ^ ~ 1)/2 o,s a wmt of ft(Cm).
_  . / . . . 、 . ■： 
Proof From

=1+ (l + c r 1)/2) (tm+ -  + ̂ 1)/2)r
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w© know that

-、 - ( “ + ^ 十 … +〇 r 1)/2) = -« m
is an integer. The l e m m a  follows.

Lemma 5. I f  m has at least two prime divisors, then 1— «s a unit of Q,(t,nd- 
In fact m  Time II  (1 —Vm) =  1. -

〇<j<m

Proof See [3], p. 12.
N o w  we oan easily obtain Theorem 1 by the lemmas above.

Proof of Theorem 1 (1) If m  is odd, then ( ( m—1)/2, to) B y  L e m m a  S an3 

L e m m a  1，we kn o w  that l + ^ f _1)/2 =  cr(m_1)/2( l+g m) is a power basis generator of 

Since l + C ^ 1-1̂ 2 is a unit by L e m m a  4,

〜 一 ( ⑵ - 1)，2) - 1= “ + a + … +

is a power basis generator of Q(^w) by L e m m a  2.
(2) If to has at least two distinct prirno divisors, "tlien 1—Cm is a unit by  

L e m m a  5, B y  L e m m a  3 and L e m m a  l r we know that 1—Cm is also a power basis： 

generator of €l(Cm)> so by L e m m a  2 it follows that

^ - ( l - U " 1-  n  ( i - a )l<j<m
〇y,«〇=i

is also a power basis generator of Cl(Cw)*
Proof of Theorem 2 For any and cr^GGfal(^(Cm)/Q), we have

(盃土

=  = 2 ¾ 士 cos^ ^ ^ Z (m ¥= 3, 4 ) ,
fWj

Since

CSm  +  C T 3=5 —

is not equivalent to am or ̂ Sm ,

If a：w is equivalent to )8饵, then osm= 枭土 (泠m) for so坪e ifeSZ and cr/€da] ( ¾  

“ 〇/〇〇• .
(i) If <x>m̂ ]o+ (X j(^m)j from (*) we oMain  ̂ ==-1. So

i a
TV —X

i+ C T "
•i+

- 1 - C — 1 + U '  ;

. ^ + O 〇，

f -

This is impossible because m is odd, (ii)

(ii) =  from (*) we obtain jb=0. So
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am~.1)/2+^= 〇 ,
■this is 'impossible, either. So Theorem 2 follows。

§ 3. The Cases m = 8, 9 and 12

In. order to prove Tiieorem 3, we give a necessary and sufficient condition for
*« to generate a power basis.

Lemma 6. A moessavy and suffigent condition fo r an integer os to generate a power 

.basis of QL(Xm) is that all

U -c r K U . ：

^ t e  units for i ^ ：N, (i, w »)=l and (rt ̂ Gal(Q,(tm)/Q>)»

Proof See [2].
Besides this, we need ihe following well knowjx result.
Lemma 7, Let m  a power o f a  prime. Then every vmt of the product

^of a real Unit and a Toot of unity.

Proof of Theorem 3 Let us prove the case ̂ = =12 first, Th.© degree of Q(Ci2)〇ver 

=¾ is 4. B y  the reason of equiv§blenpe7 we m a y  suppose that a = ^ ^ 12+ ^ 1 1+ ^ 3 1̂2 is 

，a power basis generator of ̂ (^ 12), 61, &2, b3^ Z . Then we get

qs (： i2) = h + U I2  g a  cu), ?7(C12) - h + U n  e  a  {U) . .
By Lemma 6, they both are units of Q(^12), Hence

( & i , & 2 , & 3) ^  (〇, ± 1 ，i), (〇, 1:，土 1 ) ，（± 1 ，〇, 0 ) ,

<*== 土 Sl2，± ( S?2 +  C?2)，士（适 一 爲 ）..&^.

Sf2— — S 2) ( i —U!)=/312，
：so up to © qaivalenoe all power basis genei-ators of ^(^ 12) are î2 and ^12.

Nov we prove the 〇ase,w =8> Sinjilarily, suppose that a — 1̂ 8̂+ 62̂ 3+&sCi a 
power basis generator of Q(Cs)- Then .^(Cs) =̂ (61- 63) +  ̂ 2(^8+ CD* By Lemma 6 
,̂nd Lemma 7, there exists k £ Z  such thali (Cs) is real, that is to say,

故 3(:8) = 心 ( 〇

Since ^1= ~ 1 , w© may tg,k© ¢==0, 1, 2, 3, to obtain the relations among 6/$»
^==0 implies b2=0;

, ^^l.im plies；5i-63, 6 a -〇； - ; ,
_ ■; - ； ■ , . i ==2 implies &i==68；, ' ： ? / .

On the otliOT Jband, ^(Cs) is a unit pf-(EK^), 9-nd.we have ,

F i nally we get (61, .62, 63) ^  (-±1, 〇 , 〇)» c(̂ > ■ a=̂  S〇 up to
equivalence the power basis geneva^or of lOt^s) 〇an only fee ^8.
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Finally， let us deal with the case 9. Let os=&：̂ 9+ & 2〔! + … be the 
power basis generator. Then c

^2(^9) =  (&r~ &4™* &5)+  (^2-65)^9+(^2+^3^^5)^9+(^3-60)^9
+  (&3 +  ̂ )^9 +  &4〇；

¢4(^0) — &1+ (&2"~ &5)^0 +  ̂ 9  +  ̂ 9-
By Lemma 6 and Letama -7, there exist such that (C») is real, 4P 
That is to say,

， … 為 ( ⑵ •

We oan obtain the relations among 6/s from this equation.
If i= 2 , then

= 0 impli6S 6s= &3 — &5 «= Oj 

^2==1 Implies 64=62+263, 6i=0, 63=-635 
~  2 implies 62=0, 64=61+63, 65— —b〇一26̂ 5 

左2= 3 in^lies 61= 63 =  = 0;
= 4 iinplies 61=64, 63 =  ̂ 2 一 &i> 65=262- ¾

^2=5 implies &i =6 3, 54==26i —52, &5=62；
^2 =  6 implies bi= b2：= h + h ',

Jb2= 7 implies 62—63) 64 —〇» 65=^1- 62)
^2=8 iuaplies 63==61-62) &4 —62- ¾) 6s=0»

If i = 4, tl)〇n
Jsi==0 implies T>2—hi —1)5—0)

T〇i =  1  implies 61+ 62 = 64 =  &5；
Jĉ —2 implies 61= 64= 65= 0;
4̂==̂ 8 implies 6i—&4, 62- ^ 5=05 ...

J〇i —4： implies 62— ~ & &i= -  5s>

= 5 iniples 61= &4= 〇, 62 == 6g;
.• 4̂=̂  6 implies ^ = 6 3 = 5 5 -0 ；

4̂ =  7 implies 61=62=^+60；

Ji；g=8 Implies. &i =  &2—64==0.
So the only 抑凼fbilities.foi* (无2, 蚤4) which i-esulij in a矣0， ± 【 9, ，土G 01。 . 士以 

are the following：
(i) (A2, ^4) =  (0, 3) with bi==64) bz^lz — h^O. Since ^ (^ « fit^ + ^ D m u stb e  

a unit of ft(S9), we see that &i= ± l ，_..a= ±(^ 9+ ^ ) =  ’平 1̂ is equivaleirt to L..
( i i )  (袅2, =  &2= 土 1  since g4“ 9)

=  A乜油. 众（ ¾ 1. .S6 a =  土 “ ■ + 如 '土平0. i自 e(jMvalab；.t io C9..
(iii) (Zf2> ^4) =  (6, 7) -with 61 =  62= 64+ 54. Then

; • ( &  =-c&3- 65) + (68+ 54) (c9+ ® + & 4(a+ a> ^
- f e ( ^ ) - 64(S9+CI)4-(544-65)C a + a ) , • • - -
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= (&s+2 65)+264(^9+^9)+ 63(^9+^9)»
Let Q (D += d (^ 9+Ct) be the maximal l’eal subfield of ft((9)，汉时，)+相 is the norm 
of Qi(^9)+/^* Obviously, we have

tKW/Q(a)*
Sinoo

-̂ QCWVQ ̂ +^(^9  +  ̂ ) + °  (^1 +  ̂ 9)]

we have
iV=a3—3»(62—6o+o*) — (63—6 62e+ 3  6c3+o8),

q«.)+/« C ^ (^ ) ]  =  ( h - b 5y - 3 ( b a- b 5)(b l+ hh+ bl)
—(63—36364 "66364);

^Q(w vq [C^(Ca)] = -  3b lh - 6646f- 6|;
(1)

⑶

^(«VQtffsCC»)] =  (63+2 6g)3—3 (5g+ 2  i&5) (&|—2 6364+4 6|)
- ( 碎+ 财热4—2姑3&!+8&!)。 （3)

These three expressions are congruent to &4 —65 modulo 3, so without loss of gener­
ality we oan equate the three expressions above to + 1 .

Substraoting (1) from (3) gives
b M + h h + b f )  = 6i + 3M 5-&i.

By (2), 64, 65 oan not be zero simultaneously and (64, 65) —1, so

64 +  &4&S +  ^  Ŝ*
61+3 6 ¾ -61  
b24+ h h + b l (64—5s) +  ■ 3 &465

5 |+ 6 466 +  6l &4*

So we obtain
B bib〇 ■€Z

b l+ b ^ h + b !

since b$^Z and (64> 64+6466 +  65) == 1. It is easy to see that

3 64653<- < 3.

⑷

(5)b l+ h h + ii
Hence we obtain, the solutions of ⑴ ，.（2)，（3) by (2), ⑷  and (5) s 

(63, 64, 65) =  (1, 1, 0) implies a=

(63, 64, 65) =  (1  ̂ 〇> ~ 1 )  imPli®3 « =  —^9~^1 +  0 ~ ^ 9 =〇'4(〇〇)；
(6$, bt, bs) — (1, _ 1, 1) implies 05=^1 — ^9+^9=(^7(0¾),

60, up to equivalence, the only power basis genenators are and 〇〇. This com­
pletes the proof of Theorem 3 .

Bemark 2 . A. Bremner m also proved tlie ease m^p, an odd prime of Theorem 
1 (1) by a different method. The oonjeoture in Remark 1 foi* the oas© to«=5 and 7 
has been verified by T, NagellC43 and A. Bremner1-23; and it is obviously true 
when m=B and 4.

I  would like to thank my teaohei-s Feng Keqin and Zhang Xianke for their ： 
much, help and many suggestions.
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