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it follows that

A t  -  A t ^ A + P RU^ + A i P RUt), -  P m A t  -  P v A t  

— (-^-0 ̂  ̂ ¢)-^-0 +  p  « a ,)1 ~  P ns-̂-〇 

^ A i A l A t + A t A l - A l A i .

Then we have

I ^ | | - i ^ i < 8 | ^ | | | ^ | |  +  i ^ S s + I ^ 〇+ «8 . . .
Taking es=m in{l,1 /2 x (1 + m ^ l" 1)}, we obtain the inequality <4 || for 
©very* x £ U 〇.

This gives the TDOtmdness of I | |  •
Now, the theorem follows immediadely from Theorem 1 of [1].
Tile following corollary of [1] is im portant, we need it.
Corollary. Let S h e  a Hilbert spaGe7 H 〇 be a dosed subspaee of H 7 X  he a topolo

gical spacey A a tiX r^B ^S ) be continuous and B (A ib) =Jff〇. Then A% is continuous.
Now w© btbii give the m ain result of th is  papex-.
Theorem 3. Let A a be o f  closed range and A a:X -^ B  (E )  be eontirmous^

Then the following conditions are equivalent:., .. *
(1) A% is Continuous;
(2) P jha„) continuous；
(3) P ncax) is continuous.

Proof (2)=^(1) :Let us oonsidex* the following operator jEamily A ^ .E x H - ^ H x E ,, 

^ 4(本 沁 = (人 M㊉尸_8⑷以，〇),細 every (从，v) € 丑乂丑.

. I t  is olear that R(A'g)) = jff x {0}. Because of the continuity of A„ and P Ru x), ^  

is ooritiiauoiis. W ith  the corollary to Theorem 1 of [1], we get the oontin u tity  of 

(疋 )+. . ■ ；. •
Now we are to  find (-4^)
Let B at H x  X B* "be tHe following operator family：

PncA^l^y.

for every (fi,
I t  is olear that

N(JBa)^{0}xH-=HxJSQR(A!„)f
and J?CBa) = iV 〇 ! * ) 丄 x JSC^)丄 .

We have

and
= 0 , 0 ) = = ^ ( ^ 0 , 1 0  

J M 4〇 , 穸〉= 瓦 (上 料 户 抑 ,)戊，0)

(1)



Clearly B aA'x is self-adjoint and idempotent.
In  fact, For th is  i t  suf&oes to show

(2>
(nex-t to do th is ) .

Given {so, y)£N{A'^)xy le t

〇}=a；i+as2, y=i/i+p2y

where 尤 ）,％€ 及(式*〉丄，2 /iG i2 (A ),於€ 5 ( 儿)夂 ,

For each cd〇 ^ N ( A k), since (a?〇, 0) <^N(A'W), we have

+  ^1 +  ½)) (»〇» 〇)!> — 〇>
where <,> denotes the inner product of H x H .  I t  follows that (,<〇x, »〇> =  0. So 
a?i = 〇. S im ilarly 2/1 —0.

Henoe we have
N ( A ：y c ：N ( A xy><B(A,)K

Thus (2) is proved.
Consequently, we have that is oontiauous from (1) and the oontinuity of

⑷ +.
(3)=^(1): Since is continuous, so is P bud So, from the firs t

part of the proof we get t i e  continuity  of (Al)1-. Birioe (4^)* =  ( ^ ) +, -4® is con
tinuous.

That (1) implies (2) and (3) follows immediately from Theorem 1 of [1]. 
Lem m a 1. Let D  he a positive operator. If there exists a positive nwmber /8 such 

that (0, y8)Cj〇(jD), then
K D - ^ ^ K m a x ^ o 1, (iS -^o)-1} 

for every |£1 =/S〇}, where /S〇 is such a number that 0<y8〇<^S.
Proof Let denote the spectral resolution unit for D, and let

' s]'U [ ^ - 6 ,  〇°)»

〇> 入 €  ( s，泠—s ) ，. 

where e is such a num ber tha t

0<e<m in{j8〇,

Noting th a t E %X= E %X for every Xj, X2G (〇> $), "we have

J ««•〇〇 J «.〇〇
v . . . . :

•- . ■ - . - '
• .  . . -. ./*« r«〇

, *= dE ^+  dSt,• J .̂oo JS—6
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L
d E ,+ d E ^ + r  d E t.

J0S
-J.

iSimilarly, the equality (J5— = j  also holds.
So
Hence

\\D-iI)-^\\ = 1^(^)1 = r  U ^ d E . V
J  •〇 〇

<m ax{(p 。 — s ) "本，. (/3 —沒。—s)-*1} (*)
for every |£ | =/3〇.

The following lemma is Lemma 1 of [1], we need it.
Xiemma 2. Let R {A ) he closed. Thenr fo^ any y8 satisfying 0<^8<

we have
( 0 , ^ ) c z P(A^A)f]p(AA%

'where p ( .) i^idioaies the set of the regular point o f the correspondent operator.
Theorem 3. o f closed range and A 0\X -> B {H ) be

ineicontinuous. Then A^: is continmus i f  and only i f  fo r each 〇)〇€：X  there exi^U <h 
•neighbourhood U〇 o f x〇 and yS>0 such that

(0, /3)czp (A iA a.) fo r  all x£TJ〇.
Proo/Suffioienoy: Let /3〇 be such tha t 0<^8〇<^8 aad 5s denote the curve {z^Of 

：jg;| == ̂ 〇} and D m \ ̂ =A%Aâ

P u t P e: for a ll a；€C7*〇. Thea we have
A  % %  J SS

( f  dJEa,x) d i
A %% J?s\J-〇〇 A — g /

^  f for a；l l  a；^  U 〇9
J -汐

'whex*© Eai} is *blie speotral resolution of u n it for Da.
Since

■ . i

' i P . - p 〇\\= \ \ ~ f  ( D o - a r ^ m .

= _ f  (此 - “ ) - 1 ^ , - A » ) (队 - f i ) - 1  超iia aĉ  j ss

■where D〇 ==!)*〇, P 〇^]P^t；'：. M ；==vQ.alx{/B^x, (^― )8〇) _1}, it followsi that is c;on- 
iiinuous.

Necessity: Because of the csoiitinity of A*t there exists a nelghbourliood J7〇 of X 〇 

'Such that for all o?€?7〇. By Lemma 2, (0, M ^ x)cip{AlA0)9
T h is  completes the proof.
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Corollary, Suppose are of colsed range R ( A a) and A e: X ^ B ( H )  is oon̂  

Unuous. Then is continuous if and only if | | ^ | |  are locally bounded.
Proof The necessity is obvious.
Sufl&oienoy： Thex*© is a neighbourhood C7〇 of X 〇 suoh that \ A t \ < M  for each-

... ,

<c€Û 〇. From Lemma 2? we have (0, M^CZp^A^Aa)  for all <o^U〇  ̂ At

oontiauous by Theorem 3.
The above results are reduced to -fill© following theorem:
Theoveixi Suppose A a ate of closed range and A aiX-^B(S) is on&

tinuom. Then the following conditions m e  equivalent:

(1) is continuous; .

(2) P R(̂  is continuous;

(3) P nca^ is continuous;

(4) I | |  is  continuous;'
(5) \[Â \\ are locally bounded; .
(6) For any d)〇€：X y there is a neighbourhood U 〇 of 〇)〇 and a> Gonsiant fi>0 suoh

that

(0j ̂ )dp(AlA 〇)j for all ss^U〇;

(7) For each x〇Q X y there is a neighbourhood U 〇 of x〇 and a constant >0, siceh
that

(0, fi)c:p(A(CAl)1 for all coQTJ〇.

Proof The ©quiyalenoes of (1), (2), (3), (5) and (6) have been proved before®. 
I t  is obvious th a t (1) implies (4), and that (4) implieis (5),
Now w© are to sh〇-w that (7) implies (1)：
Since A a is continuous, A* is continuous. And from the condition of (7) and  

the equivalence of (6) and (1), (-4.¾+ is continuous. Because (^-+)* = =⑷ 十 ， 4  is-- 
continuous. 、

By Lemma 27 (1) implies (7).
This concludes the proof.
Let /Sfj?7 (丑） be tlie set of a ll "boimded Semi- Fredholm operators on 丑 .
Theorem d. Suppose that A 099X->S F ( H )  is continuous. Then is continuous 

if ond only if either dimiVCJ-a：) 〇r dimi\r(^Lfl；) is locally finite and locally constant.
Proof Sufficiency： We first suppose bhat there Is an open set Z7〇 suoh that^ 

d i m N  ( A ^ ^ d i m N  (ui〇)<〇〇 whenever a> and x〇 are in  U〇.
Let 0*bvi〇usly - ^ ( ^ )
So are Fredholm operators. By Theorem 3 of [1], when m is in  TJmj B at 

is continuous. So P ncb^  and are continuous- Hence At  is ooik
tinuous when 〇〇 is In U 〇.

Sim ilarly, when w© suppose ishais there is an. open set U 〇 suoh that d i m N  (-4^
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« J.J)<〇〇, and let B a^AaAl, we then get that A t is continuous when m is 
i n  U 〇:

Neoessity: For any a?〇G X ,  we suppose that dimiV(J.^0)<o〇.
Let Obviously, B a is a Fredholm operator. Because is con

44nu〇us， is oontinuous, and since =  so is Therefore is
oontimious* By Theorem 3 of [1], there is a neigh^ourliood t/o of *Z〇 suoh that 
dimiV^Ba；) «=31〇1及(_8〇；6)< ；〇〇. 0iruse ^ ( ¾ )  « ^ ( 尤 ；) ， the necessary asserfeiori is valid 
^hen (11231^(^0) < 〇〇. Sim ilarly, w h e n J . ^ 0) < 〇〇, let Bai^AeAl) then the 
necessary assertion holds.
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