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ON THE NECESSARY AND SUFFICI ENT
CONDITIONS OF THE CONTINUITY OF
M-P INVERSES A;

Ma Jieu (B E )" CAQ WerpinG (& ﬁ% F)* Sone GuozrU (R E ) ®

Abstract -

Some necessary and sufficient conditions of the continuity of 4} are given in [1]
In this paper, some advances on the base and the condition of the continuity of 47 for
Serm—Fredholm operators 4, are presented. '

In thlS pa,pel we assume that X is a topologmal spaoe H a Hllbert spaoe a,nd‘

B(H) the set of the hounded opela’ﬁom on H: ,

The followmg Theorem 1 in (11 will e useful in, thls pa,pel

Theorem. Let A, € B(H) be of closed range R(4,) and 4,:X—>B(H) be contin-
uous. The A} is continuous if and only if

(1) |A¥| is locally bounded,

2 P R4 and PN(A,) are continuous, :
where A} are the M—-P znfverses of Ae P( ) s the pro_yeomon ftrom H to ( )

Now, we give the ﬁlst theowm of this paper

Theorem 1. Let A be of closecl range R(Aa,) wnd 4,2 X —>B(H ) be contmuous.
Then A"' és contionuous 1 f and 4 if only both Py, and PN(A,) are continuous,

Proof Let

A};=P R(42) - P R(4e)?
- M£=P,,—Py, .,
A= A.,, Ao, for every weX
where. AO—A%N =N(4,).No=N,, -

By the assumptlon, we have that for any >0 there is a nelghbm hood Uo of X, o
such that ' - : '
_ f4il<e, (42 <s, uA 1<s, for evely mer.

From S e o N
a A:PR;A,,;—-A: (Pa<4,);+,Ai)'_"=;A;‘$,A}
and
Prds= (PN.+A§)A+ A¢A+

Manuscnpt received September 6, 1990 Revised November 28, 1990,
*Department of Mathematics, N ang;qg_Umversxty, Nanjing, Jiangsu 210008, China,




- 252 ' ' CHIN. ANN. OF MATH. Vol. 13 Ser. B

it follows that _
A AS= APyt AL P pag— PRAT — Py AT
' = A} (Lo—A)AF+ A3 Preyyi— Py A
._A+A3A++A+A1 A2A+
Then we have
14z] — 1 4Agi<el 45114z ]|+ 4z e+ AT]s.
- Taking e=min{1,1/2x (14 4.] )}, we obtain the inequality HA* I <4[|A+ ||, for
every a&Us. =
This gives the boundness of | 47].
Now, the theorem follows immediadely from Theorem 1 of [1].
The following corollary of [1] is important, we need it.
Corollary. Let H be a Hilbers space, Ho be o closed subspace of H X bea topolo»
gical space, A,.X —>B(H ) be continuous and R(A,) =H,. Then A zs conmnuo_us.
Now we ¢an give the main result of this paper. '
Theorem 2. Let A, be of closed rarige R(4,) and A, X ~>B (H) be continuous.
Then the followmg condwtzons are equivalent:
(1) A% is contenuous;
(2) Pga, is continuous;
(8) Py, ts continuous.
Proof (2)=$(1) :Let us consider the followmg operator famlly Al Hx H—>H ><H
o AL, ¥)= (A.@M@PR(A,;);D, 0); for every (;w, v)EHXH.
. Tt is olear that R(4))=H x {0}. Because of the continuity of 4, and PRuz), Al

is continuous. With the corolla,ly to Theowm 1 of [1], we get the oontm utity of.

(4.
Now we are to find (A4.)*.
Let Bt H x H—>H x H Dbe the followmg opelat01 family: :
.B¢(,Lb, y) = (A,,u,, P R(Aq:)"lll’) (L
for every (w, v) € H X H. :
It is olear that _ .
B N(B,)={0} x H=H x HOR(4),
end R(B,) =N (4,)* xR(A )*L
We have
AL B, (10 v)==AL(A,y,, P R(Ax)‘“) (A A,,u,+P R 0)
= (w; 0)= PR(Az)(:u-” V) o
B,A;(}L,'V) . Ba(Aa:IJI"l‘P rao? 0)
o= (AwAalM P R(Az)‘p)
& Pyoagitty Prao®)s

e
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Clearly B,A} is self-adjoint and idempotent.
In fact, B.=(4))*. For this it suffices to show »
N(A) =N (4% BAN* @
(next to do this).
Qiven (@, y) EN (A))*, leb
o=m1+&2 Y=Y1tY2
where 21 € N (4,),2.€ N (4g)*, 41 € R(4s), y2 € B(4)*
For each @y € N (4,), since (x, 0) EN(4;), we have
((@atas, atya), (@ 09=0, | |
where ¢, > denotes the inner prodilet of HxH. It follows that {m, #o>=0. So
@, =0, Similarly y;=0.
Henee we have A
» N(Az,)lc’N(A(c)l % R4
Thus (2) is proved. . -
Consequently, we have that A} is eon’smuous f10m (1) a.nd the oontmulty of
(4D, | o
(8)=>(1): Since Pya,y 18 contiriuous', 80 i8 Pras) —-PN( 41), So, from the firgh
part of the proof we get the oontmulby of (4D)*. Sinos (A"‘)’— (A )+ A* is con—~
tinuous. ' :
That (1) implies (2) and (8) follows immediately from Theomm 1 of [1].
Lemma 1. Let D be o positive opemtor If thefre ewists @ pos@tfwe number 8 such
that (0, B)cp(D), then _
|(D—£€I) | <max{B7", (B—Bo)'l} .
for every EC{£ €0 |E] =Bo}, where Bo s suck @ number that 0< Bo< B,

Proof Let E, denote the speotralresjolu’oion unif for D, and let
§ AE (=00, 81U [B—8, 00),
UQ)=
0, ?\:E(S, B—s),._

where s is such a number thab

0<e<min{B,, B+ Bo}
Noting tha,’o E,,=Ea, for every Ay, A2 € (0, ,3), we havo

oo

U?(D)(_D'“f_l)-— Uf(h)dE;,J (7\, &)dB,
‘=’ Ue("')(?v §)dE,,

.Aps

= dE},"‘l" dEa, N
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——j dE,L—i-J d B+ j:_s i,
=1,
. Bimilarly, the equality (D—¢I)U, (D) =1I also holds.
So (D—EI)-*=U,(D).
Hence

1D—¢D) = =1U.D)]=|_T:Wdm|

<ma.X{l(,30—8)—'1r-(B—Bo—6)-‘1} (%)
for every £: €] = ' |

The following lemma is Lemma 1 of [1], we need it.

Lemma 2. Let A€ B(H), R(4) be closed Then, for any B satisfying 0<B<L
ﬂA*ll ~1 we have

(0, B)Sp(4*4) Np(44Y),
where p(.) tndicates the set of the regular point of the correspondent operator.
Theorem 3. Let A,€B(H) be of closed range R(A,), and A,: X->B(H) be

netcontinuous. Then Ay is continuous ¢f and only if for each wOEX thefre ewists @
neighbourhood U, of @y and B>0 such that

(0, B)<p(4F4,) for all z€TUs.

Pfroo f Sufﬁolenoy Let Bo be such that 0< Bo<B and Js denote the ourve {zEG
2| =B} and D,: = AzA,.

Put P,: _m§ (Do—€I) "¢ for all € U, Then we have

e
,."*,[1{201;@ o T E dg)‘w“ .
- j : @Bon=Py, for all o€ T,

‘where H.,, is the speotral resolution of unit for D,.

Sinoce ,
1Pa=Pol =I5 1 § ((De—ED)*— Du-£D ]
V9, DD D= D) (Do Dl
<M|D.~Dif.
‘where Do=D,, Po-PNﬂ, M= maxir ,8

, (B—Bo)™, it f(ﬂlpws__ that Py, is con=-
tinuous. , o S
Neoessity: Beca,use of the continity of A}, the1e exists a neighbourhood U, of X,

suoh that | A% <M for all a;EUo By Lemma 2, (0 MYycp(4,4,).
This completes the proof. -
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Corollary. Suppose A, are of colsed range R(4,) and Ag: 1 X—>B(H) is con
tinuous. Then A} is contmuous if and only if | Az | are Zocdlly bounded

Proof The necessity is obvious. ' ’

Sufficiency: There is a neighbourhood U, of X, such  that: |Az|<M for each
o€ U,. From Lemma 2, we have (0 M1 Cp(A,A,,) f01 all s€U,. Thus 4} is
continuous by Themem 3. '

The above results are reduced t6 the following theorem:

Theorem 4. Suppose A, are of closed range R(A,) amd A, X —>B(H) is one:
ténuous. Then the follorwmg conditions are e_qwz,fvdlent

(1) A is continuous;

(@) Pra, is condinuous;

(3)' PN(Q is continuous;

4) |47 s ‘continuous;

() |4E)| are Zocdllg/ bounded :

. (6) For any o€ X, there 'bs @ ne@ghbourhood Uo of %o dnd @ cooastdnt B>O suchy
thwt

(O B)Cp(Az4,), for all = U,;

(7) For each mo& X, there is newﬁbowrhood Uo of wo and @ constdnt B>0, suoh

that B ' '

(o, ,B)Cp(A A3), for all o€ U,.
Proof The equivalences of (1), (2), (3), (5) and (6) have been proved before,.
It is obvious that (1) implies (4), and that (4) implies (B).
Now we are to show that (7) implies (1): |
- Sinece 4, is continuous, 4} is continuous. ‘And from the condition of (7) and
the equivalenoce of (6) and (1) (4;)* is continuous. Because (A"')*—- A"+ AFis -
continuous. '

By Lemma 2, (1) implies M.

' This conoludes the proof.

Let SF (H) be the set of all bounded Semi~Fredholm operators on H.

Theorem 5. Suppose that A,: X->SF (H) is continuous. Then A} is continwous
f ond only if either dimN (4,) or dimN (4,) ds locally finite and locally constant.

Pq'oof Sufficiency: We first suppose bhat there is an open set Uo such that.
dimN (4,)=dimN (Ao)<oo whenever o and @ are in U,.

‘Let B,=A44,. Obviously N(B,) =R (B,)*=N(4,).

So B, are Fredholm operators. By Theorem 3 of [1], when # is in U, B,=
X~>F(H) is continuous. 8o Py, and Py, are oontinuo,us.' Hence 4} is coL:.
tinuous when & is in U,. :

' Snmlarly, when we suppose that there is an open set U, such that dimN (A:)
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=dimN(44)<oo, and let B,~4,4;, we then get that A} is continuous when = is
in U,,

Neoessity: For any @€ X, We suppose that dimN (A,,,)<oo

Let B,:=4;4,. Obviously, B, is a Fredholm operator. Because B, is con
tinuous, Py, i8 continuous, and sinee Pycs, = PNw,) 0 is Pycp,y. Therefore Bf is
continuous. By Theorem 8 of [1], there is a neighbourhood U, of X, such that
dimN (B,) =dimN (Bg,) <00, Bince N (B;) =N(4,), the necessary assertion i va.lld
When dim N (4,,) <oo. Similarly, when dlmN (4;,)<o0, let Byi=A, Ag; then the
necessary asgertion holds.
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