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PASSAGE^ BLOCKADE, SINK AND SOURCE 
OF A PLANAR DYNAMICAL SYSTEM

Ye Yanqian (叶彦谦)

Abstract

錚

The author defln朗 passage,: blookade，甲ink and source of a plat^ 用uHipIy-con^iected 
region G with respect to a smooth dynamical system. Three theorems on the non-existence 
or exist^ice of closed orbits; and the existence of. a passage are proved. Also a conjebturo 
about the number of passages m G is stated； ■ . .

The Poinoare^s annulus theorem for tHe proof of tii© existence' of liln it oybleS 
访rt to rciatiiGinatieianS ★ orking in 6f of

ODE. As to the index ticebrem/also due-to H. (for ptodf;
Ghap. 7, Titeorem 9.2) !； it has rxever Been paifl aittehiioti t6  ̂un til -r^deiiiily, tho
aUiiiorc勾 色 ai g©iiiedir；alteati(yii 各s follows: r r  〔 ’ ^  ’ j ^

Theoreni 1; Let G he an smooth aiiier
boundary Lx and inner boundaries L2l •••, in. With respeoi id a certain ŝ rbodik 
dynamical sysiemy there are only a finite number of critical points lying m4h0 mtieroror

tangent to tM  iouTidafi/ o f G. We call these pomis mnbry: point$r
TespeGUvely1̂  swm 〇/ 〇/ ^  ^  . ； * a

2  — 2 — 71*+ a ^ v
2 v , .：. . . . . • . . . . .  •

Using Theorem 1 w  oan, giv^ ^ theorem 01¾ the non-existence of closed orbits
^vi*tl4n、ai^w~rmul1iiply Q〇njieo1^d 尤eg4^a0. : : : j v

Theorem  2, Z/碑、6? ;妨技押饥穸 as 多抑 〇v
-C( t̂aGt points Pi contaQt points 0̂ ^̂ G) wiih pi><r±y p'i^Vi foT ̂ ^ 7

n…，n， and and in 〇• there can "be only critical posits WUh n̂tM二
positive indioes. Then there rip otosed ori0 lying q&mptetely within (?/ ,

iVoo/ 乂ssumQ the;re >xis士s a closed: prbit 0  lying cQmpl—eljr w ithin is
impossible that none of the J&2, U©9 s i ^  0  must ooniain in  its

: "：: h i . } ' m r i :y  .'：i- ； ； '. -'V；; ：  ̂ '； ■' ： ；/. ^ f.： i V -； -i A -  ̂ iM t  >：;'
； Manu?3riptTe^iye(?^p&, ^  5* ： .v.> ( j ：  ̂ ：■： - - t i 'v： ,A ； ,；, ；：,,
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1). Notice that the inner (outer) contact points of G axe outer (iflne^^^tac^.ppin^jof
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• ■ • • • • .....................  - • ■* • - . . • - . . . . .  - . . . . . .  . ,       . •
Eemaotk 5. If in F^g. 12, l2= h, li= h, then the passage bounded by ?i and la

■ ' . • ' • • ' ., . • . , v' , .must be counted as a double passage. ■ •
• ■ • . - • • • . • ' , , . .Remark 6. Pig. 17 shows that in oase but

«=2 (hence 2  = ^ — 1, and w© assume there is just one saddle point lyiaig in
. n  * . •we oan jhaye only one passage. Therefore, when conclusion of the4—2* . . . .  former Oonieoture is false.•• . . . • - ' • • . . •Now  ̂let us study Problem II. We investigate first Figs, 18,19,20 and 21, where• ‘ . ，： . . . ， . ， •* •» , . • . . . .  'G is an annulus, one of its boundary has no contact points, the other on© has an outer 

as well as an inner oontaot points.In Fig. 18 we haY© a i3ink, where the outer oontaot
trajectory It of L2 comes from the exterior of In Pig. 19 we have a blockade,

• • • - ■ . . • • • . -where the outer contact trajectory 1% of L 2 comes from the interior of L2.
• . • . . * . : .  • * • • . . . .Similar phenomena happen in Figi3. 20 and 21 (in Fig. 20 we hay© a souroo), 

Tlxese figures show that when trajectories all go into G throngli Lx (or L 2) tho 
existence of a blockade or a sink (or a souroe) depends on the a-limlt set of l± or 
the set of i i， 、

Seoondlyj let us investigate Fig. 22, where w© have two inner and two outer
oontaot points on L± but no oontaot point on Wo see that the exiistenoe of a limit• ■ • . …  ' ' •'cycle is ensured by the fact that the two inner oontaot trajectories of L t com© from 
the exterior of L t and that L 2 is a repeller.

By psing thesq factg we get a new method for the prwf of the existence of limit 
cycles.

Example 1. In order to prove the ©xisteaoe of a limit oyole of the wellknown
. . .  . .  • - .  . '  .  . . ； ■ • • '  1 'yan der Pol equation ' .

j^>0, . (1)
w© take an annulus G with inner boundary L2t and outer boundary Lxt
/p2+g/2= 〇> > l  (Fig. 23). Sinoe for F =^+2/2• . . ■ . . . . <? • ■ . . ... , f w h e n  |a;|<Cl,^=20¾/十2y[— a;2)?/] = 2/^ 2( l —aj2)|..^〇 对hen .丨①丨 >i: .. (2)
We see that on L2 trajectories all go from inside to outside (although they tangent 
to L2 at (1, 0) and ( —1, 0)), while on L t there are two inner contact points 
V  O — l  ) and JB(—i, — V"〇—T") and .two outer oojitaot points D (l, — V' G —；1 ) 
arid E ( —l,  O—l  ). Because the phase portrait of (1) is Symmetrio with respect 
to the origin 0  (0, 0) , in order to prove the existence of a limit cycle in we need 
dnly to prove that the trajectory Zi passing-through B  cornea from the exterior oi L% 
but not from the interior of L2. This is not difi&oult to prove when 0 <  <1.

Moreover, once this has been proved for i i  being we see at- once that
tetween ^ + 2/=0 1 and ^ ere 110 cycle (by considering

. ' -•• • ' . . • • • " ■ • - .. - : . • • ' > . . .../-.
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the outer contacting circle in order to get a contradiction)/
' Example 2. In [3] the existence and uniqueness 〇f limit cycle of the system

(o—b — y2), y=a}(l+p)(h+y2) —ay . . . ..(3)
was studied, where a>0, c>6>0. Aside frtan 0(0, 0) there is only one critical 
point P(ffV c — b / c ( l + s / e—6 ) ,  • /  c—5) lying ia the first quadrant. Notioe that 
¢= 0 is a trajectory and-〇n the positive a;-axig we have y>0. .

• * i  . -  » t .  _ , .Now, let us take F  = cc+^ then any straight line F ^ O O  forms with th.© two 
coordinate axes a triangle lying in the first quadrant. Moreover, V ^O  is eu 
hyperbola:
-- .: 访 fa y /c ( l+ y )  : ⑷

as shown in Fig. 24, Th© condition 2(e —6 ) /e > l / ( l十 ensures that P  is
■  -  » ■ • - .  . .  . . .  '  . . .  . : .  • ； ■ _  • ： on unstable focus or node. So we have now an annulus between the triangle AOAB

and the small circle around P . From the direction of the trajectories, by the
conyQntion of [4]., w© knô v： that A  and B must b© taken as outer contact points
while 0  must he taken as an inner Gontact point. There is another inner contact
， .. • . . . V . . :  - . . .  • • .; . -point it is th© intersection point of (4) and cs^ry^O. In order to prove lim it- '  "■  -  . ■ ■■ . .  . . .  . ：cycle exists around P, it is sufficient to prove that the trajectory passing through B

< • • _ • ■ . . . . . .  •.comes from the fourth quadrant (but not from P). This is not difficult when 
(hence E  is suffiicently close to the line ^/c.).

Example 3. I n , [5] the system . t
-35 =  35(^0+ ^ 05+.22052+-13052) - 0522/ , 2/ = - 2/+ 0̂  ..... (5)

was studied, where JL〇>0, J.i<0, A 2 > 〇  and jis<0. Critical points in the first 
quadrant are 0(6, 0), 8  (1, y*) and i2(ic+, 0), where

*̂ = ̂ .〇 +  ̂ Li +  j12+j4.3, <0̂. = ~  A 2/ -As-
■ ■' '  '  _ . .  '  . . . , .Since J.3a53+^L2a!2+ 4 i* + -4〇=〇 under some former assumptions in [5] has only one• • • •' '(positive) real root a;+, tlie straight line V^co-¥y^ 〇  will not intersect th© cjuartic 

curve …
• ' ... . . . . : .

、 == a;+ y == ® (-4〇+ A i〇)+ .̂2®2 +. JLsa/3) — == 0
whan C />>10 Nowr O(Ot 0) and 0) are saddles, and the condition 2J.3+J.2—J .〇

>0 ensures that 2/*) is an unstable focus or node. So from Fig. 25 the existence
of a limit cycle around P  is obvious. This proof is simpler than that in [5]. '

Eem ark 7. Since in many mathematics,! models coming from ecology
chemical reactions, 扭 今  response，etc” we 扛ave plaiiar polyniomial Kolmogorov
diiferential systeins(i# ©./^^0 and 0 are integral lines), in which we seo that
the same terms witii 8iffereiit signs are situated in differerLt equations it is, a very
natural way to use 0, y —J) aiid w+y^O^>l to foyxn the outer boundary of the
azmtiltis (while the inner "bouixdary is taken to be a small circle around the unique
critical point within the triangle) and then use our method to prove the existence
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of limit cycles.
. Similar figures can be discussed when 0  is an annulus with cri=rVi==l, C2= n  

=1 (Figs. 26, 27, 28) or when ^  is a 3-multiply connected region with 1̂ ==0-1 = 0, 
*>2—〇"2=1, Vz — 0, a,3=2(Figs. 29, 30).

Our method can also be used to study the problem of the existence of trajectory 
connecting two critical points in a certain bounded region.

Emmple 4.163 Assume in  Fig. B1 witliin the region 0■  there are only two 
critical, pojnts JL and B, where 4  a repeller, and no limit oyole exists. Tho 
question is： Is there a trajectory connecting A  and JB?

By Theorem l f the sum of the indices of critical points within (? is 3 = 1 + « ^ —
: . • . - • . . . .  . - •.*=0. Since the index of A  is +1, the indcix of J5 is —1. W© may assume that J3 is a

saddle, otherwise, there would be more separatrices passing through B. Now, if Zi ot
?2 comes from A, the problem is solyed. If there ia' a semi-statde limit cycle around

•  . '  . • .  . . .  ' • .. '  • . . .  . . .  . . .A y then the a-limit set of Z2 can be this semi-stable limjt cycle, but this is impossible
by the assumption. So w© may assume that both Zx and l2 com© from outside of (?〇
But then w© will hay© a stable limit cycle around A } agata a contradiction. So at

• . . - .  • • '  ； ■ ： • . ■ . ,  . - •  . . . . . .least on© of l± or l2 must com© from A.
E m m  fie  5. W© have in Fig. 32 a region Gf with 1̂==4, ^ = 2  on th© boundary

、 . . . . .  . . .  ‘Jjty and two critical points A  and" B ia  where is a repeller, B  is a saddle. 
Different from Fig. 31, w© have now neither limit cycle nor trajectory conneirtixig 
A andB m .
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Fig. 24 ； Fig. 25

J.loĉ aciy
Fig. 26

( 冼 严 说 je)
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Fig. 32

Beferences
• 、 .

[ 1 ]  Hartman, Ordinary Differential Equations, John Wiley and Sons, Ino., 1964. 1 1
[ 2 ]  Ye Yanqian, Relative position of the critical points.of-a certain cubic system and a generalization of 

the Bendixson index formula, Am, of Biff. Bqustf 6:2(1990), 241,-^62.
[3 1  Ohen, J, P. & Zhou, J., Limit cycle of a planar quartio differential system (preprint).
[4  ] Ye Yanqian & Ye Weiyin, Triangulation and fundamental, triangles： of the phase-portraits of -a.

quadratic differential system (to appear in Ann. of DiiBP. Bqus.).
[5  ] Ohen Junping & Zhang H〇ngdef The qualitative analysis of two species predator-pxey model with 

Holling^ type I I I  functional response. Applied Math a<nd MecKv 7 ̂ 1(1986)¾ 7^—86.
£6 ] Conley, 0. 0., Some aspects of the qualitative theory of differential equations, Dynamical Systems? ais 

International Symposium, vol. 1, 1—12, Academic Press, New York, 1976,
.£7]  Yu Shuxiang, Trajectories joining critical pointy Ghm. Am. of Mo#A.» A9:6(1988), 671—6 7 4 . .


