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LIFE-SPAN OF CLASSICAL SOLUTIONS TO ONE
DIMENSIONAL NONLINEAR WAVE EQUATIONS

L1 Daqian (L1 Ta-ps1EN 2= % #%)* YU XN (4-37) ** Zuov Yi(gi)®

Abstract

By means of asimple and direct method, the authors obtain the sharp lower bound of
the life-span-of élassical solutions o the Cauchy problem with small initial data for one
dimengjonal fully nonlitiear wave equations ty — tize=F (%, D, Dig).

81, Intro’d_uctidn

Consider the Cauchy problem with small initial data for bne_ dimengional fully
nonlinear wave equationsg

{ Uss —Upo=F (w, Du, Dup), 1.1)
t=0: u=28p (&), u;=sy (), a.2)
where ; _

D= (8/at, 8/0w), ‘ (1.8)

@, y€O05 (R) ' - 1.4
and 8>0 ig a small parameter. | :

Let , _ ‘
A= ), £=0, 1; (M), 4, §=0, 1, i-+j>1). (1.5)
Suppose that in a neighbourhood of ?\;——7 0, say for _Iﬁ.[ <1, the nonlinear term F=
F(A) in (1.1) isa sufﬁ,ciéntly smooth fuﬁction.satisfying ]

F (R =03, (1.6)
where a ig an integer>1. _

The aim of this paper is to study the life-span of classical solutions to 1.1)-
(1.2) for all integers a>>1. By definition, the life-span 7 (s) =sup for all >0 such
that there exists a classical solution to (1.1)~(1.2) on 0<i<7. ‘

‘We outline our results as follows: There existy a small positive number s, such
that for any e € (0, &), the life-gpan has the following lower bounds:

(i) In the general case '

T (8) =as% | @€.9

Manuseript reecived December 6, 1990.
* Tngtitute of Mathematics, Fudan University, Shanghai 200433, China.
%% Department of Applied Mathematics, Tongji University, Shanghai 200092, China.




No. 3 Ii, D. Q. & Tu, X. et al. LIFE-SPAN OF SOLUTIONS TO WAVE EQUATIONS 267

() If
+eo
[T w@do=o, @y
then
T (8) >qs-attal/@ta), (1.9)
(1if) If | L
94F (0, 0, 0) =0, Vo+1<B<pBy ' (1.10)
then : . .
ff’(s) >ws“m‘“‘3“/2 = (1.11)

where @ is a p051t1ve constant 1ndependent of &, and Bo is an 1nteger>os When B,
>2a, (1.11) becomes '- N
T(e)=as™* . (1 12)
Tt must be pointed out that for all integers. az>1 these lower bounds are all
sharp due to P. D. Lax™, Kong Dexing', H. Lindblad® and Y. Zhou™®.

In order to prove the preceding resulis, by differentiation it is. only necessary
to consider the Cauchy problem for the following general kind of quasﬂlnear wave
equations . ‘ .

Ugg— thop = b (16, D) thg+2a0 (6, Dut) s+ F (1, Du), ‘ , (1.18)
{t 0: u=2cp (), us=2eP(®@), (1.14)
where @, b still satisfy (1.4), and for |A| <1, where A= (M), 9=0, 1), b(?»),
ao(%) and F () are all sufficiently smooth functions satisfying

b(R), ao(X) =0(iX|®), o @1y
F (%) =0(|X]|**%) - (1.16)

and . R
a(X) =1+b(A) >mo, 1.17)

where o is an integer>1, m, is a positive constant, Moreover, qondition (1.10)
implies : _ L _ ‘
9;F (0, 0) =0, Va+1<8<pBo, L (1.18)

§ 2. Preliminaries

For any integer N>>0, define . A o |

luG, @) lo,3o= 2, | D (2, @) |zocmm, V620 .1
for any function w=u(?, @) such that all norms appearing on the rlght—hand side
are bounded, where 1<p<<+o0, k= (ko, ks, +++, by is a multi-index, Ila[ =Tty

-k, and :
DF = Qeglene e -0l (2.2)

Tn this paper we take n=1, however, the following lemmas 2.1-2.3 hold for any
n=>1 - :
Lemma 2.1. Suppose that F = F(w) is @ suﬁiowntly smooth fwnct@on of w=
‘(».'wi, nee, ’wM) with : ;
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F(0)=0. . - @)
For wny given mtegefr N=0, if a vector functwn w=w(t, ) sabisfies
"’ll)(t ') "D LN/23, w<7"0) Vte [O T]7 ' : (2 4)

whem [ 1 stands fo'r the 'mtegefr pwrt of @ real fnumberr and vo 48 @ positive constant,

mwl such that ol norms wppewmng on the mght-hwnd side below are bounded, we have o

_ B A CAC '))IID,N,p<O(vo) lw o VHE [0, I, - (2.5)
where 1<p< +08 and O (ve) is @ positive constant dependmg on Voo ' '
Proof Similar to the proof of the correspondmg lemma in [6].
. Lemma 2.2. Letv= fu(t ©) and w= w(t x) be functzons such that all norms
appewmng on ‘the’ mght—hand szde below are bouncled Then for amy multz—mde:v k mtk
lk|=N>0fwehmé ST T e :

- “Dk('vfw) “ern)<0{llvllpw/zj pl|w|[D,N,q+;|])q,"DN 1q|l’wup,f¢'p} (2.6)
_ Ile(fvw) —-vakwﬂLr;nn)<0{Hv||n /23 p||fw||D N1, q+ ||1)fv||D et fl",qu g0}, (2..7)
wheo-e - i
| o 1/rr='17p¥1-/g- R R (2 9

meOws a positibe constan.
Pmo f By chain rule, we have :
D¥ (’U’w) 2 O’;,,;,,D"‘@D""w (2 . 10):

. : lk;l+|kal=N
where Om, aré constants
I k| <[k2|, then |k <[N/2] and by Holder’s mequahty we got
. | Do D¥1e || gy < [ D% goriy "Dk’w"mnﬂ)<"‘vun cw/2, ol @l by wrq- (2.11)
If {k1]>|ka}, then |81 >0, 1k2|<f\7 Where 1\7 is deﬁned by (2.8). Hence wes
have . R
| D" D¥rap | popm < | Dk"”" La(R™) "Dk”w "Lv(n»)< “-D'v"D;N—I)q"'w"D .0, (2.12)
The combmatlon of (2 10) (2 12) lea,ds to (2 6) Slmﬂarly we ocan obta,m
@m). RS : e
. Lemma’'2.2.. ;S‘u@pose that G G(w) is @ suﬁcwntly smooth Sunetion o f w=
(g ieey wu) swtzsfymg thwt if R B
ol <, | o (z-..ls)«.

G('w) O(I'wl“), | (2 14)
whsre & i an mteaefr>1 Thon for any mteger N0, 4f w vector ‘fuiction w= (wiy

ase, wu) (¢, a;) swtfz,sﬁes (2 4) wnd such thwt wll norms wppawmng on ﬂw mgkt—hamié |

side below ‘aire boumided, e ‘have TR e LI S
' : HDG(‘"’)ﬂD.x—:l.a‘iouwﬂ%ﬁk/ﬂ.»ﬂpwh.&-a,»' (2 15)
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where 1<p< +oo and O is a positive constant.
‘ N 1 [N/2} 1 S (2 16)
by chain rule we can get (2 15) in a way similar to the 'proof of Lemmas 2.1 and
2.9, ’ e o : -
Lemma 2 4 Let w® ——w“”(t a) be. the sdutwn to the Ocmchy problem

W@ —w@=0, .. .27
{t —0: wOmp(a), WP =@, . (2.18)
where @, 1{: swtzsjy (1.4). Then for any p with 1<p<+o0, we km;e .
lw@ (s, °)||Lv<m<“‘l’"_u<m+0 A+HY ”"‘!’“L'm), Vt>0 (2.19)
where C is a positive constant. Moreover, 4f -(1.8) holds, we have |
fw® (s, )"LP(R)<"¢"L'(B)+”w"1-"(n)1 Vt> 0, (2.20)

wlwre W’(w) €0y (R) such that B | R R
W (@) = (@) ,vaGR | (2.21)
~ +Proof By the well—-known D’Alembert’s formula,; we have
. +1
w2 = [P +olarnl /2y | 4@ (2.22)
‘Then 1t 1s easy to see that | _ A . . v b o
, “’w(o)(t )||L-<n><||¢||mm+‘“ H‘P“mm Ce T et (2;--.2._3).
and e
Jw® (s, ‘)"L‘m)<"?’”L’m)’*'t“llluwm S (224)
Hence (2.19) comes from (2.23)—(2. 24) by mterpolatlon o
Furthermore, if (1 9) holds, @. 22) ca.n be rewrltten as "
'w“”(t @) = [gn(m t) +gv(a:+t)]/2+[@?(w+t) QF(a: t)]/2 (225)
and-we get (2 20) mxned]ately N
" Lemma 25. Lot w(t, o) bé the solutzon o the Oauchy paﬂoblem R

: {wtl wta'—F(t 51;)r _ o (2.26)
£=0: w=0, w0 @

Then for any p with 1<p< +o0 we ha/ve R
“’I.U(# ') “L”(R)<OJ (1+t 't’) 1”’“F(1.‘, )“ Ls(md‘t‘, Vﬁ>0 : (2.28)
-where O s a poszme oonstant cmd for any p qu,th 1<p< +oo o

PD'w(t ') “Lqm\j “F ('v‘, )"L!(R) d't', Vt>0‘ (229)

TR

Vi WERI

. Proof, By Duhamal prlnclple we. have e
: R . 3! w+(t-'r) L )
V=5 ] j P, ytda.

L (t—r)
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- §8. Lower Bounds (1.7) and (1 9) of the Llfe—Span
of Class1cal Solutlons to (1. 18) (1 14)

By the Sobolev embeddmg theorem there exists Hy>0 so small that
W lrw<1, VFEHYR), l[f“chm<Eo AR € 5 )
- For any given integer §3>4, any given posutave real numbers B (<H,) and T,
introduce the following set of functions: ' ‘
Xs T—{v(t @) IDg, ('v)<E 62«:(0 w) '—u,“’)(a:) (Z 0, 1 we, )}, (3.2)

where
‘ Dy, ¢ (v) =05<1t1?1‘ ""D(ty ° uL-(n) + sup g”’ (5) "'I)(t, ) uw«(m ,
s OSEET 1DoG, <)o | o -- (3.3

in which

i (1+t)1/(1+a) lfJ-t[ﬂ‘eO

}, ' 1fj¢ =(.

Moreover, <°’=e¢p (m) u{"’ ———ex,b (m) and u{® (:v) (1=2, - S) are the values of 9; u(t )
at =0 formally determined from the equation (1. 13) and the initial data (1.14).
Obv1ously, u§°’ (=0, 1,7+, 8) are all sufficiently smooth functions with compact.
support |

It is eagy to prove the followmg ;

Lemma 3.1. Endo'wed fwcth ihe metmc o o

- Co P('v '0) —-Ds r('v ’U) V’U ?)EXS,Eyr, _ | o . (3.5)
X 88,1 Y mmempty complete meiric space, provided thwt s>0 cs smtwbly smcll

Noticing that S >4 and the deﬁnltlon of X 52, ™ by the Sobolev embeddmg
theorem

g = (3,4)

H'®R)cL~ (R) with contmuous embedding (3.6)
and mterpolatlon, we have for any vE Xy, B,

lo@, ) lb.s/aree, «<OE, VtE[O ™ S (37)

a.nd for any p with 2<p< +o0,

Where O is a positive constant,
‘ Let x s, g1 DO the subset of X 8,8,1 composed of all. elements in Xg, g, r with.
compact support in the variable & for any fixed ¢ € [O T]

Theorem 3.1. Under assumpiions (1. 4)" anid’ (1U16) (1. 18) fvrr any gfwen |

mteger S >4, there exist posctwe constants 8o and Op with,  Oogo<E, such that for any-
s€ (0, so] , there ovisis @ posctwe numbar T'= T (s) such that the Oamchy problem (1.18)

~(1% 14) sdnvits ‘on [@ ¥ (s)] w umqwe ‘classical ‘sobition %EXS. Ous. Tioys: Where P(8)s

154 Jhen<0B WED.TL, @8
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can be chosen as JSollows: . .
N P I T
T(s)= ' 3.9
. ws-a(1+a)/(2+a) 1, %ff =0, o o
whefre a is @ positive constans.
Moreover, with eventual modlﬁca,tlon on a set with zero measure in the va,rlable

#, we have '
: Cu€0([0, T(e)]; H*(R)), . (3-10)
%€O([0, T(e)1;H5(R)), N (3.11)
un € 0([0, T<3)] HS'1<R)) . | (3.12)
In order to prove Theorem 8.1, we define a map ' , ' S
" Miv>u=Mv ~ (8.138)

by solving the f0110wmg Oa,uchy problem for lmear Wave equatlons for any ve&
Xg B o : . ,
SR utt—um—ﬁ(fv, Dv, Du,,)Ab(fv, va)u“+2ao(fv, D'v)um-{-lf’ (fv, Dv), (3.14)
{t =0: u=2sp(x), 'wt--sv,b(zv) I ' (8.15)
It is not difficult to get the followmg two lemmas. - B "
Lemma 3.2. For any VEX 58,7 We hcwu, with e'ventuwl modeﬁcwteon on @ set
with zero measure in i, a o o
u—me’oqo T1; H5*(R)), | (3.16)

w€0([0, TT; H*(R)), | (3.17)
uw€ L0, T; H**(R)). . (3.18)

Moreover, for any fixed 4 € [0, T}, u u(t ) ha,s compact support in the variable @,
Lemma 83. For u= u(t @) = =My, 84u (0, a;) (1=0,1, - S+1) are mdependen#
' Of ‘DEX&E,T and

Furthermore, S

- Ju(0, - )ﬂps+1p<06, | (3 20)

Where 1< p< o0, 0 iga pos:tlve constant and |«(0, - ) H p.sii;p denotes the value of

lw(@, *)b,s¢1,9 ab £=0.
Lemma 3 4 Under the assumptions of Theorem 3. 1 forr (my @EXs BTy U -—‘M v

satisfies
DST(M)<O1[8+(R+\/— )(E+D,g,1-(u))], (3.21).

whoré Os is @ posisive constant and
E“<1+T>2 iffiﬁ%o
" R=R(E,T)={

) Ea(1+T)(2+a)/(1+¢) q,fj-‘ﬁ 0 o
Pfroof We first: estzma,te Hu(t, )"L-(n) | S C
We can write

| .23y
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u(t, @) =ew @@, @) +w(, o), . . ,_ (3 23)
where w® (¢, &) ig the solutmn to (2.17)- (2.18), whxle fw(t x) is the solution to
(2.26)-(2.27) with F= F('v, va Du,,,) :

By (2.23), we have : S ‘
"’w«”(i NNew<0, . o (3.29)
here and hereafter, O denotes a posutlve constant, On the other hand by (2 28) we
have

o, Ym<0 [ 150, Do Dus, Dlowdr.  (3.25)

By Lemma 2.1 and Hélder' g, 1nequa11ty, notmg (3 6),.(3.8) and the definition of
XHT, we have : S '
[ (b (v, Do) uw+2¢bo (’v va) u,,) ('D‘; *) " (R
<0/ (v, D) |rsacm | Dt zsvecy A
<OB“g™ (x) | Duty | 345+ Dot [ 355 N
<OE*9* (1) | Dt iy <OBE*g* (@) Dy, o (w), . . (3.26)

17 @, Do), +) o<l (v, Do) 32 <OBegH ‘@ - @2
: Hence, noting (3.4) it is eagy to see that. L . 4- |
) law, ')"L~<R)<0E“(1+t)k(E+Ds 1'(26)); . (8.28)
where v |
(2, ifﬁ:,l:#O,
=2 (3.29)
| o 1 1f f =0,
Notmmg (8. 22) the oombma.tlon of (3. 24) and (3 28) yields v
Sup, ll2s (#,. ')“L~<R><O{S+R(E T) (B+D;, @k . (3.80)

We then estlmate lu(t, )z LR

By (2 19) (2.20) and noting (3 4), we have N
. ' “w(m(f' ) ey <Og (#). : (3 31)
Moreover, still by (2.28), using (3. 26) (8.27) and noting- (3 4) and (3 22) we

Lot
lw(t, +) "Lv««(m<0r (L+3-— 'b‘)i/(”“’HF(fv, Dy, Du,,) (,,I.’ )"L‘(m (Z'r,' S
<0E“(1+fz) (2+a)/(1+a) 1+“<#) (E+D3 1‘(’“))

 <Oy®HE@E, T) E+Dar@). . ., . . (3.32)
Hence, by (3.31) and (3.32) it turns out that -
sup 'l i(t)Ru(t, )“Lu«(m<0{8+R(E T) (E+Ds r(‘w))} (333)

Fmally, wo estimate i Du Gy D 5g o :
For any double—-mdex k= (%1, b2) with 0< 1%, §S by applymg .D" to both sldes
of (3. 14), we get the following energy mtegral formula :
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1D, ) [+ ato, D) G, ) Dt, )?dw
=1D%4(0, ) I+ a(o, Do) 0, ) (D0, +))*da
J I ob (’U, —D’U) ('F» *) (D*uy (7, 1))2dwd'v
—af [ 2, D’” & ). Dy, +)D u,,@-, S
—ZJ J- 3“"@ Dv) (7, - ) (D"u,,.(w ))‘*‘dwd'v
+2J f G‘k(q;', )D u,('v, )dwd'v+2J' J gk('r;, )D u,(v, )da:dm'
L =100, ) k[ 6 DO, ) B0, N
F+I+II+III4+IV+V, _ . (8.84)
in whlch the function & (+) ig-defined by (1. 17), ,
Gk—Dk(b(fv, D'v)uu) b(fv, Dfu)D U -
+2[D"(a,0('v va)ut,) @o (fu, .va)D um], (8.35)
" gu=DF (v, Dv). (3.36)
Noting (1.15) and (3. 7) it is easily seen that
| |1}, |TI]," | TIT| <OE*(1+£) Di.a (u) <OR(E, T)D 2 (u). (3.37)
By Lemmas 2. 1-2.8 and notmg (3 6), we get,
“Gk('b', . HL=<R><0E“DS z-('w) (3.38)
and for _|70| >0
“976(7; ) | <OE*a, - (8.39)
Moreover, noting (1.16) and (3.7) we have ‘
“go(‘ﬁ ' “Lf(m “F(’" Do) (’F‘» )“L’(R) .
. o : <O“ (’D, D’D) ("7 . ) “12"”“’(1‘) (3 4:0)‘
By Holder 8 1nequa11ty and the definition of X 5 5, Wwe have -
- . | lv (=, )"mem)<""U"M%mn")"iﬁa(m<OE (.9' (‘F))l/ 2 (8.41)
then notmg (8. 8) it turns out that * ‘ o
| ' 1960, *) hoxm OB (g (z)) @+=4, . - (3.42)
By means of (8.88)- (3 39) and (8.42), noting (3. 4) and (8.22) we obtaln +
RN | IV | <OH*(L+8)D%,r (u) <OR(E, T)D%r (u), (3.48)
(3.44)

o | VI <OB*3 (g (1)) “+*2(1-+1) Dy, ¢ () OR(E, T) EDs ().

By (3.37) a.n,d (3 43) (3 44) and notmg (1 17) and (3 20), it follows from

(3.34) that .
sup | Dus, -Silp,g,5<d{é+ JEE, T'(E+D.§.r(u))}.

“'The coribination of (8.80),(3.33) and (3.45) yields (3,21)."

(3.45)

Lemma. 85. Leid, azefg &z If o= Mv amm-=Mu a,zso smsfg u, ve zg,m, |
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Ds 1, ’_l'(u ~%) <02(R+\/R) (Ds—i,z'(u %) TDs 1, T(’U ’D)), - (8.46)
_ where Oy 4s @ positive constant and R=R(E, T) is still defined by (3. 22) '
Proof Let u*=u—%, v*=2~—7. By the definjtion of the map M, we have
——w('v .va) uw——i&wo('l) .D'v)uta,-F“ (3.47)
{t =0: ' =u;=0, " ' B (3.48)
where the function a(-) is defined by (1.17) and - B
F*=(b(v, Dv) ~b (3, va))um,—r—2(ao('v D'v) wo('v, Dfu))ut,,

+F (v, Dv) —~ F (@, DT).. S (8.49)
First, in a way similar to the proof of (3 30) and (3. 33) we can got regpectively
SUP lu*(, +) |z <OR(E, T) (-Ds—i (") +Dg.y, T(’v*)) , (3.50)

and
sup g7 (#) lu, ')"L““(R)<OR<E T (D1, 0(u )+Dg_1r(fv*)) (8.51)

Then we estimate | Du* (t ) |, 8~1, 2 _
For any double-index k= (700, 701) with (B <8=1, we ha.ve AR

D% G, ) Vot [ 0B, W) (5 ) (D3t +))*de

- 2@ @) (p, *(a; O dads

~2[ [ 2 Dy 522 Diuss, -y DMus(o, =) dade
JOU
-9 (* [ Bao(, -D’”) ('Fy ) (Dkwr(,v )) dwdz’
JOJR .
w2 Gy (w, - )Dkur('v, )dwd'v+2jf gu(z, +)D u,,(r, Ddedr
JOJR
=T+II+III+IV+V, B ; Sy - (8.52)
where S ‘ '
' Gy= "(b(fv va)um) b('v va)D”um-l—Z(D"(wo(v Dv)u},)
—wo(’v’ Dw)Dkutw)r IR L T e T A T (353)
gk=D’°F* L (8.54)

As in the proof of Lemma 3. 4, we can get DR P o
|If, |11, |III], |IVl<OE“(1+t)D3_1 o (u") <OR(E T)D -1 T(u“) (3.55)
In a similar way we get that for |%k|>0 -

g, )"L’(R)<OE *Dyg.-1, 1'(”)) R (356)
and | _
h | “90(’5‘, )“Lﬂ(R)<GE“<9'(’V))a+“)/2Ds 1,7 (0" )y o "".A (3.57)
then lVl<0Ea(g(t))<1+a>/2(1+#)Ds_1,1-(u ).Dg_1 r(?l) B |
. <OR(E, T)DS-,-?:I. T('w )-D_S—l 1'(’0) o S (8.58)

“Thus, we obta':m. . . A
- S“lP “-DU*(f ) HD s—1 m<0 ~/ R (E T) (Ds 1, 1'(’16*) +Ds-1 r(’U’)) §:(3 59)

Tﬁe oombmatlon of (3 50) (3 51) a,nd (3: 59) leads to ’ohe desn'ed conclusmn ‘

IR
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(3 46), |
By means of Lemmas 3. 4———3 5, ]ust ag in [7] it is easy to prove that there exists
0o>0 such that the map M possesses a unique fixed point in Xg, ¢y, ma), prowded
that s is suitably small and T'(s) is given by (3.9). This finishes the proof of
Theorem 8.1, then the lower bounds (1.7) a.nd (1.9) for the llfe—spa.n are verified,

§ 4. Lower Bound 1.11) of the L1fe~Span of
Class1cal Solutmns to (1 13) (1 14)

In thig section we congider the special cage that (1. 18) holds The disousgion ig
slmilar to the preceding section, therefore we only pomt out some egsentirl points

here,
In this. case, no matter whether an dw equals zero or not, 'irqst.eafd__of (3.8) we

take : '
Dy, z(v) = sup [o@, *)|zm + sup. (1-+8) ey, o) | puncn
o<t<T o<t<T

+sup [Do(y lose o '**<4‘-1>'
0<#<T . .

then we have -
" Theorem 4.1. Uncler the wssumptzons 0 f Theorem 3. 1,4 f (1.18) holds, we have
'the same concluswn as in Theorem 3.1 promdeol thwt mstewd 0 f (3 9) /iy (s) is gwem, by
' T(s) =gemmB/Ba 1 T (4,9)

where @ is @ positive constant:

In order to obtain Theorem 4.1, it is only necessary.to prove the followmg two

lemmas. o - Ao S .
Lemma 4.1. Under the wssumptions of Theorem 4.__1_, fqrzj any q;E}X 8.8.7) _u=M v
satisfies -
Dy, T(u)<01[s+(R2+R+ J—) (E+Ds T(u))], 4
where O, is gposfz,to've constcmt and »

R= R(E T) men(Bolzm)(1+T) . : (4_4_) '

Proof Noting (1. 18) ﬁ' can be rewritten as
F (v, Do, Diig) = (b(9, 0)t45) 5~ b (v, 0) 22+ (b(v Do) —b(®, 0)) s
+2 (a0 (v, 0)u,) ¢~ 2a0: (v, O)ugl—:‘i-2,(ag(o, Do) —ag(v, 0)) v
+ (F (v, D)~ F(v, 0):~ Fpu(v, 40)1)@) +F (v, 0) +Fpy(w, 0).Dv

= E 3;6}' (fv, ua) #F 2 A; (fu) fvmua,+ Z B,‘,j('”, Do) /vmuw,

+ 2 Oij('v, TD”)”¢¢Q’0,+F(Q), . | SRR AT (4 5

where (o, "71) (t w), (30, 31) (3t7 @) D and in a. neighbourhood of the origin
wehave ) ! < Wit i oon i



276 <~ +  CHIN. ANN. OF MATiE{ . Vol 13Sr B

&R 0(mw) i=0,1,T=(h hy) < (4.6)
_ and G‘;(A) is affine in 7\.1, -
AW omx“-l), =0, 1, @y
By(8), 0u(R) =0(|%|*), 4, j=0, 1, Ko () o 20, - (4.8)
o FO, 0 =008, | (4.9
Hence the solutlon u=DMo to (3. 14) (3. 15) can be expressed ay
| u=sw®+ §6w“’—-u‘°’+u‘1’+u‘2’ T (4.10)

where w® ig gtill deﬁned by (2 17) (2 18), while w®(¢=0, 1), «9, »® and 4@

satisfy respectively, - o .
‘ w%?fwé,%ﬁ‘.-.(v, ua), (4=0, 1)-, ©(4.11),

ufp ~uly) =0, . (4.12)

U —us) = 2 Ai(0)vagtiat 3 Bis(v, D) veties, + 22,0 (v, Do) ve,, (4.13)
and . N , o o
, u® —uy@=F(v,0) - (4.14)
with the zero initial data for fw“’(fa =0, 1) u® and u® and the following initial data
for u@: o
=0 u® =0, uf® =G (v, u) (0, @). ‘ | (4.15)1

We first estlma.te l{u(t o) ll ®-
| By (2 29) and notlng (4.6) and (3.6), we have, for 4= O 1
100G, ) <, 1640, 1) (7, +) Lo B< OB (L+6) (B-+Ds ()

| <OR(E, T)(E+Dsr(w), =~ - (4.16)
here and in what follows R(E, T') is defined by (4. 4) :
" By Lemma 3.3 and (2. 23) we get B
| [, ) lsnm<Os. (4.17)
.- -Using (2.28), it is easy to see that - - : '

 u(, )I‘L’(n><0 U 2 ﬂA;(’D)’U,‘u‘,(tv, )“ pem A
‘ j ‘2 "Bu (9, Dv) v@.u,,j(«a, Hemwdr

+[! 3 1046, Do, 5 ) oce e}

<OE*(1+4) (E+Dg, ()) -
A - <OR(E,T) (E+Ds,r<%)) . (4.18)
Agam by (2 28) and the deﬁnltlon of X 8,5,7) notmg (4 9) wo get

et Dlrw<0 [ 17, o> (3, - >nn-<md«.- |

<0f l!v(v, H%t.‘z.mdm<az%(1+t)=
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: OER”(E . L (4a99)
The comb ination of (4 16)-(4.19) and (3.24) yields '

Sup. lu (s, ) |z@<O{e+ (R2(H, T) +R(E, T)) (E+Ds.r(u))} (4~20)‘

‘We then estimate |u (¢, ¢) H Zt+eo(R) -
Similar to (4 16), using (2.29) we-obtain, for ¢=0,1,

120G, s, 16:0, 1) @ lonaw e

<0 [ 106, ) lfaw] (0, ) s, - YR
<OB* (14840400 (F-+ Dy 1 (u))

| <O(L+§) V&R (H, T) (B+Dy, 2(1))- (4.21)
Similarly, by (2 19) and (2.28) we can got -
w@ @, zrsecrry AL C )||L7_+ao;<n)".<0_8 (.1+:?)-1/$; +ae) (4.22)
a 60, ) |y <O (L+8)VO4OR (B, T) (B-+ D, ()) (4.23)
an : L SR TR VLR S
%@, ) [z <O’(1 + 7;) 1/(1+80) E R2( E: 7). (4.24)

Therofore, we have
sup (1+%) ‘”‘”‘*’llu(t *) Il ey
<0{e+ (R"’(E /A +R(E ) (E-FDS T(u))} (4.25)
Fmally, we estimate |Du(?, <)l p,g 2 |
In the present case, we still ha,ve .(3.34)-,-.(3.37) (3.43) and (3.89), Moreover,
since we can write F (v, va) as '

| (v, Do) =F (s, 0) +F<@, Dv)Dv, C (4.26)
where F (v, Dv) is sufficiently smooth-and -~ . -
FX)=0(|x]", A=, Aoy Aa) (4.27)

in a: nelghbourhood of =0, noting (4.9) and the definition of Xy p r we have
|7 (v, 0) (@ +) | ixm <[ F (v, 0) (w, =) |32 | P (v; 0) (z, ) | ¥y ~
<O|o(z, ) |EE o, - )lI%Tn‘E&’?

and .
L ||F (’U; D’U)D’U"L%m< | (fv, D'v) "L'(R) "D’UHL'(R)<0E”“ ' - (4.29)
then , e
||90('5‘, )||L=<m<OE”B °(1+'V)1/2+0E1+“ . (4.30)

From (3.39) and (4.30) it follows that
IVI <0E1+“ (1+t)Ds T(u) + OE1+"°(1+t)3/ 2Ds T(u)

(<ORE, T) +R By T)EDsa@s -~ o 0. (431

, By 3. 37) (8. 43) and (4.81), it follows from (3 .34) that

. ||Du(t -)]lpsz<0{s+(R(E T)+J—————R(E T )(E-L.D,g'r(u))}! (4 32)"

\ Y

" TThe combination of (4.20), (4.25) a,nd (4.32) glves 4.3).

L0 <OEMS@EmYE U (4.28)
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’ -Lemma 4.2, Let v, 5€ Xy 5. If t=M7b and T=MF also satisfy u, TE fs,me,
Dy.1,7(u—%) <O:(R*+R+~/R) (Ds—1 r(u=8) +Ds-q,7(v=7)),  (4.33)
where Oy i8S @ positive constant and R=R(H, T) is stéll defined by 4.4).
Proof Woe first estlmate lw* (¢, ) | o>
We have
b(v, Dv) — b(_, D) = b1('v, .va)@ —I—bg(fu, D3) Do*
- =b4(v, 0)v*+ (b1 (v, D) — b1 (0, 0))0*
b, (fv D'v) Do*
—61 (v, 0)v* +b3(fv, Dv) Dipo® +84(2, D'v)va (4.34)

and-
1"(4) Dw) —F (3, .D")
==If’('v 0) If'(v, O)+ Z (F (fv 0)6 fu-F,(", O)aw)
4 2 (F;,(q, D)2 05— F,,(fv, D@)Bw@,’ﬁ)
“ -=9F-£8%-9->—v +3E®-6.®)
+ 3 (743, D027 00" +F 5, D5)o* 07
+ (F (3, Dv) — F,, 3, DE))aﬁaﬁ] |
- ,:_6911“__(4,, 0)o*-+ 2 0. (Q(B) o) 2 @y, Diyoi op"
-l-F,,(fv, Dm)a.v*a,v +F;; (», .va) v"@w&,fv)
+M§_‘,=0F,m(w, D@)a,-@a,va,,v,.; e (4.35) |
where ' T '
-@ %) . o (4.36)

and G;(v) isa prlmltlve functlon of F,, (v, 0). I‘hus in a way similar to the proof of
Lemma 4.1, we can got- : :
Sup. NG, ) e + Sup (1+t) = (1+a.,)“ u* (B *) | prenacmy

<OBE, T) +B(E, T)) (Ds-a,2(u) +Dgsa,a(0")). (e.87)

0n the other hand, We stlll have (3 52) (3 b6), Moreover, notmg that
. F(, Dv)—F (5, D%)
=F(v,0) -—-F(ﬁ, 0) + E.(F;(’v, D)o 71’7‘("'5, ,D@)aﬁ)

e =.g§’_<@, o>@+zw.w Dm)ag'v+(F;(’0 m> Mv, Dw))aw, (4.38)'

as in the ‘proof of Lemma 4 1 we get '

‘then we have

"

“90('5', )“L’(B) HF'(v, )HL'(B)<0(E'3°(1+7)1/2+E“)Ds-1,1-(‘v'), (4739) |
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V| <0(B*(E, T) +R(E, T)>Ds-1,m<u*>Ds-1.T<«3*->-o . (4.40)
Thus, we obtain
Sup | Du*(t, « )nD,S—1,2<0(R(E T) + \/R(E T)) (-Ds 1;1'(?4*) +-Ds—1.1'('v*)) 4. 41)

The desired concluéiiin' '(4 83) comes dii'ectlyffrom' (4.37) and (4.41),
Remark 4.1, For the Jauchy problem
{un Uoo =1t
§=0: u=2p (), u;=s¢(x), |
we have the sharp lower bound of the life-gpan of clagsical solutions as follows:
. : T'(s)=as™ (a>0 consta.nt) y o o (4.48)
while for the Oauchy problem ' R
' Uty — U =,
{ $1=0: u=2sp(a), u,—-syb(m),
the sharp lower bound of the life-span ig
T (8) >as-#2 (g0 constant). (4.45)
Hence, in Theoxjem 4.1 hypothesis (1.18) can not be weakened. '

(4.42)

(4.44)
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