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i ) ^ s u p  ^ \ P nI (a TX ^ i ) - P entSnI (a TX < t) \ .att
(1 .4)

It is well knewn. that many useful properties of these statistiCiS for -.0110-  
•^dimensional case.have,been derived (cf- Sharock, Chapter V ). Unfortunately, w© 
have little knowledge in high-dimensibnal Gases. In this paper, we investigate the 
"tail Tbehayior concerning the limit of statistics if  the limit exists；

. The paper is organized as follows： Section 2 provides some illustrations for the 
convergence of (1,2) in distribution, the case of location parameter is put in  S^otion 
-3, Section 4 containa the case of dispersion matrix and some further discussion*

§ The Convergence of the Statistic in Distribution

Does the statistics in (1.2) converge as n tends to infinite? What is th© lim it 
df the statistic converges? These are the problems we counter *bef〇re studying the tail 
l>ehavi〇r of the limit statistics. So we first discuss these two problems.

According to the statistical usefulness, good estimates can often b© regular 
'Estimates, that is, ' -

e ^ e + T tr 1 2  + 〇v ( ^ ) y
力=1

(2 .1)

for some ^-dimensional function i  satisfying P i( X )  =0 and V = P L { X ) L ( X ) T is 
■s, positive definif© matrix.

• ’ . . .  . . . . . .  . . . , . ； .

On the other hand, we provide P  is uniformly differentiable to garantee tlio
■convergence of Dn as follows:

sup sup I P e fI  (aTX  ~ P eI  (aTX  <  t) — (9r—0) TA  (a, t) || P
d€.8a亡€及玉

near 9 (2.2)
for some fixed ^-dimensional function with all its components in 0  ^-B1]
*〇f  all continuous functions, where the notation [[^ stands for Jj2(P)-s©minorm. 

ThusDn could be written as

Dn^rt^sup sup \P nI (a TX < f)  —P eI{aTX< it) —P nL v(X )A {a , i) \ + 〇9(l)
06¾ tQR1

• ■ • • . • ■

. =n^s up sup [wn(a, i )  — Pn-Eî CXj-) #) |+-<7P(1). (2.B)
ae8a ten1 ■，

Applying'Multivariate central lim^ theorem, for any finite subset of x

ti), P J jT '(X )A {〇il, ti)y i=-%, 2, —,
M m ,  ：t d f Z TA (au ity. 2> ...,

-whers the notation. is defined as convergence in distribution, w is a Gaussian 
-process, Z  is distributedwitH i^ (0, ^ .  .Employing tHe similar argument used by 
JPolIard ([2], p. 157). w© can sfep̂ r tbat



i5„-> sup sup \uo(a, t) ~ Z TA(a, t) {=1). (2.4)a iG 2¾1
Moreover, we know that w is a zero mean Gaussian process where sample path» 
oontinu^ uniformly and boundedly with respect to Lz(P (〇, ^))-seminorm, and 
covariance fuaction is

R ( (¢5, i) , (<?i, ti) y=JPeI  ¢) I  («i JT^ ii)
- P eI (a 2，X < « )P 9I (o fX < ^ )  (2.5>

and the covarlanoe function of w —Z TA  is

^ P e(I(a TX < t ) - L T{X )A {a> i ) ) { I ( a l X < t t ) - L T(X )A (a 1} h ))
■ ~~Pe( I ( ^ X < f )  ~ L T(X )A (a } t ) )P e( I (a fX < t)  - I / i X y A ^ ,  .¾)).

In the following sections, we investigate the tail "behavior of supremum of w — ZTA^
Wltlxout confusibn, denote by c a constant throughout the following sections.

. . .. . .

§ 3„ Location Parameter is Unknown

Suppose Q(。 , 0 )=  jP(* — 0)? where jP is spherically symmetric， and  ̂ is a* 
d!-dim©nsi〇nal parameter belonging to an open, convex set Q in R d. We establish a  
tail probability "bound for limit random yarial)l© of (1.2), sup

Let us now see what is that of lim iting (1.2) in  terms of the digGussion irt
• ■ . - • • ■

Section 2. At first, the spherical symmetry of F  implies that aTX  ~~aT0 is distributed
with where F ± is the marginal dj.str ibution of F  not depending on projeotion
direction a ， and must have the bounded density function / 。 then have»* 

-* n
Via taking 6n =  — 

n
1 Dn- ^ \ w { a } t) —f ( t ~ a !r0)aTZ  \. • (3.1)a ft

where, according to (2.1)\ L (X )  ^X ~ ~ 9  and F ^ cjovCX) , the coyariaace matrix o f 
X .

Now present the folio wing result.
TheorenL 3.1. Assume density function  / ( satisfies
i) f  is  continuous uniform ly： (3.2)'
ii) there is: a constant B  这 uch that f<^ any and any pair (t, t •

\ f ( F r H t) ) - f ( F r H h ) )  I (3.3>
Then fo r  X>1

P {D > A }< c ^ -i e x p ( - ^ r )  (3,4>

holds f<yr some constant o, where
a 2^  su^ P{w{a, t) ~ - f ( t - a Td) aTZ } \

a,t
The proof the theorem is deyided into some lerdmas*
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Lem m a 8. S. (of. Lemma 2.2, [S ])9 For each y (0< y < l ) 7 there exists a 

partition o f $4, {Ai(y)y say， smh that

tcard {iLi(7 (}<̂ 0f7 _<<z_1),
(3 .5)

where for some at £ 84

(7 ) =  {« €  Sd- max I a(i)—ajy) | < 7 },l</<d 。

(3 .6)

J-? (7) is the set consisting o f all the inner points Ai：(y} . .
Noticing that has anologous structure with we easily obtain the

following assertion with tracing the argument of Lemma 2.2 in [3 ].
Lem m a 3.3, For each A i(y) and s>0, there exists a partition o f  A i( y ) f

'• ' . .  • . :  • •" ■ .. . . . .  . . .
{Bi (ys) } sap, fo r  which

(B K y s) (\Bl(y8)^<f>, VJB?(r«)；̂ (r « )  e { 5 ?(rs)}, 
t  card ,

(3 .7)

where
B t(ys) — {a ^ A i(y ) ： ma± \ aay~dii:> | < ys}

for some a i^ A ^ y ), the definition o f Bf(：ys) is similar to that of A°t (y ).

Lem m a 3. 4. F 〇r any fixed a^Sa and fixed y i> 〇, there exists a sequence

fi- i~- -2yi -+ 1， L 2竹」

1

(3 .8)

for which

P  e =  rg-,

P eW X < n +x } ~ P e { ^ X < t ft < 7u
p ew x < r _ m + 1 } < 7l,

where无 is the m体tgi卿 l distribuUon;of 茇 {• —0) at’ diTectioti a。

Proof Due to the splierical isymmetry of F  and the continuity of F lt the 
concluiSioii of Lemma 3.4 Is an obvlouiS fact, and tf is of the form — where ^

i • _. . . .

does not depend on  ̂and a.
Let

7x)^ {(a , t)- a € iA i(y )r t2〇-i)< t< th }, j
' ■1

and

that

Ai，[_i_] +2 (r, 7〇 =  {(«, i ) : a € ^ i ( y ) +1}..

Lemma.3.2 and Lemma 3 .4  imply that t>i)}  is ，a partion o f iS^Xi?1 and

Lemma 3. 5.



(3 ,9) 

(3.10)
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(3.11)

lk -« ilH  ||«6- 4 | H (  ( i - c 〇s^ )2+(sin .^)2)^

; . . ' (3.12)
,

On the other ii^nd, Lemma 2 .6  in  [3] and tli© spherical symmetry yield 
sup P o i i ^ ^ - e x t y M a ^ x - e )  < t } } .

.t ■

„ < p 〇{ M { x - e ) < 〇}A {au x ~ d ) < 〇} } .

- 2P e{{ («?) 21 (X  -  0) < 0} A{ («°) r (X  -  d) < 0}}
- - • . . .  -. .

= 4 .  (3.13)ov
Oonsequently, it together with (3.12), yields (3.10).

Lemma 3. 7. Under the conditions (3 .1) and (3 .2), there is a constant, c sueh that

(P{w(a, t) 9 )a?Z ~  (w(ai, (3.14)
holds for any pa ir (a, t) ^ A n (c ^ 2, c/32), where we tahey = c^2 and y i= o ^2.

Proof The left side of (3 .14) Is less than or equal to

¢ )-w (a i, tltj - t} 2) ^ + P { f { t - a T9)aTX ~ J ( t l ,j - x~aJd)a^X }2)^}  
^ 2 ( 1 ,+ 1 ,) ,  ：(3.15)

By (2.5) we have
I l - P e W X K t }  ( l - P a{aTX < t} )  + P e{ a f X < n u }  ( l - P e{ a ^ X < t^ - ^ )  

^ P e{aTX  (P (){aI'X <〇- P 9{afrX < ^ - 1})3

< P 0{ { ^ X < 〇厶 十 : ：

'； ■ ; .« l3 r f l4. -  -. , . ,  ;b..：V '： (3.16)
Lemma 3 .4  implies J4< 2-yi. For 13 we can split it into two parts. -,

I 3< P 9{{a!r( X - 0 ) < i - a ri? }A {^ (X -0 K i-a i^ }>  .： .5 ：〇 ：

； . card {4 ^.7 , 71) <C7 - (d- 1)7r1. . .
Lemma 3. 6. For <my pa ir {a, 01) cziSa,

sup Pe{{aT( X - d )  ^ t y A ia U X - d )  < 〇} <  ||®-ai||,
t

where the rwtation 4<A>} denotes the symmetric difference o f two sets. 
Proof For any orthogonal ma.tr lx Q,  丨'

We can find an orthogonal matrix Q for which.

where 從0=  (1, 0, •“，0) and a?= (cos岭， sin 命，0, ••、0)，0<<^<i7r. S(
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+  \j p m  { x - e y K ^ ^ e y - P s W ^ x . - r e x t - a ^
. (3.17)

Lemma 3 .6  and Lemma B.2 yield
IsK W a-a^K y： . ' . (S.i4y

一__ 0 1 . . . .  1
Futhermore, inyokixig the condition (3 .2), we have Il^ O y . Then we hay©

i
W© now deal with J2. It is clearly seen that

Moreover \ . i ...
丨（/(卜《喲 ，- / (坶-厂 办 )4)户丨. . . .

= I S+ I 6. (3.22)
Applying (3.2) to I 6, (3.3) and (3.13), to I5, we hay©

I s ^ c y t ,  Ie ^ c y .  (3.23)
So l 2< c (7 + 71), which together with (3.15) and (S.20) yields (3.14).

Similar argument leads to the following assertion：.
Lemma 3.8. Choosing 7 s2—c/3-s2, y ^ ^ G ^ s 2, we oan find apartiUon o f  

4w(cyS^ cyS2)> {2)¾} say, for which
/  ： { J D ^ c s -^ 1. ■ (3.24)

(3 .20)

(3 .21)

Fmthermore^th沉 e. &xists.an:{aie，. h ) £.A.ij{c择2, cfi2) c〇TTesp_ding. tp J \  .such that Jqr 
any (a, t) G D ,̂

^) - / ( ¾ —忒 的 (3 .25) 
Proof Using Lemma 3.3 and Lemma 3.6, tracing the arguments 〇f Lemma. 

3.4 Eiad Lemma 3 ,7? we oaa achieve (3 .25) 〇
Proof o f Theorem 3.1 Lemmas 3.5, 3.7, 3 .8  have checked the conAiilons (2 .1) 

and (2.5) in Adler and Samorodniskyvs paper ([1], p. 1340 and p. 1841]. Taking

d ( ^ )  ^  and + that, from. Theorem 2 .1to
in [1]， for appropriate e. the irieqiiality.

. P {  sup \w(a,

■士必 _2exp( — (3. 26)  

liolds for X>1, where cr2=  supP(w («, t) -^ f  ̂ i~ a v6)aTZ ) 2. Then from Lemma 3.5^
a$t ''

;; - -  v-:， -  v:;i
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(3.27)

Rem ark 3.1. In Theorem 3.1, we impose the conditions on density function 
f 9 Luckily, these conditions are mild, and we can see that almost all spherical 
distributions possess properties (3.2) and (3.3).

§ 4. The Case of Unknown Dispersion Matrix

Suppose that Qs(^) is an elliptically symmetric probability measure whose 
density function is of the f o v m f ^ S x ) ;  we further aissume that 2  is the positive

x
definite matrix. The elliptical syjxonetry implies that is distributed spheri
cally symmetrically. When 2  is unknown, we need t〇 estimate it so as to construct 
the estimate as (1 .1). By the same reason as that in Section 1, w© can construct 
projection pursuit type Kolmogorov statistics.

(4.1)

where F x is one-dimensipnal margined distribution of (aTX j ) 2.

We know that F t does not depend on the projeotiy© direction and that aF 2 na  is  
N/^-consistent ©stiriaate for the variance of a TX  since P X  — O. :

If the density function of F t, f  say, are bounded arid ooatiauous uniformly^ 
Caking La(X )= (辽̂ X)2, along with the similar argument in Section 2 as long as we
pay attention to the unilorni consistence of aT2 na with respect to w© then havo 

Dn->Df= sup
a,t

where ^  is den〇t6& as (2. g y , i s  also a zero mean Gfaussian process whose
■. . . .  . . .  .-

sampl© paths ooritinu© uniformly and iDoundedly with respect to Euclidean norm
•. • > - ■ 、 ； '： ： •■ ； ■ • ； ' . • . - . .  •,

||。I, and cov^riancp funcrtion is of analOgou? foriii as ti.择t of (2.5)
B (a , ! (4.3)

We obtain the following result.

w ( a } t )  ~ < 7 a TScrj

2 ( a T^
(4 .2)

Theorem 4.1# Assume that the conditions are fulfilled,
i) coniinms uniform ly and bmndedli/；

- ...... . . . .  . '  '
ii) there is a constant B  such that fo r  any s > 0  and any pair (f, ti), i f

… 丨 秘 - 墙 ) :
then

. . . • ■ ■ • ' 
ili) i f  fo r any » > « i> 0  fo r  whieh a-^ai<8, there exists a eonstmt c suck that

， 丨, ( 去 ) ! _  絲 ) ■ ! ■ 丨 雙 :  ( 4 *6 )
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then we have fo r  X > l

where
P{D/> X } < a 2(<J- lwl exp

入2
2<ra (4 .7)

一  Pn 如 . .  2((¾¾¾) 2
Proof The proving ptooedure is almost the same ais that of Theorem 3.1. Wo

( f X  ,,
easily know that (3.10) conttnues to hold by noting that ^/邙 is distributed

with the spherically gymmetrio distx^Bution. Applying Lemmas 3 .2—3.5, we can 
obtain (4.7) as long as w© ishow that

2 (^ 4 ?； ' ■ ：
(4.8)

holds for y  — c ^  and 7 1= 0/62. But this is relatively easy. Similar to Lemma 3 .7

(P{(w (a, t ) —w(ai, (4 .9):

and similar to (3.16)

t  V tw tja) ifj-x

P

P i

<  P
\  t (aTX )  2

____ _ izi-i^CadV^
^  a*^a^ 2 (afSa,)^ ) j

長

■m-

<

a1'2a, /  2 ( ^ 2 〇) ^  W  〇'你

( r ( f (  \  ^  (a'x )a
V V \ s / ^ M h ( a r^ )  2(a^ a r ~ J l

1 ( n ( 」 5V-i \  iVi-i (arX ) g 
+ V V W a p2a ) 2 ( a ^ )  20¾ )2

J  V m-x \  (aTx y
a'i'SaiA  2{ai^ai) /  2(aT2 a )2 /  )  

tVi~i \  f c  ( a ^ x y
V a\^a i

m~i v  m - i  \

丨谢一叔 j y

2 («f 2ai)

,2>

t ,  \  (aTX ) 2 
^ T a J \ 2 { a ^ a ) ) 2 { d ^ a y=X •)2)

+ (P(f(

- /(.v J 2 ^ 2 m y ) )  =J8+i〇+ii〇. (4.10)

aTXSince ~̂ jaT ^  is distributed with ^ ：!， by (4.5) we bound Ig<cy8. And l 9<e@ due 

to (4 .6). Finally, since in f sfc^'Sa  > 0  follows from the positive definiteness of S, 

utilizing (4,4) w© easily verify

(4,8) is showed.
IlO ^O ^ c (4.11)
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Remark 4 .2 . We hay© to point out that there are also many ©lliptically 
symmetric probability measure satisfying coiiditions1 (4*4)— (4.6), for example, 
multivariable normal distribution, the distribution whose one-dimensional density

function is of the form f ( t )  a> 3j and so on.t
In view of Theorem 3.1 and Theorem 4.1, w© know that on© can construct an

estimate for whicli lioth.location parameter：and'dispersion matrix are unknown as
follows. , . .

• • .

s f ^  sup P J ( a ^ X ^ )  - F ( ^ T 2na ) I• :(4 .12〉

Similarly 、 ;

气 ， 丨， ) + ，(綠 )娜 ’柯 (線 ) 彥 》 卜刀" '
■ - •• . . . .  • 

as long as the conditions in Theorem 3.1 and Theorem 4.1 are fulfilled. And the
following result ls obtained.

Theoreln 4. 2. Suppose P ( * y 6, 2 ) is an elUpUcally symmetric probability 

measure whose location parameter and dispersion Tnairix. are unknown. 6n and aT̂ na

are, respeotivel1}/, the estimates o f 6 and aF'Sa, defined as in Theorem Z . l  and Theorem 

4 .1, F x is defined as (4 .1). I f  the conditions (3 .2) 1 (3 .3) and (4 .4) — (4 .6) ĉ re all

fulfilled j then fo r  ^.>1 ' , :
. . . . . . . . . .  v

八 卜 募 } ， … . ' (4 .13)

where

CF ^  P  \ ^  (a} t) + / ( l ^ ) ^ i V  (0, , )  + / ( ^ ¾i —aT9 \  twi (a)
2{aT2q)^ i

E eferences *： -

[ 1 ]  Adler, E. J , & Samorodnisky, G., Tail beHUyiox foi the suprema of Gaussian process with applications 
to empirical processes, Ann, Frobab,, 15 (1987), 1339—1351..

[2  ] Pollard, D„ Convergence of stochastic processes, Springer-Verlag,-New York, (1984).
1 3 ]  Zhu Lixing, Tail probability bounds for the suprema of P-bridges .with applications to empiricaJ 

processes (to appear in Kerne Tongbao {Chinese■ Science Bidetin), Voh 35..
[ 4 ]  Oai, Y, H„ P P  tpye statistics for testing normality- (manuseriptj 1988)•


