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tcAvotiq xxêL 91¾ i[〇Tr[^ staeaoexi!). okq. gtijilo^oj XpAisne^xe aed'ed siq^ -ax esn e丛
” 1:: X'-…

。： S ： ■ -e^TOOTranead^TOOS *g. - ...... ..... .•. 、.

! "es^qd j;^©ne3 joj psAO^aan: ©q ^btcicc^o ^jSgîit ^ao^^jxogfo 
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lim

then we have
/  (>1， = ( # + (g〇 d _1 + …+a〇(g')) Tf (*!)
. . . ■ ... . ...

for any  ̂=  (gji, J5〇 € D =  { | z \ <d} v for some small positive d, where W («) and P (gja,
篇螳十你-i(3’) …+  〇!〇(«’〉 are unique，味nalytici in I)， over •0，吻(0)=== 
0, j —Qyly •••, ^ -1 . The coefficients in 4h© Taylor expansion of a； are finite sum of 
those in the Taylor expanaion of /  (0) .

Usually, P(z) is called a Weierstrass Polynomial, simply, a WP.
Definition 1. A WP P 〇h.} is called irreducible i f  it cannot be decomposed 

into t7ie product of two WP}s.
RSOf2 (Resolution of Singul紅rity in 0 2) . If P  (gji，处）==̂ + 坊fc-i 〇s’) isf"1 +  …十 a〇 (2/}  

is irreducible, then under coordinate transformation its roots are all
analytic in the new variable In som© neighbourhood of the origin.
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3, NbrxnalizatioB of TboiB »ad indices.

In this section w© give th© definitions of Indices which are needed for the 
analysis of the asymptotic behayior o l  the osoUUtory integral. Assume that ih.9 
origin 0  is th© only critical poiat of /  (a>) in J52, After ooordiaat© transformation, 
we can Ghoos© the x axia in y) plan© such that

0-̂ 0

Jfe+l=min laml "
.f(sv)

8 -»〇
(3.1)

Theii by tie  WPT, we can dei3〇mp〇se Def  as follows：
Def(ti}, y)=P(a}, y)W{〇}, y)y (3.2)

for any (jx, y) ^.B =  {\ oa[<d, |2/|<<2}, for som© positiTe d, where P(x, 
ctTi-i{y)^>~1-sr'''-Jra〇{y) is a WP, W(cc, y)i^Q in 2). Furthermore, we can decompose 
P  (®, y) into the product of irreducible components as follows：

P 〇, 2/) 2/)…Ps〇c，y), with degree (P„»， ®) …+As= l  (3.3)
Claim 10 The total degree of P, Pm are h, i m respeoUvely, m = l, •••, s, whetre th&

total degree of a function f  equals

minV€S* I
lim
«->〇

、巧w / 艾拉© st_e與ep本 for P  紙， li4 si^ce 
permutation we can assume that th© statement for Pm(w =l, ^ r $f<：s) .is false ap.d 
then w© deduce a contradiction. Expanding Pm into Taylor (series as follows：

P m(x, ^  k l « ? ,  |y| « 2 , d>0,
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w© see that P i - - P 8 has terms H (  2  c«fw〇；y )a 5fc〇,+1̂ A，+̂  which contam^ term
1 i+J<km

> O '> i V V J  .  O .• ： > . . .  . J  J

iiiferent from th© others in  P:

c认c 他…cw ,,aj“+".+<«,+* ^ l+".+sV 1+".+'
, . . . . . . . . .

where ( imy j m) satisfies: ^m +j«= ^ 011( (^ + ^ ):  Cm,iy¥*〇}

i m<r=mln{i: i + j —inin. ( ^ + / ) ,

Thus w© get a contradiction since P  has total degree h.
Below w© define various indioesnecessary for the analysis of osGillatoryintegraL 

We assume that we hay© done well the decomposition (3 .3)  sine© i t  is a pure 

algebraio problem how to decompose a given W P into the product of irreduclable 

components.

At first, w© can w rite also the W P y) as follows:

1 \x\<dj |y|<cZ, m==l, 2 , ( 3 . 4 )
By the RSO2, w© know that each -rU(2/) is analytic ia  y7 | < d r for some

d > 0 . Expanding ^ { y )  into the Taylor series, we have

S  Gmi^y \ v \ < d .  ( 3 .5)

Prat ically we can determ ine these coefficients fr〇it^ e(lua1;i〇ii

S  —O»h>Jcm
From (3 .,5)  we obtain

Re << (,y) =  Cmi, amtyMm, -1- higher terms^

+ higher terms, cm> Mml, cUi, u ^ 〇, real. ( 3 .6)  

Since the higher term s ia  EeTm<(y) w ill bring us some troubles, we erase them  

by doing a smooth transform ation as follows：

w = p  ( l + — i — (  s  Cmi, » ^ ) )  [ , \v \< d ,  for-some <2> 0 . (3 .7)
\  Cmif Mmi foMmi ’

Now in  the new varm ble w, the root satisfies： E er^C w )

D efin itio n  2 . The width of f  with 矿碎jm t to root八似 i 这

dmî 'km/ hm) j -

where (p, q) denotes tJis corrmm f<m%or of two numbers p} q.
U nder coordinate transformatioii (3 .7) ,  the phase reads as follDws：

w) =/(®, ^(«/)) = s  ； s  ，'〇ir ,m i0 v,i\  (3.8)n j 作 nrH 哪
where b i < b z< b 3"".

>-» V s' . . . .  t •
• - . •' :• V

D efin itio n  3. The partial tmgul^T mdm Nmi is defined as follpws. 

if lim  刀 巧 tfieTi otherwise N m i〇〇̂
w-*o V) . « 、

We see thebt i f  i s 'finite, thm Nmi is a raiional number.
D efin itid ii 4. Fo r the y) wMch has the origiit as its onlp

eritical point in  B 2} we say that f  has type ai 0 i ^
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•v _ I .

T  ( / ) ( 〇) = { 而 ..........
私3，¥ 咖 …，坪ska， M’s7G8, dsl，…，这你8, Ns：i，…，N sic8

Definiton 5. The singular index of f(x )  WUsfyi^g: conditions as in Definition
4  is

d = (3.9)

4. Statement 6i result.

Now we oan formulate our main rejgult as follows：
Theorem . Assume ihizt fumii(m f  {05̂ y) is real amlyUe in-the unit ball J52c :i?2, 

'the-<kitic〇!bp6infset o f  f  S ( f )  —{0 }t md f  is of ippe T ( f ) (0 )  at 0. Then for any 
smiall fosUive e, there emsis a constant Oe>〇  such that

〇,

f  y) doodyJ b8
as #->〇〇.

The following sections 5—10 are devoted to the proof of Theorem.
• • . ,  .

5. Since S ( / ) ! =  {〇}, for any neighbourhood V ==J \y\ < d }  of the origin
■；- •. -

w© can find a constant 0 (JJ) ' such that
|V/(a?, y) \ > O (U )> 0 } for any (〇；, y) QU0, the complement of U. (5.1)

hetE(a)) be a smooth function with compaGt support lying in [ —1, 1], and 
for - 1 / 2 < 〇j< 1 /2  9x(^r-y) ^ 9 〇〇i t/)B ((x2+ y 2)/d2)\ g2^ g - g ^

Then ^2=〇  for (a?, «/) €17-/4= {[a ;| <c2/4, |，2/| <t2/4}. So by the Phase Stationary 
Method, wo obta in

6itKâ g 2{ ^  y)d3)dy 〇M. as. t-^ooy for any integer M； (5.2)

where 〇m is a constant depending on J f ,  iadependent of

6. Now w© are going to treat integral J  elif(afV)gi(c〇j y)dxdy} where U =  {\a> \ <.d9
...

I <<?}， d is sufficiently small so that all arguments in 芎 ection4h〇ld 。 Specially we 
know that y) ^PrwPsW , f  is of type at its critical point 0: T ( f )  (〇) .

For any given, small positive e, we define s^ts as follows：
Umi- { (a>, y )^T J: ^  - R er^ (2/) ] < r 8, |Imrm4(2/) | < t~ e}, (6 .1)

where s =  (1—0) / (蚤+ 1); ■，…，取》，to= 1， …， §• a
1- • • . • ■

• , :  .V - • I* • .

Now we can do unit smootK decoxfiposition with respect to Umi as follows：

办= 夕 11+ 分12-卜…+  ̂ sfca +  ， ’:

細  E ” i @) ) 2 十 (Iniru (2/〉 ) 7  产 X 5 ) ， ..

X 丑 ( [ 〇 -R e rmi(2/))2+ (加 〜 祕 2̂ 2̂ ) , 、
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• for (m, i) : (1, 1) <  (m, i) <  (s, h3) ,
. .  (6.2)

(饥，0 +••• ' «i ■
where (my i)  is ordered lexicographically: (m? i r) iff m <m / or
i < i f) O m i^^  for to^ I ,  i = l ,  AiraadO mi^ 5 fcl+M,+fcm-1+< for the others. It is obvious 

thatsupp (gmi) c ：Umi, while suppCpsfcJcilJ/UU'mi. , i . . .
According to (6 .2), we have

; . . . . .  • . .  ； .

[ema,v)g i{〇〇, y )d x d y ^ '^ \6 {tKm<y)g1ni(!X), y)AxdyJr f e ^ ^ g '^ d x d y .  (6 .3 )
J m,i J J.

Among the integrals in (6 .3), ther last is the easiest, w© treat it l3©l〇wtt
Integrating by part shows that

# =  dxdy\ (6.4)

From (^ .2), we get

T) ' ffsfea V)
'a ~Def{x ,y)

y) g'sics ,̂ y) + ^affskaC^y it)
( D J (x ,  y ) r  ' - D J ( ^ ； yJ

刀 W = ¾ 办(1 —五) …(1 - 丑）- S 严 丑 ( t (如― 它眯槲⑷）2-卜

■ x C G Q x S O c— 黑 •••(：! • -丑)， ' (® 丹
where B E  is the derivative of M, and B E (x)  = 0  for —1 /2 < 〇?<1/2 or |a?| > 1 ., Wo

■ ■ • ■■ •

have also
[^ ： i  b 0w  , ， n  r

Since 

we get

J P —af —((D，y ) y P r r P s  w  1 P r - P s ?  aj—rmi(2/)

I «i«2* • -e» I <〇  5 1 a Is for some positive 0,

,(6.6>

(6.Y>

j) y). ____ - L

• . •

(6 .8)
Substituting (6 .8 )into (6.4), we get

^6ima'v)g,i^ (x r y)dxdy , 、 ,

( f  ^ ( N —'rmi(y) I ,L. E ^X -rm ilt8)
S  J 1 t\oo-rmi(y) |K+1 Is ..

X ( 1 + f  |2>及( [〇 - ：Rermi(2〇) 2+  (Im r如0/))2]户d )  I) y 伽 办

a s^ c^ o . (6.9>

Integrating by parts M. times shows that ；

<>〇i i / fUi as t-^〇〇, 、 (6.10)
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where is a constant depending on i f  and：/ ,  g ,： but Independent of t.

7. Global estimate of the oscillatory integral j" em<c, y)gmt (», dp: the first 

approaefc.
Recalling (3 .4 ) , (3 .5 ), (3 .6 ), we see that if (y) #  0, I m ^  (^) 0, then c'mi,
for some M'mi. In this case we have • ...

1 0lttgmidxdy < 0  j s ( [ ( a s - E erm{(y) ) 3 +  (Im rmi(y)) 2] t^Omi)dxdy

Q
d^= 8 ( l+ h m/M fmi) jBjSfj

8. Global egtimat© for eitfgmidcody： the second approach.

At first, note that 及你 is defined well even thougii Rer^<(y) sO, fbr in this case 
(3.7) becomes w —yy and the ^ < = 1  in Definition 2} in Definitions, Since
/  has only on© critical point m  B2y we see that iri case Im*r5„<^0? In this
seotion we treat the case： N mi ̂  〇〇.

If Rer^t(2/) =%0, we do transformation (3.7) and replace/ ,  g b j  f ( x ,  y(yr))? 
g(x, y{w))y'{w) respectively, denoted also h j f , g .  By our assumption: ^ OTi =½〇〇, wo 
see that

■〇« / (m+ Cm,umtwUmi!km, w) == S  a^{u)wm t̂,!Cm+i'-1, (8.1)
多丨km七

and Nmi^oo guarantees that 2  « " '(〇) *¥ 〇，

furtJiermore, tlie function a^y{u) is analytic in 
By the WPT, w© obtain

刀w /(W +  W) =  ( 〜 0 “  +  …十&0(M))TTi(w, w)， (8.2)
u) is analytic in w1/dmtj u1/4m49 and for |^ | <(2, \u\ < d } for some <!>0〇

Letting w ^zdm4y thQa we have

Dw^  (8,3). ■■ . . ■ . . .  ■
For (8 .2)w© can write also ,

•〇« /(议+ …+ &〇(M))Tfi(i5, M)，
zdmlNml +>.V. +  6(M) «  (g_ sm ,t(u ))- - (2 - Smi.am,jr̂ ,(«)). (8.4)

Now w© can define sets as follows：

== { (w，洛) ：I《二 ResOT (w) ， 8 == ( 1  -  ¢) /  (c ^JV ^+ ¾ )，

= (8.$〉
i, • ■

Doing smooth unit decomposition with respect to V„, n-=l, •••, dmiNmi} we obtain.

Sfm*= 知 “ i + …+ 夕“  ̂ 4 «+ 分 W
：>.

n  (1-J7)

X J / ( ( 0 - R e 5 ^ f ；n(w ))^ ) , ti> 2 j ( 8 .6 )
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when n—1, there is no (1- ^ )  term；

Therefore w© get decomposition

f ^tfgm ^ W c[u +  {6itfgtm{y dm̂ midV)du. (8 .7> 
J n J J

Among the integrals in. (8 .7) , the last is the rdost difficult, we treat the easy at first* 

We ©stiraate J  eitfffmifndw<iu by absolute integral:

I ^ tfdmund w du \<0  f ducho^Ot^"'3, as #->〇〇; n = l ,  •- , (8 .8 )
J I. J VntHluKt^} '■

-

9. Estimate of the case not affected fcy _S( I £̂—?v<(y) I 浐）。
J

Integrating by part shows that

(9 .1)

Similar to (6 .4)— (6.9), we have following relatioris：

D w (9 .2)

(«) =  u), (9 .$ )

9 mi,dmtNml J -PgTF 1 , ^  1
W e - smitMII (2-Sm<in(M)) I 

1
n ( 2 -S » i ,n(M ))TFi mil imfN m<) (9 .4>

2)  ~gi(u , 2)  I I  ( 1 —•£〇 ( [ (贫十Eermi — Rerm̂ ( e ) ) 2

+  (Imrm̂  ((¾ ) )  st2eOmV) JE ( («2 +  Im2r roi (2) )  i2V md
(^~Re^i,ri(w))ia), ： (9 .5^n

« 取办 (叫 幻 （i —功 …丑 (1—屈) … 功 〜 S 及® ⑷ )沪)浐n

X £Ti ( i  -  _s) _. .丑 ( 1  一 丑）… （1 —丑）
- - ■ •  --

- S  D0 (  (« + Rermi -  R e r ^ / )  2+ (2) )  tSeOm,te(m〃，4")<(m，〇

x 呵 [ >  +  E e ^  -  ReW )  2 大 ]紙 处

x (1 —jE?) * **JS (1 — …(1 —M)

+ 0 ^ ^ ( 111̂ ^ 0 ) ) ^ 1^ ( ( ^ + 11112̂ ) 户 Om<)  (1 -JS ) …(1 一 奶
. . . -  . . . . .  G : ; .  . . \ 一 ，. . . ，， ：•： ,  : . .  . i ; - : - : . . . . -  . -  .

*=A〇 —S ^ n ~  S  (9 .6)

Among the terms in (9 .6 ),知，An(n=jL， •••， are easy.‘io .tr邮t，'w?,..:.1 辑re thft 
terms hmU* and hmt to seotion 10. ：>%■

Now (9.4) oah be written iS follows：
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7") ^JY>̂' ̂ mt ATmi __ _  "2  ̂ "tn ir 'I" hmi I
z ~ n Z f n i P - s ^ M w ,  ' h res^

(9.7)

where ^rest^ satisfies
\stn a ^ \ < 0  S | 2-R e smi>n(M) |

+
系' .丨咨- Bei

Inserting (9.8) into (9.1), we obtain

■ (l +  S  t8\ BE((z -  EeS?ni,n) i ^ )  I) . (9 .8)

eitf<<Test^ du dw j I “rest” I 办而 < 0 厂s-a (9.9)

(10.1)
(10.2)

(10.3)

(10.4)

10. Estimate of eû {> the case affedted by； B  {y) \f )• • J . , r
We deal with AOTV a n d W e  have ' '

Im +  Eermi- R e w (p )  I |Im rOTvt«!) | < ^ 8,

if  ' B E  ( [ (u +.Rermi -  R e v / )  2+ Irn2rmu/1t2s〇m,i,) % 〇>
|m| < r a if  J S C ^ + I m 2̂ ) ^ 6) •

^rpm  (9 .6 )，（10‘1) and (iO .—g )，•ŵ  lmo'vy
. (奴，0  I 祕— EermY) 〇) I +  ID Jn n v /O ) |} .

I f  RerOTf^Rer^/^O, 'tiien wo have
—</^N -hlxigher terms=sc,, ŷ (1+ o (1,)), 

where o(l) denotes a function which is continuous and takes zero if fi；= 〇, N > 0  
(indeed， iV is rational、 .. :

From (10.1) and (10.2), we know that
" ( 1 0 . 5 )  

OierefoTe |«j < 0 ^ -8/^ by (10.4). ' ' \
Sim ilarly we have： if ImrwY (2) #0-tiien 1111^/(55) = ^ ^ + higher terms, and

IIm r^ /(z) \< t~ s: 12!I < Ot~e/m. . (10.6)
- • -

A t； fest, Toy the co m p ^  (9.6), (9.7), (1 0 .1 )- (1 0 .6 ) , we
deduce following

hmi* . dudz

J \u\<t-̂  lj\z\<crê  .

；,  . ,  (10.7)
...jSumming up results in (5 .2), (6.10), (7 .1), (8 .8), (9.9) and (10.7), weprov©

theorem .

"W© state her© a iiheorem of E . M. Stein: : : (
Proposition. Assume that ^  (^*°



. . > . . . .

2, •••, n) are real parameters. Then for any 0 < ：A < B < tl } we ham

[ ei8fit)g(t)dt <Os~dj s->〇〇; d ^ m in (l/a iy 1 /^).

Above estimate is sharp. For details, see Page 18^—186j '14"}.
The singular lo；d.ex d! In Theorm is sharp in following meaning: .aftar . getting

a factor ~ l a y  integration along direotion a?, we want to get- more from (8 .1 ).

In oase (Mmi, & )= = !, the. iium.Ber; o f termsr^  (8 4 )  with power a < N mi is
albout hNmi. Tnen above proposition prevents us from getting a larger index than
VT〇N  阶
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manifolds, Funot Anal, arid Us AppL, 6: 3(1972), 61一63.

[ 2 ]  Duistermaat, J .  J . ,  Oscillatorj integrals, Lagrange immexsions and unfolding of singularities, Comm, 

on Fure arid Applied Math,, 27(1974), 207—281.
[3  ] Milnor, J . ,  Singular points of complex Hypersuxfaces, Am* of Math. Studies, Princeton Univ. Press, 

Study 61, (1968).
[4  ]  Eicci, F. 8o Stein, E. Mv Harmonic analysis on nilpotent groups and singular integrals, I . Oscillatory 

integrals, 7 ；, 〇/  Functioml ATialysis, 73 (1987), 179—̂194.
[5  ] Stein, B. M. So Wainger, W., Problems in harmonic analysis related to curvature, Bull. Afner Mat%, 

S〇G：f 84(1978), 1239—1295» -
[ 6 ]  Vacenko, A.. N-v. Newton polyhedxa； and estimation of oscillating integrals, Funko, ami. i PrU〇39 10; 

3(1976).
c n  Yasilev, Y. A., Asymptoti(3a of axponential integrals, IsTewtoû s diagram and classification of minimmaa- 
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