Chin. Ann. of Math.
18B: 3(1992), 289297,

RESOLUTION OF SINGULARITY AND
OSCHLLATORY INTEGRAL [O28
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Abstract
“Oscillatory integral'such as f ey (x)dz is studied and asymptotic behdvior of ‘the

oscillatory integral is obtained, The phase f(%) is analytic and has only' 1solated cntmalf""’ .
pomi; in B2, wh11e g(w) ig sniooth and compa/ctly supported” in B2, - g

1. Introduction.

In thig paper we treat oscillatory integral with phage having only isolated
oritical point. The asymptotic behavior of oscillatory integral involves the local
structure of the Variety of the critical point set of the phase. In multi-dimensional
cage, if the phage is Weig‘hted—-horhdgenedus,- ‘Duistermaat obtained good: results: by
uging dilation transformatioﬁ,- for example, 'ses [2]. Along :another’ way,: by
Olassification theorem, Mather, Anol’d and others obtained sharp singular index for
the oscillatory integral when the phase belongs to certain function class, for details,
gee [1]. In one—dimengional cagse, Van Der-Gorput’s Lemma ig a useful tool in
obtaining the asymptotic: behavwr of osclllatory integral, for details, see [4, 5]. In
thig paper, we use the phase stationary method together. with: the loeal stru,cture of
the neighbourhood of the critical point of f(z) to obtain the asymptotic behavior of
the oscillatory integral, and then convince the reader by a variant of Van Der-
Corpput’s Lemma that the singular .index .for the asymptotlc beha.vmr of ‘the
oscillatory integral cannot be 1mproved for genera,l Pphase.

‘2, Somse preliminaries.

We uge in this paper extenslvely followmg two theorems Whlch are Well known
in Several Oomplex Analysns and Algebra,m Geometry v

WPT (Welerstrass Prepa.ratlon Theorem) le f(z), which ‘g analytm a.nd
‘equals zoro at the brigin: If C R R R A SR
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hm f(ziv O) .__#0

500 2Y

“then we have . S A
I (21, 2') = (21 + @u-1 (2) €772+ -+ ao(2) ) W (2)
for any 2= (21, ') €ED={|z]-<d}, for some small positive d, where W (z) and P (24, 2’}
=2{+ap-1(¢") 2} "1+ -+ ao(2") are unique, analytic i_n D, W(z)#0 over D, a;,(0) =
0, §=0, 1, +--, k=1. The coefficients in the Tdylor expansion of g; are finite sum of
those in the Taylor expansion of f(z).

Usually, P(2) is called a Weierstrass Polynomial, gsimply, a WP.

Definition 1. 4 WP P(z, ) is called irreducible @f it cannot be decomposed
gmio the product of two WP’s.

RSO?(Resolution of Smgularlty in O“’) If P (e, zz) =¥t ap-1(Z) 2f L a7y

is irreducible, then under coordinate transformation O!Dz,—>#§, its roots are all
analytic in the new variable in some neighbourhood of the origin.

8. Normalization of roots and indices.

In thig section we ,giv_;a the definitions of indices which are needed for the
analysis -of the asymptotic behavior.of the oseillatory integral. Assume that the
origin O is the only critical point of f(z) in B? After coordinate transformation
‘we can choose the 4 axis'in (s, y) plane such that

hm—————f<m 240,

. 00 w;H.l )
bti-min {b): m L& %0} : (3.1)
Then by the WPT ‘We can decompose D,f as follows:’ ’

D,f (@, y) = P(w: (U)W(ma Y), ‘ - - (8.2)
for any- (z, y) €ED={|=|<d, |y|<d}, for some positive d, where P(w, y)=a"+

dﬁ—1<2/)aﬁ”*1+ sk ag(y) isa WP, W(w, v) 0 in' D. Furthermore, we can decompose :

| P (e, y) into the product of irreducible components as follows:
P (a;, y) =Py(w, ¢)--P,(w, ¥), with degree (Pp, ©) =kn, ki+---+hb,=5k. (33)
Claim 1, The total degree of P, Py are k, bn respectively, m=1, -, s, whare the
'toml degree of a funct@on S equals

mm{[q@) 11m IACOR #0}

ves TR o
;. Proof . The statement for P is, valid since (3.1). holds.. For the others, a,fter a
permutatlon We can assume tha,t the statement for P (m=1, 2; «o+, §'<s) is false an&
then we deduce a contradiction. Expanding Py into Taylor series as follows
Pu(a, y) ="+ 2 a2yl 2 om sty |o| <4, lyl <dy >0, .

g
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we geo that P'= P1 P, has terms II( 2 cm, ;,a: y’)m""'“’L “+be whlch conta,ms a term

different from the others 1n P

3 k -HG +
CisiyCisia®" qua"” bt ‘?/” He,

where (i ) satlsﬁes bmt jm=1Iin{(E+5): cm uy#O0}

tm=min {i: ¢+j=min (¢'+j'), om,»%0}.
Thus we got a contradwtmn since P-has total degree &.
Below we define various indices necegsary for the analysis of oscillatory integral.
We assume that we have done well the decomposmon (8.8) since it is & pure
elgebraic problem how to decompose a gwen WP 1nto the product of 1rreduclable

components

- At first, we can write also the WP Py, (, y) ag follows: .
* Pu(@, Y) = (@0—rm () - (@ Tmin,, (1)), |2]<d, |y|<d, m= 1 2, -+, 8. (3.4)
By the RS(0?, we know that each 7 (y) =rs;(y*») is analytio in y, |y| <d:.,- _fo_r’ ‘some
d>0. Expanding 1, (y) into the Taylor ser;Les, we have -
@)= Fowat’, yl<d. @)

Prat mally we can determme thegse coeiﬁclents Cini, § from equatlon _
Pmi(z cmtkym) =0, |
: k>km

From (8.5) we obtain -
' -~ Rerhi(y) =cms, a0,y -+ higher terms; .
I} (Y) = Chs, Y ¥+ higher terms, Cm, i, Cni) ,; %0, real.. ~ (8.8)
. 8inde the higher termg in Rer),;(y) will bring ug some troubles, we erase them
by doing a smooth transformation a8 folloWs

wey (1 (B om ) o 0]<d, Torsomed>0. (.1
mi, Mm‘ k>Mme
Now in the new variable w, the root v}, (w) satisfies: Rer)y;(w) = cmi, u,, W™
Deﬁnltxon . The widih of f with respect 10 1008 T I8
dmi"‘km/ (Mmh km),
where (p, g) denotes the commo'n Jactor of two nwmbefrs ?; q.

Under coord mate tra,nsforma,tlon (8.7), the phase reads ag follows

fmea, w=f@ v -2, 3 o, ;mw’w’ . 68

.f/km"f'f’/wmcﬂbn

where b1< bz< bs
Deﬁnltlon 3. Tha partial smgulm‘ fmdew N,,,; is deﬁned as follows

Mmi/ m -
q,flnn D, [f,,.;(c,,., M - w)] ésO then N,,,,——d‘ otherwise N ;=0

w0 w”
We sce that 6f N is ﬁmte, thafm N i 08 @ mtoonal numbefr
- Definition 4,  For the gfb'ven real analgtic f (a:, ¥) 'wh/ach has the omgm as. &S only

~ erdtical point én B2, we say that f has type at 0 . ERTUE R R
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Tosale ki’Mn”‘Mi’”"Mh’ " M’lf’k‘?.:‘?@l’ '-?"':d%’-Nn’- oy Ny,
T(f) (0) = By vv eev o0n fue ane ee oes ' ,‘ ‘
ks: Msl; °%% Mskay Msl; f"_;: Mgku dsiy "°L'.. ;(zsl;s;stl)';.;; .Nskg A-
Definiton §. The swngulwr mde:v of f (zv) satosfymg cowdmons as in De ﬁmtwm

4 és -
d—_L_—l— mm {max( : 1‘: _chom )} o (379)

B+ sl iV m£+1 ’ .5(10471). Ao

m-l, "8

4 *‘Stéteme'ﬁt of rii,éult. R

Now we can formulate our majin result ag follows o :

Theorem. Assume that function f (@, y). is real analytic tn the unit ball Bzc:R2
the oritical piint set of f S (f) ={0}, and f ds of type T(f)(0) a O. Then foa" cmy
-small positive e, there ewists a constant 0,>0 such that

IB ¢H1 @, ”’g(w g/) dzvdy s e 4s 100,

td—-e

The following sectlons 5—10 are devoted to the proof of Theorem.

B. Since S (F) =10}, for any nelghbourhood U (o] <Zd, | y[ <d} of the orlgm
0, we can find a constant O(U) such that '

|Vf (@, y) | >0 U) >0, for any (=, y) €U, the complement of U. (5.1)

Lot B (#) be a smooth. function with compact support lying in [—1, 1], and
B(a)=1 for —1/2<p<1/2. Define g:(@;-9) =g(o, H(@*+0%) /8, ga=g— g
Then g,=0 for (v, y) EUY¢= {]wl<d/4 || <d/4} So by the Phage Sta,tlona,ry
Method, we obtain : S :

J‘e“f‘“"@gz(m, ¥)do dy‘ ;\'%; , a8 t—>co, for any integer M, (56.2)
where Oy i3 a-congtant dependmg on M, independent of 3. '
6. Now we are going ‘o treat mtegra,l Je“’ (“'”’gi (m y)dmdy, where U = {l w[ <d,

ly|<d}, d is suﬂ%clently small so that all arguments in seation 4 hold. Specjally we
know that D, f(2; ¢) =Pu-: P W, f ig of type at its crltlcal pomt 0 T( f) 0.
For any given, small posntlve ¢, we define sets a8 follows -
Um;~{(w, y) eU: Ia; Rerm (9) ] <t‘° Imfrm (&) |<t“’}, (6.1
where s = (1— @)/(k-i—l),fz, =1, Iom,m =1, '
Now we can do unit smooth decomposzttlon Wlth respect to U,m as follows
g - ga=grrbfiar F Gongt G- S T
9'11-— 1E'([(m_‘_Req"11(y))2+ (Imf)'u(y))z]t2°><5), et
L YmT Y (1 E) ([(50 Rer m’i! (?/))2']' (Imfr m'4! (?l))zltzsom'c')

(m’ 6’)<(m )

X H ([ (@— Rer wi () )2+ (Im'r'mi (y))z) t2°Oni), -
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~ for (m, 4): (1 1)<(m, )< (8, s)’ L
 Gea=1 II (1~B) ([Go=Rermi())*+ (7w @) 1s*0n); . (6.3)

where (m, %) ig ordered lexmographmally (m ) <(m/, &) iff m<m' or m=m’ ’
$<4; Om="5" for m=1, i=1, ++, ky,. and Oy = §iortHm-atd for the others It:sobvmus

that supp (gmi) CUmy, while Supp (gsk,) CU/UU,,.‘. B

Accordmg to (6. 2), we have
J ‘tﬂ‘”'”’gl(w y)da:dy 2 Je‘tf(“ ”gm (m, y)dwdg/-l—f e”f(“'”’g e dmdy (6.3)

Among the integrals in (6.3), the last iy the easwst we treat it below.
Integratmg by part shows that

itf(a,9) — | st 9o, (@, Y) } :
Je gk(fv,y)dwoly f D{______lwmf( S dwdy 6

From (6. 2), we get

duled) D) 'a,gsm(w, 0.
D)~ T Dt e, ) o ”*“““mf(w“‘, D

agsks(w, Y) =Dogs (1= H) - (1~ B) Et‘*sOszE([(w Rermz(?/))2 F(Imv';:(y))*’}

| ' Om,)xz(m Rerm(?/))m(l B)-(-E), RCEN
where DE is the derivative of B, and DE (&) =0 for —1/2<w<1/2 or l:v|>1 We

ha,v_e also

Dif@y) L _DW, 1 .ot
DF ey P W BT e e O 6)
Since B
_ | @@ - an] <O lel”._for some positive &, . . - (6 ko]
we get ’ o - :
ggka(wy y) 1 o 1 ‘
cf( @, y) < %{]w Tmﬁ(?/)l“l_l_ lw 'rmi(y)lk }
 (L+ Ot | DB (o= Berns 1))+ (Imras@) 970 ) }.
S PR (6.8)
Substituting (6.8)into (6.4), we get'
|[ere g, @ aoay| . o
(| o=7m @) |?%00). | B (|o—1rm|t?)
<0"% { tlw ”'m»(y)i“l +- tlw ’rm;(?/)’k
X (L4 DB ([(o= Rorm(®)*+ (mras @) #0w) faoay
<‘O(e)’w3 oroo. (. .. B | (6.9)

Integratmg by parts M times shows tha,t .

itf(@,y)
He Vgt (@, y)dwdy]<0 Vo e(tlm )] l”“)u dw dy

gdg/,t“‘,. a8 t->00, ) (6.10)
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where Oy is a constant depending on M &nd f, g, but independent of 3.
o Global estimate of t’he oscllla.tory integral Ie""" ”’gm; (, y)da; dy: the first

approa,eh
~ Recalling (3.4), (8.5), (3. 6), we see that if fr',,,; (y) %0, Im'r’,,,; () %0, then Om« Mg
%0 for some M},;. In this case we have

|[ ¢gmdoay| <0 f B (Lo Rars())*+ (mres))"] t'é’oma dody

t" — d=6(1+70m/M 4) as {—>o0.

8 Global estlma,te for Je‘t’ Imi A2 dy: the second approach

At first, note that N i8 defined well even though Rerrm (y) =0, for in this case
(3.7 becomes w=y, and the d,=1 in Definition 2, cm, u,, =0 in ‘Definition 3. Since
f has only one crltmal point in B? we see that in case Imr’,,ﬁ—.O N mi%oo. In this
section we treat the case: Ny o0. o '
. I Rer(y) =0, we do transformatlon (3 7) and replace I g by f (=, y(w)),
g (=, y(w))y' (w) respectlvely, denoted a.lso by 7,9 By our assumptlon N m:\Foo we
soe that

Daf (b om ot w) = | B G Wt 8.
a,nd Npieoo guarantees that > a(0) %0,

Mo fTom F 3 ~1=Eemg
furthermore, the function a; () is analytic in §/dme,
~ By the WPT, we obtain S o
Doy f (-t O, s, 0™ %, ) = ((au/0m) oot - oo - bo () YW (w, ), (8. 2)
Wi(w, u) is analytio in wl/m yt/ine ond W#O for [fw[<d || <d, for some &>>0.
Leétting w= z""" then Wwe. have : :

1
Dw= dm‘zdmt— . D'. L. Lo - .. (8.3)

For (8.2)we can write also .

Dy, f (% + Cmi, a1, WEmom ) = (gdmiNmif. "'f‘.bo(u))W1 (z; u), |
gimiimipete b (u) = (B —Sms,1 (%)) - (z—sm,a,,;.n,-,;‘ (u)). | (8.4)

Now we can define sots ag follows: :
V. {(u, 2): |z=ReSm,n(u) l<t &, 6=>0~- e)/(dmN,,,‘-i-l),
- n=1, dth mie , 4 e (8. 5)_
Domg smooth unit decomposition with respect to V,., n==1 ve, Bgsi N s, Wo Obtain
ym;—gm 1'\- vb G, Gmitis + i, dmzvmn c R

ym,;.'——gm, (1 -H) ((z— Resp (1))890)
X B~ Rosiun(@)), m2 B !
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_when n=1, there is no (1—K) term ‘ ,

rttros= s U (1= ) (6~ Rt 1019,
Therefore we get decomposition . .
| Je“f ‘“‘““""“""“”‘"'"""W’)g o dw A = 2 f 6" g i, o dW du-}-j 6" g, e dwdu. (8.7)
Among the mtegrals in (8.7), the last is the miost dlfﬁcult we treat the easy at ﬁrst.
We estnma,te J Y i, ,,dwdu by absolute mtegra,l | | |

” e’t’gm,.dwdul<0f dudw<0t“"" a8 t—>00; n=1, dm«Nm (8.8)

Van{lui<i®} -

9. Estimate of f 6 Gt ibhons div du: the case not affected by B( [m Tav's (y) lt Yo

Integrating by part shows that | . _
1tf — b outf 9. dm(ml\(
K J’ ym# SmelN m{du d’w J‘ 6 "D { ltD f } d'M dw (9‘1)

Ll g

|
Similar to (6.4)—(6.9), we have following relations' : . E
g"" SmeNoms qm" dmiNmt - R R (% ’

D.( Tt )dw D( )dz, (9.2)

D,f (u + Cous, Mm’wu'”'/k'” w) () = (ﬁ—smt 1(%6)) (z snu SN my (’“))Wi (z, u), (9 3y

Qm Ot Nome o Dot oW e zW1 1
D wf | lI(z scjm,.(u)){ FE% St (’“)}

II(Z smun(’“))w ﬂgmi d""N"“’ A ‘ (9-4)’

it tnitions (U, 2) = g1 (u, z)( "%‘_[( .)(1 .E‘) ([(u-f- Rerr,,,,——Rerr (z))z

+ (Ime ey ((2)) 270 ¢) B ((u®+ Imzrme(z))tz"(?ms) .
xIIA=B) G~ Res,,.,,.(u))t), R 2L

ngmi d,,,.Nm,(’w, ﬁ) . : S
=D.gs(u, ) (L= B)-w-B(1—E)- (L= E) zmac(z Re‘s,,.-,,;(u)-)p)g@
X g1~ E)--B1~E).(1—E)
= D, ((u+ Rorp—Rery) -+ Imraty () O’

M) <(my)
X DE ([ (u-+Rer— Rern’) 24 Im®ry' i (2) 18*Onty)
X (1—E)+B(1~B)- (I—E) o
+OmDs (Im Teni (z))t2‘DE( (u? +Im2¢,,.;) tzeo,,.‘) (1 E) (1 E) §
==ho Zh —<m'.c;<:(m.oh ¢+ Pt ' ' (9 6)
Among the terms in (9.6), ko, hn(n=1, «-, d,,.;N,m) are eaSy to trea.t We leave the

terms ks and hmi to section 10.
<3 Now (9.4) can be' written:as follows: '
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RS T e E o PRI T

.D g”’” EmtNoms _Ehm,i’;"‘hﬁi 'I‘I'est, . L 9.7
“TDuf TG smen @)Wy ®.7

where “rest” satsfies
]“rcsb”l <O EIZ“RGSW n(u) | = mek1)

_ 1’: A _ / s | d(1~ey
. '*‘2 Iz Resm”(u)[ammm; \1 I-Zt [DE((z Resm ,,)t )l) (_9-'_8)
Insertmg 0. 8) into (9.1), we obtain

Ue“”“rest”dudWI <0 j ure l“rest”[dzdu<0t“"° o i <9 9)

10 EStlma,'he of f ety Gins, dm,N,,,‘dfw du the case’ aﬁ’ected by E (lw Tm's! (?/) |#)
We deal W‘Lth hm';' a:nd hmz We ha've o . | B
|2+ Re”‘mi'.‘Re”' m’s’ (z) [< (JEe)e' ": I I?Ilfr <z) l<r8

if "DE ( [(w + Rerm,'—Rea"m',')z—l— Tin® o*m'/] tz"Om';') %0, (10.1)
lu] <g=* if B((? +Im fr,m)tzs)éeO S i (10.2)

From (9.6), (10.1) and (10,2), we know that _
NPt (u, #) l<t°{ [Dz(Rerrm,—Rer ) (z) i + ’D Imrm'/ (z) |} (10.3)

If Rerr,,,,—Rerm ,'#O then we have

Rerms (2) — Rera’s () = c” —i—hlgher terms c's¥ (1-}—0(1)), (10.4)
where o(1) denotes a function Whlch is contmuous and takes zero if 2=0, N>0
(indeed, N is rational). . . o '

From (10. 1) and (10 2), we know that ‘ v
. IRefrm, Rerr,,.','(z) | <2, - (10.5)
Eherefore (2] <O#*/* by (10.4). - . T
' Similarly we have: if Imr,* (z) %0 then Imfr (z) d'zN "-+ higher terms, and
|Tmrwe (@) |87 [ol<O8. . (10.6)
At last, by -the compactness -of st from (9.6), (9. 7) (10 1) (10 6) , WO
deduce following A

[Jo IG5 % -

;‘l.:l.s-‘ F . 1 - NNl .
<¢ jlul«:f:-a dus x4 B[leld}t wl a ldz+Jl%!,$c??”lz' ldz R
<o B ' (10.7)
. Summing up 1esu1ts in (5 2) (6 10) (7 1) (8 8), (9 9) and (10 7) We prove

i-;heomm
A7 'Sorhe. remarks.: AR
“We state here a theorem of E. M Stem Gt G e
Proposition. Assume that @y>az>-¥3ayf (t) 0t bzt"'dm +b t"" b,; (fz,==
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2, =+, m) are real parameters. Then for any 0< A<B<1, we have
- U 2199 dt‘ <05, >0, d= mm(l/wi, 1/n),,

Above estq;mwte is shwrrp For demq;ls, see nge 184—186 [4] L
The smgular mdex d in ’I‘heorm 1s sharp in- followmg meanmg .after- gettlng

a factor 7 :lt—l by mtegra,tlon a,long dlrectlon @, we' want to get more from (8.1).

In case (M, kp)=1, the number;of torms; cw’ in ,‘<8--1_)-‘W1.tn1.1 power g Ny; ig

about 5N ;. Tnen above proposition prevents us from getting a larger index tham

1/bN gu.
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