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THE CAUCHY PROBLEM FOR GAS DYNAMIC 
SYSTEMS IN MULTI-DIMENSIONAL SPACE 

WITH WEAKLY SINGULAR DATAW#
Ghen Shuxing (陈恕行)* Wang Yacrjang (王亚光)*

Abstract
The Cauchy problem for gas dynamic, systems with weakly discontinuous initial data

is discussed. The local existence of the solution to such problem is proved. Meanwhile, it

is shown that the singularities of the solution spread on all oharacteristio surfaces issuing
• ... •

. ；from the manifold carrying initial singularities.

臟  3(1 卯2)，298—314。

§ 1. Preliminary
■ .. . • •' 、 

Since A 〇 Majda^ work^3 published in 1983, there lias been noticeable

development in the research of initial problems for tit© gas dynamic systems in

multidimensional space JSingular data。W h e n  the initial data are discjontirmouis

arid satisfy some conditions； A. MajdaC5：! and S. Allnhac^3 discussed the looal

©xistenc© of shock fronts and rarefaction waves respectively. W h e n  the Initial data

are continuons, but their derivatives are discontinuous on a lower dimensional

manifold of the initial surface, if certain compatibility conditions are satisfied, then

there will exist a gradient wave issuing from the manifold carrying singularities of

initial data; such a conolusion has also been proved mathematically (see [8])〇

However, in general case, this problem is more complicated because the singularities

of the solution, will spread on all cfiaraoteristio surfaces issuing from the manifold

carrying initial singularities. In this paper, w© are going to discuss such Oauoiijr

problems with singular data, and give the structure of singularities of the solution.

W e  will mainly discuss the system of isentropic compressible flow in three

dimensional space in order to show that the result in this paper is available to some

quasilinear hyperbolic systems AvithL multiple charadierlstics. Our conclusion in this

paper is also valid for the case of non-isentropic flew. In addition, the method in

this paper can also be applied to treat waves with higher order weak discontinuity.

T h e  solution which w© obtained is piecewise H 8 smooth, but some regularity is lost
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in the process of finding the solution. To improy© the regularity of the weakly 

singular solution is worth studying further, in this aspect some results have been 

«obtained in £1].
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§ 2, Introduction of Problems and Main Results
Let us consider the Oauchy problem of the gas dynamic system in thi'ee 

«dimensional space:
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■withi c=  (pf (p))1/a being the sound speed.

For simplicity, we set jT =  {2=^0 (a?/2/)} to be a smooth hypersurfac© through 

the origin on #=0, 〇>" —  {#==0} y)}, c<)+ == {#==0} fl {«>?>〇(^ 2/)}• For the

problem (2.1) (2.2), w ©  assume that UJjr — f7"〇|r, 17"〇€ H a(&>*), and D nU 〇 jr
• • .

D J J q I r , where n  is the normal direGticiii 〇f T. Our main result in this paper is
MMT heorem  0.1. For given s> 0 ? there exists X>0 suoh that under the above 

<m the MMqI data, there exists <m neighborhood Q of the origin 0} ccnd 
Junctio^ so, y) as, y) ^  U) {The eqmUUesf hold if, and only i f ,  t ̂
0*) defined m  Q H ft&rtetiom am4 U^i which arp dejinediin Q° =̂
{^炉 办  办 riA  逆={史成  : 2 /)<0<沪2(“ ,价  n p ,

y)}{\Q and = {«,><pz(t, 〇〇., y)}
(1) 1,2,3) emd Ujeih^O,% 2, 3)betmg to S s m  their domains of definition̂

" v t2) ^ i U - 5 P o k  and

2, 3). ..::u

- 1 v(3) a .::;-. .

。々 綠 龜 力 每 纖 弋 携 s-0f (m Pi；
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&t -. ox oy ■
w^^Oj on z=<p2]

普 十 袍 警 + 叱 勞 — W 2 - C2(l +  (鲁 ) + ( 勞 ) ）’ = 〇， — 3

where 〇t and c2 〇>re the sound speeds o f JJ± and U2 respeotively. Besides, V/\To = 〇j 1, 2 ,3) 
satisfies (2,.1) domain of： definition.

Bemark. B y  the continuity of U7 we k n o w  that the second relation of (3) can
be alS〇 written aS +  ̂ - ^ = = 0 .

B y  using the property of finite speed of propagation for hyperbolic systems, w e
......

immediately obtain the functions ̂  <p%3 f7〇 and ¢/3 from initial data (2.2), so w ©  

only need to find the remains： q>2} f7i：aiid[ TJ2*

First, let u$ give the values of all der ivativa qf ̂ s； I7i and TJz o n  r ,  bugTol that 
2, 3) and U]e(Jc^O, 1, 23 3) satisfy certain compatibility: conditions on 

Without loss of generality, we will always assume f〇(a), y)i= 〇； otherwise we will 

easily be led to this by using a simple transformation ̂ =&~q>〇(x, y).

Set <p你
dmcp}
df t=o

a n d U
dmJJ,

"km:
t̂ O

(^•=1，2，3 ; 蚤= 0 ，1, 2，3; TTZr̂ O)*̂

Since y) is the ̂ *-th characteristic surface starting from =

23 3), w© have
妁严〜〇7 ,他 ，史加 -1), 2/) = 0， （2.3>

where 久;（17,心， £3) is. the j-th eigenvalue of Therefore，、

we establish tiie 0-th order compatibility condition as 〇3 〇> ~*l)〇

Differentiating (2.3) along with ̂  =  so9 2/), we have

d2cpj __ B%i_ m . \rr j _  ^ 2<Pl  _ l  ^  ^Vi

The restriction of the above relation to t- 

dX

d̂ ]_ dxdt 

=0 is

紙 2 dydt.

^ 醤 ㈨ 〜 ―香 ( ¾ ¾ 警 + 珣 呪 罟 )

d%^ . d<p$t dXj dcpjx

H . (2,4>

Furtiiermore/this relation is still valid as substituting JJn by Beoause the-

tangential deriyatiyes of U ； and along the surface are continuous q h ^

this surface, and tbeir normal derivatives could have jump/we haye ：

: : | | ^ 伽 - 珣 - ^ )  = 0 .  、 '
W e  ca^l this relation the first order oompatibili.ty condition. Similarly, we can, 

establish the higher order compatibility conditions as

m = l , (2.6)
B y  (2.6) weliave U W j n f i j Q  =^1 or 3) and,^»*-^ 1«== W'sm^i+ 

where ei (resp. e3) is the first (resp. tlxird) unit eigenvootor of B^Bz,  ̂  and ̂  are*



its two linearly independent unit eigenvectors oorresponding to the second 

©igenvalue. Hence ：

TJ 〇m~Wzm&&JrW'm^2'1rWLmfi\JrWxtn6x. (2.7)

Since TJom and U 3m are known^ {e±, 6r2, 03}.! «9 linearly Independent, we can

uniquely solve Wim, 1̂ 2»», and pT3m from (2 .7), and thea Uim> U 2m and 

can fee uniquely determined. Therefore we have

L e m m a  2.1. For (2.1) (2.2)r .amd. mi/ , given iiitea&r. s^l, we c m  define 

{Da<p̂ [r (5 =  1, 2. S), D 0UxIr, D^Uslr: |« (<s, |^| < s — 1} smh that the compatiHUty 

^onditiom cm T  up to the l)~th order are satisfied.

E e m a r k .  If the second class characteristic surfaces are denoted bj A(ty a?, yy g) 

= const.，and the surface starting ffom 尸 Is 0, then ( 1 7 , 价!ztjj) must

1)© satisfied. In this case, we still oan get {J5â -|r}ic6i<s satisfying the obmpatibility
■< •

conditions on / 1 up to the (s— l)-th order.

,.T he proof of Theorem 2；1 is the main content below. In § 3, w© give a series of 

transformations, whioh make the problem simpler, a n U i s t c导o;cy0 :；prQp©irb;ies of 

weighted iSoboley spaces as a preparation of the further discussion* All necessary 

句stimates of oorresponding liaeari职d are established in § 4 which is tiie

:ma：|n part of this paper. Finally, in § 5 we use these estimates to prove the existence 

of the local solution to the nonlinear problem by an iteration process*

No. 3 • Ghen, S. X. f  Wang, Y. Q. ■ OAUOHY PROBLEM FOB GAS DYNAMIC SYSTEMS 301

§ 3. Preparations
As the first step we *iraUsform the region to an angular region with two fixed

* » * i

l)〇undaries by a series of caoi-dlnat© transformations.'Introduce

. w

T xt . ； : (3 .1)

〇>, y) on, y)' xi y ) - c 〇r y)^；h

^hich foansfd3ms：th© charaoteristlo surfa^^ first class the one of the

third , class { ^ W s h  and the ̂ fiam^y of char^cteristio surfaces of the second class 

{A(t, <c, y, ej) «oonst.y to { ^ h }  and {At{tu  xx, yu  is;a)=const.}

xespeotiyely.

Introduoe - :

~ ■ ? '  ；' ■ -  ̂ v • ..........*- ■

T k
C〇2 ̂  ̂ 1?

(3 ,2)
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which transforms all oharaoteristio surfaces of the second class to {«g-^const.}, and 

keeps the form of character istic surfaces of the first and the third classes {知= 土:

tinolianged.

B y  the transformation T 2T t, (2.1) is changed to

0 i2 —丄衫仍2
where

0A ,
d A l +  B 0+ ^ ±  B i
dti dt± dxx

■BP= J5。昝 + 及 鲁 + 為 每 +  i?3 每

and and can be expressed loj (3.1).

The corresponding boundary conditions are transformed iato

I 0*=#| ̂ Usiz^u (known)

U Ie,=-t,= V 〇\«,=-#, (known),

Finally, w e  introduce

and

T z：

Xz — 〇j2,

(3.3) 

B 2 with 

(3.4>

(3.5>

(3.6>

(3.7>

:

»2, »2> 〇,

~ 02j 2；2< 〇,

and set V (t3, as», yz> »$) =  (Vi, VS) T= {U(t3> x3} yu  z&), U(t3, xz, <yz, ~e%))T, A ^  
diag (-B,(2), ^5^)(^==0, 1, 2) and , —  JB|2)), where the notation diag；

(®i, •*•, «») stands for the diagonal matrix with {<h , •••, an) being its diagonal- 

elements. T h e n  the problem (3.3)— (3.6) is equivalent to

LV==A〇 ' ^ +Al' ^ +A2 ^ +Az ^ ^ 0>0<ZB<h' (3-8>
' v t \ «8̂ 0 ̂  F 2(¢8-0̂  (3.9)
,F " i I =  , (3.10)

• .

The coefficients of the system (2.8) contain an. u n k n o w n  function representing 

the charaoteristio surfaces of the second dkss. (〇, y, 0) satisfies A t+

议 切 J j ^ O， 议/1冰 +  [ ■ ^ ^ ■ 十 乜 十 切  nrusfc
... • •' • ■ • • 

hold for A iih , x1} yi} »i). If  ̂=  ^  V> *) is the inverse funotioa of g«=
«>, V> 0  > tiien ̂ (#2, <t>z> y2, z2) must satisfy

. & '~f~C =1== 0 ,於2 >〇，一 (a.ii>
wJiere s= u9 b^v, c = - (警 十 议 尝 ^ 每 伟  with the arguments (tXi sst,

S/i>Zi)b©ing8u'bstituted1by..(<2，.̂ 2，̂ 2，» « M e&n：wkile，o:as!2 =  ±<2,̂ »siftftstiM
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(〇2, ŷ 3 2̂) I (3.12)-
Under the transformation the problem (3.11) (3.12) is equivalent to

' + TFi4 ^ - + F 2 + ^ 3= 0, 0<es<h, (3.13)
-0^3 vy%

<̂p(tz, Xz) yzi 2s-〇j (3.14)'
where ®s, Vz, ŝ)> <p{h3 <〇z, 2/3» - ¾ ) ) ^  Wi^-

dmg(a(ri)；a ( r 2)); F ^ d m g ^ C F t )； & (F2)) and ]F3- ? > i), e(y2j ^ ) ) r. 

Obviously, the proof of Theorem 2.1 is equivalent to finding the solution (F, ?>)*

to the transformed problem (3.8)— (3.14).

Let D«={0< 23« 3}> = ̂ 3 = 0}J  = <3>〇},
denote the intersections of 2 2 wJith {#3< r }  by 仏 ，為心 2奴 respectively； By*

using the values of derivatives of <Ps and 17¾ on r  given in L e m m a  2.1, w ©  m a y

easily oonstruot function fi〇\ V i〇)G S s suoh that 

^LoV^^ O i t r 1) in Q,

Yi°^ V4^ 〇n 2 1} •

n o)- U 3, F ^ - l 7 〇o n ^

' ^ ^ + W i ( V w ) ^ ^ + W 2(Vm ) - ^ + W ^ V w } (p(O>)=0 in O, (8'5> 

(pm ^%z on 22j

.(p̂ > =  q}^ on 2xy

where i〇=Ii(F(0), V?>(0)) as indicated in (3.8). The *way of making (V(0)j ?><0)) oai>
. * . . . .  • .. . . . .  •

b© found in [5]a

To alleviate notations burden, w© will denote x^9 g/ŝ 23) of the system (3 ,8^ 

-(3.14) (tJxe original coordinate of the isyistem (2.1) (2.2), resp.) by (¢̂  ccf V3 z} 

{(tr3 〇/, y93 zf) resp.) in the following discussion.

In order to obtain the ©Xistenoe of the (solution to the nonlinear prodlem, 

need to carry out our discussion ixi weighted Sobolev spades. Denote

^thL 2{Qx)^ 11̂ 1 ;

where cc= (<xf> aaj aV}

Hl(QT)^{u[^_u^Ll.a,(QT)} V | a [ < M ,

<xe)y of ̂ ai+az. T K e n〇TmofHX(〇!r) is defined by

V •• - •- . ^  ■ i. I - ： ■' ■ '

B y  the above definitions, it is obvious that Using Sobolev

embedding theorem we have

..'l^wllzwV^OlMk.A.s.T (3.16)¾
where O  is independent of X} T  and u.

Furthermore, w e  introduce the taugenttel vector fields of ̂ i U  JTx

D 〇= = i ^  D ^ z - k } 1 (3 :17>



where a== (a〇, al3 a2) a3).

B y  direct computation it is easy to establiish

Lemma 3.1. Assume ^>0, and T<,T0j XGE+i a ^ ：

Then

 ̂ II Wtc,̂  r <  〇l̂ \\ m 〇x0) IIu II fc, h y* (3.18)

L e m m a  3.2. Assume f /(〇) ̂ ==0̂  T〇>0, Tc>Q9 K > 0 .  Then there is m

eomtcmt 〇> 0  such that for any %^Tc} u^Hl(Q^0) satisfying we h a m

J ( u ) ^ H l ( Q x0)( m d

\\f (w) II Tct ht 2*^^ IIWII Tct X (3.19)Jor' m y T < Tq,

§ 4. Energy Estimates of the Linearized Problem
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For the nonlinear problem (3.8)— (3.14), we establish the following iteration.

process

t y »  =  xlsn^ E T(en)r  ̂ ' ;

where E T is a 'bounded extending operator from El(QT) to Ef(Qn) satisfying

for any lc<N} K  is independent of ̂  T, and dn, Cn+1 arQ 

the solutions to the following linearized proTolern.

(4.2)

(4.3)

(4.4)

(4.5)
(4.6)

Tlie purpose of this section is to establish prior estimates of this linearized 

problem, the existence of its solutions is naturally obtained. First, by tlie choice oi 

( F w), <pw ) in § B, we oonlarm that for any integer Is and constant ^>0, there is 

T 〇> 0  sudli that |U〇[»., T 〇-h\U3\tc0,f, < A  wherb the n6iiai&on J 1¾.¾ is. the

n o r m  of the Sobolev space F r o m  (3.15) we know '■

' ' ilF^lkn, l l ^ l k ^ a A  、 （4.7)

. ；； "； (4.8)

by possibly d ^ W ^ i n g  r 〇 and setting s +3/ ifê teisents iHe norm

the Sobolev sparse £TS0(i3j,). . • ,

For ̂ >7, let «〇■={(£, fp) €  S^,(Qx) x S l ( Q；p) ,anQ

「i ( F n, V ，) ^ +1=  —  i ( F %  Y ，) T (0) in A

^ - 0611¾  ' :'V 3 '，V;'

• ^ + r i ( F n) ^ + r 2(Fn)^ + F 3 (rn, y 6>+0n)
w _ d :卜 h a

t(9n= 0  on 2?2,：. . ..
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• . , . , w... -I v . . , _ , . .

ite.nom.isdefinedby fl (在，州

A  prior estimate of the problem (4.5) (4.6) is

T h e o r e m  4.1. If Jo〇> h + 4：y (|n, 0 ) G « r, % is sufficiently large/then thê  

solution 〇n of (4l.5) (4.6) satisfies

^ 1 II ̂  k t^〇  1 in I ic, ̂,-1, r- (4.9)

Proof Because - ^ - +  W t ( V w ) ^ - +  W 2(VW ) ^ - +  W s ( V w , <PW)  =  〇, 
at ox 〇y

(4.5) is equivalent to '

■ ^ + W t ( y n) ^ - - b W 2{vn) ^ ^ 6 1+62, (4.10)
ot  ̂ax oy

where ̂ - T F 3( F (0\ q>(0)) ~ W z ( V %  <pi〇>-en) and

e2=  ( F ， ， - # ， ")) ( F 2( F， -  F 2(Fn))

F r o m  L e m m a s  3.1 and 3.2, w© have.

Furthermore,
\Wlhiit%tT^〇  ldn\\Tct%tX- (4.12).

'Multiplying on "both isides of (4.10) integfating it on Q t3 and then by

using the condition (4.5)? w© hay©

: . .  (4.13)

Suppose D  is the tangential vector indicated in (3.17). Acting D a,〇n  (4.5)

(4.6) and using the faot that 2 2 is a nonoharacteristiG surface of (4.5)，we have
• • * • . . . .

.(吾 + 1(F « ) A + r 2(r»)查 ) w *

. . . . • ■ . . . .  • . . ,  ■

‘ = [去 + 研 們 妥 + w n 备 刀 a} 卜 仍 ，V 。

.w u , = 〇.

B y  the similar wa y  we oan establish

翁 卜 抑 儀 CF»)备 碎 叫 心 〜 .

S  .去 + 伊 1 ( P )备 卜 研 2 ( P )吾 ’逆  + 1 匈 巧 -1(〇r)，

which yields

....... ^l|0nllfc^,r<^Cl^nIU,^-i,r+^(4) l0w|k^r) ... (4.14)

as >. is suffioientl^ large.
OomTaining (4.14) witii (4.5) immediately Iea«is to (4.9).
Next, we are goiag to consider the problem (4.2)—(4.4). The system (4.2) is 

symmetric hyperbolic on'©, i t  lias strong solutibn. if its boundary oonditions 
are maxiroal dissipative. The conditions (4.3) and (4.4) seW to be toô  fcut
they are in  fa〇t  e^uiyialent to maxirasal dissipative ones/ For iastanee, let us show
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"the faot for (4.3). Because the ooeffioient matrix o f i n  tlie operator L  is diag

(Bf\ ~BP), by using, a suitable transformation of Ci4-1 we oan reduce J5̂ 2) to diag 

(0, /8*) where is a 3 x 3  aymmtrio matrix. Similarly, can be changed to

diag(0, b y  the same ■transformation of It is easy to verify'tiat the

'Condition

( ^ +1) * = ( ^ +1)# (4.15)

—is maximal dissipative on 玉i, 'if 没+1 is rewritten as ((C?+i)’> (C?+1)*〇r.

Now, let us point out that (4.15) implies (4.8). B e c a u s e d o e s  not appear

in the first and the fifth equations of this system after th.© above transformation, 

ihese two equations oan be regarded as differential equations of funotions (^^1) on 

Si. Therefore, (Ci+1)，== ilz*1)' t〇W s  on 2 lt for it is true at ^=0. Combining thijg 

with (4.15) leads to (4.S), and thus w e  hay© shown that (4.3) is equivalent to a 

.maximal dissipatiye boundary condition on -Si. Tlie same method oan be applied to 

showing that (4.4) is equivalent to a maximal dissipative one (^"+1)*=〇 〇n  2 2.

In the sequel w e  still take the form of tlie boundary problem as (4.2)— (4.4), 

^-nd try iso establish energy estimates of its solutiou, i. e., t〇 estimate Cn+1 by the 

.norms of and 8n. First, den〇tlng-i(Fn, V9>")F(0) by Gf, we have

T h e o r e m  4. 2. If (in, ifjn) 6  8r, ^ is sufficiently large, then the solution ^B+1 of 

'(4.2)— (4.4) satisfies

(4.16)

Proof W e  will use the method of dyadic decomposition to derive the energy- 

estimates in the angular region .Qy (This method oan be refered to [3], [7]). 

Introduce a decomposition

S  x (2H) =1, V # > 0

where (K+), supp a；c： (1/2, 2). Let 〇〇, V，z) as, y, e)

.and x, /̂, g) = 2 -^ n+1̂ (2_^, rc, 2~k), where the index of satisfies

2-,-i< 27〇> Tll6112- i < i < m m ( 2, 2^T) i a s u p p ^ 1̂ . Obviously, |Cn+1, #iU»= lr+1,/IU.,

,.and 1C,,+1| | i s  equivalent to 2_.ST ' IIC^^lUKflr).' ' .

B^nce ̂ n+1 satisfies the problem (4.2)— (4.4), satisfies ■'

. . ^= 〇 on • . ,

mh&cei 2i (t,； x, y, e) ̂ 2i(2~% wf y, 2~%) (i=»0, 1 , %  3), with .F{=-

V. ；= For tlie above problem, tke theory 〇f symmetric hyperboljo.systems shows ：
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wh ioii iiS equivalent to

Thus we are led to (4.16) as X is large ©hdugh.

Before giving a higher order energy estimate of the problem (4,2)— (4.4), w ©  

introduce

Lem ma Ĵ or awy integer «!>0, there, is an integer suoh that the values 
^of {Dâ n+11 sa： I« I <%} can he uniquely determmed by the {JD̂ Ut | r, D^Uq | r： | )S [ < s 2} 
given m Lemma 2 S %

Let us sketcli the proof of this lemma. First, the tangential derivatives of Ci+S 
on S 2 oan 1)© directly obtained because the value of C?+1 〇a  22 is known. Since S 2 is 
the simple characteristic surface of L  in  (4.2), the restriction of tie  coefficient of 
^ iZ ^ 1 to 2 2 may be changed into diag(0? 8̂*) in (4.2) by a suitable regular 
transformation of CS+1，where 泠• is a 3 X, 3 invertible matrix, 符 is the normal 
direction of If G+1 is writteii as ((Cfh1) ’， （C?+i)*)r correspondingly， then 
忍 can be solved directly from (4.2)， and 久 （G +1) ’ does not appear in the 
first equation of (4,2). By acting dn on both sides of the first equation, of (4,2), w© 
obtain a differential equation of 0n(Ci+1)/ on S 2. Taking as its in itia l

i

data, we can uniquely determine the yalu© of 0n(Ci+1)/( s» from this Oauohy problem. 

Again, by using the fact det (^) # 0  w© obtain the yalu© of 0nCSx+:t)*|s*； by solving 

a differential equation on 2 2 双© obtain th© value of 时 Alternatively， we 

can uniquely determine the values of ail derivatives of on Thei results for 

^2+1 can "be similarly obtained.

Theorem  4.3. Suppose A>T, hf<Jof ^ is large ewugh^ Tkm the solution Cn+1 to 
the problem (4 ,2)—(4.4) smsfies

- ： (4.1T)

Proof Act jDa(|a| < F )  on *hptii sides of the problem (4.2)— (4,4):

t , : . 时‘ [ i ( F V V p ")，刀

- 刀 沿 士 易 ，

j[S kxxown on S2.

For this problem, by using Theorem 4.2 we hay©
' [ i (F",  V^) ,  W ^ l l o , (4. 18)
..get [L(Ffl, V<pn), B a]ln̂  , S   ̂ h ^ V nB $id(pnJ)^dln̂ .

，l8l，+|l8*|<|afl=i|a，

According to different case^ of ■ the index carefully applyiag Sobolev 

embedding theorem w e  can. establisli 丄

. » [ W ' ▽，)， 州  B 顚 丨 一

Gombiaing this estimate with (4.18) imai«d£ate>ly leads to ：(4.17).
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Theorem 4.3 gives an estimate of tangential derivatives of with order 

lower than To. Before giving an estimate of the order derivatives of Cn+1y w e  

point out h o w  to get the estimate of normal d©r;iyatiyos from the estimate of 

tangential deriyatiyfes by using the special form of the. gas dynamic system.

. Theorem 4.4. I f  ( in7 ^ n) £ 6T} 〇< ¥ < h , b is large enough} then the solution, 
of (4.2)-(4.4) satisfies
. . b :(4.19)

. . .  ■  • • '  ■  . . . .  . . . . . .

Proof For the system (4.2), the coefficient of is -^-^diag
■ • . 

where

PnW

PrM

dn

p J J

dx1 ' dyr : dz'

dxf

83

~W
d访

W

pn超

with +  w.
■ d%

Notice tiiat satisfies (4.5), then all diagonal elements of Bf^ vanish.

d幺— dA(2〉 扣■— 扣 /8<f>! d<f> 
d%f • d̂ 2 ： & i /  dz 9 Sa

Since =1, then there is r〇>0, such tliat .

-7->〇> 0  on D^. Hence

■' 刀（Sn+1) llsz-i丄 ，史 +  （4.20)
• . • .

« ： . _

In order to estimate 11^11^,a. and estimate the
. . .  .

rotation of velocity vector, and com© back to the original physical coordinates- In 

this coordinate system the iteration process (4.1); — (4^4) has the form

'Pn * Pn̂ n 1  1 "Wn+l"

Pn .8
-f-

Pn议n d ^n+1

Pn df > ”+1 Pn̂ n dxf W n+i

Cn2pnX ̂ ~Pn ̂l - L , i -r -Jpn+1 -

rPnVn ■ W„+1 -

P A  1 d Vnft

Pn̂ n ； dy!' * ̂ »+1



No. 3 Chen, 8. X. #  Wang, 7 . G. OAUOHY PROBLEM FOR GAS DYNAMIC SYSTEMS 309

-j〇 爲 - ■Mn+l-

pn^n d

Pn^n <■ 1 ., d%' 切n+1

L . i ‘V j r V »」 ~JPn+l -

=0. (4.21)

Differentiating the first and the third equations witli respect to %' and 
respectively, and then, sulastraoting one from other leads t©

( w
+  un- d

dx'
+Vn .8 + d Y  du„+i —  dwn4

dd dzr' doa'
—h„, (4.22)

where

^n — Pn1
^Pn _ ^Pn ^^«+1

L dz' d i' 

^(pnv„) dun̂ .i

doo'
d(pnun) dun+t _ d(p„un)

9(pnVn) dWn+1 , d(pnW n) *71+1

Denote (

d&'
加n+l

%’》-
0w „+1

而 '
3x /

d{pnwn) dw'rn+l I

dUn̂ X

、di w  •

^^n-f 1

枷， & ，」。

by rotn+i* Then eachd%f S dy:: 1 8of W  1 dyf da/ 
argument of r〇tM+i satisfiesi ah equality which Is analogue of (4,22). S u m m i n g  up 

'those, we can. obtain

' ( d . d , B
WnW ^ T? ^ x = ^ '

Under the transformat ion T = TzT2Ti, (4.23). is qb.ang；ed irttd

a： , . &

(4.23)

dm： \ vn. dy /
Similarly, starting (3.15〉sat坤fied by 17(0) we ca;n obtain:

i l C:“ ■■ •• -« • f .“** ■ .» .

+  M〇
d

+  %  ) r ot〇= ■£!"〇+ d

(4.24)

(4,25)

where s = 0 〇̂ +1). -

Gombining (4.24) with (0.25), we have

d 1 d ' - ^-^Crotrt+i-roto)^ !1^  d ^  d
(4.26)

where "F— H „ ~ N 〇— 8 —(赵丄
d + >12 rdt〇tf

F r o m  L e m m a  4,1, the *boundary condition of (4.26) is. ^
•. ■-•： * -• "  . '  • •* . •'

(ro.t„+i~rdt〇) U a is known: (4.27)

For the problem (4.26) (4.27), by a similar method as us^d fii Theorem 4.1 

wededuoe' ； ：/' ' ：：-；： ：： - -/ ' • - ^

“ I丨 g . '
. ：'；；. -v ^

s m 1
\ 1 '■ door

d m 1 ■
射

F r o m m t 1
dzf

. ( I IU' A, 21 十 I Cn+1 丨k,九+1, r+ 2 7) •

怨 1 M g證 1十 你 船 ft

~w~~~w~, W ~ ¥~dwf H

0Cu+i«an uniquely determiae the values of —~ - and dz

)
...

(4:.28)

s m 1 , 0a
始 3 + 1 咖

% 卜dzf d i ， 聰
 ̂广.:. rf.A

品 v  ."
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^.(lCll1|U,,X,T+ ICl21|U/,X.,!T+ I ClS 1II Is*. X, 21)

T he same discussion can be applied to ^ +1. Oombining (4.29) with (4,20) 

immediately deduces the conclusion。

..Por.(? = = . . ▽沪n)F"(0) we have

Lemma 4.2. I f  ( in， h〇>h+3.，％ is sufficiently large, 0<J f̂<Je，th&n:
(4-30>

P toof Let £„= i  (Vn, V ^ n) • Then

(?= - i nF w =  -  (Ln~ L 〇) V (0)~ L 〇V (0K 

B y  using Theorem 4.1, w© get

(!l^nIU,,i- i ,r+  1 Vt^n 1 ft/. 3.-1,1-) +  l i 〇F (0)|fc ĵ,_i,j'
<  0  (J) I jj j,_i, t + || i 〇F (0) j| A-i, r.

Therefore

順丨

Combining Theorem 4.3 with L e m m a  4.2 we obtain the following inequality

时 (4.3i>

under the assumptions of Theorem 4.B. B y  virture of Theorem 4.4, we have

Theorem 4.5. Suppose (in, i/rn) G Sj., h〇>h+ 3,0<¥<]〇, X is large enough. Them 
for tkeproblem (4.2)-(4.4), we ham

U i ^ h ^ ^ O T .  (4.82),

Now, let us derive the estimate of order First, we have
• . . . . - .  .Theorem 4,6. For the problem (4.2)—(4.4)7 i f  X is sufficiently large, |〇5 |^  

k, then
a | D % ^ - ^ D « r \ M < 〇i T +  (4.33)

holds.
Proof (4.2) can b© rewritten as

i W '  # ) ^ = ( 摩 .备 + 罚2〉去  +  邱 ) 1 + 诞 ) (4. 34>
and

L \ v n, V ^ n)C§+1= ( ^ 2) (4.35)

Without loss of generality, we only consider (4.34), and omit the index 

in the following discussion for simplicity. The coefficients of L  have the special 

form： where J5P

has been, shown in (3^4). Differentiating both sides of (4.34) with respect to ® 

deduces .

where JJg, Is the operator kderiyed from L  by differentiatiag its coefficients with 

respect to »,：̂ ； -"'：,y；'； V  ' ；；r  ' ' /  ̂ r
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d B ^ vn , d B ^ vn , d B r r n d t ^  r d B r . j m d i ^
十- 一 十 r ^ F " r a ?加 。

'Therefor©

- L a +i+ m n+i+ ^ v ：~ w ) - ^ - w ^ 0>)

Through subtle computation (see [4]), we m a y  obtain

L ( ^ 1~I S L ^ h ^ - - i ^ <0̂  (4-36)
•. 、 ..

賀here Q 2«  (祕 ))等 - (i。̂ 。)）署 + 普 取 邮 + 普 (彳 + 約 F 卜 欺 时 1 +

X ^ F (0,- ^ F S - ^ 〇F M - ?〇n 0)+  (£〇- £ ) FS0), is obtained from ^  by replacing 

W m  for Cn+1? and ?〇 is obtained by replacing <̂ (0), F (0>, V m  for <f>{n\ F (n>, Cn+1 

Tespectively〇
• .

Similarly, if A  is the tangential operator introduced in (3.17), then w ©  have

L  ( D Z n+1 ~ F n+1 y Q i - D , (£〇F (0>>, i= 0, 1, 3, (4.37)

where Qi(i=0, 1, 2, 8) is a function of v C n+1> V^rn, Vxfj^1, and V 2̂ (0), it
..  ••  '

"Vanishes as Cn+1 —  V t n+1 Successively, we can get

刀 a0 n) = Q (a)— •^(ioF^ ) ， (4.38)

where I« I Q (a) depends on V atn+1f V C ^ O i S l ^ ^ ) ,  and Q w ^ 0  as

' V ^ n-0.

Obviously, the form of (4.35) is similar to that of (4,34), so if L  is taken as

«diag {L1, L 2), then ' > .
' . , • •

rrn-hl / rrn^l T/n+l \ T

平z ' r2ft ■
also satisfies a symmetric hyperbolic system like (4.38) .

Next, let. us deduce the boundary conditions of 时1 一 ■■■■ J5a^ n 〇a  2 ± an(|
'.. <pg

.¾. B y  (4.2) we know

J52 3 - 4
9y

妙  v | ) n 〇,

(4.39)

■where — B ^ S P  is indicated in (3.4), so
\  : n 1 ■ '

B P f

Tixe right side of (4.39) is continuous on S ly because only tangential 

•derivativeg of F n+1 appear in it. Therefore，on we h a v e - …

邱 v [ (肿 _ ( 牧 +1— = 〇. (4.40)
The condition (4.40) is also maximal dissipative. In faGt, by using the similar 
诹rgument ahea4 Qf Timorem 头.忿，(4.40)丨j如1¾ .¾令 rewritt切i 邱 .

jS # (crx~ <rt) 〇 i
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if B f )r has been transformed to diag (0, ^8*). TJie symmetricity of deduces

(cL 0-1, CT̂, crt)
「0 -]- <7l '

<

0 〇*2

- -0*2 -

— 0% ^〇2~  〇■>

Hence (4.40) is maximal dissipative.

Besides, since i/r"==0 on S2, hj using the argument In the proof of Theorem 4.1

w e  hav© D ® ^ " = 0  in. S 2. Therefore D a^n+1— D aijfn is k n o w n  on 2 a.
. . … ' . . . . . . . . . .

Hence, for the system (4.2) we have (|aj

L ^ l n̂ - I ^ D aif}^QM ~iy»(L〇V m ) in a, (4.41)

B f v [ (， — 亡 等 !. DaijjnSj

Dâ n+1—.T-z~ D aifjn is k n o w n  on 22.
• ^ ' t

=〇 〇n  2 t, (4.42) 
(4.43)

For the above problem, using the method of Theorem 4,2 *w© get

 ̂ II \\Da(L〇V W) • (4 -44)
Because ||̂ n̂  (4.44) implies(4.33) immidiately.

Corollary 4,1. As K is sufficiently large,

」 ， ' 聊 叫 " 丨 k w )  (4.45)

is valid.

Prwjf 芭辦的 jpf31 > 〇> 0  and (fn，f )  G s r，tliere is r ；>〇 sucli that > 0 / 2  

> 0  is satisfied in fly. Meanwhile, Theorem 4.5 indicates so

^  ^ r l  < 叫丨刀0y i 。，以
• . . . . . .  » • -. ■_ • .

holds. Substituting these equalities into (4.33) we obtain. (4.45).

Making use of the technique which is applied to estimating the normal 

derivatives of th© solaition by its tangeatial deriYatiyes in Theorem 4.4 w e  Gau 

come to the following conoluaion:

Theorem  4.7. Under the assumiipions of Theorem 4.6, the solution to (4.2) 
—(4.4) satisfies

久 (4.46)
where ^.>0 is large &rm,gk.

§ 5. Proof of Theorem 2,1
N o w  le^ us prove dur main result Theoreiri 2 ；1, For tile noiiliaear problem 

(3,8)一 (3,14), w e  oan construct a sequence {(£w, ^ n)}»>i In Qt b y  tlio iteratio»
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process (4.1)--(4.6) starting from an approximate solution (F(0), ^ <0)) given in 

擎 3. In fact, if (frt，一）€ s：r，then fn+1 can *be oMaind f r o m〈4.2)— (4,4) and (4.1), 

m  does from (4.5) (4.6) and (4.1), B y  using Theorems 4,1 and 4.7, w e  have 

(^n+1, i/»n+1) G  Sr as T  is sufficiently small. Therefore, {(^n, i/rn)} is a bounded

sequence in Sy.

Since 9n satisfies
'. •. • • 

09n ,

dt
W x { Y n)

ddn
■W2(Vn)

d$n
• F 3( F n, <pw + d n)

for any n>l, 6n+1— 6n satisfies.

{ ~ + T F 1(Fn+1)-£-+TT2(Fn+1) — ] (^+1-ftn) + F 3(Ffl+1, g>^+9n̂ )
~ W s(Vn, 9>(O)+ 0 " ) . . , . -

V . . . . .  ' • - .  ' ■ ‘

= [TTi(Fn) - - r a(Fn+1) ] ~  (g>(〇)+ en) +  c r 2(FM) - r 2(Fn+1)3 ^ ^
俨= 〇on 2 2. '

(5；1)

Applying Theorem 4.1 to tiiiiS problem, we obtain

. 則 。 (5.2)

Furthermore,

夂 +1(卜 2— c 时 ”V—[iw—i ] F  时1 '

- » [iw+1- £ ( F w, V(Pn+1) ] F n+i-  [i(Fn, V ^ +1) - i „ ] F n+1. 

Omitting the subscript 1, the first four components of —  [if(F^ V ^ 71-1) —  L n] F n+1 

can be written as

~ lL (V n, s/<pn+1) ~ L n] V ^ L n n [ I ^ -
r / T/*n+X \ -1 rrn̂ l

where i2i= 卜  (?>n+1— ?>n) +  — ii(F*n，V p n+1)] (<pn -  q)^1).

Hence,

■ L i V ^ 1, V?>s+1) [ = 5  in 〇,,
L Pa J

^ ^ • [ [ 卜2- ^ 1- ^ 1… - ^ ：̂ =〇 on 為， 

^ * 2_ ^ + i _ F ^ 1  =〇  〇a 2z)

(5.3)

where J?= -  [L„+1- £ ( n  ▽ 广 satisfies 时1— Cn||0. w
Notioing that the "boundary condlitions in (5.3) are still equivalent to maxima】 

■ dissipative ones, we haTe tte following estimate
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II 9>z o.a.o*
< o r | | ^ +1- C 1 〇.,.r. ■' (5.4>. . • . •

B y  the boundedness of FS+1 and the positive defiaiteness of ?>", (5.2) aud (5.4)i 

imply

^ | ^ 2_ ^ i | 0jA(Jt<a!Zr||^+i_ r ||0i)ii2i〇 (6.5>

Thus, we hay© k n o w n  the convergence of the sequence {(^n, ifjn)}n>1 in Ll(QT)
■ ' ' '■ !

X 1¾(仏 ）under the assumptions of Theorem. 2.1. In view of Banacli-Saks Theoreia 

and the l)〇undedness of {(^n, fpn)}n>i in 83a its limit is ala) in eT. Taking the limit
1 1 '

for the linearized problem (4.2)— (4.6), we confirm that the limit ( F，0) of th〇)

sequence {(Fn, ^ n)} is the solution of (3.8)— (3.14).

■； . , .  ； . .  ' .
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