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LIE ALGEBRA K (n,bj,m) OF CARTAN TYPE OF
CHARACTERISTIC p=2.

| ZHANG YONGZf{ENQ (gﬁﬂg .\E.)"*- LIin LEI :( 7}?}1 fg ) b

Abstract )

Lot K (0, gy m), p=2¢+1, denote the Lie algebra of charactenstlc p=2, which is
defined in [4] In the p'aper the restnctablhty of K (n, ;,b,, m) is discussed and it is proved
that, when r=1 (mod 2) and r>1, I(ad fy=n+1if and only if 0sf€(a™y. Then the
invariance of some fltrations of K (m, s, m) and the condition of isomorphism of K (n,
s, mt) and K2/, py, m") are obtained. Besides,:the genelatOrs and the derlvatmn algebra
of K, i, m) are disoussed. The results also hold, when #=0 (mod 2) and r>0. ‘

§ 0. 'Intr-Oduction

Let F be a field of oharaoterlstlo p=2, N be the set of nonnegajtive integers,

" p=2r+1bea pos;d;lve odd number If a= (ai, I w,,) b= (by, by, *= ba) ENT,

we. define that w<b <=>a,,<b,, =1, 2, -, " a<b<=)w<b and wéeb We let (b>

CLet A (rn,) consist of all formal gums of the indepent elements, {#*|a € N"} over
F and give-it the structure of an assooiative algebra by defining’

wawv—_-(“ )’w‘”"’, o, BEN.

a
Lot mi= (ml, Mgy ***y M), Where my, m,. are ‘positive integers. We putb
o= (2m-1, - —-1),5;—-(8,1, vory Bin), Ti= (2m—1)s,, where §=1, o, M Then

A(n, m) @ Fm is an assoela,tlve subalgebra of A(n) (see [1]) Define special

hderwatlons D1, vey Dn Of A('ﬂy m) bY

D, (w") =%,
where o°=0, if BEN™. Let wy. g»l 2, 2r, be 21 elements of F suoh that
My = 1 j= =1, 2
N \j+q~, i 1<j<r,
AT =5 -1f"r<‘7-<2q_’;, P
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In A(n, m) we define Lie operation as following

1,0 =( 1+ 3 1aD)) (HDo(0) +(T+ S Dy) DDA+ DA D(9).

Then A (n, m) becomes a Lie a,lgebra Whleh is denoted by K’ (n, 13, m) (see 4D.
Let K (n, w;, m) = =K' (n, Wi, M), By Theorem 1 of [4] and (II) of [3] we
know that K (n, wj, m) isa sunple Lie algebra. and o
K'(n, wy, m), if fr-l(2),
K (n, pyy m) = { @ Fa', if r=0(2),

a<7

where we abbrevmte (mod 2) to (2).
Let |al = z:w‘, uau |al +w,,f2 K (n, iy m>@—<{m°'n ]=i}>. Then '

: K(’Tb, p‘ir m) @ K('n'r IJ'J’ m)i .
isa Z~graded Lle algebra If fr=1(2) then s=|v|; if r=0(2), then s= || —1..

§ 1. Intrinsie ‘Prepe;_rty

- Theorem 1. K (n, w, m) is @ restricted Lie algebra 4 if and only ¢f m=1,
where 1=(1, 1, ++, 1).
Pmoof Suppose m=1. We know that K'(rn, pb;, 1)~{D€W(n, 1)} DwEA(n,

1w}, where co—dzv,,—l—z /.biw,-dm,; (se0 [4]). Let DE K (n, s, 1) a,n_d Do =ue. u’l_‘hen

D% =D (uw) = (Du)o+u(Dw)=_Dut+u®)w. Since W(n, I)=Der A(n, 1) is a
‘regtricted Lie algebra, D*€ W (n, 1). Hence D*€K'(n, u;, 1). Consequently K'(n,
Wi, 1) is restricted. If r=1(2), then K (n, wy, 1) =K'(n, u;, 1) is regtricted.- - .

Let r=0(2) and w“EK (n, 2 1 .Suppose (@B =p+ka*, FEF, vEK (n, w;, L).
Then ‘ o
. [(a;m)ﬂﬂ 1] o [(U [ww 1]] (ma—-sn>2+2 Ma ws,ma-sj—snwa-sn

0 if a#s,., ‘
{1 1f G=8&,. D

Also [(@®®, 1] =[v+ka®, 1] = .D,.fu—l—lm"“" Hence the cooffiient of a7 ig .
By (1), k=0. Then K (fn, Wiy 1) is restricted. -

Oonversely, suppose K (n, ,w,, m) ig restrioted. Then (adi)” i§ an inner deriva-
tion. If (ad1)22:0, then the degree of homogeneous derivation (adl)? is equal to
—4, because 1€ K (n, py, M)_s. Since the degree of any homogeneous inner
" derivation of K (n, jty, m) is.gréater than —3, (adl)?=0. Hence
o A @) =0,

4 2 'wa—b';wa—s F7L -
J=1

Then , =1. o
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Since the degree of homogeneous inner derivation- (wdw")” 1<o<2rr, is equal to

-2, (ada;”‘)z—ad(al), where &€ F. Then o
- C Q= [oal w7 = (ada®) 2(g7 ") = gv-2ou=Tn

Therefore m; =1, =1, -, 2r. Thus m= =1. ‘ ‘

Followmg [1] we let dega: |a] + . If o is & llnea,r eombmatlon of bas1s
elements of the same degree %, thén w is called a homogeneous element and we get,
deg s=Fk. L

- Lemma 1, Let o=3c’ EK (n, w;, M), where wEF. Suppose c.,a:“ s @ term of
.

(i) 'I f [w"‘, caa;“] %0, then (@, w] %O ;

() I v [2°%, 0,09 %0, then [2°+%, a;]#O

Pfroo f If cya® 18 another term of w, where b aéw, it is easy to gee that [af"‘, c,,a;"]
and [a2°, cbm"] eannot cancel. Henee [m‘*", o] %O "The proof of (11) is s1m11a,r _

Lemma 2. Let o= Zcba;"EK (n, g, M). Suppose a®is a term o f w wnd w,, 0(2)

(1) If w,'—O(Z) cmd [+ m“] 20, then [m"'"”‘, o] %0.

(if) If a=a.=0(2), w;=a,z-wk——ak:-0(2), d=g;-F 80+ &g+ 8y, then cither

[a”*% @] or [o™*%, g] is nongero; either [a#%, 2] or [a?*%; @] is nonzero.

Proof (i) Obviously, [4™+% %] =ae™*%+a® =" . where a€F. Suppose
aa™ %0, Lot cja® be a torm of # and b+#a@. Then [o™+, o] =088+ Jat-ouwten
where 8y, 8,€ F and 82———ob< bnflﬂ)_'_. .‘ -

If b+&=a+e;, then b=a. It contradicts b%a. If b—ss+s,=a-+e;, then b=
1(2) because a,=0(2). Henoe 8;=0. Then in [+***% a] the term a2*** cannot be
canceled. Thig implies [we'**s‘ x]) %0. B

Suppose ax®**=0, Then &% *#*»%0 hecause. [af"““ &%) %0. In [a®*e, w] the
only possible term to cancel Z@sten goours in [cvs"“""' paf=tewten] . By . eomputatlon
we see this term is zero. Henoe [a®*%, &] 0. 22 ' '

(ii) Since a,#0(2) and a,=0(2), a® v+ rx0 and: [a®*+% w“] aa:““‘+m°"“"+“"aq=

- 0:'In [a™+*, ] the only possible term to cancel g+ oeours A [atete et owten]
=¢(d— ) o~ where d EF. If ¢ (8 — wy/) %1, then [25%; ] %0. I ¢ (8 — i) =1,
then ¢ (8- w;) %1 beoause ;% w:s. Thus we obtain [#****, o] %0. |

" Using the above method we can also prove the remaining part of (ii). |

Lemma3. Letw= Zc,’,m"‘éK (ny ths, M) in which every term ca® 'sw'm'sﬁes b=
1(2). Suppose P EK (n, pyy m) and d,=1(2). If tkere emsts some tefr'm car? of @
such that [2% 6% %0, then [o%, o] %0, Co D

Irnitating (i) of Lemma 1 we oan pr'o've this lemma,

- Lemma 4. Suppose r= 3 Let g be @ homogeneous element of K (n, ,w;, m) and

,,(g) %0, [g, *] =0, [y, ""] %0, 6=1; 2; 8 Then theré ewists e basis elementw ‘with
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deq 2°>8, ‘such that [g, m"] *0. -
Proo f Lot g=cq2®, s=max{d,|cq=x0}. We write g=a®+ -, where a,=s.

Sinoe [2% o] = (1~ p,)o*e**+2** and [g, 4] =0, a;=0, i=1, 2, 3. If some

3
a: is odd, 1<<#<3. Let b=21 8;s+ 8. Then [2? a%] =¢tP~°*%%0 and [g, 2*]%0.
é=1. .

Suppose that ay, t'=1, 2, 3, are even numbers. If some a; i3 nongero, let b=

‘2 i 8 then [2% %] %0 and [g, b] %0,
If @;=0, t=1, 2, 8, then a="Fks,, k>1. Let b= Zei Then. [a; -b]=mad-b—sn=¥0.

§=1

In [g, 2%] the only possible term to cancel ™" ocours in [ea®+iemtesten ob] By

computation we know that [oa®-Dembete, a;”] ~0. Hence [g, 2] %0.

Lemma 5. Suppose r=1(2). If & is a nonzero homogeneous element of K (n,
M, M), me(aﬁ), then there ewist two basis elements b, bay with deg bi>1, i=1, 2,
such that b4, w] and [bs, w] are lmewrly mdependent |

"~ Proof Let z=Se?, Where CF.

(A) Assume there ex1sts a nOnzero term cba;” suoh that b; ——0(2) Wo can set

= g oo ., where w,,—-O (2). Let a= 1+2,w;w, ’

1. a%0. Then [2°, ©%] =az®%0. By (i) of Lemma 1 we have [a;‘ﬂ, o] %0,

- Ifa=10®), ¢=1, 2; .-, r, then a=1-+r=0. It contradicts 0. Hence there
exists some a; (§<X2r) such that @;=0(2). Then [&*"**, °]=aa®*+-g%*"~wx(, By
(i) of Lemma 2, [2**%, ] %0. Because the degrees of [+°", #] and [e™*% +] are
different, they are linearly mdependent - |

2. a=0. ~ '

(i) There exigts some a; ('z,<2fr) such that @;%a;-(2) . Without loss of genera,hty,
‘wo sot @;=0(2) and a,,%0(2). Then [aontsr 0] = g=swtinge(), By (i) of Lemma 2,
[a**, o] %0. Since [«7*, %] =a°%0, by (ii) of Lemmal, [a**, o]0, [wo+o, 4]
 and [2™*%, ] are linearly tndependenﬁ. . . -

(i) ai=ai-(2), ¢=1, 2, <, 2r,

(ii)-(a). Assume there exlsts some a; (j<2r) such tha.t w;-.-O (2) Then a,,'—-
0(2) . Because a=0, there exists some @;(¢<2r) such that a;50(2). Then e 3=0(2).
By (ii) of Lemma 2, at leagt one of [2™+*, &) and [¢*****, &] .is nonzero. We can
assume [a"*% ] 0. -Beéause a=0and r=1(2), thereexists also K (b3, 5, < 27)
suoh that @,=0(2). Let d =g;-+8j1+e;+ 8. By (ii) of Lemma, 2, at least one of [ b
o] and [#%*°¢, o] is nonzero. It is lmearly independent of [#**%, &].

(i) -(b). @=0(2), i=1, 2, T S : R

If some term cya® of @ satisﬁes 5,=0(2) and 6,=0(2) for some ¢(¢<2r), then we
can setsw=,-:a':"'+f.-'-.: This comes to the case of (ii)—(a). Hence we can assume that
any term ¢,2” of  with.5,=0(2) satigfies B#0(2), i=1,2, e, 20 .
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Let j<2r. Then a;=a;,0(2). By (ii) of Lemma 2, without loss of generality,
we suppose that [2°1%, ] 950 S/nce ¢,=0(2) and o,——aj/$0(2), we have [a*o,
%] =goten 32, : . o

If [o***# )] =0, tnen » contains the nonzero term cz® %°#*%" g0 that in [o***®#
x| the term 2% °*** can De cancelled. Then we afirm [w".‘“’*“", ‘%] %0. In - fact,
obviously [as**ostex - cgo-srtnten] —pg@*ense(); In [a*+%*°#, o] the only possible term
to cancel ca®* ccurs in [a*estex, ea®], where 5,=0(2). By the assumption of
(i)~(b) we have b;=b;;%=0 (2). Then we obtain [a***** ¢®] =0 by direct
computation. Hence the term cz%**" cannot be cancelled and [a*****# o] 2%0. It ig
linearly independent of [¢*"*%, o). . '

Supposo [a***#, p]%0. If it iz linearly independent of -[a***,  &]; we are
through. If [o"*®, g] =k [a"*%, w], where 0%k € F; then 2" *#* ig also a. term of
k[atmte @], We st & =a® +eyw®-+--+ and lo[af””" cbzz;"] contams the torm w“""“"

We affirm that 5,0 (2). In fagt, if 5,=0(2), We have b= b;:$0(2) by the
assumption of (ii)—(b). Then Io[ws"*s”,' op?] = bt ken, Hence b s, }~e —~a s,'—i-
€n. Then b,=0(2). Tt contradicts b;0(2). The afﬁrmatlon holds. = = o

‘8ince b,%0(2), we have la[af”*”’ o kowb“’” where 86F Therefore b+8,z-—-
— digyr I—s,, We have b,f=w,,:~2 b —-a,,-i—l and b;—-a; (Z#g n) Then S

1}—2 ,llq ;==1+2,u,;w; o= O

Henoe [2*", ¢y ”j =y’ 0. By (1) of Lemma 1, [a}"" : a,] 0. It ig lmearly
independent of [aontes, o] . , » : . L
(B) Every term cbm of w satlsﬁes b 1(2) We sot w=a%+-- Let B=

E .

1. B#O Then [m”‘, 2] = ,8:1;“#0 Hence [w"‘, w] %0 by (i) of Lemma, 1

1- (a) Suppose there exist a and a; (i%7, 4, j<m) such ‘that @;=a;= 0(2)
Then [0, 0] = -+ B2, [0, 0] = s+ B)a**, (o4, o] = (s gt
B)wtteites It is eagy to gee that at least one of them ig - nonzero We can suppose
[t ¢ 2% % 0. By Lemma 3, [af"*e‘, w] 0. It is lmearly Jndependent of [af” m]
1—(b) Suppose there is only one a; (¢<<2r) such that @;=0(2). Then ;-

E M@y == 1(2) Hence [fzf’“‘sfZ m"]—m‘”é‘éeo By Lemma 3, [af"“‘, m]an It js

linearly i ndependent to [a™, a].
1-(e). @#0(2), 4=1, 3, -, 3r.
If @, <2™—1, wo let h= 2”‘”~w~, We knotw that | P |
(i, @
3 AT S S S DS S SR R R R el

where: s, ¢ are possitive integers and.l<¢<<2°—6:. Henoe [ah*, g% =a%*-1Pnx0,
ot _ : N
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Then. [#", m] 2 0. Since @< < 2™ -1 and ¢,=1(2), h>1. Then [s™, 4] and [a;""’", @)
are linearly independent. - o - o
If @,=2™ 1, since ¢ <{z">, we have a®%«”. Then there exighs some a;(2<<2r)
such that @;<2™ —1, Let h=2™+1—a,. Using (4) we have [a%"", o] =" a0,
- Hence [0, o] =0. It is 11near1y mdependent of [+, a].

o 2, 8=0. _
12— (a). SquoSG there eXists some @, {(1<<2r) such that a;;,—-——\),,/—-{}(2) ‘Then
[me”“"*s", @] =gt L2 0, We aldo have [a®% o] = gt e, [ @] =

Wi ow . Obviously at least one of them is.nonzero. It is linearly inde-pendent
of [fz;‘”*s“‘“"., «]. - ’

2-(b) Suppoge there is. not.any ¢ which  satisfies a,_a,/_—O(Z) Then ‘there
ex1sts some a, such that aj_O(Z) and /u,, 0 (OtherWlSe we have 2 ,uqaz——fr#o

contradlcts ,8 0) Then [xs"““sf 'a,] = Ly 'v"*"f —l— écO L
i Smce a,=0(2\ by the supposmon of 2~(b), a fO(Q) Then [a"*sﬂb “] =g
0. By (u) of Lemma l [a,‘”*s" a,] -7=0 It i lmea,rly mdependent of [2**%, @], The
' proof of thig lemma is oompleted : . .

Lemma 8. L@y {gm[zGI a€ A‘ CK(n, 28 m), fwhere I and A are ﬁmte sels.
Suppose for e'ue'r'fy wG A there evists @ Zmem trans foo"'ma*wn D, such that D,(gis) %0
~ for any i €T and {D,(gs) |4E€EI, bE A, D ( glb) ?0} are Zmeﬂy mdep@/bdent Then
{9uli€1, a & A} are linearly indeperdent. - ;

Proof Suppose 2 Bzagir&) Where B EF. Fm any b@A wé have a linear

‘transformation Db Then 0= Db( E B, QJM) = Z ,[% wiN (gm) BiDy ( Gw) -+
Bm-Db(gm) Since Db(%b) #0 i"OI‘ any ¢ &I a.nti {Da(g o) I@CI “C A, —Db <9w)

€1, aEA\{b}
=¥ 0} are Ii‘ne‘a,ny Jnaependent ,811,-—0 for a:ny icI. Hence the lemma. holds

“ Qorollary 1 Lt 'ELgc, Z AJCK ('n g, 1), where A is @ finits set Sum,ose Jor

amy 5E A there ewists @ l@umq transf orrmcaazon D, such that Da\ga) %0 and { D (o) | b
EA;D,( o) * O are lmew&y independent. T/z./n { galw € A are linearly independent.

Followmg [l] e lot I(d) =dim (Im d), where d€ Derp B (n, b, m) It M is
asubsét 6f Dery (K (n, wj, m)) welet T (MY = min I(d).

OisM

"Them-emﬁ Leﬁ r= 1(9)° cmd fr/l fj “Jef6<f> tnen I(ad f) =mn- l—l 'z,f-
S ELa, then L(adf) /fn+1 P A : '
Proo f Let Cxca” €<{a”). Then le @7, 1], [ew™, f“"J [o "**]‘-_7)&:1, 2-,1‘ e 27,
~are linearly independent. If deg wt>1 and aéee,. o1y [o:uT, 2] =0, ‘Hence
!,,}I(ad(ow )) =n-+1. SRR
U TLet F&<a">. We ghall prove I (a,d f) Sn-+1. Let g be the nonzero homogener)ue
part of frwith the least degres: It:is sulfcient o prove I (ad- g)>n1. Let ¥ = {a'™,

A\
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@®, -, o). Then [o, y] EF, Vo, yEV. Hence ¥ is a symplectic space (see [1]).
Let V,={o €V |[g, «] =0}. Suppose dim ¥ ,=#. By Lemma 1.5 of [1] and Witt's
theorem we can directly »e,ssume that {&™, o™, ---, 2®, &®, @™, oo @*-} is a basis of
Ve - v o
1. [0, 11=Dulo) =0. Then [y, 4] =Di(g), $=1, = r |

(1) #=2r. ’l‘hen D (g)=0, i’=1, -+, 2r. Hence we can assume g=1. Since
{1, o], [1, afrtekas]) [1, gteteteute] [1 w’“*“‘] ~+++ 2r, are lindependent,
I(ad g) >n-+1.. | , | -

(i) <2r. LetJ—Ll ooy u, o, utl, o t—u}, Jo={1, 1/, -, u, u'}.

~ T={1,2, -, n—1}\J. We affirm that | B o
" ™. {D (9) |4 €T} are linearly 1ndependent
In fact, if 2 B:D;(g) =0, then E ,3,[9, 2] =0. Hence [g, 2 ,B,a;"‘] 0. Then

' E ,B;w“EVg Oonsequently Bi=0, ‘v’zej Then the affirmation holds
(i)-A. Let T'= {stjlkj*—o or 1}, T,,—{aETI Ial ?«.} where O<A.<2u Let

= [g, #**%], where 4 € J, wETa Then gm—D,:(g) m“ Suppose a= s,,—l—s,,—l— —!—szﬁe_
T,, Then Iy, Iy, -+, 1,EJ,. Let D : DI;D,, -Dy,. Since D;(g) =[g, 2] =0 for 1€ J,,
' Dy(g) =0. Honco Dy(gi) =Da(Dis(9)a*) =Dyr(Ds(9))a*+Dy(g) =Dir(g); where
i€J, a€T,. If bET, and ba, then D,(gs) =Dy (D (g)a") =0. By (*) and Lemma
6, {gmlbeJ aETA} are llnea,rly ;Lndependent .
" Let A=0, 1, o, 2u. We got (n—1— -$)2* linearly mdependent elements in
Im(ad g).

(i1)-B. For ¢€J we ha.ve D,[g, “ﬂ"'“] .D,,(D;:(g)a;‘"+ gw"+2 mm”m"D,(g))

= Di,(g) By (’) {D [g, am+*] [zEJ } are lmearly mdependent and 50 aTe {[g,
o™+ |4 € J}. We also get n—1—% lmearly 1ndepent elements in Im (ad ).
1) —0 Let Ji-—{(u+1)’ (u+2)’ ’ (t u)'} H= {2 b,s;[la,—O or 1}, »_H"=

{a€H| |a| 9\.}, Where 2<A<t—2u. Let o= [g w""*"] where g€ H,, . - :

It ig easy to prove that.{D, (gq) lac H,] are lmea,rly mdependent Oonsequently,
{g¢laEH »} are linearly independent. Let A=2, 8; «+, $—2u. We _get 2?"2“- (; ,2u)
—1 linearly 1ndependent elements in Im(ad g). _ .

It is easy to S0 that all elements we abtain in (u)-—A (11) -B and (11) -—O are
lmea,rly independent. Then I (ad 9) > (n—21=1%) 2%+ (n— ~1- —%) +2“2" (6 —2u) -
1. Let s=1—2y. Since rr—1(2) and.r>1; we have n="7. Then I(ad g)> (h—1—s—
2u) (22“-!—1) 2R —s—1> ('n,—.__ $). ><2—{—_2f_—-s —1>n+2+ (n—5+2°—38s) >n-l 1.

2. [g. 11 %0 | o N
, €y V,,#O If @, ?/EV, and [w, y] ~1, ’Ghen [9, 1] [9', [w, y]] [w, [g, y]] +
[y, g, #]1=0. It contradlc’ﬁs [g, 1J%0. “Hence V, totally lsotoplc subspace of
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V. Then u=0 and {z™, 2, .-, @} is a basis of V,. Lot J={1, 2, -+, }.J'= {l' 2,
i) t,}, j’-‘-‘{l, 2, ooy %*1}\«7 J1=7\J’. Let H'-‘—‘{Z Io;s;—!-la;e,]lé.fi, 70,', h-—O or

1}, H,={a€ H| |al =A}, where 0<A<#-+1, We shall prove by mductmn on A that
{[g, 2°] |a€ H,} are linearly mdependent '
Since [g, 1] %0, the conclusion is right for A=0. The conclusmn is also’ right
for A=1, hecause {[g, «*] {%Ej } are 1inearly mdependent Liet x>1 and suppose
{lg, =2 Ia,EH a1} are linearlyindependent. - - :
Let E ka[g, 2*] =0, where k, € F. Lot ¢€J’. Since [g, 2] =0, we have
L 0= 3 ke W 1= Sy, 27, 01

"aezl;_)\ ka[g;“[w w“]]“'zka[gx a—e‘]
Ifw~—s;;,fa0'-then @%%=0. Hence - -3 - Fk[g, 2*°]=0. If wEHl and g—¢:=0,

e € Hy0—820
then ¢— s,EH 1o Eence By induétion hypotheSJS, k,, -0, Let b be any element. of
H,. There exists some ¢€.J’ such that b—g;€ H, 1. By. above proof, we have by =0,

" This J_mphes {[g, z“] lac H A} are 11near1y mdependent Lot A=0, 1, -, ¢-+1. We

- have
I (ad ¢) >2‘+2‘(fn, 1 2t) = 2’(7» 2t).
If n>7 or n=T($%3), it is easy to see that 2‘(71, 2t) >n+1 I n="7 and t= 3 by
Lemma 4, I(ad ¢)>2 (n—28) +1>a+1. -
(ii) V,—-O Then [g, 1], [g, #*], é=1, -, n—1, are llnearly mdependent,

Since f € <m7>, gELa™. Usmg Lemma 5 we have I(ad ¢)>n+1. The theorem ig

proved.
Imitating the proof of Liemma 5, we have . 4
Lemma 7.  Suppose r=0(2) and r%0. If v is a nonéero homogengous element
of K (n, w;, m), then there ewists a basq,s element b wzth deg b>1, such tkwt [b :v] %:0
Imitating the proof of Theorem 2 ‘we got N .
. Theorem 3. Suppose r=0(2) and ran If 0= f €<, then I (wd I l Ko s, m)) =
n. IfOéefEK(fn, i, ‘m), then'I (ad f)>n. ' '
Lot r=1(2) and r>1. Suppose B is the normalizer of (w*) in K (n, ,u,;, m).
Then B={p®|deg 2>25. Using Theorem 2, we have
_ Corolla.ry 2. Let r= 1(1) and r>1; Then <&*> is an invaridant subspace of
K (n, w;, i) and B is an invariawt subwlgebm of K (fn,, oy m)
Followmg [1] we have the filtrations | _
o K (rn, i, m) L_2:L_13 DL=0, '. (1.1)

K, g, M) =L_>Le>5L,=0, | 1.2y

—

» where L..]_“"VOR Lo""R I’i—{welh—il [w; L-:l] CLs-—i}, 7/>1 z0=R.' L { (S
- L;;..1_l [x, L.y CL,-;_}, ’b>1 S 2 2m‘+2m"'“' (91#‘2), 8 —2 2’"‘-— (n+1)
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Usmg Oorolla,ry 2 and lmltatlng the proof of Theorem 3.1 of 1], we have

Theorem 4, -Letr=1(2) and r>1. Then ﬁltmmons (1 1) wnd (1 2) are both
intrinsically determined.

Using Theorem 4 and mntatmg the correpondmg proofs of [1] and [5] we
have AR LTt v

Theorem 5 Let r= 1(2) amd fr>1 Then K ('n, /.b,, m) and K (n, W m’) are

esomorphw if.and only if n= 'y M, = m,,z and {{mi, fmiz}, ooy Lmy, mpd} ={{my,

'ml'} g ot {mn 'mr +}.

Remark, Ifr=1, then Theorem 2 hecomes invalid. In fact, 1f m = 1 then
[1 me wex' mu m‘x-i'st" wsn-.f-s; w8n+51"‘m8n+81+€x’}

consmts of bagig of K (8, ms, 1). It is eagy to see that I (ad 1) -—n+1 Now Theorem
2 is not correct '

§2 Generators and Derlvatlon Algebra _-

Let d={a%*%, 4, j= 1 2, oo, my T 0<s<m‘, i= 1 }.
" Theorem 8, K (n, w;, m) is generated by 4. S

Proof We only prove this theorem in the cage of r= 1(2) ‘When, fr.—0(2) the

proof is essentially the same. :

Let Y be the. subalgebra generated by 4. Then 1= [:v“_ w""] EY :vs"“*‘*“‘ =
{ms.n-s‘ ey €y, ot [we,.+s,+aa ms;] EY y<n :

(D m"s‘EY 708,<fr,, i= =1, <, 2, |

Woe use induction on %. Let Ia =2/h, where h=1(2). We ¢an suppose that h>2

(a) j=0. Then k= =1(2). Hence o**= [wootes D8] C Y,

(b) j>0. By hypothesis of ‘induction, %, o@*9%CY. Then o®#ets’ =
{men+s.+sa 2fe‘] G Y, ot e [w<24:+1)se{ wsﬁs’u]._ Mi',w(2.{+1>s¢sa€y'- Hende m** = [wsﬂfl'z'is‘,
a® ] ey, .

@) d™EY, he, <t

We uge induction on %=2%, Where h=1(2). If j=0, then a® Drwts’= [gl-11n

8n+e«'] EY Sinée w(k—l)?n-l-s‘-i-c;';. [m(k-l)sn . s"+ea+s¢] EY wk8n=[m-.i-94’ w(k—l)sn_+s"] —
i, p®- 1)5n+s¢+34'ey‘ Y . :

If >0, then a;"s"— w‘”*“’" m"“”)’"‘] €Y.

() o Y, key<w, lgy<wvy.

(a) ks,<'v,, ls,z<'v,f a;""*“"-— [w"‘“’" w‘“‘”s"] GY

(b) kei=m, Zs,,<mu ’

(B)-(G). 7 >e¢ Then g = w"‘*“’ 2*“] Fatriney. If 1= =0(2), then o7+t

[w““‘*)“’" """*3‘] €Y. Ifl= 1(2) then (I-+1) g < s Eence w"““"= [m“’“""*"“”‘ :
] €Y. g
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()= (). mi=s;. TH1=1(2), then et = [0+ 4+, 0-0%] €Y. T 1=0(2), then
gt OIS o [pemiscted aded] € ¥ Hence o = [ g% QD] C

(0) k8¢=‘$‘,‘, ZS,;I'=‘E'¢I- |

. T o mﬂlﬂ"d"(’, mﬁ’] €Y. A . (1)

Then gérte+ve — [m8n+'w', wmi—‘«] GY. Henoe w7;+'ﬁ'== m""-s‘, w"’"‘""‘"'] EY.,

(4) mkeu:i-w-i-’h_"'ey; k8n<'rm ]0=1, ..-"2¢. '

Since gioatectes [{B‘"+B" ksn] EY, wka,.-j;n_,___ [a}ku-l-sc:i-«' , m‘m] €Y° (1i-)

If k=1(2), by identity (i), gt 71 = [ghont ™ gentw'] C 7, |

If k=0(2), then (k+1)s,<%, and k+1=1(2). Hence

A1)t Tek (Ve —84) [wd+Dentvetsd g8 C Y, (iif)

Then [w(k+1)3n+‘ﬂ' , m‘n] =1, joapent T g (e enct (Ti-20)+ (T -8e') Y [¢(k+1)3n+7‘+(""“")

64] = pyaent Tt m(Hl)Bn-i-(w—sc)'*-(wl..ear)EY 'W'e add the r]_ght SJ_des of above two .

identites, then as+w+w¢ C Y,
(B) amtwt’CY, ixj, &, j<2r.

If 4y %0, then o%#e¢#ss = L [pmtectes o) €V, If =0, then gfrter+s =
2] ,

[med—ec'ﬂa' 6;] + m"‘"‘s"GY Hence gt'18 = [gootes+ed gpedes] C Y '
(6) Lot o= wm+w+w'+w+(w—8;’) 8 = gint vk T H (vt TS Mhop O', SGY
By (ii) and (8), a™wster = [o*+7, a4 €Y. I g0, by (iif), atrtestesns

_...#,L. [a;sn+'r¢+(w'—ec') m8»+‘&'g+ec] GY BY (3)’ o = [wsn+w+w'+w e;+w'] EY S= [[0",
7’ _

S¢’+Sj’] we;-}-ﬁ,'] EY v .

If p;%0, symmetrically, we can get ms"””‘*"”"e Y and 3, 0c€Y.

(1) Let niy (b) =aMn=vetwdw~vs Then ny (1), n4(0) €Y.

Since r>>3, there is I such that 1<I<nand IE{, j, ¢, §}. If w=*0, by (6),
my(Daft= <[5, a4 €Y. Henoo n(1)= [ny(De®, 2] —mlbra(Da", o],

l .

1] €Y.

If m—O then m,#o Symmetmcally, we can get m,(l) EY If mt#O then
7:7(0) m"— [mj(l), 2] €Y. Hence 15 (0) = [ (O) o, ¥] €Y. If %0, symme-

trically, we have n3(0) €Y.

(8) Let Qn (k) o= gEn Tt Tt b d TaETh Then Qh (k) E Y

We use induction on h. Tt = 1(2) , by (4) Qn(k) ==—[m’"+"’*”'" Qh 1(k)] €Y.
Suppose h=.0(_2>'f: then h-+1<r. If ke, <w,, by (1), Qﬁ+1‘(7ﬁ)‘=’[Qn—1 (q,—l—;l), M #541(0)]

€Y. If hty=; BY (7), @rsa () = [Qu21(k); 1w nse(1)1T"
Using following identites

.
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[Qh (k) wfemx-l-lemv iy ] Qh (k 1) y1+ Qh (k) m(t'i)ﬂu'l'lmn i AT
| [Q (k) m”m;-i-lamn m'h+l] Qh (k 1) Ya— Q x (k) wfsmﬁ(l 1)8m+n ce (i'V)
where L g= (Dt @,

Yo= (t + 1) Lons1) spFLes oG i

usmg mductlon on d= (2™ —1) -+ (2’"‘"“’ o H (t-l—l) We. have Q;. (7v) E Y.

9) 2°€Y,0<a<w%. . .- .- R (o
- By (8), Qr(aw) EY Usmg the 1dent1tes (1v) and mductlon on
_ , d 2 ((2""’"1) l‘(2'""—1)) E(MH-W): o
we can prove tha,t w"GY : : P :
Theorem Y. Letr= 1(2) and r>1. Then Der K (n, Hoy m) =ale' (n, ﬂ/j, m)@
M, whero M—(Dz*‘|z==1 v m, 1<70¢<m, 1) ‘

Proof VDEDer K (n, J158 m) <by+(i):and (iii) in the proof of Theorem 4.1 of
paper [2] (now G= =0 J.n [2]), we. know tha.t there exists ¢ € K. (n, y,,, m) such that
D“”-—D-—a,dg S&t]SﬁGS D® (a**) =0, D® (a;"‘) -=D‘3)(a;“+" ) 0, g=1, -+, Qr. T .

We'afficin that D® (w"*“‘) =0, 1<z, 3<2fr, yéeq,, i'. In fact, a.pplymg D(‘” to the
identities [m"*” 1] =0.and - T U - S B,
R tﬁﬁn ] { | i, f, f

- w*or o -Lfs = 0¥,

by Lemms 4.2 of -[2], we- have DO (@45 e g aEF Applymg D‘S’ to ‘the

indentity [2%*%, o°**]=0a/**we have [al, msf'“’"] Lal Then al=0 and
D® (g555) =0. , :

Since [#*t%, 1] =a*, [o**%, &*] =y, (1+6;,)a;°‘+°’-l-8,,za;"", applying D®, by
Lemma 4.2 of [2], we have D® (a*%) =al, a € F. Applying D(?’) to the identity

' [msn'f'e( m‘l"“l'] —_— 8n+3l We have D(3)(a’3n+sd) 0.

Using Theorem 6, 1mma,t1ng the proof of part (iv) of Theorem 4.1 in [2], we
have DEadK (n, py, m)@M.

Similarly, using Theorem 6, we can prove

Theorem 8, Let r=0(2) and r0. Then Der K (n, tij;m) =ad K (n, tu, m)@
ads” | Kt ppm@M.

Using Theorem 8 and- Theorem 8, 1m1ta.t1ng the proof of 'I‘heorem 2.3 of [1],
we have :
Theorem 9, Let r—-0(2) and r>0. Then
(I) I(Der K ('n, Lbs, m)) =n. (II) VD¢c Del K (n, w, m) I (D) =n ’bf and onby '

$f 0 DE<ad o).

By Theorem 9, {ad 2%} is an mVa,rmnt subspace of Der K (n, i, T). Let R =

£a®|deg 4°>2, a%).

Corollary 3. Let q”-0(2) and r>0. Then R’ i3 an mfvwmant subalgebrw of



326 . " . CHIN. ANN.OF MATH. - ° * =  Vol.13 8% B,

T ket an I

i Proof Let @ be'gn automorphlsm of K (rnr by M) “Then D'b> aDa‘l, VDE .

Der K (n, w;, m), igan automorphlsm of Der K (n, uj, m). Hence o<ad a"So~1

<ad o). Since R'={yECKi(n, i, m) |<:abd o (y)'=0}, <ad 2"y (o R") = 0<adw“”>0"

(oR’) =0. Therefore o:(R) CR"and R’ is an invariant subalgebra..
When r=0(2) and r>0, we algo have the filtrations

- Kn, pyy m) =LLgD L DD =0; @0
K (n, p, m) =L, DL>--2IL}=0, 2.2) -
where L' s =V PR/, L’ =R L= {a:E L4 [=, L'_I] CLH} Z , ={m€

—ll [my —-1] CLi—l}y ?’>1 .
Thus the results of Throrem 4 and Theorem b hold for rr__0(2) and r>1
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