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In A  (n, m) we define Lie operation slB following
( 2r \ / 2r \ 2r
I十g 辦 8外 ) ⑴ 丹 ⑷ + ( 1 +  g  今 )⑷ 取 (/) +  g 巩 (/)办 ⑷ 。

. . f ' ) "  ■. ■'； . • . . • . . .

Then A(n, m) becomes a Lie algebra whioh is denoted by K r(n, m) (see [4]), 

Let At,-, m) = ^ ( 71, By Theorem i of [4] and (II) of [3] we

know that K  (n, fij, in) is a simple Lie. algebra and

f _E7 (»i,抑,wa), if r ⑶ ，

町 71，抝，饥) ㊉ J V ， if r s〇 ⑶ ，
a<v

where we abbreviate (mod 2) to (2).

Let. M  Tten
4^1 , . .. •

: 俯)==㊉ E：(u，灼，®w)4.
<s-2

is a ̂ -graded Li© algebra. If r^l(2), then s= |[̂|; if r^0(2)j then s=̂  ||<r(| — 1;

§ 1. Intrinsic Property

Theorem 1. K(nf is a restricted Lie alqebra if and only if

wherel^Q^ 1, 1)-

Proof Suppose We know that fĴ§} l)^ { D € IT (7 i? 1) j Da>^A(ny
2 r '

!)(〇}, where co^d3)n- h ^  fiia>idxi(&ee [4]). Let D ^K ^rij 1) and Dco^uco. Then

D 2〇>=D(ucx>) ^ (J)u)c〇+u(Dco) === (Bu+u2)co. Since W(rij ^ ^ D e r  A(n7 1) is a 

restricted Lie algebra1, i)2G]F(7i, 1). Heno© \hh 1). Gonsequently K f(n}

1) is restrtoted. If rsl(2)? ihetx K(ny ^  1) is regtriotedi

Let r^O(2) and (n7 ̂  1). Suppose (aj°)c2:1= ^ + ^ ? v^：K(n, fM§y 1),

Then •
2r

1] = [®°, [<  1]] =(a5〇-Sn)2+ S m - » ŝ 〇-ŝ 6na«-8n

2r r 0,+ S  o>a~s%a~SifBn = \
卜 1 ll,

if Oîr Sn, 

if a~sn.
(1)

Also [(aj0)c2：,, 1] ̂ Iv-Vhaf, 1] — D nv+Is(i>T~en. Hemoe the ooeffioient of as^en is 

By (1), ̂ =0. Then K  (n, fMj} 1) is restricted.

Oonverisely, suppose K(n, /JO}, tn) is restricted. Then, (adl) 3 is an inner deriva
tion. If (adl)2%：0, then the degree 〇f homogeneous derivation (adl) 2 is equal to
— 4, because l^K(n, fj>h m)_2- Sine© the degree of any homogeneous inner 

deriTation of K  (nf p>j, m) is greater than — 3, (adl)2=0. Hence

Then w„®=l.
a^~a?n ̂  (adl) 2(^-n) «=〇.
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Sine© the degree of homogeneous inner derivation-(acZo)®*)3, K i < 2 r ,  is equal to 
—2, (ada?e<) 2= a d (a l)? where jP. Tben 1 ''

■ : ' 0 = 〇1，W 眯] =(ada3s〇2(W 财 細 ' - 价

Therefore m^ — 1, if̂ l y 2r. ThuiS m  =

Following [1] we let deg®®—| a | +(»„• W ® is a linear combination of basis
• ■ - .• -•

elements of the same degree then <v is called a homogeneous element and we set 
deg cô Jc.

L em m a 1. Let x= ^ch(ch£ K (n , m), where cb^：F 9 Suppose cfla?° is a term o f 
a>, • ■ .

( i )  I /  [pom} cac〇a] # 〇, then[〇)Sn, cd] ^0 .
■ ■' ■ * ■ _

(ii) I f  caa5°]#0； then [x6̂ 8̂ } a?] =^0.
P ro o / I f  is anotfaier terra of ① ， wiiere 5 « i t  is easy to see Wmt [a?Sn，
• l. ■, • • . , .

and [a>Sn7 c ^ ]  eannot cancel. Hence [o〇ent x] =^0. The proof of (ii) is similar. 
L em m a 2. Let (ny m ).
( i )  I f  €5^0(2) and a>a2 =¥〇, then [^eft+8S <o\
(ii) I f  j d^Sj+s^+Sic+s^, then either

[^en+s<, 〇)] or [ p ^ 84̂  af\ is nonzero; either tcod̂ % x\ or [®d+s,v? x] is nomefo.
Proof (i) Obviously， [cs671̂% where a^jF. Suppose

咖时8*_0. Let be a term of 卬 and  & 蛉從• Theh ==知# +叫+ 8淡卜6"十'

where d2£ F  and S2=c5
K+X

I f  6+8i=a+Si, then b^a . I t  contradicts16 # «. If  6—Si>+sn= 〇5+ei? then 6ns  
1 (2) because ¢,,^0(2). H6noe 82= 0 . Then in the term a®0+s< oaanot be
oanoeled. This implies[a;en+8f, £»]=¥〇.

Suppose oncoâ e4̂ 0. TJxen 〇}a~ê n^0 Tseoause [xen，i：% a}a2 ̂ 0. In [̂ 6n+s<7. x\ the 

only possible term io oanoel Qf~Sû Bn ooours In [pf^8*, câ "8<"6(/+en] / By-oomputatioa 

we see this term is zero. Henoe [pSn+e% 〇)] ̂ 0〇

(ii) Sixioeai'_0(2) andanEO^)，〇)"i/+STO#-0aii(i'[a；s，+s' (̂ ] ==:〇̂a+s<+<»a'"s"+8”:¥ 

0; In [af^et} the only possible term to cancel £cfl̂ /+ert ooouris fn 

*=rc(8— /̂</)«?〇T0#/+'n, where S6 J?1- If c(d— fjû) #1? then ie] =V〇. If ¢(3-^/) =ly

then c(8— jûi) %1 because Thus we obtain [〇5®ttrf*e#A? cg]

Using the abof© method we oan； also prove the remaining part of (ii).

L em m a 3. Let <o^^CixpQ K (ny ^  m} in wM ch(ch satisfies 5ns
Suppose <〇aGK(n， 在 戶 1(2). I f  thefe 你 i鈦s 

moh that {p>d, câ ]  =¥〇? ihen a?] ^ 0 ,
Imitating (i) of Lemma 1 we dan prbve tiiis leimna.

Leixima 4. Suppose r^=S： Let g be a honnogeneous element o f K (ny m) m d
Dn(g) ^ 0 y [gr, a；Srf] { ,̂ a；e#/]J=¥(), i ^ l y 2} Z\ TheWiheTe exuW€6bmu



318 . . OHIN. ANN. OF MATH； Vol. 13 8er. B

d&Q <^>Z, m 〇h that ®6] % 〇.

Proof Let s=max{<2n!〇,,#0}. W e  write where a„=s.

at is odd, l<i<3. Let Then [a®, ®6] =xa*b~e,,+3t̂ 0 and [gr, a;6] # 0.
<=>1

Suppose that«(> t=l, 2, 3, are even numbers. If some at is nonzero, let 6 —
. . . . • _ '  . . . _ . '  . . ....6

2  Si— sf7 then [re®, #0 and [g, o;&] =¥〇•4̂1
If ¢¢==0, ¢=1, 2, 3, thea a=Ssn> ̂ > 1. Let 6 = 2  Si* Then [a>ay

ît

In [g, a?6] the only possible term to oanoel ajtt+̂"€n ocours in a?b]. By

computation, wo know that 7 oj&] =0. Hence [gy a?6] ̂ 0.
«• >

L e m m a  5. Suppose r^l(2). If x is a nonzero homogeneous element of K(n9 

m)^ then there exist two basis elements 62, with deg bi>ly 2,
meh that [&i, tc] and [62, »] are linearly independent.

Proof Let where c6G J1.
- ： > . • . •

(A) Assume there exists a nonzero term c6£c6 suoh. that 6̂ 0(2). W e  oan sget
Sr

a5=a；0+***, wliere «„=0(2). Let «=1+21
Js=l

1. a:̂ .0. Then [co〇nf aj°].==aa?a#0. By (l) of Lemma 1 we have [afn, x]

If a：i^l(2), i==l, 2> then 〇j = l + r 5=0. It contradicts « ^ 0. Hejioe there
exists some ̂  (i<2r) suoh that ̂ ^0(2), Then [a?en+% By

(i) of Lemma 2, [a?Srt+% a?] =%0. Because the degrees of [〇ifn, x] and [of^8% u] are 

different, they are llnearly Independent.

2 • a = 0.
(i) There exists some ai(i<2r) suoii that 你_仰 ⑶ .Witlioiil; loss of generality，

W9seta*^0(2)anda,A_(^2).Tlien[^rt+%a;<J]==a?(I"*e"+Stt=̂ 0v B y ( i )〇f L e m m a 2, 
[o;m+% a?] =V〇. Since [af<+e<, o;®] *=〇;0,#0, by (ii) of Lemmal, [af<+s’，広]#0, [a?s咖"。必] 

and x] are linearly tndependen^.

(ii) ai兹a*'⑶ ，4=1，2， 2r*
(ii)-(a). Assume ther© exists some ̂  (j<2r) suoh that a ^ O  (2). Then 

0(2). Because a=r〇, there exists some suoh that «^0(2). Then ^/^0(2),

By (ii) of Lemma 这,at least one of [ojsb+% »] a*iid .,[̂ +s"，a;] is nonzero. W e  can 

assume [afn̂ ei, go] #0, Because os=0 and r^1(2) r there exists aljgo K(h^j7f 9 h<2r) 

«uoh that 雨戶0 (2). Let cZs^+s^+Sfc+s^. By (ii) Qf Lemma. 2, at lê gt oiie of [W+%  

ic] aiid [a>^% co\ is nonzero. It is lip.©arly independent of [〇5®ft+% a;].

(ii) -(b)• 价 判 ⑶ “= 1，2,…，̂犷.

If some term (¾̂ 6 oix satisfies &„^0(2) and 6^0(2) for somp i(i<2r) , then we 
set (c===(»6+-'*.： This comes to the ca,se of (iL)-(a).； Hence we can assume that 

any term chasb_oi x with 6B= 0 (2) satisfies 6̂ 0(2)；, i^ly 2y 2,f.



Let j< 2 r .  Then a ^ a ?̂ 0 ( 2 )  . By (ii) of Lemma 2, without loss of generality, 
we suppose that [£Cs?I+ê  a*] ^ 0 . 8/nce ^ = 0 (2 )  and a ^ a ^ ^ 0 ( 2 ) ) w© have
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of] ^ x a"e^ Sn̂ 0 .
II [ajSft+8;,/, 〇j] =0, tnen a; contains the nonzero term caj°~Sji~e；f/+6ft so that in  lxetl+8j% 

x] the term can be cancelled. Then we afBrm [〇；6»+^+8̂ ? ^  ^ 〇. In  fact,
obviously Gxâ 6i~&j/&en] =Gxâ 6n̂ 0 .  In  [co6nrhSĵ 3i/, (〇] the only possible term
to cancel co；a：feTO occurs in  〇〇^h] 7 where ^^=0(2). By the aissumptlon of
(ii)-("b) *w© have 6;■三~ 一 0 ⑵ . Then we obtain [a;你+etj+…，c&o；b] ~ 0  "by direct 
computation. Hence the term cannot b© cancelled and c〇\ =̂ =0. I t  is
linearly independent of [o;Sn+e；f，a;] • .

Suppose [(cen̂ 8j/t If  it  ic linearly independent of [o;^+% ; , are
through. I f  [co'^8̂  ®] =^[a;8M+6?>7 a；],, where thenjca_̂ ,+ŝ  is also a term  of
而[〇；S7l+e"，cc] . We jŝ t a; =  a)a + <V»a+ … and 祕切、（V5b] contains thq term a：a—〜 +Sn.

We affirm that 6„^ 0  (2) . In  fact? if w© have 65*s6^/^0(2) by the
assumption of . T h en  J〇 l〇f n+8j/} cba；b] ^^o6a/^82̂ fin/H e m  +

. * • . ■ ； . -■ * <•. , ； '.1 ■ •

sn. Then 6 ^ 0 (2 )  . I t  coritradicts 6;^ 0 ( 2 ) . The affirmation holds.
_ •： . ；•. •

Since bn^ O (2 )j we have ^[^£w+ej,/? ^ h d ^ ej/ where d G F . THerefore 
—ds^ +  8n. *We haye bn^ a n+ l  and b i^ a i j  y n)^ Then

i+ S  ^ i+ S  ^ 〇•; Z—1 ' . z=l

Heno© [p^j By (i) of Lemina； 1, [a；en7 a；] =̂=0. I t  is lirLearly
irideperident of \pfn̂ &'}y si]...

2r

(B) Every term c6aj6 of cc satisfies 6n̂ 1 (2 ). We set aj*=a;a+*-v. Let ^8«

i- .i

1. ^=^0. Then [coen} wa] =)8aj®#0. Hence [®ew/fij.] =%0 by (i) of Lemma 1.
1—(a). Suppose there exist ^  and (i=¥j, i ,  j < n )  such that a i^ a〇 =  0 (2 ). 

Then' [®ew+c<, xa] = ( ^  + -  ( ^ + ^ )〇5a+% ' [ p ^ ê y -  ( ^ + ^ . +
/3)¾^6̂ ^. I t  .¾ e-asy to iS.ee that at least one; of them ig nonzero. We can suppoise 
[c〇tn̂  'j.of] =V〇. By Lemma 3? w] =%0. I t  is linearly independent of [co^, x\.

l-(*b) . Suppose there is only one a% ( i ^  2r) such that « ^ 0 (2 ) .  Then ^-4-
2r

Hence [a；en+s<, By Lemma 3, \c〇en̂ Gi} o：]=^0. I t  is

linearly i ndepondent to [o;Sn，oj] •
丨一（c )，兩一0;⑶ ， 2, •"，2 r . :

： If  (35rt< 2mn —1, we let h ^ 2 mn — 〇fn. ：.Wo know, that
，25—l 1(2), (」 )

where： s, i are p^ssitive integers and, l < i < 2 s^6U Hence [a ;^
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T h e n , 〇?] =%0. Since a„<2Wn — l  and h > l. Then {ofn, co\ and [co^1, 〇)]
are linearly .independent.

If 2W7n — l ， since £6牵<〇：, ,  wq ].iav© Then the’re ©xists some a i( i< 2 r)
suGh that： ^ < 2 ^  — 1. Let Using (4) we haye [〇；.^+/1,8<,
Hence [a；Sn+AsV w] =  0. I t  is linearly independent of \〇f n) co] .

；,2—(a). Suppose.；ther^-exists gome- a4(i< 2r)  sueli that ai由ay去0(2).. ..Then 
[a)en'ĥ +ei/j a>] «•a5â +e</+ ••••=¥〇. W<*- also .hay©' [cc^8% -〇i] =/-64a>a+s<H — ，. [〇>en+s"，阳] .«= 
^ i^ a+e</：+  * . Ofeviously at least on© of them is -nonzero. I t  is linearly inde-pendent 
of . ’ ，

2 -(b ), Suppose there i  which satisfies a i ^ ^ / ^ 0 (2). Then there
•», .； * . • ； i 2 v
Exists some such t h a t a n d ； / /̂=¥0 (otherwise we have ^  i^iai^r^O j it

-5 . ： . . ； ； > ■ . . ,-：：； 卜
contradictsJ3 =  G) . Then [〇j如 a ; ] 鄉cfl+Si+ …#0•

Since a.产 0¾ ). by 你e supposition ^  2 -(b)， ⑵ • T hen .[…和"，⑶1===0̂ #  
0. By (.11) of LemBia l , [〇5̂ +8̂ ; a;] =^0v Xt is linearly independent of [o)6̂ 8̂  aQ v Tlio 
proof, of th埃 is co^npletecj' , .

L e m m a  0. Lei {g1ta\i^zlr a ^ A } ^ K ( n 7 ni), where I  and A  are finite sets. 
Suppose fo r  every aQ A  there eccists a linear iran^formation Da stick that Daidia) 
fo r  any i ^ I  and {Da(ffib) 5 € ^ ,  Aa(9-n>) ^ 〇 } : c&re Hnerly independentt Then
i：9i〇> .are linearly independent, .

Proof Suppos© 2  Aa伽口()，油 ere any 柳 have a linear. ieita&A •
transformation I)b. .Tlieii"0===D6( 2] j 8 ^ a) =  +

. i<cifaeA • iela€tA u i
S  AaA(^i®). Sine© AC^s) =¥〇 for any i ^ I  and ( A ( ^ a) K G I, aG A, Db(gia)^6/,a6 A\{6>

^0}  are linearly independent, /3,：& === 0 for'any -i ̂ J -  Hence th@ lemma holds.
1' ■' : O drollary 1; ' Uei A } ^ ：K (n, M ), where A a set. Supvose fo r

i - • • v ^.
*  ̂ *7m\ 1

cmŷ  B ̂  A there exists a Umar irdnsformaiion Da. meh that Da(ga) =%0 and {DaCSb) | b 
'^0} a fe lim a rly  ind&p$ndeni. Then {ga\a(zA} are linearly independent.

' '■Foliowiiig'Xi]',' ^  1(d) = d im (Im  d), where cZG K(j)i} jjbh m )；\ If M  is
a s tf ts^ 'B fD erK X K  we j -  m in l(d ) .

0=ĵ d6i/
— J HldeoTBm 2. J^et r ^ i ( 2 ) 0^ n ^ > > l.  I f  -Q ^f I (^ d  f )  =^n+l; i f
/ 牵<?>，.认肌 I ( a d / )  > 叽+1. ； -

Proof Let 0 =½ cs)̂  G . Than [o 1 ], - [co?r , ^ ] ,  [coĵ , 2y 2ry
are linearly independent. If  d4§ ' (〇̂ l  an：d tHea [cw ,̂ ^  Henoe

,v I  (ad (oa?*7) ) *= 9¾ -H1 * 、、

We shall prove I  (a d /)  > n + l .  Let g be the non28ro homogenep-us 
I^iyt d£/-Wi1>li tiiB lea^t;degree. It^is Mffioientito： prave'J (a d  gf) >^4-1. Let
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a?®a, •••, x$try. Then [〇?, y] V®, yQV. Hence F  is a sympleotio spaG© (see [l])〇 

Let F tf = {〇?€F| [̂ , x\ =0}. Suppose dim Vg^t. By Lemma 1,5 of [1] and Witt's 

theorem we can directly assume that {»% 汸％ •••，《?〜，a?3%  a;s«+1，…，o:s“M} is a basis of 

V g.
1. [5S W  = 刀"(flO = 〇• Theft [分，< ] = 双/(§〇, i=l，…，2r.

(i) i= 2 r . Then J〇i/(^) =0 , •••, 2r. Hence w© can assume g=^l^ Since
[1, xen] 9 [1, [1,.»8#4+61+61/+8),] , [1, x9n̂ 6i\ y •••, 2r, are lindependent^
I  (ad g) > 7 i+ l . .

(¾) ；{<2r. Let J = (1, 3/,…，w, m’，w+!L， 1’，…，w，w'}* 

J — {1, 2, •••, n — 1}\«/. W ©  affirm that

(*). {!)</ (̂ ) I i G J} are linearly independent.

In fact, df 2  then 23 a;s<] — 0. Hence [gr, 2  Then«€7 *67 <67
S  Consequently yS<— 0r ViG J* affirmation holds.

(ii) -A. Lefr or 1}, Th={a^：T\ \ a\ =K}, where 0<X<2 m . Let
few w

扒产 [夕，W*'0]，where “ 《7, ¢€27¾. Then ̂ =1^(50®*. Suppose 〇!=s“+ ^ •屮…+ s;aG. 

T %. Then l1} l2, •••, D a==I)hB h---I)iK. Since D t(g) = [g, a?8*'] =0 for l^J〇,

Daigy^O. Hence B a{gi^^J)a{Bi>(g)c〇a) ^ D i*(J)a{g))aia+Di>{g)；==I)i>{g)J where
.. - . - :  . . . .  • ■ ■ . . . . .  .,

b：£T%. If b G ^ a n d  then i)a(^i6) —  J5a(I)4/(̂ )a；6) — 0. Byv(#) and Lemnia

6； ^QTj} are linearly independent.

Let ̂ =*0, 1, •••> 2̂ , W e  get (71-1^^)2211 linearly independent ©leraealis in

Im (a d s〇.

(ii)-B . For i Q J  w© have j5n[^/»ent®<] ̂ I ) n(i)f/(^)a；8» + ^ - |- 2 J  p ^ a f . ^ ^ g ) )
• . . . . . :  ••. s •, 1

= IV  (沒） ， By (*)，{D„[jr，̂ + 办] 丨《白 J"} aM linearly independent and 和 a rV { [ f  
J} . W© also get 1 —i linearly indepent elements in  Im (ad g).

(i〇— a  Let J t - {(^+1)/, (u+2)f\ (t-uY}. -ff={S ot 1},
■ .. -., ' .-. . . . ... /SA ..

{aGS\\a\=^}} where — 2w. Let ̂ 〇=[sr, a?en̂°] where

It is easy to prove that {i)„(5ra) are liaearly independent, Consequently?

ida\^€：S^}  are linearly independent. Let ̂ — 2, 3, get 2f"2w- ~(t— 2u)

— 1 linearly indepen.deiit elements in Im(ad g)t

I t  is easy to see that all elements w,Q abtain in  (ii)-A, (li)-B  and (ii)-0 are 
linearly  index)enden.t. Then J(ad  g) (w—1 —i) 22tt-f ( i—2m )—
1. Let s = t— 2u. Since -r= l(2) a n d ,r> lj  we have Th>%. Then. I(ad  g )> (n —l —-s— 
2¾) (22w+ l )  + 2S—s —1^= (n~  1 — s) X2+ 2* s — 5 +2 s—3s) >71 十  1. (i)

(i) P^^rO. Ifaj, y G F ja n d  [a;, 2̂ = 1 , then [^, J / ] ]  +
iVi \j3 i »]] =0 . I t  contfadiciis tgr, !]  # 0 . Hence F j is totally isotopic sub^pac^ oi
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F. Then 弘=0 and {a?% a?ea，…，,} is a "bash of F V  Let /={1，2 , { 1 ' ，2'， 

…，古’}，JT*={1，2，…，抑一1}\«7, Let JET = { 2  J〇j8j+J〇i8i\lGJi} ^；/ or

1}7 \a\ where W e  shall prove by induction on X thai

{[̂ > are linearly independent*

Since \_g} 1] ̂ 0, the conclusion is right for X=0. The conclusion is also right 

for X=l, because {[̂ , ccs<] ji^^} aro Ibiearly independent. Let ^>1 and suppose-
• • v j . . . . .  ...

{\.9i »0] are linearfyindependent.

Let 2  Tcalg, of] = 0 , where 'ha^F. Let i^Jf. Since [_g, of*'] == G, we have

〇-  2  Ug,'^l, ̂ '1 - S ^ a[&,
oSHa a€丑"九......

= S  h[g , [®°, ^*']] =  S  h ig ,  ^■e,La^S\ a^Sx
I f  then ®o-e<~ 0 .  Hence S  ^0- If  and a —Q{>0f

then Si Hence, by induction, hypothec ̂ =0, Let b he any element of

H x. There exists some iQJf sucli that By above proof, we have

Thisg implies {[gr, a?®] ar© linearly independent. Lei) A=0, 1? •••, ¢+1. W e

have 6

I (ad g) — 1 — 2̂ ) = 2  ̂(71一 2i),
If  yi>7 or n== 7(i#3), i t  is easy to see th a t 2 \ n —2t) > n + l .  If ti= 7 and t ^ Z 7 loy 
Lemma 4, I(ad  ^)>2#(71— 2i) + 1 > ti+1-

(Li) F ^ =〇. Then [g, 1]? [gy x6*}, i =  l, 71— 1, are linearly independent.
- . •

Sine© / g Using Lemma 5 w© hay© J(iad >n+lV rTh© theorem

proved.

Imitating the proof of Lemma 5, w© hay©

L e m m a  7. Suppose r^0(2) and r= 0̂. If <c is. m nonzero- homogemom element 

of K(n, /J〇j, nt), then there exists a basis element b, with deg 6>1, such that \_b} c〇\ =½ 0*
4 * * * * t

Imitating the proof of Theorem 2, we get ..,

Theorem 3. Suppose r=0 (2) and r =½ 0. If 0 then I (ad f | K(n, m, m>)=

n. If 〇=¥/ € K(n, fij, m ) , then !(ad f) >n.

Let r =1(2) and r>l. Suppose J2 is the noirmalizer of in K{n, /Mj, m). 

Then i2==<fc°] deg «0>2>. Using'Tlieorem 2, we have

Corollary 2. Let r^l (1) and r>l. Then <̂cvy is an invariant subspaoe of 

K  (n； ybj, in) and R  is an inmrimt subalgebra of K  {n, ybj, tn),

Following [1] we have the filiirations

jST (扑，抑，m) =  j  …〕 = 〇， (1 • 1〉

where ̂ 1===)^012, i〇 ===-8, ! ；<— [〇?, L i^ { 〇)Q
'  一̂ 2?* • n

l M \ lx, Z_i] czLi-i}, i> l ;  s = g 2 ^ + 2 ^ -  (» -2 ) , (» + l) .

322 OHIJT. ANN. OF MATH. Vol. 13 Ser, B



No. 3 1 Zhang, Y. Z . ^  Linf L. LIB ALGEBRA OF OARTAN TYPE 323

Using Oorollary 2 and imitating the proof of Theorem 3.1 of [1]; w© have 

Theorem 4. -,LePr^l(2)'Qnd Then fliraUvns (1.1) and (l.i2) dTe both 

intrinsically determined • 1

Using Theorem 4 and aihltatiiig- th©: eorrepondlilgi proofs of [1] and [5] wo 

have . , .

Theorem S# Let r^l(2) and r>l. Thest K  (% fij, m) and K(^!r tn!) are 

isomorphic if .and only if and {{mi, =

•••, {m'r, -mfr/}}.

Bemark. If ̂  =  1, then Theorem 2 becomes invalid. In fact, if m=l, then

[1，（CSl, ^ evW，&时% ®8n+Sl+Sl，}
poî sists of basis of [(3,抑，1). It is: easy.̂ o: see that J(ad.l) =71+1. Now Theorem 

2 is .not correct.

■； ■ . • r . . . . .  . 3 . ■ > -j -

§ 2, Generators and Berivatipn Algebra
■i a i , > * S ■ • .

Let A = {a〇St*Sj, i, j— 1, 2, •••, n) (c2，ei, 0 < s< to<( i— 1, n}.

Theorem 6； K  (n, tn) is generated by A.

Proof W e  only prove this theorem In the case of r =1 (2). When, r^O (2), the 

proof is essentially tlie sapae.

Let P" be the subaigebra generated \yj A. Then 1== .̂Y, afn*H*Si，=

i>8"+% ，十 e r ,  »8”+8<的= a；8‘士8，] e r ，
(1) ' i ^ l ,  -.., 2r. J ' *
"We use induction on h. Let h = 2 %  where h=l(2). ̂ 0^11 suppose that A>2.
(a) j=0-. Then ̂ =1(2). Hence ̂ « =  [a58B+s,, € F.

(b) j> 〇 . By hypothesis of Induction, Then 〇/{2；,+1)6<+6<,==

lx^ + W y a.2hq^Y, {afK*2is\

(2) a：Sen€F, ksn<<vn.

W e  uae induction on h = 23h, where ̂ =1(2). If j=0} then /B(fc-1,fB+8<,= i®(fc-1)e,*, 

a>8"+以]GF. Since = {C8n+8,,+8,3 G Y, â 8" = -

jii，x(k~1)sn*Bi*Si，Q Y . . ：.

If j>0, then = £Y. 。

(a) jBSi<vit leir< ^ .  - [a;w+1^, € F.

(h) Jcsî i, lSir<^.

Cb)-(i). >Sf. Then ®2̂ = =  [»8B̂  aj&〇 If Zs〇(2), then aŝ *w

*= ^ Sq  gF. If Zsl(2), th;eix(?+l)8i/<<Fî  Hence



(b) - ( i i ) .  I f  2=1(2), t h e n G F .  If  ?=0(2), then
^+<»+1)«,^ ^»+*,+8,^ ^ y . Hence ^+^+1)8̂ ] £ Y ,

(c) ihsi=ri, Isi^Vi*.
如 一 ，- (i)

Then.®8"+8<+T<, = |y”+'  〇?*"-*<] g!7". Hence (bt<+v*，*= 0^-' aj*"+8<+T*] € 7 。

⑷ ， 务= 1，…，2r.

Since .jjfcs"] € ：T，®細》+<M= ‘] G F。 (ii)

I f  系安1(2)， by identity (1) ，35〜+卞‘+1?" =  [3 5 ^ ^ ,0 ^ + 1̂ ] € 7 。

I f  ^= 0 (2 ), then 0-(-l)6n< r n iand ¢ + 1 ^ 1 (2 ) . Hence

j-jj.cfc+̂ ei.+tj+Tî  xs^ ^ .y , (lii)

Then ^  _|_ ̂ (6+ ^+(^-80+(^^-8̂ ) ̂  y^ ^^+1)8̂ +^+(^^-8̂ )̂

®<fc+1)8”+(T,-8*)+呔 ,_s<,>€ n e  add the right sides of above two 
idtofcites， then a5**"+T<+ir‘’ 6 F . . .' '

(5) 4, j< 2r.

I{fij^〇, t h e n ^ * ei，̂ f^~ [( i>en+ê f, x ^ l ^ Y .  I f  ^ = 0 ,  then 心州，+印■  

[®w- 8*,+" ,  ®*J] + a f ”+v 在 F . HenceV*—,+s， == [scSJ+8, 州、a;e<+s/] € 7 .
(6) Let 3 = ^+ ^+ ^+ (^- 8̂ +^^ Then a, 8 ^ Y .
By (ii) and (5), =  [a?8»*^, ^ y .  If ^-/^0, by (iil), xen*v̂ ,,*Vi

1
xBn+^ e4̂  ̂ Y .  By (3), G F , 3 - [ [ 〇*>

w +ea  w i e r .
I f  ^ ^ 0 , symmetrically, we can get F  and 8,

(7) Let % (» 〒a；細w_T<+T"+w 叼’• Then （1)，刀"(0) Gi7*。
Since r> 3 , there is Z such that l< Z <n and ?g{ir j 9 /} .  If ^=¥0, b j  (6), 

彻⑴a；s* =丄 [S，a;8"+e洲] € F . H e I l c e 彻(l)==[r?w(；l> <̂ a ^ ] - W[[̂ 7ii(：l> s*，，+8,]，

i ] e r .. . . .  . ' . . ... • • • •• • . 
I f  从=0, th e n /v ^ O . Symmetrically ， we can get 7?y⑴  I f  /V # 〇，班叫

t
»7i/〇) ^ J= —  [^w(l), a;8!] € F . Hence ^(G) = [^-(0)^, soet，] €：Y . Jf /*,%0, symme- 

/V .
trically , we have 7]i}(〇) g F .

(8) Let Qh(h)  ̂Then Qft(jfc)gr.

W e  use induction on ft. I*f &三1(2)，.."by ⑷ ，.Qh(ft) =^"[a38"+T*+T*’，̂ - 1:(¾)] GF.

Suppose A=0(2>，蝌©总奸1 $ 矿. I!.、 <Tn，. by ( 7 ) ,洛+1泌

m>s„—/gn, "by (7), Qft+i(̂ ) «  [Qftj-i(¢), %  :̂ +6(1)11̂ .

Using following identites
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[Qfc (¾) 糾 = 仏 O —1)扒+ 仏(幻

你 (¾)心 幻 妁 - 似幻 ， ( M
where ”

2/2 =  0 + 1)./%.+« 哎(枝1)3/1*1+冰w ，

using induction on, (2 *= (2CT*+*— l) -h (2m!,̂+1,,— 1) — (¢+2), we have £Yi

(9) ««gF, 0<a<r. _.

:';By (8)，QXfl») €^v..Usmg: .the id咏协批 i(iv).:..and induction on

d = ±  +  ( a ^ O ,

we ean prove that xa£T.
The〇r0m  7 .. Let r^l(2) and r>l. Then Der K(n, fij, in') = a d K (n, ^

Jf, where ny

Proof VJDGDer -ST(n, fij, (iil) in the proof of Theorem 4.1 of

paper [2] (now ̂ ==0 in [2] ), we kiiow that tĥ re ©?is：fc3 ̂ m) suoh that 

!)<3>-2)-adg saAisfies^^ -0, D (3>(a;e〇 «jD<3>(^+0〇 -0, i-1,-s 2r. ?；；

that /ii, iCln 每& ，appiyGg to the

ideixtiti©iS !] ««0.and

1 se** or xej, if s—f  or i*,
by Lemma >4.2 of 〇2], have； i)(3)(®̂ +8j) e s € A p ^  

indentity [a?s<+%  =xSi+ej, we have [al, a;̂+8/3=al. i'hen «1=6 and
= 〇.

Since. [ics,t+8‘, 1〕= , ，[〇)*"*% a3^]=/v(l+8y)®8<+~+8W/a58n，applying i)' by 

Lemma4.2of [2], we have Z)(3)(a!*”+s<)=al，aGf. Applying J)(3〉.to the identity 

[xBn*e,, =£c*n+s<, we have J3(3>(a5s«+s<) =0.

Using Theorem 6, imitating the proof of part (iv) of Theorem 4.1 in [2], wo 

have DGad^T (n, m ) @ M .

Similarly, using Theorem 6, we can prove

Theorem 8. Let r s 〇(2) and r=¥〇. Then Der K(n, —ad K(n, fn)@
adxv I K in . m)©-^•

Using Theorem 8 and Theorem 8, imitating the proof of Theorem 2.3 of [l]f 

w© have

Theorem  9. Let r^0{2) m d  r> 0 . Then
(I) J(Der K(n, fij, ni))^^. (IX) \/D^J)ev R(n, m), 1(D) if and onh/ 

t / 0#J)€<ad ^ >  .
By Theorem 9, <ad x ŷ is an invariant subspace of Der K  (n, fij, m ). Let B f — 

<£C°] deg af>2,

Corollary 3. Let r^0(2) mdr>0.Then R' is an invariant mhalgebra of
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K(n, fjbh m). ' ■ ' ■ ■ - ' " ■ ' ^

(、v])Proo/ Let a'be :sin auto贝6rpMs+m of 如 化 ).'’116BL ZU^crDo"-1，
Der K  (w, jj>j, m ) , is an autoinorpliisia of Der K  (n, pj, tn). Hence 〇-<ad covycr~1== 

<ad a5T)>. Since fXj, tn) \̂ ad 〇〇̂ {1/);==0}̂  ^cr^&dx^yor^

{cr^) =Q./Therefore or and i2-r is an invariaat subalgebra.

When r=0(2) and r>0, we also have the filtrations ■

: K(ny fJ>j, m) F=iL2rDJjLi=D--0^6==0,- (2.1)

琴(吵，枸，执) …〕忍 = 0， （2.2)

where X L ^ F © ^ ,  ii={a；e i U |  [̂ , i>^,

ZUlC^lLilcziU}, i>l-• ••• ■ •'

Thus tli© ̂ results of Throrem 4 and Theorem 5 hold for r^0(2) and r>l.
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