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A HIERARCHY OF iNTEGRABLE HAMILTONIAM 

SYSTEMS WITH NEUMANN T¥PE CONSTRAINT**

幺触g、.Y i)’nbo'(.曾 去 故 t i  Y i胆 e n (李 划 神 广 - 陈登远）* * *
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-■  •

A b s tr a c t .
、 * • > . i  • > -i • .

A  hierarchy of integrabis Ham iltonian systems with Neumann type constraint is： 

obtained by restricting a h ierarchy. o^/ evolution, equations associated with 入 少 咖 +

^  % 入 兮  口 九 to fan Invariant subspace o f . their recursion operator. The independent

/ integrals ；io f motion ^nd^H a^iltonian fu n o ^  fo r tiiese; HaiaiMpnian. ,；sy^e.]ns a r e . . ：; 

constructed by using relevant recursion form ula and are. shown to be in involution. Thus 

these1 Hdm iitoni^u systems are'.cbixtpletely integrable and coinfeute eacix otHer* ' ■ '
• , ■ 'V- - ' ；- '； -一 ; ■" ：■ ； ' ' '■• . . . . . . . . . .  . ; ■ • . . • I. . - . .  ; 1 ., i ^ •

■ §  1. Introduction

.Many finlte-d加 ensional Inte琴 释 ariiiltQnian systems arise as restrictions 
of infinite-dim ensional ones to finite-dimensional Inyariant submanifolds o f ;th e ir  
phase space (see, for example, [1—4 ]). In  [5; 61 we proposed a straightforward 
way to obtain a Jxjerarohy of feail^-fdfteeiiisioiial .integtable Hamiltonian systems 
by restrieting a Mer^rchy of integrabl© evolutipii equation! to an iny；ariftEit 
subspac© of their reoursion operator. In  present paper, this approach is developed

■4 •. . "  •.  V : . .

further and applied to the nov^l, spectral parameter dependent Sohrodinger

©quatAon. obtaining a hierarchy of finite-dim ensional
■ .. . •

integrable Ham iltonian systems w ith Neumann type constraint on potential.

f  2。 The oh fbt^titials
Given the line%r . spectral problei^F3 ■

—1
a久參咖屮金说癸= = ^ % v w 乂。i*〇 i-i ■, :(¾¾

...

where isospectral flows, are possess； 5| m ^  Hamiltonian-
- ,  ,  . .  *•
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Now, for distinct consider following systems 4^stead of (2,1) 

么M-卜念入r 1吣也= 入r - u = i ，…，汉》t-0 (2 .11)

From (2.6) ,wo find that if g == (glf • • •, qN) ̂ s  (^i, • *•, <I>n) r is a solution of (2 .11) „ 
then ...:.

D 碼 = 满 *，卜 1，.“，及， （2,12a)
where

; :： ; - ;
m  —1 ： ^ ; ； v

> 一 1.
i= » l

■ .., , • - • • • + . :  . . . .  +.\ i  • ： , ； . .  ...

Tkrougliou^the^aper'no.'.'bou& iai.ycoii'iiB ionoii u and q Is required. So 
(2.12a) leads to

■ - -  . - - ‘ . 、 . .. ， . , - , . -

1 fh l̂
■ -  ■ i=〇 ...w 一

where )8< are in tegral constants, is a vector with m componeiits,
e〇= (1, 0, •••, 0 )r , •••, em-i== (〇> •••? 〇) I ) 2"»

(2.12b)

(2.13a)

Note that

I f  take

m—1
<=〇 i«o ^

m —2
Si«〇

i (2.13b)

.N . m-1 ^

. = . .紙 … : - 丨. .

i t  follows from (2.13) that the luiear spaoe i f  spanned by {Wtf 
^m-i} is an invarian t subspace of Jj. I a  particular, we take

• , •••.； •?. ■ ' ' • ；.'• -■  V ........... - .N
贤  N} C(h “

(2.14)

(2.15)

u - 2 ^ W r b2〇e〇
with “ 0* Md&oVet，访6 assume 如 pier tiiiftt

cte
,<■/1 ，免〉= 1，

where ^  is the inner product in -4*=diag(Xi, •••, Then we have
following

P r o p o s it io n  i 〇 Under the condition(2.t^)^ the constraint on potential (2 .1 4 )  
is e^uimlent to

(2.16a)

U〇8 [ a - y  s  ( - i ) «  j a % ,  q>-<Ai% s> l
(2 .16¾ )L  ,'：r
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卜i - i X - i ) 4 2  '  (2.16c)^ 2 «  ■ h r̂+U^m î . ；.
where h>0, •••, h > 〇, p=  (pi,— ，Pn) t ^  (̂ >ia, •••, 4>nJ)t , and
. . :  .、、 .'你.==(二1)<+1(^屮1 ) ^ 、：：： 丨.-); -.....、

Proof I t  is easy to see that (2.16a) holds for ^= 1 . Using the identity

S  jSfc_{ S  a/yi.i =  S<»1 卜1 i=0 (2.17)

an3 denoting ^,Auqy q} by <?»> for brevity, we find from (2.12b) and (2.14) by 
induction (^<m  —1) that

:fc-i
= 2<& —.1〉一 2 2  —1> +  刀-1 $  i  — 1〉，i««l * . . «*»1

whore w© have
, f . fc-ifc—i fc—i i

s  Umri<j〇- i - v > ^  s a - ^ - i > S
<■ »1 上 - * , :  i ^ l y - ；r r

_ « ；• 2  仏〉…仏〉
' + h + : . r十^ •」 .+.+

/ft Hfy\ 允 一1 fe—1—̂ _
i ^ Z L  v  八、 v  久 >...认>S«；- S <*> S 1

1 •/••.> J-. ,- : fc~-l

' ^ S%

In  the same way, one obtains
fc-iv J D-1 ^

s I . u
衣; 十…+  y 卜1==免—1一 4

. 2  » …你 • :…+ 9=*耘_i (2.18a)

fc-i i
J s = l

fc-X i
D -1 S  S  . <仏 ^ 2>..<心«*1  J * = l  ... ..h

.… ,： .： - ?i+v*+̂ =fcr-y ; . .  广

«  2  - s  ^ : - r v ： '̂:

j'=2 3 h+."+y=fc-《 / v ., •
Using -1¾) "w© obtain (2 .16a) immediately.

I n  Similar way, u s in g . (2.15) and (2> I6a>, we find ^ 1 ^ . .(2,.1¾) tli^ji

1

(2.18b)

<A~% q> <m-2>r <̂1-̂ , ĝ>
—2  <(m — h ~ 2 ^ 2 ai S  …么

fessi i= s l  h + * M +  l<—?£5—4

<A~2q, q>
m—1

L;

, . ,  , 1
1

S  n < ^ …似
U + « » * +  U  « ff» —1—<» {|^xB0

蛣-
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S  : .  '〈心 ”

sa= <A~% q> iA ^ p ,  jp>^<m -2>

. . . : .艺 , (ai+i?<_i)'.、.’S . . . , :仏 〉 …^  .， .

which leads to (2 .16b). ^
Finally^ in  order to determine <?, w© compute the first gomponent ef (2 fc14)s

M〇=2<m —1> —2 2  um-i(jn—i — iy  
<=1. ., .

+ D-1 S g> + 20
•which, by substituting (2 .11)VBecomes •

. •秦 4 '< i ； - -  -<wl

一刀-土 S  aK.m  ~  i *— py +  W〇 + 20«
i s s l  ••

By means of (2.18) we obtain
. .  -• • ••

• hi ：. m  . '

汰> …< 0 .
: i . ’• -i m
▽♦ 沪> + t  S ( - 1v万 jfV丁万 i  . — ,JU M  j s l  十•“..卡 .

Indeed w© can prove tha t 0  is a constant of motion for- (2.11) under the constraint 
on potential (2.16a, b) and (2.15), i.e.f

....... / ： .■ : , ； ■!■' -.1-:- Tl 5：i .11-
■■ ■■ m

dob
=0.

§ 3. A C6姆 letely lMe窆î afcle Ham齡 ftian System uv：-:

Under the constraint on potential (2.15) and (2-.16)-, ifL same ^ay  as： w© 
did iii (2.18a)^ (2#i l )  is reduced to

-• ；； ,;-；： - - , ,
I t  can be written, in canonical constrained Hamiltonlaji sys$era

Pt〇 Z ds〇 _ dS〇
H  ’ qe—~ W

(3 ,1 b )
whtoli is defined on tli6 你ng每it titmdle of

勢 ^ 森，■ 暫丨.^1 ¾ ¾ 和 ， # 辦 ％  「供聽
.̂yS •,

w ith
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s〇=T <2r̂ T5> ^

+  S  (-1 )*  S  <Ahq, ff>] (iA ^q , q > -l)
<as»l h 十…+  &£5所_>{ 一 1 J

+ I S C - 1 ”  s  < ^ ^ ，心 ..<， ，办 -卜4 分 ， ?>.4 <ssl U+«-+2<=sm—< £i
The formulae (2.14) and (2.10) enable us to construct the simple integrals of 
motion for system (3 .1)  ̂ Assuming (p, q) satisifiea (3 .1 ), we have from (2 .12) 9 
(2.13) and (2.14)

(3 .Id)

JV

which leads to

DLu U =  2 2  入深V*

*̂»1 i»0.
wheresubsoript A  means to substitute (2.14) or (2.16) into the expression,, 
hereafter 0 (, /Ŝ fc) are integral constants. Furthermore, we get by induction

(3.2a)D m  i i = 2  s  〇i S  (a〇 ==i, 〇! - 〇),t=0 j=l
fc N m~2IJu  14 = 2 S  0 S S  ̂ r i：W}+ 20M em-t+  s<=1 i=*l <=〇

which, along w ith  (2.3), implies that
衫二  i.:

(3.2b)

(3.3). . . . V 》 + 仏

I t  is obvious th a t Ot are the jjategrals of motion, for system (3 . l a ) . By inserting 
v(3.3) into (2.10a), a straightforward caloulation by induction gives

… (3. 4)  
Substituting (3.3) into both sides；of (2.10b) yields th© following ：

, * .* ： . /i . * - • - 、 、 、. .、 •

L em m a  1.
fc+ 吃二  1.4 1Ojc+m^Jp1je+m+ S  S  ¢^5-^316^-^+2 2 .  Si=»i j*=i *̂1 ：-: .

(3.5a)

witli Fm^Oin^Oy
<A% p > + l  S  [<A% ff>j

+香 包 一 访  f  〈為 ， …<七 义 ，2><如 々 ，?>， 》 = = M ，…，

(3.5b)

where ?i>0, •••, ^ > 0 , F m+i the integrals o f moUbn.for ( B S a ) r ! -  ; - r
Proof I t  Is clear that in  order to get F ^ m,-yrQ just n©ed to replace &/ ,in  both. 

siSes of (2 /idb) By g]> wiiioh is the term  wiihout coiiiaikiiig 〇i(i> 0) in
<3.3): 5 w
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S  [<A^Paj q> + < A ^p f p > K k -j> -  ~ 2 < ^ ? g>
<1> <2> <2> •

•i m—t fc+<
+  - r̂ 2  S 〈艺一 2 —1>Z i=o i=o

<3>

S 〈j —l^ifc+ow 一D —1> 一〈备+ w —1〉，^  J*=l . i :
<4> <5>

• -

<2> *= y  < ^p, p>+ \  23 gf> -  < ^p ，g><^fc_:l"^ ,g > ] ,
/O ti\ i fc+1 n/—1 i fc+1

<1> 〈二”-..t‘—- j >+"5r ‘S < w + 卜 - j >，JU 4as〇 ju 夕 *»1
<6> <7>

1 w?-l k i m-1 le+i
<3>= 2  Ui -jr- 2  Ui 2 〈卜 1>〈而十名—2，i>^  <=0 J=0 A —l Jsste+l

1. JTlr-1 A?+l
= 4  s  ^  s  a ~ j> < i+ i - 2 >^ <»〇

*| wt«~l
+ 万 ] 爲 -i S  <々 + 0 —H —2>

/  ' i^l 1̂ 0
<B> +  < 6 > i ^ L  4- S 12 %  S  <h>-<l3> mS_< a + ? > < m - i - Z - 2 >

么 “al Xt Zi+."*H 产 / Js=〇
(2.17) f»—l ffl —i 一/

s ̂  s
； « !2 2  似 “认> S 你 >《—卜 i>

1 m —1
s~̂ r S  S2J 子=i — … +  洽X  勿+2 —h+̂ +l̂ +ŝ m—1—/

t w—1 _
«i S  <Zi> • • • J) <?i+i il i+ +̂ *i=sm 一 1_ /， \̂ $ »0

m—2
必i S  说〉…<^〉<^+1+ 而><^+2> (心+2">^+2+ 1)li+̂ +l̂ +â w—2—/

4  S C - 1) '  S  认> …你 - 2 。仏>仏 + 吵，

<8>

m

2
4 m~-2

S
j=i

<4〉十 <b>+ <7〉+ <8〉 =  — 〈备+ w —1>.

Th白ix it is easy to see that <1>+…+  <5> amount to (3.5b)': Furtlierinore， a stra igh t-  
forward computation shows that F ^ m are the integrals of the motion for (3 . l a ) , 
i.e., if (p, q) satisfies (3.1a), then

• • . ■• - . : .

^,=0, 1, .... (3.6)
. . . .  . . . •  ■：； '•■*'■./' .... . : - 

Finally, substituting (3.B) into (2.7b), iand computing the terms containing
either <(AJp, p> or <̂ 1̂ 9, g>, we find that
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S  \〇M ^ p ,p > +  S  1<A% p X A ^ - ^ q ,  q>iaO js:〇 L 2 = 0 -

~<Alp, q}}
ftj+tw ***1 1 Ic + tti—1

• -K- S ^  S +  -®2r

where E t is a sum of terms like 〇i〇j
ll+ "_ + 一炸

<&..<〇.

Thus w© assert that after Inserting (3.3), (2.10b) can be rewritten as
i ■  ̂ f / ' h  . ? fc-4 •■ ........ ' . Hx .K+w-1 . .

S 二广 S 饼—+ *®3,<«0 jss<̂ JU *«1 v .

(3 .7 )

Since arid ^ a r e  the integrals of ,the m otton/JS3 -must "fee em. integral of the>
, ■ . . . . -

motion of (3,1a), toqs. However E z does not contain ^A^Pf or g} explicitly» 
So _S3 must 如  zero. Observe that = …=(7饥 •" (3.7) can be
reformulated as (3 .5a)ff.

In A p p en d ix A ， we show that J?Vfm are ip  iirv0luti〇n  with respect to the 
ordinary Poiggon bracket defined as

& ' K H  -  n ) ，
. . • .: • ■ •

i.e., we Jbav© •f • *■ .•

{Fk, F ^ - 0 , 及， 2 =  1，2， …. (3 .8)
We now restrict tlie integrals of motion F t to T 8N~1'—{(̂ p, q ) £ R 2N\F==

1-^-«yl-1^, ^> — 1) =0, Gf=^A~xp, qy =〇}, to construct the integrals of motion F* for-
• - V .,

(3.1b, o, d) Ly requiring that the yeotorfield X F̂  *be tangential to F o t
this purpose, w© hay© to set ^0»113 .

F t =^1—fiiF—
and require that

{玲研丨  (3 .9)

I t  follows from (3.9) that the Lagrangidn m ultipliers fii and are determined

{Fh &}
rs度V^ {F, &}

Then it  ia easy to calculate that " 1 ■ . .

弘OT+r q> p y iA 1- ^ ,  qy
m—1

+ <^, ^>S (-1)* S <Ahq, 1, 2,, ■  .. 饥 ... ....： i

and w© havo
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= 香 〈办  A  + 香 韵 仰 ， 办 - 〈办 ，?><’ 1 ，众 1
' .i  m ^

S  ( -1 )*  S  < # 《 ， ？ >… ?>

m—1+ <Al~% q> Stfsal

and w© find that

(一i)* S  <々 ?，ff>… ?>1 (<上 V，3>- 1 ),

Z =  0，l , 2 ,…， (3.10a)

;H 9^F；m. 、 ' ” … ： :(3 .1 0 1 ))
I t  Is,obvious that Fi are the integrals of motion for system (3.1b, c, d). (3.10b) 
and (3.9) guarantees that the flow defined by (3.1b, d) is on th© tangent bundle 
T 8N~X defined "by* (3.1c). Also, on© verifies readily

{f  ij i I
which together w ith (3 ,8) means that

{J7, JP:}丨 I，蚤= 1，2， …• （3.11)
Thus Fi, 1 =  1, 2, »•• are integrals of motion in  involution ；for the constrained

• ;  -/ . . .

H am iltonian isystem (3.1b, c, d). Note that are distinct and the Vandermonde 
determ inant of %N ls not zem  This guarantees that grad F my grad

are independent. When constructing from ：under the constraint 
condition ^  =  w© find that *-r are functionally independent-
Therefore we have the following

Proposition 2.0 The HaofHiltoniarisystem (3.1) iseomptetely integrable in  the 
sense o f Liomillem %

Jn  the case m ̂  2, siniilar system (3.1) was given： in. [H]*,
Proposition 3. I f  (p, q) solves (3.1), then u given by (2.16) satisfies a certain 

 ̂higher order staUonary'egiiaiion
. 2̂ -1DLNu+ 2  (3.12) *fc=〇 ，• 、. 、•,••，

where coefficients djc are determined '%yt 〇i? Oj/.
Proof Set i

( .^  ■'<； On " -i. ■ . .V； ■ - " ：w  _ .

(入一入1)…（入一Xjf) =  %N -h 2
卜, r . . ‘，5=1 . . . : -心 .

I t  follows from (3.2a) that 1 ' •'
' u  h  2 ^  Wi, i ;  i : s  ..Rl=0

n:A ■wf

Taking dN — t  and
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fs
如 蚤 ~ 1，…，況，isl

we obtain (3.12) immediately.

§ 4。 The Hamiltonian Systems Deduced From the Time Part

The formula (3.5a) allows us to obtain

S  i  =  2,
夕》 1 »«1 + M, + Ŵari

3

(4.1a)»

where …， dsi=l, a2=>^， ¢¢3=1,
/-2 丄 _

a尸  S  azai-卜i+ 2 a y一i 一7  2  (4.1b)JssJ Zx
The details are given in  Appendix B. By using F \ instead of F h can be rewrit
ten as

. . ■ '

〇i = S « /  S  F l ^ F l f \-{<A-% qy -!)& ,.j—1 tWl+M»HhŴasi
When restricting on TS^^y  w© can drop the last term ( ^ A r ^  i since it

：. ~ 
yanislies on T S N̂ xy and we have

〇i I ygi?-» == s « i  s  n ，〇 i ，2 ,…。 （4.i'>,*=*1 fWl+ M,+ Ŵs=i
Now consider systems obtained from (2.2) ,

知> - |  5 踅和+ 刀 V 細，5 f = 5 ⑷丨叫，卜 1，“ .，汉， (4.2)

which, under the cpnatraint condition(2.15), (2.16)and(3.1) f can,be reformulated.
as

(3.3) » fc-1
S q > p ^ < ^ ripy g>qd+ ^ T h〇ic\T8^Psiss〇 fess〇

. . '  . -  ,  .

g 〇 q y p j-K A ^ -1-%
( m  tn+« <

2  2 叫 2  F l r ^ l - t<=s〇 J«〇 dpi T8卜1
(a〇= 1， . K  = 1，■巧 = …= =  0) 

dFt]挤 fTt+lt—ii
= s « i  s  s  ( ^ > i<»〇 Z*=i mi+-+m<»m+n—Z Opj | TS^1
n\  07)4 %«iJj i =̂〇 i+ 1  + <+a

a  «i

S ET# TP* \
+ »« <+js#W + fi /

S  . K “、

rŝ **1

V*^7 <̂〇  ̂ 1 trtj+̂+1/.̂ +1=178+1¾ ,  T8霣""i
Also, it is found by a direct computation that

一  BFt

i n -

•, mt> l)

d m
dx dp tss-x dq rsw-*，枭= 1，2, .” ••

(4 .3 >

(4.4)^



Then. (4.3) and (4.4) imply that under tke con^feraint condition (2.15), (2.16) 
and (3.1), (4.2) can be w ritten in  canonical Hamiltonian form
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with

SV dp
3E
W 7 (4.5a)

(4.5b> 

(4.5o)

where 叫 > 1 ， ^  = … 1= 0, a〇= l ， ai are.given "by (4.1b). Tiie condition (3 .9) 
guarantees tliat the yectorfield defind by (4.5a) is tangential to T8N̂ X.

P r o p o s it io n  4. The Hamiltonian systems (4.5) (¢1==1 , 2, call t〇—x) ccnd
(3.1) are completely iniegrable and commute with eaeji other. J f  (pf g) is a solution- 
o f  (3.1) and (4.5) (for a fixed n), fhen u gimn % (2.16) satisfies equation (2 .4)〇 

Proof Since F% are in  involution, it  follows from (4.5c) and (3.11) that
• . • -v ■ . - . ' . . •

{私 ，flfc} I rw i = 0， = {朽 ， 2, ifc，7i =  0，1，…。
O t „  T S N ' 1

This indicates tha t systems (4.5) and (3.1) are.completely integrable and commute 
w ith each other. Observe that (2.4) is deduced from the, solvability condition o f 
(2.11) and (4,2), (3.1) and (4,5) are obtained *by inserting (2.15) and (2.16) 
into (2„11) and (4.2), respectively. Hence we assert that if (p, q) satisfies (3.1)^ 
and (4.5) (for a fixed 朴） ， tlieii 鉍 given Toy (2.16) so l^ s  equattoa (2.4)。
A p p e n d ix  A .  I n v o lu t io z i  in te g r a ls  o f  m o tio n

Set

(p ,q) e T 8 ^ \
tr — Tt* Tj»» •^n —2Ll ■- r-T ^  mi

g pX^-4-1̂  q>-<̂ p, qXÂ -̂ p, ̂ ],

Q ^ ^ p , p > + l ± ( ~ i y  S  <A1% q > < A ^q , q X A ^ q ,  g>.
• - . ■

Using the following identity

«s〇 iss〇
g+fc+i
<=0

卜1
- S  p X A %  g>, i= 0 , 1, ..., (Al>

t = ! + l

we have shown in [9] tfiat
{&TC, <?{} =0.

I t  is lound that

- S C - 1 V  - S  ； y>1+ asm—« l i*s〇



<3> <2>

- 0 - i - j X h - i > < A ^ * 1% qy} + s i - ( ^ - 1 ) ^><； + ^ > < * + ^ >3'i〇
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<1> <4>
+ (¾ - 1 )  <i5 - 1  qXT〇+ ?i> -  <Al~x~% q X h -i> 0 + j-hh>

<4> ； <1>
+  ? > ] V  .

, <2>

<i>+〈势=^=  .¾ (一1)‘ : s : 久> …<u>
X

•fc*H+h — 1
- S  < ^ ^ - ^ p ,q > < ^ >

-. .1. . ’
. 2  gX ^y -  cycle (h l)

rtsafc J ：

Ir^h^rl ^r;1
( -D *  s  <〇  …< Dh+，:，+“ ~i

U

X S  [< ^ +u-nP, qXJo+n>^<,Ak+u- y ,  g><J+n>3
m 二 1

n=t〇
\iS  ( - 1 ) 4 S  , <^>-<?i-i> .i^l h+-+Z*+i=m-l-«

. . X [ ^ ^ p ,  qy<J,+l^
= 2 ( - 1 ) ^ - 1 s  <2i>---<^2>

2x+***+J<=wi—4

x K A ^ %  ^<]〇+ 1 ^ 〇> 0 + 1 ^ ,
m—1 ' *

<3> + <4>^S (-1)* S  (i-1)仏〉…〈iUXZ+U
i = 2  ? i+  •••+?<=r/i—<,?<>!

X
A?+Z<~*X -fc 一 1 • •
s  <«><vlfc+I<- n-V , ^ > -  S<w ><^fc+J,~n_1̂  fi?> -cy c le (^, T)

■ n^sji »==0 J ；

2,*^Z.«4-丄 饥 —1

- - S  C - i ) S ; ,  S  ：. ■

X  f  S  < n X A ^ p ,  g> - r & < n > < ^ +lt- %  q> ]  -  c y c le d , l)
L jjssfc n =：〇 J

饥一 1
S  ( - 1 ) 4, ! S   ̂ (i~ id
{s=2 <»4 .2<+1astrt—

X KJo+hy^A^p, g>-<ZiX^4fc+!<+1p; g> ]-cycle ( ^ ^ ) , : ,

= S  ( - 1)*-1 2  : G - 2 ) < . " < ^ - 2>

X  [ Q + h - ^ A ^ %  q y - ^ l + l ^ X A ^ p ,  2> ],
. 一 ， • ' - . ^

m  1 . • * ..'

, S  ? g><h+lt> ., ：}；>•
Z i+—+ “ =*WJ—< •, ：̂ -. „ . . . , , , ... .

+  <Z4i.a><^lft+,+,̂ i, ĝ >] — cycled, Z)
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- 2 ( - i ) { S  (i-iXO…汰 - 公i»l <

- i l + l i - ^ X A ^ %  g > ] .

Hence we have {(??(；, Qi} + {G-i, Qfc}-t-{Qft, Qj}.—0. Then it follows that
F i+m} - 〇 . ；

A p p e n d ix  B . T h e  p ro o f o f f o r m u la  (4 .1 )
We show (4.1) by indiictiori. F irst vre have from (3.5a)

&+w—i  fc+w—i  j  ’
2  2  ^ /^»+»1-^=2 2  2 « i  S  ■ F d f F j c + m - j

jŝ x j»=l l»l mi+««+mj=y
(2.17) fc+w-

2 S  «i S  S  F d A-̂1 Issl t7ti+«" + J»j=!fc+Wl—J
饥一1

=2 2  0!j 2  … 州 （饥  1 > 1 ，… ，
j«l Wi+*»+m5-+xssfc+w

jfc+m
=2 2  0!j-i S  J m i…及》»，

j^2 Wl+ •••+ Ŵasfc+ftl

A direct computation shows that
fc—1 /  j  \ /  ft—/  v Jc 1 .
S  ( 2  a我  i )( S  a仇  Si-i) =  S  S  a終 1 S  A, ft-\««1 /  \  J»1 /  i»2 Z«X i=J

Th.®n w© obtain

；—<«

fc+m—1 1 As+w—1 /  j
〇s〇1o^m-^^2 S

I ft/T.W

S
wii十…+ 打̂ » ;

( 纪■ j ■

S ' « /  2  F d ,
Is：-! tni+ M*+mi=fc+7W—i

fc+wi+J'-/
X  S  一¢=¾ j7U+«*+m?=4 s

1
2

fc+ffi //*-1 \

§(S s?wi+*«+m̂ «fc+w

F d n,•i-a

Sim ilarly we find that
fe+W--2 fc+W7~l*»i fc+f»
^ S S (̂ 1 ) . 2 •F

mi+—+m̂ =sfc+m
Then we obtain (4.1) from (3.5) immediately.
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