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A HIERARCHY OF INTEGRABLE HAMILTONIAN
- SYSTEMS WITH NEUMANN TYPE CONSTRAINT""

Zune- Yonso (¥ =#)*" Li YIéﬁEN (%30#)*  CuEn DENGYUAN (f 4i2) ®

Abstract

A hierarchy of 1nteg1able Hamﬂtoman systems with Neumann type constraint ig
obtained by restrlctmg a hlerarehy oﬁ/ evolution. equatlons assoc1ated w1th Adpot-

g %, Mgb A"‘q& to an mvanant subspace of. thelr réoursion operator The mdependent

‘integrals.,of .motion ~and: I-Iamlltoman functions for..these Hamiltonian, systems are.
Aconstruoted by using relevant recursmn formula. and are, shown to be in involution, Thus
 these Hamiftonian Systems are’ completely mtegra,ble and commute thh each ‘other, ©- -

§1 Introductlon

Many ﬁn ite~dimengional mtegrable Hamiltonian systems arise as restrictions
of mﬁmte—-drmensmnal ones to finite~d lmensmnal invarjant submanlfolds of their
phase space (gee, for example, [1~4]) In [5, 6] wo proposed o stra Lghtforward
way to obtain a hjerarchy of ﬁnrte—d imenigional 1ntegrab1e Hamiltonian systems
by restricting -a hierarchy.. of: integrable evolution equation: f0..an invariant
subspace of their recursion opérator, In ‘present paper, thig approach is developed
further and applied to the novel spectral parameter dependent Schrodmger

equataon APest+ Eh‘u,qb N”(;b for obtammg a hlerarchy of ﬁmte—dtmenstonal

mtegrable Hamlltonlan systems W1th Neumann type constramt on potentzal

1

§2 The Constramt on Potentlal

‘Given the linear spectral problem” 3

Y. 2 wtlp= 7t’”¢, S e £241)

.where' 1sospectra1 flows ‘are shown to possess (m+1) oompatlble Hamzlton:an
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structures, consider time evolutions of the eigenfunction ¢ of the form;
. _

b= = BO G+ B, @.2)
where -« 1 SO S NS B UL AL DT S _
) R L N & O

- By= (B0, 0, By, m-1)", R"%LR7‘"_1T‘L7£“’ u=(thoy *+*y Um-1)" . (2.3b)
0 - 0 Jo |

1 e 0 J
L= ’ 1
| | 01‘3:%,; | 1 Jm—:l; | B
_ J1——D2+u1-——-D Ui, J-—u--— D 1u;,, 1=0, 2,o, m—1. '
Here D — the mtegral constant for the’ 1ntegra1 opera,tor D-1 appea.rmg in L is

defined to be ZOTO. Then the hlerarchy of QVO].utLOD. equa.tlons”J deduced . from the

solvability condition of (2 1) and (2.2) can be rewritten ag

| w=DIrw. . | 2.4)
Also, from the solvability condltlon it i knownf"’J tha,t '

bk—'f's‘_:l Jibk-m-H, Co e (25)

and 1f¢Satlsﬁes(2 1) then v_ N ._ _. . _‘

| DS wrg- @ eo

Indeed (2 6) can. be used to get another recursion formula for bk Rewr Lte (2 6) a3
Insorting the expansion . - e ¥

AR el p‘”zpy_&-l . , o (23)

into (2 7), we ﬁnd that Pj sat:sfy the same relatlonshlp (2 5) as b do. If take»

Po=1, then we have P b Multlplylng both mdes of (2 7) by P and integrating
it once yield -

A.P.WP—__ A(Pg)%+2 mz'xfu;P%— 9;""P2--—'=2M.-- (2.9
3Then subst1tut1ng 2. 8) with Py="b; into (2 9) gtves

bk—"" Eum-cz bfbk—s-r*"" 2 bibiesy B=1, «oe; m=1, - (2‘-1091_)

bk'l'm—‘—‘ 2 (b!mbk-l-i-l-—'— bambku-f w) +—-— 2 %; 2 bibk-{-c—d EERE

el e 1 TR NP

B o B T C YT
J=1
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Now, for dlstmct 7\.,, consider following systems: mstea,d of (2 1) ;
%ﬁZMu@%“%Jl N eay
From (2.6),we find that if ¢= (gi, ey gN) ...(951, : qSN)T is a solutlon of (2 11),
then ' : : Lon et
o DL!V,=A.,W,,, j= 1 W N, (2,12a)
where - | v
” W= 'Cl[':.'é} Teeey il’f as)®y
4'.:. 7"'"“195: 2 WHJ i¢h

‘l’i;o-k hk_l(ﬁj 2 }\ak—i_‘J m—t<}5h

o Yhma=¢F .. . s (2 12b)
Thloughout the paper ‘no- boundal y condltlon on u a,nd q is required. So
(2.12a) leads to : »

Lw,=1, w,+ ) ,8;9,, o 2.130)

where B¢ are integral constants, ¢ isa vector w;th m components,
‘ o= (1, 0, «c¢, 0)F, see, Oy = = (0, »+-, 0, )%,
LEM;EBM&%MwV(l:g,QQM-

If take ,. .
Y= 2 a, i+ Z a;e;,
it follows from (2.13) that the llnea,r Space M spanned by {’Q/‘h ;',,, Uy, o, ‘-,

8m-1}. 1s an invariant subspace of L In pa,rtmular, we ta.ke

u=22w,+20e0 ', @y

iy

wit, %g- =0, Moreover, ‘We assume throughout thé paper ‘that’
' L4~ lg, g>=1, . ﬂ.__..: (2 15)

where ( *) is the mner product in RN A d’ag (7\,1, , 7&,,) Then we have

following S Tiees

| Proposition 1. Undefr the condttfwn(ﬁ% 15), the constmmt on potential (2.14)

€8 equivalent o P

um-k=2 w‘ - :2 <Ahg .‘I> </1"qu>, k=1 b m"‘l v (2.16&)

=1 h+--+l¢=k—5

T LT -1y
S LT (2.16b)
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D S TR

| L, p>+——2( ~1)‘ ;}m_ Cdbg, g5-4dig, g, " (2.160)
évhe?ré 11>0, . Z,>0, p= (201, . 7PN> “(?51@; . ¢N$) , wnd

. S - @= (Z1)*1 (1) -

Pfroo f It is eagy to see that Q. 16a) holds for %= 1 Usmg the 1dent1ty

IR SE
2 Bk—t 2 “:‘Ye i= 2 s Z Bo’)’k-i i 2.17)
and denoting {4%g, ¢> by < for brevlty, we ﬁnd from (2. 12b) and (2.14) by
mductlon (]o<fm 1) that '

Yo =2V — 1) 22‘, u,,.-,(b i 1>+.D -1 Zum 1,o$b—4—1>,

where we ha.Ve
. k-1

g2 um—¢<70 i-1= 2<70 i— 1>Za: b3 <l1> <Z;>

Dkt ly=teif.

ﬂr: Ea_,- pIRRCH T IR 2 I A

j=1 §=0 . l bl o) ‘7..70-1—{—-

o= 2“:‘ > | <li> <z:1+1>

7 wedigashe1eg

In the same Way, ‘one obta,ms

D S e i

—D-1 2 G- @—1>§: jas ., +2 RORGE <l;>

=0 Ban-n, | 3 <z1>m<z2> X0

%
; b=y

Usmg 12.18) we obta,m (2.16a) 1mmed1a.tely
In similar way, using.(2.15) and (2.16a), we find from. (2.11). that AT
Up =

Z‘“—T““[<m 2= g

'~2<m - 2>2a, 2 Ay <z‘>] o

k=1 L+ +l4—-76--

( A%, &

m-—1 :

PRI ¥ - 1 ol 4 Zz § —‘1 ] ’
T B w§r & L +z§-m-—i— <1> < ><Z 1 >
Sl .

‘(/1*29, > " VU ' - *

s K @

R -Sa ) <’1> <‘*>

=l htmtli=m—1=—i, h+z=0

DL s KOS <tj> SO @ash)
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pror AT SUWrAERRADA S 4 Y I T SCAMET g T BT T LT T PR T

- ‘;"21 % h"‘ l¢+1=m~§é.l¢+x—i+l;+l <Z1> <Z‘6><z +1> }
<A“1q = [<47p, pr<m=2) &

m=—1

L= E ) 2 ROR <z;>]
which leads to (2. 16b) T s e
- Finally, in 01der to. dete;cmme g, we compute the ﬁrst Gomponent ef (2 14)

wo=2{m—1>—-2 2 um_,<m t— 1)

m=1

+D* 2 %;t-i,a,(m ~i= 1> <pa P> {Pes g>+2a
which, by substltutlng (2 11) becomes

* g = (m 1>~ 2 um_a<m g1y

=l

D"1 Ts‘: um—i.a;('ml - 1> <p, p>+uo+20.

By means of (2. 18) We obtam o
=L i+ 3 (-1 - g_m_ _<z1> RO

Indeed we can prove that 0 is a constant oi motion for (2 11) under the constraint

on potentlal (2 16a,, b) and 2. 15), ie., - ‘

" do

-_-—o

by id
. . o i K T A :‘_
dm L I e I e S . "‘-_;:-
% F ) e .

§3. A Completely Integrable Hamlltoman System th

Under the: constramt on potential (2 15) a,nd (2 16), ;n the same Way ag we
dld in"(2.18a); (2 11) is reduced to -

Bl

| - T A T B DS gyl |1,

Task oo b lg=nt— —fom

"E( 1)‘ > <z1> <l¢-1>7"j‘9: Lol (313')

h+-+h=m v
It can be wrltten in canomca,l constramed Hamlltoman sy&tem

__oH,  _@8Hy v
Pz™=— éq ’ % ap

wh!ch ig defined on ‘the tasngent Pbundle of sphere
o TSN'1={(1) q)ERle,;;==-——((/1’1q, > 1)=o G‘=<A"p, > o} -

with



332 N - CHIN. ANN. OF MATH, © " Vol.138er.B

.
Ho=g 0735 /1‘29, > [< P> - g

-+ ::21 (=1)¢ h+m+§,-"_‘_1 <Alxg, -g>...t‘<;‘/1hg'-’v’ g>] ((A"lq, ¢>—1)

+1 i (-1 2 g, g>ldhg, >+-—1— <p, - (3.1d)

latondlg=me
The formula,e (2.14) and (2. 10) enable us to construct the" sunple integrals -of
motion for system (8.1). Assummg (p, ¢) satisfies (8.1), we have from (2.12),
(2.13) and (2.14)

. B N . . v'l -
DLuIA=2 AT s,
‘ =
which leads to R o
| ' L m=2 .
Lu4=2 ;‘: MWs+2020m-1+ 2’ BPey,

where subseript 4 means to substitute (2.14) o"i*.:" (2.16) into the expression,
hereafter O;, B§® are mtegra,l congtants. Furthermore We get by mductlon

L"ul;-—220 27\.’;"‘@7‘,‘,, (00—-1 01=0), (3.2a)
Lruf4=2 zo 2M~fw,+ 2Ok+16m-1+ 2 ,ss >e., | (3.2D)

which, along with (2 3, 1mphes that _
k Bula= 20Ky, 9 +00 k=1, 2, <3 3)

It is obvious that O; are the integrals of motmn for system (3 la). By msertmg
- (8.3) into (2. 10a,), a straightforward caloulation by mduotlon gives

re

Oy= =0 =0,E0n=0. (3.4)
Substltutmg (3 3) into both sudes of (2 10b) yields. the followmg
Lemma, 1. :
bme?  kbmeled - Rbmeloo 1 kEm=l
" Opm=Fram+ § O E OiFyim-i-1t+2 E;.,;qu’.‘f'"f’" T ;; Oiak-i-m-h
| . (3 5a)
with Fl.--"--—F,,.-l_o Fn=0n=0, |
 Fau=g Ay, p>+—- 3 [<tp, p<di=+1q, gy= <, gp<ap, g">-]-
2( 1)‘;” gﬁm- vy, q> <A""q, q></1"“q, g, 1=0,1, e,
| T 3.50) |
where 1,30, ++, 1,0, F 4 are the integrals-of motion for (3.3a).w = 7 ¢ dvty

. Proof It s clear that in order to get FH,,,, ‘We Just need to replace b;. in both
sudes of (2 10b) by <A’ 1g q) which is the term. w1thout contammg o, ('z,>0) m
(8.3):
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K+l ' : .
F"*M’% 1—21 K4 ps, @ +?</1"'1Py jod (70-_7')— .:."2..25 {44, gd{d"Tp, ¢>

R R @
+3 3w ':E:l:ja—:xx‘k}e-#z—l}
3 o
LS Dt me - Ghm1),
) @ L ® |
ORERT ,p$ + 1S iy, prdiioi, gy—<atp, gy, D1,
LD - 2 "E’fu&m ~ k- a>+—— S tme+j— 23,
| o ® SR
BH= Tj“‘,éo“ 1S (i —I— 1>+~—2u. 2 Q- 1)(70-!—@ 1y
1¥uYa-parion
+1 % ,”';2‘0'<k+z><m —i—1-2
<s>4f<e>;&i.i;.§- Sa 3 @ E Grdim-i-i-2
e L S e R RDG-I-1)
~5Pw 3 _,<z1>.--<zi><z;+-1+k><zm-—1>
1% <h>?~'<:l;>‘<l;-+1+viv>f |

2 J=1 Lkt lgpamm—L1—1,154=0

+--1- > > i< <55+1-+ E><lss2) (zi+2“'>zi+2+ 1)

2 j=1 Zl+“‘+lg+a—-m—2—-

B.%_ =1 S S <z,_1><z,+k>+—- 3 At

i=2 ke +lj—ﬂl"' hbls=m~2

@
<4>+<5>+'<7>+<8>= ——§—<k.+m_~1>.

Then it is easy to see that <1>+ <o +{B> amount to (8.5b). Furthermore, a straight~ ‘
-forward computation shows that Fyem avo. the integrals of the motion for (3.la),

ie., if (p, 9) SatlSﬁBS (8.1a), then

dm

: Fmally, substltutmg (3 3) mto (2 7b), -and computmg the terms conta.lmng

elther <A’p, p> or {Ap, g), we find that
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1 k+1

T E (bmbkﬂ-a‘* ':‘13— ba‘mbk-{&i—:r.a)

il

== ﬁ;ai ’:2_: {05<Ak—“jp,p>+ k 12 [<A[ ’P><Ak—f~j—1—lg’ g>
o= = =0 .

-".<Al ) Q><Ak—i—]-i—l2)1 g>] }_{ E17

k4m~1 1 Edm=—1 -
~y p2 babm-m-l— - 2 0,0km_,-{-Ez,
: J=1 . =1 .
where H; is a sum of terms 1;ke 0 O, > (h) .

Lt o lpmbbmei—j—n

Thus we a.ssert that after msertmg (3 3) (2.10b) ea,n be rewrltten as

H St il o A Ic+m-1

qu-m-—z 0; 2 OiF ysm—ils— ; 2 O; me-a FE3 o 3.7

Since C; and F; are the integrals of. the motion,: Ea must be an mtegra,l of the
motion of (8.1a), t00. However Hj; does not contain <A’p, > or {A%p, ¢) explicitly.
So E; must be zero. Observe that Oy=+ —Om_1~F1— v=Fpy=0, (8.7) can be
reformulated as (3.5a). T o

In Appendlx A; we show that Firem are in mvolutlon with respect to the
ordinary Poisson bracket defined as '

of o9 . .of .0
U gk= E( . a;a’,_ 8105'@.3:' )

i.e., we have - o : .
We now restrict the integrals of motlon F; to TSN “t={(p, q) ER?¥ IF =

:é (</1"1g, g>—1) =0, G‘—(A' , =0} to construct the mtegrals of motion F; for

(3.1b, o, d) by requiring that the vectorﬁeld Xxr be tangentlal to TSY-1, For
this purpose, we have to got 10,117 .

‘ . F‘ -F‘—“1F~ﬁlgy
and require that '

. AT P pori={F5.G} [ pow=0.- (8.9)
It follows from (3. 9) that the Lagrangian multipliers u, and u; are determined by
M_{FI’G} {FhF}
{F, G}

317 2" ll’ {G F } Tgn-a
Then it is easy to caloulate that' ' R
O, =i =0,
. A%, g, S |
Bnsi= = o g>[[< P, 1< g> |
+<A‘“‘q, ¢1>2 ( 1)‘ 2 </1“ ,Q> <A"q, 9>]l 0, 1,3, ooy

. h"l' 'H‘ -m

and We ha,ve
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F:H-l—_‘ 4! ,p>+ 2 [K4! ,21></1‘ ~-1g, g <11‘ ,Q><A“"P 9>]

'§ gl (—=1)¢ u+...+§;"— (Al*g g+ LA xq’ q)(A"'”g g)
+3 '{?FL"“ [<a~p <A, 0>

+<A4 g, g gl (-0t 3 4, g>+<{d"g, q>]:(</1‘;q;’~q> =1),

it tli=m—i—~1
C1=0,1,2, R (8.102)
and we find that . . - .
 Hy=F. ; CUE T e (3.10b)
It 18, obvaous that F; are the Integrals of motion for system (8.1b, ¢, d). (8.10h)
and (3 9). guarantees tha.t the flow defined by (3 1b, d) is on the tangent bundle
T8¥-1 defined by (8.1c). Also, one verifies readily . :
{F, uF'} | ren 1“‘:”’70{F1y F}‘TS‘V“"'O
which together with (3.8) means that : o
‘ {If',, 1} | rgrs=0, 1, 3 1 2 , (3.11)
Thus i, 1= 1" 2, .. are integrals of motlon m 1nv01ut10n for the congtrained
Hamlltonlan system (8.1b, ¢, d). Note that M are dlstmct and the Vandermonde
de’cermmant of Ay, +*%; Ay is" not zero. This’ ,guarantees that grad F,, -, grad
Fopin-1 are mdependent When constructing F; from F;, under the constraint
condition (A‘ig, g>=1, we find that F,’,’,,, ooy ,F,*;+N_2 are functionally independent.
Therefore we have the followmg e | - o
Proposition 2. The Hanidltonian system (3 1) is oompletely integrable in the
sense of Liouville™,
In the case m=2, similar system (3.1) was given: in [11]

Proposition 3 If (p, g) solves (3 1) then u gwen by (2 16) swt@sfies a cerrtam.
-« higher order stationary equaiion ~ ~

w1 .
DLNu+ godk,DL"u———‘O,u = ST 8.12) -

where coefficients 'd;,,' are determined by Ay, +»+, ‘f?LN, Oy, +++, Oy
Proof 8et

(7" ;\'1) (?v ?\.N) A,N+ Egk)\‘N -,
It follows from (3.2a) thai; L

e v DI =2 2%, Edk Zs‘,aii’}f‘f

f=0
=2 2 ch Z?v? 31 Oy pstn |
P . R T =20 -, :
Taking dy=1 and : AR
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dw-k—gk 20 dN-k+b k=1, . N .
we obtam (3. 12) 1mmed1ately

§ 4. The Hamiltoni‘a'n Systems Deduced From the Time Part

The formula (3.5a) allows us to obtain
O=Sa; 3 FpeFn,i=12 (4.1a)

J=1  mtedmg=i

where my=1, <o, my=>1, a;=1, a2=%, : as=—5—,
5—2 1=t '
a;— 2 a,aj..;_.1 }-2“;_ *—— Ea;aj_ (4 1b)‘

" The detaals are glven in Appende B. By usmg F, 1nstead of F;, O. can be rewrlt-—
ten as - _ e _ .
o-Fa B Fo Tk (<A"1q, D=1

When restricting O; on 7872, we can drop the last term ({41, g> 1)0’ smce 1t
Vamshes on TSN '1, and we ha,Ve . |

 Olpe=S B PP, i=1,2, @.1)

. =1 matetdmi=é o : '

Now consider systems obtained from (2.2) - |

bin=—5 BRG+ B, BY =B®|s, j=1, - N, (4.2)

which, under the consbra,mt condmon (2.15), (2 16)and(3 1) can, be reformulated:
as -

(8.8)
Gitn | pgw- == 27\'""7‘ Eoclrsmx ((Ak g, Q>P§ <Ak—1 ~*p, 9>95) -+ 27\'" *O| rgw- Ds
(8.17) nl
EO¢ITs~= [ 2 WA, gopy— <A1, gb) & ‘ps]+0nlm~-rps~
& S v OF i |
. E 1=0 % m:-i-«gmﬁc F” F"' 3}95 Ta®-2 ._
(do=1, Fy=1, Fi=++:=Fh_1=0)
m+n Mf i . " aF* N
= 2 O 2 2 Fm: ch ) (m1>1! °*% m‘>1)
§=0 I=1 mx+~--+m¢='m+n:-z E 6p rgE-=2 ‘ )

G S > Fmﬁ'm)

3]71 =0 @+1 1’1‘-‘!+""+1: = mEn TN 4 -
== a 7 ‘_al—. * L3 . ) = . — * - .
(ap/ §’ t-+1 m:+m+§x=m+nFm‘ ' Fm‘" TS” i (FI ' ;Fm—l O)' (43)‘
Also, it is found by a direct computatlon tha,t
‘a emy  __eEy. | -
& R

7871 39'



No. 8. Zeng, Y. B. & 1Li, Y. 8. ¢t al. INTEGRABLE HAMILTONIAN SYSTEMS 837

Then (4 8) and (4.4) 1mp1y that under the constraint condltlon (2 15) (2 18)
and (3.1), (4.2) ‘can be written in canonical Ha.maltonzan form

_oH, _ __oH, |
9'2,."#"5?7";_ Pe, = —a—é—-, ,. A S (4.5a)

with -
(p, HETS, . (4.5b)

H=3_% FoeFly | (4.50)
' =0 -l-l Myt =t m g _
~ where m;=>1, Fi=--.=F,_1=0, ap=1, a; are given by (4.1b). The condition (3.9)
guarantees that the vectorfield defind by (4.5a) is tangential to T'S¥-1.
Proposition &. The Hamiltonian systems (4.5) (n=1, 2, <+ call fo=2) and
(8.1) are completely iﬁtegmble and commute with eaok_othea'. If (p, @) s @ solution
of (3.1) and (4.5) (for a fized n), then u given by (2. 16) satisfies equation (2.4).
Proof Smce B are in mvolutlon, 1t follows from (4 50) and (3. 11) tha.t
{H, Hy}| =0, %f_* . —~{F%, Ho}rsws=0,T, bin=0, 1,
This indlcates that systems (4.5) and (3.1) are. completely mtegla.ble a,nd commute
with each other. Observe that (2.4) is deduced from the solvability condition of
(2.11) and (4.2), (8.1) and (4.5) are obtained by inserting (2.15) and (2.16)
into (2.11) and (4.2), regpectively. Hence we aggert that if f(p, q)- satisfies (8.1»
and (4.5) (foi‘ a fixed n), then u given by (2.16) solves equation (2.4). |
Appendix A. Involution integrals of motion
Set S
=1 ? [<4 ,p></1"“ 1q, - <A‘ , g><d=-p, q>],

Qu———-<A", >+—~2(~_1)‘ > </1“q,_q> </1"' 9, q></1"‘”‘ , q>

I!."'“‘_‘f' Lg=m—1%

Using the followmg identity
§ <Al+k+!—‘ p><A‘g’ g>+2 <Ai , p><Al !‘k'}'f—‘ q>

. 1+k+d
. =;.‘§0}A<Al.+k+j—tp’ p></1£ ; g> '

141

= 3 dirp, phdig, gy, j=0,1, 0y (Alp
we have shown in [9] that | '
' | {Gs, @iy =0.
1v 15 tound that '
{ka Q}+1{G), Qu} '
Ry R a8 16~ 1y , DX+
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— =1 k-1 y><Af+’~ ,g><z f~z> +<A“’,q><z_1><z +i+0

@ -
— =LA, 5T S [~ =1, gl b
@ @
+ G=1) A=A erp, gOCh+y = A H1p, Qoo+
@ W
i, q.>1},' L
R T
Wy 2 . S-S e <z,-1>
o k+l+l‘ -1
X[ e, g

Bl

+ 2 <A’°““‘""‘Ip q><'n> |- -—cycle , Z)

l,;—>l -+ 1 ”"“1

S (- 1)‘ RS <l;-1>

f=1 - “hberekls '-m--1-

% 2 [</1‘“‘"" , q><70 +'n> -{4FHe ,g><l+n>]

-.=2;,< DS @y

Wbt lga=m—1—¢

X AR, gyl — <A, q><Z+z4>1
o (G IR AR

S lm=m

X [</1’+"p q><k H-1> </1’““‘P, @<+ k221, I
B>+ = 2 -1 S (- 1)<h> <l,—z><l I—Z,_1>

1+ g =m-—‘5 l;>1
[k+l¢—

5 wcarmeip, iy S <n><Ak+’*-"-1 q>] —cycle 1)
’"2( Dt S G ey

AR h+ g =m—leit

x [ 3}y, - < 3 e, g>] —oyele(k, 1)
”2( 1‘).‘ P2 (”' 1)<Z1> Kl 2><l I-Z‘..1>

N‘ +Z{+x—m-—6 —1

X KR, g>— <A™, gb] ~ayolo ().
=3 S GRS

48 X0 +h=m-—

| lx [<k+ls 1><A-l+h y 9> <l+lt—1><—/1k+h ’ Q>]y .
Qi @}~ 2( D o 2 {li—2>[("' EORS ey ,q><ls+k>

x+-' Yy=m—¢

o+ Quzadld i, g5] —oyale(k, 1)

b=1; +1
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"‘2 (-0 3 ("I 1) <l1>"'<zi—2>[<k 'Ht 1><AZ+Z‘I’ 9)

Lt tly=m—t
T4 p, gd].
Hence we ha,ve {G4, Qz}’*‘{Gu Qn} +{Qx . Qi}=0. Then it f°11°WS that {Froems
F l+m} O . ’ i
Appendlx B. The proof of formula (4 1)
W show (4.1) by industion. Flrst we have from (8. 5a.)

Bym—1 +m-—1

2 X OiFpim-3=2 2 2“! 2 F my F o htm—s

=1 =1 d=1 mateidmp=4
(2.17) _ ktm~1  ktm=j
f—————

127] 2 2 .Fm""FmJF;

=1 =1 - mitetmi=htm—]
C kdm—l : ' .
=2 2 o4 ' 2 F m;‘-”F Mgs1 ‘(m1>1, ) m,+1>1)
g=1 Myt +m5u=k+m h
k4-m

==2]2=2 051 2 -me Fm,;'

My +ma=fo+m
A direct computa.tion shows that

F—1 Gmf E J—1 ek pmg . '
p2 2 o3, )( oy, k—j)“z > Gylieq 2 B, iV i, k=t
=1 i=1 j=2 i=1 i=1
Then we obtain.
. 1 k+m—1 1 1 i
5 2 030k+m—i"'—‘ 2 (E E ‘i mc)
2 J= 2 =1 $=1 Map +m,...9

My w b myp=dm—j

(F'a = Fwea)

Fm:"‘Fm; 2 le...F,nd.‘

=l  mabetmg=§ Myt wbmjy=knm—4§

Tttt =1 ' .
bl ( o 0i—p 2 le' o Fm!.
Myt tmi=f-tm

2 =\
Similarly we find that
Ttm—2 o b m~1—4 OF igin (12—2 ‘ 7 7
e ala._l_l>
=1 ¢ E ! k+m b=3 U §=3 N\=1 ! Myt tmg=lotm ™ me°

Then we obtain (4.1) from (8.5) immediately.
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