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g(t, x) =g(i, x) ~ax,a?)
OB

. . . . . .  > .

jp = IirQ sup|®H〇〇
(i.4 )'
(1 .5>

( 1 .6>g=lim sup
!̂ !-io〇 X

and make the following hypotheses：
(H〇) jP, grand e are cortUnuous，分 a〇 ,
( ¾ )  There exists a > 0 ,  sji来

(H2) 272̂ 2̂ ^2) < 2 (1 —cos T) , where «=1 ,
Theorem 1. I f  (H〇) f (Ht)holdy then (1,1) has T-periodie solution. 
Particularly, w© take a =4^) or and then get

Corollary 1. I f  (H〇)'holds, then SpT^+SqTKQ〇y9pT2+8qT<7 impkes that 
(1.1) has T-periodio solution. ' 广  、 '

Corollary 2. Suppose that (J3〇) holds l im ，必 == r exists, and satisfies-.
a ?丨->〇〇 0j

the inequalities 0<r<8jP~2, q<T~t—rT/89 Then (1.1) has T-periodiG solution.
The proofs of Tlieorem 1 alid 0or〇llary 2 vwill be given in § 2.
Theorem 2, (H〇) md (¾ ) imply the existence of T-periodio solutions of (1.1)^
The proof of Theorem 2 will be given in § 3. We aow abandOa tke traditional

g(t , ① y
CO

hypothesis th at Mm sup■ ■■ ；■' . ..

that

is sufficiently small (see [1, 3一 7 ] ) ,  bu t assuma

(H 3) !F2a2< 2 ( l —cosi2), where i 2 # 0  (mod 2^). and B.?—272 Mm . ,

Theorem.3. (H〇) â (Z (¾ ) im^ply the emstence of T-pericdic solutiom o f(1-. 1) <
The6rem4a

ff〇
Suppose that (H〇) holds where

ia ;̂ M >〇 and,- r - - 枝相禮 ^00 (C

then (1-1) hm T^eriodio solution.
Theorem 3 and Theorem 4 will be proved in § 4.;.

§ % ：； The Proof of Theorem 1
i \ \ ； i /•；：. . - ■ ； - 1 ■ ■

七  〇 \ ,. • i . . . .

P iT — {u\u'.R~>Ri is continuous and u{t) —u (t+ T ), V t£ B } ,
for ¢=1, 2, w ith  the norm  .,

| |叫 I = max { ||tt〇〇 ||}, .--...........

where the vector norm is Eudlidean norm  as

：：
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It is easy to know tliat P*T is a Banach space. For M >0 take a suT)spa〇©. lkK4f},
rliich. is a closed convex set. Denote simply

and
«〇==!« 1== max !},• 'o<«<r

(2 .1)
(2 .2)

(2 .3 )

J o

(1.1) is equivelent to the 2-dimeii&ionai System

y = —ax—g(t, <e)+e, 
wiher© a?) —g(：t, x ) —m .  ̂  ̂ , ^

For «(#) € Py. W  consider the nonhomogeneous linear jperiodic system

,:Sf =  - , u(i) ) 4-e. (2.4).-7 〇 1 \ _ _The eigenvalues of 2== ( , j are X。士 V  V 名• We ' V  W
K > a .,： . : . . ■ ： ■and (mod 2<w). Then (2.4) has a unique jP-periodic solutio^
for every uQPj, (see [2] Chapter 4, Theorem 4. 1,1) , „

K {u) (t) -  (X -^T, 0) - I ) - 1 P  X ( t t t+s)k(t+s\ uit+s^dSy (2.5)-> J o  * •
；' ■ ； ■； ' W；^；; - n: : ； . : . , - .'Where X (i, t〇) is the fundaiiieiital matrix of the linear systeiu

!• r：cc
、y t

■ with X  (t〇} t0) == T, and
h(tj u(t)) -gX t, ui1f)fi-e n (2 .6)

 ̂ liQi E^(u) (t) cdnsi<3er tHe mapping
T ： u{f)\r>oc>.i0. (2 .7 )

We prove in the following that there exists an M>Q, such that the mapping T  
3ias a fixed point a?(i) Sq is .a iF-periodio solution of
«(2.3), and then a T^eviodib ^  of ( 1 . 1 ) . ' '

From ( ¾ ) ,  we mŝ y 德 气 移 such that
(f以 厂 ( 8 — ⑷ » 輕 ( t o l T 1) ]

贺細疋费灸 m成 I/知 底 $1¾¾ a祕
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I t o  ®) |<i>i|® K  as 0 < # < r ,  J a 5 |> ii6 , (2 .9 )

\g{t, x) I < piM , a sO < t< T , |a j |< i lf〇, (2 .1 0 )

\F (x ) \< q t \x \i  as \x \ > M 0, (2 .1 1 )

\F ( x ) \< qiM , a a \x [< M 〇. , (2 .1 2 )

Suppose now m6 ^jf. Since ( x ( t ) , y ( t) )  = K (u) (t) is T-periodio, there exist,

times t〇 9 it  , t2i such that
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〇 < f〇< ix < h < t〇+ T }
\<c(t〇) I ®=iZ/〇—max { Iic(f) |}? (2.13>

.+• 0 <t<T  .

y(ti)  ==〇. 2.

From +  (t〇+ T —t2)< T ,  we have either

ix-U < T )%  ( 2 J / >

or
t〇+ T - t 2< T /2 .  '

W ithout lo^s of generality/W e may aissume (2/14)1 h：6Wg. By the definition, of 

ti, +  e = 2/ (i i )  ==0j so cc(h) ^ a ^ X e —gCtt, and then

(2 .1 6 )

is easily seen th ^t ch(t〇)  =0,,8〇 p ( f〇) = F {u (t〇))
\yij>(i) I ^ + ® 〇̂ea!> (2 .v ty

By usidg (2.¾ ) again and again we get

Xq— |®〇〇)  I =  1^(¾ ) f 0)(^) 6>t \ f |^C〇 \^i■ J.tl Jt〇
L 少 ― ’  (M) f  五  I + I上 。 i  0 ) 叫  +  12/(~ )<Cl + W l +  SP (qxM + W〇) /2

<  (* (* I y  (古） 油 i + 0：t + .2 ¾  =  f  f . I —伽  〇0  — 3  (古， m (古) ） +  6 1 ( ¾ ¾ . 卜 e丄+ 2 ¾  t/ J J t 〇  J t'Q
< a  ( (  \x { t) \ dtdsi -h 〇i + T c2 +  b〇i /2  <  bx0/ 2 + 〇i  (1  -1- 5/2) +  T gs ,Jtg j  t〇

and then

^ 0 ^ ( 1 - 6 / 2 ) - ^ ^ ( 1 + 5 / 2 ) + ¾ ]

= ( 1 - & / 2 ) ( 1 + V 2 )  + 2 1 (办 + 及 0取 - W i f C J f 。
.... : ' .. .  ' . . . ； . ...

I t  is proved that

T S mC S m^
(2.4) m  (2 .17)  b e h a v e

: ; \p(t〇) + :

( f l 8 )

(2 .1 9 )

' < T ( « ^ ^ ^ + i ^  + 2d2. ' Ul：- : M，" (2 .2 0 )

, i * W e know tiiat ii^e ^u ic b i^^^  Jai^ily W  fiinctitoig/ so the image s&t
T 8u  is relatively compaot by the Asooli-Arzela theor^m^ Fiidiii the Wiatiii



j? and the continuous dependence of the solutions for the r  ight hand side of the 

mystem, w© know that T  is contixmous with respect to u. By the Schauder fixed point 

theorem, there exists an such th a t x(i) ^T(cc(t)) is a r^periodic  solution of

( 1 . 1 ) . The proof of Th©orcm 1 is completed.

W© now proye Corollary 2.

I f  r > 0 f we take a==r, jp=0, then the conclusion is given by Theorem 1. For 

the case r —0, w© consider the system

x= p ~ F X a })+ E (t)t
y - - g n( t , ^ + e f ( 2 .2 1 )n

where gn(f, x) =g{% x) + rnx, r h> 0 ,

〇 t v i 〇«sly lim ： —r„it Take-a sequence {t,,} which tends monotonously
la?I-+» X ''

to zero, and  rn sufficiently small such that, for any gr< 2 1"*1— Since

gn(iy ^ T nx = g ( ty a?), from tiie proof of Theorem 1 and the Corollary 2  of

the case r > 0 ； there exists an M > 0 y independent of n 7 such th at for any 

sjsiem  ( 2 .21 ) „ has IT-periodio solution with a?h(i) GiSfar- Let a?n(lf) =

T n (〇)n (t) )  . Sim ilar to ( 2 .2 0 ) , w© may get

★ h e r e O C ^ ^ l ^ C X ^ i— ：

Heno© the set ijs relatively compact. We denote a cluster point of

{Tn (〇：„)} by 5 (¢) 6 ¾ .  Sim ilarly, we maiy prove that there exists an M t > 〇 , such 

th a t {yn( t)}  *has a cluster,point y(t)  in  S mi* The n (cc9 y) is a ^-periodic  solution 

of th© lim it system of (2 .2 1 )n ；

w ̂ y —F(po) +M(i) 9 
a ? ) ,

So 5 ( i )  is a T-periodic solution of ( 1 . 1 ) . Corollary 2 is proved.

. . . .  • -§ S, The Proof of Theorem 2
As in  § 2, I • I) is still the Euclidean norm. The norm  || J . || of a m atrix A  is 

taken by the square root of the largest eigenvalues of th© m atrix  A A ^t where A* is 
the transposition of A .

V  ; . ' s

JBy (H 2),r^ 2 f e F .,  w em 昂y take jp；» , 办 > 交， JM〇》 l ,  such th a ta s

(2 .9 )  一 (2 .1 2 )  a；n (3 the formula

r ( 2 —2co s2〇 -  ̂ [ ( 公 + 馬 M ， 2+ (朽 十 说 - 1) 2] 1， ％ ；! . (3 :1 )

told：, wliere |e[,
：̂v〇iu g^ty co) (〇) --〇)» '̂'x： - /̂'：；(3 .2 )
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h ( i )

, (3部

,• '■

• (3.4) 

(3.5);

yr ~ x ~g(iit M( i ) ) + e

has a unique !T-"peri〇dic solutioni

K (u )  (¢) = ( X ~ \ T ,  0) - I ) - 1 (i, i+ s ) h ( i+ s ) ^  
w here. .

h j ~ \ ~ g ^ u m ^ - e  ' )  
and X  (t, s) is the fundam ental m atrix  w'itli X  (s, s) =1  of the linear igystem

^= y , - » •  , 、 、. /  ,, ( 3 ,9 )

We prove th a t for the m apping Ti u(t) h>cc(i), T $ m^ si- l*Jien T  has a fixed

point <c(t) Q.8ut such that — is a IP-periodio solution of the

system, - -  , .- . ^
/

•； x= p-F .(x)+ JE J(t), i  . .  ' … 乂 .

. a〇 + i . ..

Hexjce a；( i )  is a Trperaodic solutipn of (1 .1 )  .

I t  is easy to calculate that

• /  cos (i—s) ' sin:(#—s) \
\  - s i n (¢ -5 )  c o s (i- s )  /° . 

c o s ^  - g in ^ X  

,sin I 7 cos T  /
1 ']( o 6 s T ~ i  s i a r ' \

2 - 2 o o s T  \  ^ s i a T  c k J s I T - ir
• . : • ：' . • •i n  〇v

(3 .7 )

s)

■ • • ., 

\

00*-

(3 ..8)

2 —2 cos 2* V 〇

Tlien

From  (3 .8 ) we have

•• . • . ： - '

: - .  . . . . . .  -

So …

101 = (2^2 008 27) ^ 2. (B .9 )

' t + s)- 0
i .

1^(^, i+s).| =1. ., ;  ̂ ^ .1 0 )
From (2.9)—.(2.12)， （3.4), (3.5)， （3.9)， （3.1:9) >n4':(3.1)，.: w©:每now thaMor

\\a>(t) ||<||£：(m) (t) || (2-2 cos ：

Hence T S u ^-S j^  Sim ilar to Theorem 1 | we may prove th at Ti 8u Su  has & 

fixed point x(t)  which is a JT-periodic solution 〇f  (1,1¾. The



§ 4. The Proofs of Theorem 3 and Theorem 4
• ....
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By 0 ¾ ) ,  we may take OCg^—g《 l ，0 < s 《 l ， such that as 也 > 厚〇，

, . T ^g l+ E o M -1) 2^  (sM+ 6 ^ - ^ ) ^ 2 - 2  cos R . ( 4 .1 )

Ooiisider the system

oo—y~F(a>).-bJEl(i) , .

、 &==-^.(?，.吟 牛 5.、 - . : . . . . : ( 4 . 2 1 )

T B ~ \  Denote still.r,.a  by t, y, Then (4 .2 )  becomea

w ^ y ^ T R - \F { m )
Y ^ ~ T 2R -Z( g ^ , x ) ^ e ) .  (4 .3 )

Consider the linear ^-p erio d ic  system

" (4 .4 )

where uQ Pr . (4 .4 )  has a uniq[ue iJ-periodic solution

r及K (u )  (〇  = 0) - I ) - 1] X a  i + s ) ^ ( i + s ) ^ ,  ^ (4 .5 )Jo
where X { t} s) is given by (3 .8 ) ,  and

~ T R - \ F { u m - W X t )  \  . 1

^ E \  ~ T 2B r2\ g ^ ,  « ( i ) )  - i ) + «：〇〇/*

From (H 3) and the contliiuity and periodicity of g (ty a;)» wo may take

ft (¢),= (4 .6 )

JIfi>Jkf〇, such th at as

； < s> (4 .7 )
. CO

< q i  (4 .8 )

a n d  as Jccj < M lf
: . \T ^ g { t ,x ) ~ < ^ \< 8 M .  (4 .9 )

ffor a n y f r o m  (3 .9 ) ,  (3 .1 0 ) and ( 4 . 7 ) - ( 4 . 9 )  we get

t5o the first c p ^p o n e n t^f  ic(i) ：€ iSiif, Sim ilar |o  § 2, |  3, we miay prove th a t

th e  mapping T: u(t) h* <c(t) has a fixed point a; £  8 a. K  (jx) (t) =  (« (#) . 2 / ( 0 )  is an

B-periodic solution of (4 .B ), and ( * 〇 ) ,  y(t)) = is a,
!T-periodic solution of ( 4 . 2 ) . Theorem 3 ia proved.

i 'u rn  to theorem  4. liet q〇 ~MT~r. T ie n  under, t!he transformatioii /r==^〇i, 

|/ = 2〇a, (4 .2 )  becomes |4 . 3 ) .  GonSider the J2-periodic system

i；；：：U ：
y  = —(&—f f ( t f ^ (¢ )) H™*̂ 〇r2? - ( 4 .1 0 )
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Where F  (x) (a?) — g(t, x) =^0 V * (^

From  (H 4) • Hm!«?!-»〇 〇  X =0, lim
|47|̂〇〇 X ■ 6.

The m atrix
. . . . . .  . . . . ' .  . .

X (i„  s) - e x p { -  ( t~ s j/2 }
i令  〇 - s )  ~’ 3 - ! : 、 .’ 3x COS.

3
Sin 2

(卜s)
i t - s )  ^ L s i n ^ I i t s )

V3 (卜s)
is the fuiidam ental m atrix  of system ' …

y  两 一 边 ：

Let v=? ^  B y 一fi(cos会 —̂  glia w ost?十 音  g in矽) and d5 Tbe the determ inant

of jS—X " 1^ ,  0 ) —I ,  Then D > 0,

( 一 2 " :3  ginv)/3X-(iJ. 〇)=D-vW sinvCOS v/F
& = D~26~B GOŜ  V

, 、/T
g B~2e~R sin v cos -u+ -g- D~2e~B sin3 v —2Z)_16_iJ/2 cos v

3
J)-10-S/S gln v .|_^

. . . . . . .

1 -  ♦ 一 /2(  2 cos 幻 sin Vj e"B sin2̂ >̂0f
D ~ v W c o s  s i n ^ - l  ^ ^ D ^ e ^ s i n v

2VT D^xe~R/2 sin̂ D—V̂ /2 coŝu—1
I t  is easily seen that HS^1! and \\X (i, t + s) |  are finite as 0 < s < S . Similar to abov^ 

w© may prove that for

e o , ,0))^ (,) (,)=h ：

theire exists a iuSficiently large J f > 〇i such that the mappiing T: u(t) P»a?(i) has & 

fixed point as (t) €  8 it, then x (RT~H) is a ST-periodio isolutioa of (1 .1 ) . ;

-  -  ̂ R e f e r e n t s
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