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PERIODIC SOLUTIONS OF FORCED
LIENARD EQUATIONS***

Livo Dinesun (¥ & £)* '_ Zuu DEMINe (k&9 **
Hax Maoan (3 ;‘i—i‘-) ***.

Abstarct
The existence of periodic solutions of the nonlinear system

G4+f (@ +9(E, B)=e(?)
is studied by using the theory of nonhomogeneous linear periodic systems and the Schaudet
fixed point theorem.,

§1. Introduction and Main Results

We congider the existence of T'-periodic solution of the system

| s+f (@) x+g (5, ©) =e(F), (1.1)
where f, ¢: R— R and g: R?— R are continuous functions and g, ¢ are T—periodio
in i, - » |
Over a long period of time there are many research works about the existence of

periodic solutions of Liénard equation o e
G+f (@) 5+g () =e(t) (1.2)
(including the autonomous case of e() =0 and the periodic forcing case of e(#)=0),
and the generalized Liénard equation (1.1) due to the importance both in theore-
$ical studies and applications. Recent years, the Brouwer degree and the Leray—
Schauder degree are used {n the studies of equations (1. 1) and (1.2) in some papers
(see [3, 6—8]). Here we use the theory of nonhomogeneous linear periodic systems

and the Schauder fixed point theorem to give goveral kinds of sufficient conditions

under which (1.1) has T—periodic solutlon MThe results are applicable, and much
simple and clear as compared with some recent works (seo [1, 3—8]).

Let ¥ ' :
7 (o) =L 7 (@) da, ()
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g 0) =9, o) —am, ey
p= 1111111 sup ’ g (¢, o l 1.5
g= hm sup , F(m) ! - (1.6)

and make the following hypotheses
(Hy) F, ga,ndeare continuous, g+, w) =9(s, w), e(t+T) =g(%);
(H,) There exists a>0, such that 0<8a p+pT2+8qT<8 sz
(Hyp) T‘”‘(p"’—t—g"’) <2(1—cos T), where g=1.
Theorem 1, I f (Ho), (H1)hold, then (1 1) has T—pertodic solution.
Particularly, we take a=4p or a= =72, and then get
~ Corollary 1. If (Hy)' holds, then 5pT2+8gT<6 or 9pT2+8gT<7 fbmplws that

(1.1) has T—pemodw solutwn
Corollary 3, Supposa thwt (Ho) holds wm‘b hm gim) (t’ 2) . =r emsts wnd swt@sﬁes

wl—co
the inequalities O<fr< 872, q< T ~¢T/8. Then (1.1) has T-periodic soZut@on.
The proofs of Theorem 1 and Corollary 2:will be given in § 2. ‘
Theorem 2, (Ho) and (H 2) tmply the ewistence o f T—pemodw solutions of (1. 1),
The proof of Theorem 2 will be given in § 3. We now. abandon the tra,dltlona,l

hypothe51s that lim sup l g (t 2) l is sufﬁclently sma,ll (see [1 3-—-7]), but assume

. lal—wo .

that
| (Hs) T?2<2(1—0osR), where R0 (mod 2w) and R?=T" lim 9“ ‘”)

U plmes D
Theorem 3. (H,) and (Hg) 'bmply the extistence of . T~pericdic solutecms of
1.1). , S
TheOrem 4. Suppose that (Ho) holds cmd po—-go, where. - .
' g llm - F () Litn -9\ 0) (t,. -’U)

dlwles B oo &

>O amd Po=

then (1 1) has T—pemodw soluteon N .
Theorem 3 and Theorem 4 Wlll be proved in § 4

§2 The Proof of Theorem 1

Let O.;:-. H,__,
P ={u|u:R—>R! ig contmuous and u(t) u(t+.’l’), VtER}.

fors=1, 2, with the norm , ,

I} = max {||u<t‘> u}, | x{«_eeljz,: e

- where the vector norm-ig Euchdean norm ag’ e 3
@)= <u1<t>;'+u*<t>>1/2 B ORI CHOR 'Mz(t)) ER’ o |
Iu(t)ﬂ lu(t)l it J.fu(#) GR RO R |
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It is easy to know that P} is a Banach space. For M '->0'-ték,e a subspace
Ba~{ulu€ Py, ul <M}
whmh is a cloged convex get. Denote §imply ‘
| uo~llull'* maX{{u(t)l} VMEP%» |

and L
= T-lj e(t)clt o (21)
E(t) =-j COLE A (2.2)
(1.1) is equlvelent to the 2—d1menswna1 system :
T=y— F(cv) +E(t) )
: y-—--—ww—g(t a;) +é, . . (2.8)
where. g(t @) =g (¢, @) —aw. - e I ' ’
For u (%) € P}, we consider the nonhomogeneous linear pemodlc gystem. -
o= yﬁwm»+E@y_w,,;;4,_,_ B
Y=—aw~g( u@))+e. (2.4)
0

'l‘he eigenvalues of A-z(

g
)are?\, +«/w 4. Wo " have \/aT<2m: by
-a

(Hl) and AT %0 (mod 2w). Then (2. 4) has a. umque T-periodic_ solut:on K (%) (t)

for every u € P} (see [2] Oha,pter4 Theorem4 1 1) . . o
K (u) (5) = (KT, 0)~ I)-lj X(t t+s)h(t+s,u(t+s))ds, @5

where X (i to) is the fundamental matrlx of the Imear system
‘ . i y G “ y‘ T +

F(u(t))+E(t)) ) . (26)

g(ﬁ u(t))+e T

Let K (u) (t) (w (t) y(t) ) , and cons ider the mappmg L

._ T: u@®)a ). e

We prove in the following that there existsan M >0, such ‘that.the mapping I'

has a fixed point a:(t) ES a. S0 (a; (t) , y(t)) K (o) (t) 1s a T—-pemodm golution of

«(2.8), and then &(#)'is a T—POI‘lOdJ.O soltition of .1y e :
From (Hy), we may take 0<{pn—py g1 =gy M >M 0>>1, such that

(B—al*) o (piteM “1) (8+QT Dk ST (g: +_E0M “1)]

with X (o, £,) =I, and

hGJMﬂﬁ (

'x"'

o om0/ "y [a’i(yl,ﬂi-eM
“’(Whel'ﬁ b==aT 2/ 4’ ﬁ I‘e})y a'nd IR R R s & IR R
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g o) | <pila). a8 0<t< T, lo|>My, - - ... - (2.9)
G o) | <pM,  as O<E<T, |o|<Mo, (2.10)
|F (o) | <gsla|;  as|o|>M, -0 0 (2.11)
|7 (@) | <q:M, a8 |o|<Bo. - - - (2.12)

Suppose now € Sy. Since (x(t), y(t)) =K () (5) is T-periodic, there exxst.
times 3o, %1, ¢z, such that : -
| o<to<t{<¢2<to‘+fp,
lw(to)l=wo='maX{lw<t) 1} 3 (2.13)
_ | ?/(ti) =0, i= =1, 2 R
From (#;—%) -+ (to+T 1) <T, we have elther E
’ to<T/2 “_ o @1 |
of | o ) v _ ' |
to+ T —1,<T/2, o o +(2.15)
Without loss of gerorality, We may assume (2 14y’ ‘Holds. By the definition of
b1y —wm(tl) g(tl, u(t1)) -!—e—y(t;) 0; 50 w(ﬁi) =@ *(e—g(t1, u(%1)), and then

lfv(t1)l<a 1(py M+ 6) Loy (2.16)
It iy easﬂy seen that a:(to) =0, so y(to) F(u(to)) E(to), e
| |y (o) | <g1M thdo @

By usmg (2.4) again and again we get

aomla@| <L)+ [} @@ <ot [[ o108 |
I <t>dﬂ+|y<to> Nas+7 @z /2

<L. L, |9 &) |dids,+ "1+-T"2=LJ;O | —aw(®) —g G, u(t)) -+e|dbdsy e+ Do |

<ci+j ly— F(u)+E]dt<01+J‘

ta . C
<wL ﬁ‘ |2 (®) ldtdsl—l-01+To2+661/2<b‘”0/2+01(1+ 5/2) +To,
' and_then ' , '
| wo<< (1—5/2)"[ey (1+b/2) +T02]

=(1-3/2) 1[a-1(p1+em-1) (1+b/2)+T(91+E'oM DIM<M.  (2.18)

It iy proved that o o
. = (2.19)

Bes1des. from (2 &) and 2.17) wehave - e

lw(t)|<l!/(t)l+qlM+Eo=ly(to)+j ?/(t>dtl+c.,, -

<f assv(t) g (%, “(t))—eldt-;-zc, S

| - <T(wM+p1M+6) +2c2 N X )
| . “We know that TS i8 i equlcontmuous famlly of functlons, so “the image set
: T8y is relatively compaoct by the Ascoli-Arzela theorémys F_r,om the continuity of 7,
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g and the continuous dependence of the solutions for the right hand gide of the
system, we know that 7T is continuous with respect to %. By the Schauder fixed point
theorem, there exists an « € Sy, such that »(¢) =T(w(§)) is & T~periodic solution of
(1.1). The proof-of Theorem 1 is coyii)leted.

‘We now prove Corolla,ry 2. -

If r>0, we take g=r, p=0, then the conclusion is given by Theorem 1. 'For V

the case r =0, we congider the system ) o
y=—-y»(t w)+e, e,
where o (t, a;) g(t, ) 10, 'r,.>0 ' ' :

Obvmusly hm _9.9.%__"’_)_ =1 Take a sequence {fr,.} whlch tends monetonously

lwl-so0

to zero, and r, sufficiently small such that, for any n€Z*, g<Tf’1-—a",.T/8. Since
Gn(t, ©) =9,G, &) —rao=g (@, o), from i:}ie:‘p‘i-"“oof of Theorem 1 and the Oorollary 2 of
the-case r>>0, there exists an M >0, independent of n, such that for any %€ Sy,
system (2.21), has T-periodic solution (,(%), #.(%)) Wlth a:,, (t) ESM Let -, (t) =
(2, ()) . Similar to (2.209, we may get :
SEXO) ] <T(':‘,,M +p1M +e) +202,
Where 0<p.<1, O<<_71 g<&d, :

Henoce the set {7, (@,) }CSM ig. relatlvely compaot We denote a cluster point of

{T. (%)} by z(t) €S8y. Similarly, we may prove that theie exists an M,>0, such

that {y, (%)} has a cluster; -point y(t) in ;S’Ml The n (a: y) is a T——perledm solution
of the hma.t system of (2 21),, ;T s : : :
o=y~ F (:v) +H(),

y=—gG @) te

Soz(?) isa T—peraodm solution of (1. 1) Qorollary 2 is proved

§3. The Proof of ’Th‘eore'm 2.

Asin §2, .| is gbill fhe Epelidean‘ norm. The norm |A| of a matrix 4 is
taken by the square root of the largest eigenvalueg of the matrix A A%, Where 4* is
the transpos:d;lon of A. ’ | o

By (Hs), T 2kmw, we may take p1>p, g1>g, Mo>>1 such that as M>Mo,
- (2.9)+-(2:12) and the formula - : S
' T(2 2cosT)’1/2[(g1+EoM 1)2+ (p1+eM‘1)2]1/2<1 ' (87D
.hold Whelee-l [ B T P A SRR T
TR gt FERURERE g(t, m) g(t m) @ oo il AT e 00008.2)

T Por any uEPr, the' system B T TR B
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g=y— F(u<t>)+E(t),» |

y=—a—g(, u(t))+e L '» (33)

hag a unigue T-perijodic solutlon , B R
K (u) (8) = (X~2(T, 0) —I) ff-m; bE)RGEe)ds . T - (Gid)

where . - , _ SRR o .
=Py +E@®Y

b= <h) < 5, u() +e ) ey

and X (t 8) is the funda.mental matrlx wuth X (s, s) =] of the linear system
ey, d=—a. 68
We prove that for the mapping T u(f) s (t), g MCSM Then T 'has a fixed
point o (£) € Sy, such that K (a: ()= (a;(t) y(t)) is a T—perlodlc solutlon of the
system - ° : : . :
p=y— IT(m)-Flﬂ(t), e e
. y=—g@G.a)+e. S e (B
Hence m(t) is a T—-pemodm solutJon of (1.1). ‘ :
It is easy to calculate tha,t e
‘cos (#— s) )
—sin(§—8) - cos(¢—s) >
cos T “rgin T\
sin- T cos T )

X(t = ( 3.8

_1@ 0) <
Oé(X”i(T, 0)—T)-i-

1 (oosT = smT > o
2—2c0sT \ —sinT oosT—1/"

P | 10y
T 2—-2c0sT \ 0 1)’ S

Then
| .- 101 = (@=2c0sT) =22 (3.9)
From (3.8) we have -~~~ & = . 7
‘ _ _ | 0
| X)X ) =< ; 1) .
. . L xGeRl=L (3 10
From (2 9) (2 12) (3 4) 3. 5) (3.9), (3 10) a,nd (3 1), we know that for
& Su, ‘ ‘ B T P S S .
Ilw(t) I<IE ) () ll <T(2 ~2 cosT) 1/2[(91+E0M'1)2+ (p1+eM"1)2] 1/2M<M

! Hence T8y 8y. Similar to Theorem 1; we hiay prove that T: Sy —> Sy has a
ﬁxed point @ (t) ‘which is a T-periodic solution of (1.1). The:Theorem 2 ig proved.
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ot e e i S a T T S o~

§4. The Proofs of Theorem 8 a‘n&_j’:l‘hem:em 4

By (Hy). we may take 0<g:1—¢<1, 0<s<1, Mo>1, such tha,t"'as; M >:M0’
- T*(gi+EoM- 1)2—}- (sR-l—eT“’M’iR‘i)2<2 —~2¢osR. - (4.1)
Oonsxder the systom . S
T=y— F(w)+E(i),,
g=—g(t a)ke. | (4.2)
: Let g (t w) g(TR‘it w), BE*(t)=E{TR™), and. change the -yariables. =
TRz, z=TR-*y. Denote still 7, 2 byt 9. Then (4.2) becomes
Gmy-TRAF@=BW®), .~
v= TRt ) =), R X
Congider the linear R—perlodlc system R S
&=g~TR*(F (u()) @),

. -g}==—a> ~T2R-2(g* (¢, o) —e) Bu(t), " (4.4)
where 4 € P:. (4 4) ha,s a unique R-periodic solution S
K () (8) = (X~*(B, 0) =)~ J XG0 hGr)ds, (4.5)

where X (3, s) is given by (3. 8), and o .
h)= (Mt)) [ ~TRAFu@)-B® ) o
ha(8)) .\ =T*R-*(g* (%, u(t)) —&) +u(t) |
From (Hg) and the oontmulty and perlodlclty of g(t a;) » Wo may take M>
M1>Mo, such, that as. lw] =M,

(4.6)

@fﬂ_@_ 1l<8, | N -(4.7)

o [F(””) <a I CX)
and ag ]wI<M'1, ' R 4. L

- | T?R=29 (8, o) — wl<eM 49

For a,ny uESM, from (3 9, (8.10) and (4.7)—(4. 9) we get :
o B @) ()1 < @2 008 B) 2 [T2(qu+ BoM-1) + (eR-+eT2M~*R1) T Y3H <M.
'So the first component, of K (u) @), ©(#) € 8u. Similar to § 2, § 3, we may-prove tha.t
the mapping 7 w(¢) b> w(f) haga ﬁxed point € Sy. K (@) (§) = (@($), y(§)) is an
R-periodic solution of (4.3), and (w (t), y(8)) = (@(T-*Rt), y(T-*Rs)) is a
T—-perlodm solution of (4 2). Theorem 3 iy ploved - :
Turn to Theorem 4. Let go ~Rp-1; Then under the transforma,tlon 'v got

y goz, (4 2) becomes (4 3) ‘Oonsider the R-pericdic system B
» ; L af— —m+y—F(u(t)) +g 1E*(t), e

| y=—a—g(, u(t)) +egs? LR et (4.10)
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where 7 (w) =g5*F () —, §(t, ©) =¢3%¢" (#. ®) — .
From (H,), lim F(“') ~0,lim L2 o

Il —00 @] —oo T

The matrix
X(t, 8) ==exp{ (t—s)/2}

—_..

2

NEBEYE )
3 2

is the fundamental ma,trlx of system

) 2*/3 sin ﬁv(t——s). |

(t—S)

o=—gty, y=-a.

| Let_v v=-—§§- R, D=¢® (cos%—— -'3-/—3- sm vcos fv+% sin fv> and d be the determinané

of B=X"1(R, 0) —I. Then D>0, T
: | cos v - (—24/3 sinv)/3

-1 1g-R/2 S s
X (R 0) = D ( 2/ sinv  cos v— (/'3 sinv_)/3)’
d=Df,26"§___Q§S2OT""“\/?,3' D~%6~® sin v cos v+ ‘g‘ D-%¢"F sin® v—2D~*¢~/* cos v

-+ 1‘13?- D-*e="/2gin v-+1

=D-1 {[1~;-%-'e*"/“"<2cos wv-is-—s;s;nvﬂz.—}——z-} B sm2 }>O

- - L
D*‘e‘”"’(cos v——-—“33 sin ) 1 2\;3 D12 ginw

: 2\?{3 D1 ‘R/zsmv Dl F2 gogp—1

B—izd-l

It 13 eagily geen that | B~ and | X (t, -+8) | are finite as 0<S<R. Similar to above

‘ F(u(# +s)) +go  EB* (¢+8)
t 1 AK t B X t 7 !— ds,
(@@, ¥®) AK ) (9 =B [ >< e aroy i s
there exists a. sufﬁc:ently large M>0, suoh thiat the mapping T u(t) > m(t) ha.s 'y

fixed. pomt a:(t) ES’M, then m(RT"it) i8 & T—-pel lOle solutlon of (1 1)

SV
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