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COMBINED FINITE ELEMENT AND PSEUDGSPEC- 
TRAL METHOD FOR THE THREE-DIMENSIONAL 

NAViER-STOKES EQUATIONS^ He
M a  H e p i n g  (马 和 平 ）* Gfuo B e n y t j  (郭 本 瑜 ）*

Abstract
This paper analyzes a combined method with artificial compression for solving the 

three-dimensional evolutionary Navier- Stokes equations with periodic and no-slip  
boundary condition. A Fourier pseudospectral method with a control operator is used in 
the periodic direction and a standard finite element method in the two others. The gener­
alized stability of tlie scheme and optimal rate o f convergence of the velocity in L2-norm  
are proved on the assumption that the BB condition of the flinite element approximation for 
the two-dimensional Stokes equations is satisfied.

§1. Introduction

Let (x1? £V2) €Q r w h i c h  is a convex polygon of B 2, 2̂ €I =  (〇? 2or) a n d  

Q x l .  We consider the evolutionary Nayier-Stokes equations as follows 
'dtU + (U ^V )U -p 7 2U + V P ^ fr in Q x ( 0 } T ]r
, in fix [0, F]y (1.1)

U(x, y, 0 )^ U 〇(xy y )} in Q,
whe r e  1 7 =  (I7(1), TJ(2\  ¢7(3)) is the velocity, P the ratio of pressure oyer density, 

y > 0  the viscosity constant, Vector function U 〇(oj, y) a n d  the body force f(m y p7 t) 
are given with period 2〇c for the variable «/• W e  assume that the problem (1.1) is 

submitted to semi-periodio boundary condition： periodic condition in y direotiou 
a n d  no»slip bou n d a r y  condition in the two others, i. ©M TJ(x} y, i) =*0 for all co^Qf 

a n d  i G  [0, 27]. For fixing the pressure P, w ©  aliso require that
f P{p〇j y, ¢ ) ( 2 ^ = 0 ,  (〇7 27].
Jo

M a n y  efforts have been done on the numerical approximations of the Navier- 

Stokes equations. T h e  early w o r k  is mainly concerning finite difference methods 

( P D M ) C1"2：I a n d  finite element methods ( F E M ) 113'"43. Recent advances of spectral
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methods show that for the problems with periodio lDOiindary oonditions； the Fouriet 

spectral method, using the trigonometrio polynomials as basis, usually giyes muo^i 

better results than the standard F D M  and F E M  C5-w. T o  study the boundary-layer 

stability, the unsteady separation, the flow past a suddenly heated vertical plate and! 

some other problems, w o  have to deal with semi-peoriodio problems such as (1.1) 

(see [9—12]). If t’he doriiain Q  is 士eoiiangular, we:oah tisS tlie.'combined.'. OJielbysliev 

(or Legendre)-Fourier spectral methods cl3_:t4：1. However, for a general d o m a i n  Q
the spectral methods oan not be used direotly, Although. F E M  is suitable for. ., . ... • • ■ ■ complex geometriesj it may not beiiefitt ftom peribdicity of tlie problem；. So many
papers are devoted to combined sohemes： Fourier* spectral methods in the pe.rspdio^

direotiong and finite difference or finite element methods in the others1*15"1®71 The
authors also proposed c ombined finite element a n d  Fourier pseudospectral metli〇4s 

for solving two-dimensional vortioity equations and Nayier-Stokes equations, in 

whi c h  a control operator is used to ̂ prevent nonlinear instability due to aliasing 

appeared in pseudospeotral methods. T h e  numerical results show the advanteges of 

such methods C2〇-21：1/

This paper aims to generalize the work of [18, 21] to solve the three-dimen­

sional Navier-Stokes equations (1.1) by -using the artificial compressibility method.
•• • + '  .  . . .  . . . . . . .  , .W© also take into account the effect of immerioal q_ttadratiar©. The generalized, 

stability of the scheme and optimal rat© of oonyergence of the velooity in  L^-riorm 
are prdved.

To obtain the conYergence, w© first dissGuss the numerical approxi matioa of 
the Stokes problem. We prove that if the Babugka-Brezzi (BB) condition holds ■ for 
the F E M  of the two-dimensional problem, then it also holds for the comTbined 
finjte element and pseudospectral method .. ( F P M )  of the. three-dimensional 
problem, provided that the additional finito diiiiensiGnalii spaGe, to which the third 
component of the approximate velocity belongs, contains the continuous paece-wise 
linear polynomials space. This result improyes that given in [8],

I n  Section 2, w e  formulate th© combined scheme. Section 3 giyes some l e m m a s  

used in this paper. Section 4 is devoted to eifror estixfiates for the combixied F P M  of 

the Stokes problem. In Section 5v.we prove the generalized stability a a d  conver­

gence. …

§ 2. Finite Element-Pseudospectral Scheme

、 Let 刀 (=;5>” （ 》1 =  1，2 .or.3) be a n  open convex bounded set.. For r > 0 ， we: denote 

, loj H n(D), E ^ D )  and LQi3)) (X：< q ^ ^  Sobolev'Spaces,. T h e  n o r m

a n d  s e m i - n o r m  of [ ^ ( D ) ]  ** are denoted b y  || and | • |r(1). T h e  nor^.of
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§3. L emmas

Throughout the paper, 0  will denote various positive constants independent of 
h, N ：,je and any functions. T];©, ijotatioa-<5 jvill denote the continuous imbedding of 
spaoss. W e  assume that Thisi is not, an. unrealistic restriction, because the
scheme is more accurate In the periodic direction than in the others.

1) Notations and lemmas about functions defined on Q.
In this a il f^ defined 〇nrQ. TiiliS we drop ih^ subscript

Q in the notations of norms and inner product, '
Let Sex L \Q )  -> Lm.h, aad； ^ 〇r- L\Q )->  S°m+1.n be the ^

orthogonal projeqtioM OJ r̂ator̂ , Bet S  -^ iSm+u be the jff^projeotiora
operator, i.e” ■ -■； .-.(Ve(piu~u), V«-u)==〇,.
where V«= (dei, •； ；， - ： ■：' ;"" ■■  ̂ : ' . n

Lemma 1. I f  u € E r(Q), then
0 < r < w + :l ,  (3.1)

sL em m aa ^  ^
|m—列 ||，<0%*^|«|„ r), r< m + 2. (3.?>

I f  u ^ E r(Q) O SK Q ), <2 == min (1, r), then
. l u ^ ^ p ^ C h T - ^ r ,  -r<«i+2,  ̂ (3.3)

. . . . .lu— \u \n 0 < Jt6<l<r<m 4-2# ' ■ (3.4)
J^emma 3， I / w €P2m+4 (瓦) 卿d 卞 6 卞芩，御穴 ，

\E^.(uv) \ <<7^1，?«Ir.jKjl̂ So.icj 0<^<7/1+2. (3.5)
I f  E k (u) ==0 in addition^ then

“ : 1爲 ： n  : :(3场
Proof The results can bo proved by using the methods as in [2B] #
Lemma 4. Let -Swl(Q) « (J?1(Q) ) / and h ie  smtably smalh Then there e<dsts m 

linear o^rato^ -^81^ mch iM i for u^H l(Q ) (Q<sr<si) ,  we ham ^ ( u  —
i；r,； ；■：：,) - -v' n -,. '  ̂ ■' ,i

(S.7)
Proof Lot the vertices of a l l - E " b e  dieiiot^d by {6j} e，n.d {wj} be tl̂ e basia

for Si,^ defined by v}S(bi) <=djh W9 define i4={? |6{£2Q}. For each vertex h4.8Q, we
tak6 one of its adjacent yerties ；b{/€Q  and setwi—Wi-~CrWi/,withcj^/ie(,it)j)/jt4e('U；{»)» 
It is easy to see that by (2.2),

. |ct| , < ( ^ 2) 2, t|wi|.<aA, , (3.8)
Let L 2(ff)-^S i ft.be the i^rthogonal projection operator. Then define

^ n w ^ ^ u —ri, »7=]S {Pu) (fiij wu
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ObYiously,^〇M；€^l». B e〇ausev/^(w；) = ¾  /hq0 〇u) =/*e(«f),

For a n y  f f C Q ) , w e  have

1 I (u — ̂ u , v) I =  I (u—^Uy.v—^ v ) I <||m  — < r ,̂ +1 

Therefore, it is w?ll k n o w n  that ,

Next, w e  shall,'pi’Qye 1；hat:

l h l L <〇Ar̂ |M|r, (^ ,m
the iaaverse pyoperty^ we( llaye ：

ll”I U W < ^ _吻 ， 仍 _. I U N I ^ 仍 _ 1_咖  1丨，4 认 ， 命 智 ：

^Oit is sufficient to prove (3.^0) f〇r For  ̂ p.y ,-yGJ5T1 (Q), lettiag w e

6av©

l̂ A Z6A l̂ A
Suppose that &j G  JSTj € a n d  supp wi=Qi，B/tlie inverse property, w e  have

 ̂: 1 ¾ ¾ ) ]  -= ：s - -  ^ 1 2 )  
O n  the other hand, since =0, w e  iiaye from. (3；8) tlia,i 1

' I (wi, % )  [ =  I (¾. ^ -v {(b i))e ,j^C h ivh^vit(bi)i(i,el. -- (3；1B)

B y  tlio equiyaleiice of n o r m s  o n  Pj, w e  get for a n y  ajj ^   ̂ ^  :

f%(a;)-vft(a〇  |0 irtf ；
*IT6P〇

•• ；  i ； •• ■ ' ： , - / .  ；  , - .  ；  . , • ,  • • - - . .  ,. 、 . i :  t

Therefore, for a n y  a>^Qh w e  have
*' |% (®)^^(6i)l«C |% !i；e,v ; (3.14)

wliich implies \ . r . -  --:-¾

.' 11%‘処 (¾)k e ^ ( ? (鴨 9说 ))」1/2̂ |'1^,<〇^|御 [认 ' (3.15)

H e n c e  w e  obtain from (3.11)〜 (3.; 15) a n d  ( 3 . 3 ) .:. .......

\  . 1 ( ¾  甽 < 仍 ( 2  II.潞 - 的 《 l t U ) 1/2(.艺  W L : ) 1/3

.::,. ; ^ K i u < a ^ i « w  (3-16)
T h u s  w e  get (3.i〇). T h e  combinatioii of (3.9) with (3.10) leads to (3.f).

L e m m a  5. I f  u ^ L m (K ) {]Hr(S^) t < 1 / 2  and is jioced, then
In  particular. \

. £ 〇,,c ^*-CQ), ^ c ^ f C Q ) .  ；； (3.17)

Proof T h e  result oan fee got 1)y proving tiaiiC22>173

l«!l H) Q
I a>~y：\^z- 2rdxdy<o〇. (3.18)

2) Notations a n d  l e m m a s  about fiirictiona defined o n  1  =  (0, 2sp) k ;

v For s^O, Ibi d ^ o i ^ t h ^ S o B o l e y  ;̂ acfe of periodic' di^tributidn^

e X-' ： V L̂ -rr ^ J .； 'I*；. :；.；；̂ :

F o r  s < p , (H ~ 8g ) X i  ： s ；
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ln.thlssubsebti(^;we'di.c)pthie-slilDsdi?ipt-；2VIt'iS:e^g；jr..to.diow.tliatfo：̂.:ajiy. 

aad v^ .0 {1), w© have
..mV)

(3.20)

(3.21)

(8 .22)

(3.23)
(3.24)

(3.25)

(PG (uv), w). =  (m, P〇( w ) ),
Let Pjf： L2(I) Sa he the 2i2-orthogonal projection opei-ator.
Lemma I f  u^H\,{I) and s^O, th&n

||PATW-Mi/1< 〇JV̂ -s|M|s, |Pjr«|s< r« |s> aK s, 
and i f  «>1/2 in addition, then

Lemma T 203. I f  u, d €  Ss , them

| P 〇(mv) |« < 〇 | m^ |s, s> 0 .
Lemma i f  u ^ S N yO ^ —fiK y and s>0,. then

6 - ;： - |i2«|s< ;|«I，. ■
• • • .... -  •;L$mma Qmi. . J / — s>l / 2,  1), r^Oand u, v £ S  2f} tJlOTh

■ (3.26)
3)} Notations ^nd lemmas ^bout functions defined on Q—QX-I,
Let J. be a Banach space; ^We dep-Qt© by 0 (〇, b; 4 ) (a<b) the space of strongly 

continuous functions.from [<?,. &] to ul, and by L2 (〇, 6； A) the space of measurable 
functions u(z) from (a, b)to A, satisfying
. m )  iWI !«(«) |lc?3/) ' < 〇〇.
For any nonnegative integer j ,  let

«quipped respect jyely with the n oi^  and semi-noi*m
IkIÎ (0,6;,1)=='(5]£ 3 ^ ( 2) llicfe)7 , \diu(：z) \\dz )  7 ,

For any positive real s, \£r*(a, b; A) is defined by interpolation. We define the non- 
isotropic Sqboley space for real f , ,^>0 (see [22])

equipped respectively with the norm and semi-norm
||«il£rr.*;〇)== (i|wlll*(I:fl-r(g))+ ||M||flr»(/;iiW))) 1/2,

" "  '  . . .  ：• ；  - ;  .

I W I Ê HO) -(1^1 ha-, Sr(Q)) +  I M I lr»fJ;E«(e») 1/2- '
Ii6-6<7p(I; ^ (Q ))  be tKe set of restrictions to of ixifiBately differentiable functions 
w： tli period for If r land npn-negatjve integers, we dqfiiie by Hrp'* {Q) 
热 欸 你 艰 (J; ” (Q ))租 思 >?(奶 淨 邱 勿 i 用 极  J5P\(Q)) the plGsu^K;of C7 
(I; 0°°{Q)) in Hs (I; E r(Q)). For real r, s>0, they are defined by Interpolation.

, ,Let,H_:l(Q̂  = X S〇tP (Q))f.M 〇Te〇Ŷ T., we define -.
-JE；*»(Q) n i 2(I; m m ,  ■

Af> ^ E ^ (Q ) 1 r, s > l ； ： -¾
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For simplicity, w e  use the notations

I M U s =  I • B Ws=l ，2，/3，：

. 1卜 lUir)* II， II * I =  II * I r. s +  I * II *-1(1) +  I! * I l(r-l) •

Lot I • U  the semi-^Diprni corresponding to ]| <• |U a n d  ||^l^«=^rQjax

Hereafter, let r := m i n  (r, m + 2 ) .

i e m m a  101117]. The following cohtimons imbedding holds:
E r>s(Q y ^ E s'(I; Mr，{Q)), if r V r + s V s ^ l ,  ^ ( 3 J 7 )

H r̂ {Q )^0 {Q ), If 2 / r + l / s < 2 . (3.28)

L e m m a  lln7：l. I f  u^：H rp'*(Q) and 2 /r+ l/s< 2 , then
(3.^9)

. : ; e m m a  12气 I f  and r, s^O, then
\\U-^oPyui « 3 (hr-hN~S) ：|« | ?>s. (3.80)

JJ u ^ A r,i and r, s>l, then i- r .
i . . ..--. .-*•

' . i'- ：. 5 l u - ^ P M t ^ c i ^ + N 1-3) N I m . . (3.31)

L e m m a  13. I f  and s>0, ( X r < m + 1 ,  tlien V

\ \u - ^ P s u | | < d ( ^ - H F - s) I« iffS. (3.32)

B e m a r k  1. If «€ h 2{Q) , then.' ̂  PN uQ. Z 2(Q) «

F o r  m  € (E 1 (Q) ) 2 a n d  ̂  € £ 2 (Q), let

a (ii, v) =v(Vt!Uy k(u, w) «  (Ve»M, w)q.
W o  set X  a n d  Zh=^Lm,hn- L 2(Q). A s s u m e  that the following B B  condition.

h6lds：

(3.38)
■ S  lbli.e

which is ©quiTalent to the following condition1145
• * * . . . . •  ■■ '  ' ■ ： ' • '

. .  ̂： -  - (S.34)
■ wef* ll̂ llOrC

w h e r e  11

F * f  « 私 I差(w，切)’两 0, V 忉
； . *

a n d  F *  Is the orthogonal complement of ia Bh, Another equivalont condition is 
as follow^243

a A .  >(tf> ^  .
? ； , . ■■ -,v〇 (3.35)

•which can be derived from (3.33)-(3.34).

. - ： V ^ t o r  <vmy vm) , w e  denoteJJ == ̂ (1>,v(2)). a n d  ■, ：；

L e m m a  14, Assume that F i ^ F a ^ x F a ^ x  kN < 0  .：33)

-holds,Thm ： . ' ) - ；： ■ i

sup (3.36)
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Proof Let

F 〇 =  { « G  [iI〇 (i3)]3 Idiy «!=〇}.. ■' k ■

According to L e m m a  3.2' of Chapter I in [4]，. the divergence operator 'is a n  5s〇m o r — 

p h i s m  fr o m  the drtliogonal complemeni； of the set Vo in [J3〇(i3)38 onto W- So for 

w ^W s, there exists such that ( '
. .■ _ -diy ll-ul^Olwl... ， j . ., .,(3.37)

, ) ，幽 =.麥 o ^ a n d  斟）. B y  (3.7)，w e  have

A.;:; .. (3.38)

I^ r；e,- ~ K f i< r ,  0 < r< l. . . (3.39)
f I . • , _ - T

..,> Ĵ fext, for each y^.1, let (vs-,- qt)  ^ S hX Zn.hQ determined by

f g(&, i )  - k ( i ,  gs), ^), Yf€iSfR,1 & (va, q>)=b (vNt f )  + (v, <p) q, y-<p £ (^.40)

wh3oli has a unique solution (gj, q&) thanks to (3.BS/4：,. It is easy to see that ( P ^ a ,
• .  • .  •• • • . .

Pirfft).is also the solution qf (3,40),.T h u s  w e  k n o w  that (vdf qs) £V iX W s- L 0t

F r o m  (3.40) w e  have.v ,,

\&{u, i) +5(|, q&) + 5 ( m> q>) | <  | ( ¾  p)«| -h \ i (vN q>) J

H e n c e  b y  (3.35), (3.39) a n d  (3.4), w e  get

II i f —2*|l i, a +, 1?« II 〇, e <  —^ i 3 f  II i, e +J! u I n e，+1| g« | 〇, c .
. . ；k , .  , : . ( s . m
N o w  consider a n  auxiliary problem: for 夕 G i 2(Q)，find ( ¾ ，凡 ）€ [J5^(Q)]2x

suqkthat

I s d ,  ug) - m  f g) = (g, m m r ,
U ( % ，？> ) =〇， 分 ?>€艺2幼 。

(3.42)

W e  K n o w  from the regularity theorem (see [4; T h e o r e m  5.2 of Chapter I]) that

I%IU,e+ IjPff Hi. «<011^1 o.e* (3.48)

Letting i —!Ds —^s a n d  <p=qi in (3.42) , w e  get ̂
- ' 1 " . - .  •.

r ； • <<grX-n&)Q^h{&N- p i  ugy-k(^N
B y  (3.40), for a n y  (|, <p) ^ 8 ^ L ht w e  have

~ v(vN—^s, +  ( ^ r 〇» :
" A •'； ' .

Therefore,

idf i f ^ g ~ 0  ~&(mn~Ss, fo —fp) +k(ng—i) g»)
+  (v, <p-pg)Q^- (p, q〇)^  - ■ ' ■

Hen.ce b y  putting | == # 〇%  a n d  <p=̂ <pg, w e  obtain f o m  (3.1),. (3.3), (3.41), (3.39) 
and (̂3.43)  ̂ . ：■ • ■ ■ ■ " ' ：■ ' ■ ■

I (dt 2«)e| 2«IU,e+1^10,6+ 1̂ ||〇,«) (1%12,«
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which) implies

T h e  above inequality a n d  (3.41) lead to ... . k

, i . S22«IU^|&||〇{1> + ： (S.44)
’ • i . . .  '二  * t •

Finally, let — a n d  t a k © . ^ = w  in the second equation of .〇 .〇40)0

Because fJjQ；(v) ==；〇, w e  have
5(2«, w) =b(vN, w) -!- (v, wj Q̂ b \  (dy(^N-v ^ )} w ) e,.

S o b j r p u枰 扭 g  处  ̂ 如 ，蛰 )，— 省 畔 細 m 〈3.37), 辦  a n d  (3,44) . ; v 。 丨

b(vt, w) =6(^, w )  '==，J|w|j?>〇 i|v|i||w||>aJ|^l

which  completes the proof, ., .. _  ；. ,,.

1»&!1班& 15广 T.Jpre'esykts. a ppsi^ ê. constant.Ch sî ch that 'for _any
? (3,45)

J 4 H 0 r 〇 -2+,iV2)|MJ 2. … ’ ’( 3 . i >

；tey n ^ .；l6， ！/ ”€史 ，” (^ 尹^^)):(〇〈并<1)观 d ；i；€ 丑 "(切 ，访 抓 . ：

; , (3.47)
Lemma 17. I f  s>3/2, then there exist 0<1l<B/?i and fi>0 suck that

丑 札 5(幼 % 丑 辨 抄 & 甘 择 说 )）n 丑 1/2+/4(i:丑 1+私(¢)) n 〇 ( S ) 。 (3.48)

Proof T h e  results can be got from L e m m a  10.

N o w  let di=dei, 82=^^, ds==8v.
18» I f  m  € Jj2»»+4i (ind th&n

' 丨 趴 ( W | ^ 0 « 4 | M | V  ■ ' (B.49>

' " -^(3.50)
I f  and then

::i; .1 馬  緘  IHL j ^ t ，2, : (3.51)

I (m , "^〇 |«|〇(i)|v||, .^*=1,2. (3.52)

Proof T h e  desired results (3.4¾)— (3.52) oan got from (2.5),, (3.5) a n d

th.e inverse property.
! .- .、 ； j < I. j •! _ .Lemma 19. l ' i f  u, \v,

.(P<j {m) r w)'R == (u, P〇 (vw) ) ,  
爲  CP0 (w) «0 = 爲 (mP c (w ) ) 。

(3.53)
(3.54)

w)s.== (m , ^ P 〇( w ) ) R, , ^ (3.55)

：>  ̂ (3.56)

Proof It can be s h o w n  that (3.53)---(3.56) hold b y  using (2.4), (2.5), a n d

(3.20). 3 .
- Lemma 20. As&wme jh a t .u, v, w G ^ L J F a ^ r  s>*3/2 and

i (P〇(vd/u)y'wyh\ +  I (Pc(^iw), «)»!> j , 1=1, 2, 3. ；； ： :：s '-//
^hen there exists 0 < / i < 3 / 2  suchMmt ̂

J f < 〇 8«I?,sI®« M i ,  ) (3.57)
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Jf<0||M||||v||?>5|«;|1, - / (B.58)

(3.59)

And i f  a?, «；€E l t (Q) f ) { Q )  and w 6 H \tP(Q) , then
1 (vdfit, w) I +  I (vdiW, u) I « 7  rnin{||M|；：,,||a)l； |m || iv1?,s>fl«li. (3.60> 

Proo/Firstly, w e  get from (3.53), (3.50), (3.23) arid (3.47)

i f =  I («, P c{0fliw))h\ +  1 (v, P 0{u d ^))h\< 0 \^ ( \d ,m ) \^ \v d M )
(I 丨 如 Ii/2+/j〇»>_+W<») W l i . .

T h e n  (B.67) follows from (3.48). Next, if ̂ 3 ,  b y  (3.53) a n d  (3.52) w e  haive 

I ( P c (^- m ), w ) ft| =  [(dju, P 〇(vw))h\ <ajk|| I P c( w )  I〇(i).
If j —3, then b y  (3.55) a n d  (3.50) w e  have

I (Pc(v8yu) , w)h\ «= I («, 0 „ P〇( « W » R| <(?HM1 1 Pc(tw) Uiy.

T h u s  w ©  get from (3.24)

( I r w l i + f l o ^ j w l ) .

a«d (3.58) follows. Finally, b y  the same a r g u m e n t  as ahove w o  cart prdve (3.59)»

It is n o w  clear that (3.60) can bs got also.

. I t e m m a  21. Asumme that u, Vj w G M  Fa*5, s > 3 / 2  and
I (^P cr-iy^M vdjR ^, w)}：,

Ms= I (P0(Bv8jBw) —B ^/w , R u )\f 
where j —1, 2, 3. Then tTiere suck that ：

Jfx+ | | . ^ . » | N  II w | !. (3.61>

Froof B y  (3.26), Holder inequality,and the imtedding thoerem, w e  get

1 (JRP〇—I) (Rvdjltu) ||-i|^||i . ； . - • . \ '

( j )-1-1,/1 i./2+r,f +  1 ^ 1  l/2+r./| ® I

, ,.;̂ 〇^ ~ * ( | 0 ^ | 8_1(〇)|| v||i/2+f(l+r)+ 1 II 1/2+^)1^II*-1(1)) .

' ( ( 0 0 - 1 )  (RvMu), dflu) I
( I « I lr |hflf/2+r.Z+ l^|l/2+?,l[v ： . ,. ii；.

''' ^ O i V -4(II«IIg{〇)| v|i/2+f(H；r>+ l|wlll/2+r(H：r)lkllsfO)) Ill'll*

§4. Error Estimation for the Stokes Problem
»•••_. ■ • • ., - . V

； let (»7/0 G F ；>< ̂ ( 0 )  sti<ih that

f a(u, v) - b  (v, p) =  vy,. Y ^€ F ,

w ) , ; ;v

W e  approximate («i p j %  €F » X  Ws satisfying ；

fa(u*, v) —b(v, p*) =<r], >
1 b(-u*t w) ： ' v ^stw ^W f

：(4.1)

幽



P r o b l e m  (4.2) is a combined finite eleinent a n d  spectral apprpximation to the 

Stokes problem (4.,1). O n  use 〇f a n  abstract approximation result for this p r oblem 

(gee [4; T h e o r e m  1 .1 of Ohapter II ] ) a n d  the B B  condition (3.3|6); w e  . .tljia.ti 

the problem (4,.2) has a unique solution. W e  then define a linear, operator ̂ 4： ； F  X  

TT -> F a  x  W a b y  P 6 (u, p) =  (Psu, P sp) =  (wft, p*) • Obviously, w e  haYie. thep, ■ (4vl)? 
that ,；.

j a(PifU, v) — b(v, P Np) «=<^7, u>, Y^€ Fa, 

l K{Psu, w) -  (i-} w )% ^ w .^  Ws,
w h i c h  implies that " ； . .1

PtPjfU^PsU, PsPNp^Pdp. (4.3)

L e m m a  Si. I f  («, p) Q amd t, s> 1 ,  then
|m —P s m ||i+  1̂ )-P a_p (||«|Ur,»+ 〈4 •分

\\PifU — P»u\[x+ \\Pjî — P-ipl . (4.5)

Proof T i e  result is a consequejice of [4; Tiieorem 1.1 of Chapter II ] due to 

(3.86)r(3,3l)— :(3：32)； a n d  ( 3 ; 3 ) . ：, . ;

L e m m a  2d. I f  the conditions of Lemma 24 m e fulfilled, andthen
。， .|m —P aZfi:$〇f.(Ar +  ̂ r_s) (|W IU?,•十 、 . （4.6)

Proof For g G  L2(Q), let (%, € F  x  TT be the solution of

j a(v, ug) -b { v , pg) =  (ff, v}f . A fv e V ,
, \ l{ u g ,w )^ 0 , \tw £ W ., ..,

* *

B y  the regularity resnltI::19：,, w o  k n o w  that (ug, pe) G  [Hp,2(i2)]3x  a n d

IklU+II^IU^II^II. (4.s)

Denote ”w =  Pj />7 a n d  r f = P a” fcr simplioity. Let a n d  i n 〈4.7) 。

T h e n  (g, uN—u*) —a(uN—u*, Ug) —h (uN—u*, pg) ~h (Ug, pN —p^).
B y  (4.1) a n d  (4.2), w e  get for any (v, w)€.Vd><Wa

a (us —u*, v) — b (v, pN —p*) — b (uN—u*, w) = 0.

Therefore，… .
(gf- <uN—u^) =  a{uN- — u*, u f — v) — h(iiN-  u*, p f -  w ) -b  (u f—v7 pN - p 9) . > .

H e n o ©  b y  putting v = ^ 〇Ug and. w==Sfpf, w e  obtain from (3.1) a n d  (^；3)

b y  w h i o h  a n d  (4 »5)； (4.8) r w e  get

.:1¾移一p抑 : . ..U
T h u s  (4.6) follows from (3 .21).

L e m m a  26. I f  (tt, p) € [J.^*]8,x H W) and l<Ji<3/2, s> i, then
liP^lli (4.9)

Proof It can be s h o w n  tKat 0vjP4— JJiea pa, of (4.4), w e  ha v e

(4.10)
Next, b y  inver明 property，（4.5)，.(3.1),and (致.3)，we obtain . .
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■ ■ • i + i p ^ ^ p ^p d  '■ ■ ■

(4.11)

T h u s  (4.9) ̂ ollo-ws from (^.10) a n d  (4.il).

L e m M a  *27. I f  the eonditions of Lerntna 24 are fulfilled r>3/2, s>3/2, 

2 / r + l / s < 2 .  ^ =  (Pi«)W), wGVsl) ^nd -：
M ^ l ^ C F o ^ d X ) ^ ) ! ,  M2^ \ E Ji(P〇(^ ld /w )^ )\f

then :'.

^ - h i f 2< ^ ( | | W |U，, (4.12) 

Proof Let u f= P Nua). W e  have fr o m  (2.3), (3.6) a n d  (3.24) 

j /1== i js?A( P p [ ^ r - ^ ( ^ f ) ] W ) i 

'-V； ： - .K O h \ \ u ^ t - W i u l d ^  ■

where

j 2= | | ( i - ^ ) « ^ f ) | | .
D u e  to (8.47), (3.48), (4.9) a n d  (4.5), there exist/*>0, l<iuI<3/2 suclx that

■ •工1(■丨 iwiufw 卜 《 f  IU-H 丨咖 riii/2+爾  丨丨 r .
-<OAr-1(|Mi|4?,»+ lli>ll/s-i,s-i) (11̂ 11̂ .»+11̂ 1 r-i,8-i)»

Since H r>s(Q) is an algebra for 2/r + l/s< 2 , w e  get from (3.2)

W e  can estimate M2 in the same way. T h u s  the prpof ia completed.
E e m a r k  2. If P 5 is replaoed b y  JSPa (7 >s) in (4.4), (4.6), (4.9) and'

• • •••:.. •

v(4.12), then the conclusions still hold due to (3.25).
• • • . .

缺  r. . ■'

§ 5. The Generalized Stability and Convergence
/ . . . . .

N o w  w e  consider the generalized stability1̂  of the scheme (2.8).. Suppose that.

wj,滅  .the pight terms in. (2.8) .have.errors'(Gfc，p 〇.€ FVxTTa and.. Jf, (2=1, 2) 

respectively. T h e n  the errors satisfy the following equations

' (wfc, ul- P11, v) =  (ul ：v) + J S (BuM ,R ^ + R u \  Bv) + J t(Ruks+9,Buk, Bv)
a(u ^ , v ) -b (v ,p ^ a) ^ !( I l  v),' ^ v e V a；r> 0r ： ;：-(54) 

. (u11, pK, w) w) +b(ukira, w) -  (fz, w), ^tvi^Ws, Tb>0. (5.2)
By taking i) =  2wfc+<* in (5.1), a n d  using the following inequalitiesi : - ^•:. ' ~ ， ： .. / . . ： • •. ■ .A V •• r-i；V...

2 1 I - ll̂ lllll'r , 8>Pjr\
' v  t e l / -  ' * - '

r  i.S - • k /
obtain

2 ^ 1  (u i
；. • ■ . .v. • .• ^ .• - O f /  ■ ! . , ：••*. • u



(|Gftll-2) f + f (知 一  1).1碎 1|2+ 少(2—s).|巧 | | + w ( c r + a ) ( |立m . .

+ vr2(2cc< x-a-a-8) 1 ^ 1 1 + 2  F f - 2 b ( u ^ a, j|^||ls,

. ( 6 #

浓 here

F ^ 2 J s(Ruks+e, R u \ Ruh),
Ft==2ad&(Ruks+9, 戚 \  R你 +2令 R和 ,
F t -  2-r (« -  9) J a (Ruk, R u \  Buf) . ..,

B y  taking (5.2) a n d  arguing as above, w e  have

< m p ¥ + ( ^ + ~ ) \ \ m \^.： (5.4)
O o m b i n i n g  (5.3) with (5.4) leads to

( p j | 24 ^ | p f l 2)t+ T ( 2 a - l - S) ( | R | 2~ h S B l 2) 抑 ( 2 - 8 ) 1 ^ 1 1

+ vv(<r+a)Q u^l)t+ v ^ (2 aa - a - ~ a - s ) \ u f \ l + ^ F ^ \ \ p \ \ 2+ \\^ T f (5.5)

where

， ：  ■ ： ^  , - . ( 5 - 6 >

W o  n o w  estimate \Ff \ . F r o m  (3.57)-(3.59) and (3.4S) ； w e  get
.... ' ■

PB

vs . c vr
. 1^1 <sr\\ W u T l^ l l . . .:: :v: ^

B y  substituting the above estimates (^.5), w ©  obtain

■ -； + vV\2 a a ~ a - a - 2 8 ) \u m < \ \M 2+ M ( \ \ ^ ^  (6.7)
where

===̂ - ( l  + a2+ (a  —0)2) |wa|[|®5 .. t̂ s •
■ ■ ■ ■

N o w  assume,that

°，> *2r, 〇r ^  vOI (l~ 2 (xy  (5 .8 》

Let s be suitably small, d〇>0, a n d  consider .the t^ro oases as follows r !
(i) ^^acr^a+ cr'+^sf- 2«^»1-^8 4-(2〇, (®-^)

⑶  2— +g+2^ 2t . _ _ _ ^  (̂ 1〇>
I n  the case (i), it follows froin (5.7) that
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(|^|j2+ / 3 | ^ | 23 , - F - ^ ( R | 2-K/3||^fl2) + H ^ | f + ^ C < r + « )  (!^|f), ' ■

, <17fcll2+ ^ (ll? I2+i8||^||2) +B(uk) m i  ： (5.11)
I n  the case (ii), w e  get from (3.46)

K"t(2a-l-s) (\\uU2+^\\p ( l 2)+yT?2(2 a a --c r -a -2 e )  |^ |?>£2〇1?(|^12+ /3 ||^ ||2) . 
T h u s  (5.11) holds also. Let

i ' • . • •
n—1

fcaO?l—1-p ^ o i u T + m p T + r  s  I7fc|2. .lOssO
Then w e  iav© from (5.11)；
r : ，， ■ E n< Pn+-P s  {M B h-yB (u k)  IMfcIf} .

fc*D：
(5.12)

Finally, w ©  employ the l e m m a  4.16 of [2] to obtain the followiiig result. 

T h e o r e m  1. A s叫 啤 .that..仿 .8)，a n d .: (5.9) or (5.10) hol^i，.and that

P
P S  (1 -28)

(5.13)

''04(00 — 6) 2/t'N- ' ' •

Tlien for all w e  have E n<：pneMn/lr.
W e  next consider the conyergence of scheme (2.8) • Let (u% ^PdOJ^y P 16) 

fee defined in (4.1) —  (4.2)". W e  have from (2.1) arid (2.8) .

( -  (R P c I I^ T ,  v) +g^ ) , V ^ V S}:
. \ L 2( u lp l，w)-=：( g l w ) , :： y -w eW s,

where

gK< = (ult- dtv k, V) R u lR v )  一  J ( V ' U \ ^  + 如 J 认 PM\t, R u l Rv)
十 W 0 ( z 4 , 《) - 〇 , 〇  +  .(尸 一 JBjPcirm + 1 / fc，.《>)，

Lotting u^—ul—us, and substraeting (2.8) from (5.13), w e  get

, v j ut：f ,  v) V ^ ^ F i ,

, t L ^ u 11, pk, w) =  (g i w), ^ w £ W t.
N o w  w e  estimate <r. S  II、 ▼herefc=r〇

_ 丨< 1 秦  i W h  K F a.

B y  (4.6), w e  have

s  \\u % -u n2< 〇< ^ + N - ^  s  (i^flp,s+ i p ? i ^ , s-i>
fc=r) &=0

\ (h2f+ N ^2s) (IIIl K6 *r；[fî 8(fl)]8>

: .  1 i- 't . . ■ ■  . V . . .

/•fcV+i

(5.14)

According to

公•，. ?；N
yre h^ve

•f 疒fcT+古
' Jhv

■ _ ■ ■ ■ ■ . .  ■ . . - .  ., . •• ■ - • . . . . .  ..+ •，‘....... ._.. ............ ..... .......... . •- ... ... . :, , . • - .-. . • - : t
^ / 9 B 〇  .1 r ■, i '•» .,* -  1 i. /j  -*•. '-..V v
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Lot  ̂ >3/2, S > 3 / 2  a n d  2 ^ r + l / s < 2 .  It follows from (4.12), :(3.61)¾ a n d  (4.9)； tlia-t 

' \J6( ^  B ^ B v ) - - Bui  ^) ( " • - A ,
< 〇r ( |E 7 fc|U ，4 - 1 ^ 1 1 ^ ^ ) ^ 1 ^ 1 ^ + ^ ^ ( 1 1 7 ^

B y  (3.60), (4>9) aind (416)• w e  get f ：■' ■

\ J ( B ^ , ^  17s/®) I < 0 (||17^?(,+  1«^|^) 7
、0 (妒+ 汉-令(|17*1 痂 +  «j^Sr-i..-：!),!^:」

Furtfearmore, b y  (3.58), w e  get

\e ^ jsK iK t> R<, i2^)：l < 〇^ I ^ k » M l l l b l U -

It follows fr o m  (4̂ . 9): titiat ■ ：

伽 3 2  W i i J ^ t t 2
i - ' : : fc=s〇 ' ； ： - ； .• .. ： , , . c .、 .. ； ' . '、 .’. •

l0tPSl»(Of7iE!W))9v.
"We can estimate [ro*a(^, v) |and |t«6(v, p%) | in the same way. Using (3 .25) and
{3.29) we have also

l R P 0n ^ ^ f l < d p + N - ^  | / i r,s.
L o t 6 ； 〇 —1—6) denote the constants HepsiLdlng o n  tli© ^  Uf P  a n d  /

^ippoarod above. T h e n  we. have  ̂ ：

r 2  . ^

. . . . . T $ \ \ g n 2< b ^  -

-On the other hand, (3.29), (4.6), a n ^  (4.9) lead to• .: . a •： •• ,.u-；.： . - • : ..'‘.K 匕 . ! ：.:：r. :.v.: '..人; v ；' •'•m < 〇 (hr+ N ^) (It/〇||f,4+  « P 0|r-^-i), .■■：； ；".„• ；

Finally,. applying T h e Q r ^ m .1 to ,(5.14), w e  obtain：t % : fpllpwing result from  
the above estimates a n d  (4.6).

T h e o r e m  s. A s s u m e  that (5.8), and (5.9) or (j5.i6)h〇ld, r>3/2, s > ^ 2  a n d

that ■

_ ；U W ( 〇, Ty l A r ^ t \ m 0 y M sm
P G O (0,T ; n ^ ( 〇y ^ r ^ f 2 ) ) , fQ  a(0; 1 ¾  ■

^iien tiiere exist constants ^ —$6 suoii tli?i wlien , " •各.-...
: h_ m r n ■伟 鋪 纖 ：

lia/ve ̂  alt W ^ i Z 7, . 、.“•••
(5.15)...孓；；[

；, . , , ,  J ：§ . ； v ；, ,
丄这..:.....VGg' 5(iî iVV uu-.：w ^ \  ,}.；：； . ’

^ e  ；p a : r a m e 4 e r ^ ^ ^ ^ * ^  cvperatw i2(y) ^uat33s,oh(^ii„^^ the|



afialysia of errors, w e  used L e m m a  9 with /ii= —1. go w e  k n o w  that the oonyergence 

order would be lowered if 7 < s  +  l. B u t  if-y is too large, then the oonstant 0  in the' 

bound of, (3 .26) is large (see [20]). Therefore, the preoision of calculation m a y ­

be out down. If ̂ + r z+h2 r then Toy ; (5.15)- the convergence order is- 

H e n c e  w e  should , choose y  =  mini((Z, s)+1. Moreoyer, ; because the- 

smoothness properties of U(l> m a y  be different from eacli other, it is jmor© reasonable, 

to define

R U ^X B C ydU ^, R (y 2)m 2\  B (7s)U ^).
I n  that case, the conclusions of T h e o r e m  1 a n d  T h e o r e m  2 still hold provided that 

y t are suitably large.
T h e  numei'ioal results C2〇-21：1 show the adyanteges of the combined scheme. The- 

method used iia t M s  paper is also appllcabl© to other nonlinear problems.

" .乂 . .… . ：， . i . .
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