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Abstract

This paper analyzes a combined method with artlﬁclal compresgion for solving the
three-dimensional evolutionary Navier-Stokes equations with periodic and no-slip’
boun dary condition. A Fourier pseudospectral method with a control operator is used in
the periodic direction and a standard. finite element methed in the two others. The gener—
alized stability of the scheme and optimal rate of convergence of the velocity in L2-norm
are proved on the assumption that the BB condition of the ﬁxmte element approximation for
the two-dimensional Stokes equations is satisfied.

§1. Introduction

Let o= (a;i', @s) €Q, which is a convex polygon of R? y&€I=(0, 2») and Q=
@ %I, We consider the evolutionary Navier-Stokes equations as follows
U+ (U-v)U—vvU+VP=Ff, inQx (0, Tl,
v .U =0, _ ~in Q% [0, T7, (1.1
» U (w, Y, 0) =Uo (2, ?/)r | in Q,
where U= (U®, U®, U®) is the velocity, P the ratio of -pressure over density,
>0 the viscosity constant, Vector function Up(s, y) and the body force f(=, y, )
are given with period 2s for the variable y. We assume that the problem (1.1) is
submitted to semi-periodic boundary condition: periodie condition in y direction
. and no-slip boundary condition in the two others, i. e., U(w, y, ¢) =0 for all 2€Q,
y€I and $€ [0, T]. For fixing the pressure P, we also require that

L)P(m’ Y, #)dwdy=0, 1€ (Or T].

Many efforts have been done on the numerical approximations of the Navier-
Stokes equations The early work is mainly copcérning finite difference methods
(FDM) 1-21 and finite element methods (FEM)53*4,’. Recent advances of speetral
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methods show that for the problems withkperiodlo”boundary conditions, the. Fourier
speotral method, using the trigonometrio _polynomials as bagis, ueually gives . much
better results than the standard FDM and FEM -, To study the boundary—layer
stability, the unsteady separation, the flow past a suddenly heated vertical plate and

" some other problems, we have to deal with semi~peoriodic problems such as (1 1y

(see [9—12]). If the domain @ is rectangular, we cah usé the combined” Ohebyshev

(or Legendre)-Fourier spectral methods 84, However, for 'a goneral ‘domain Q |

the spectral methods can mnot be used direotly,' w1'&ltl'1‘oug]:1 FEM ig suita,ble for
complex geometrlos, it tay not beneﬁt from periodicity’ of the problem So many

papers are devoted to combined schemes: Fourier: spectral methods in the pemodlo

direotions and finite difference or finite oloment methods in the others™-17 The
authors also proposed combined finite element and Fourier pseudospeotral methods
for solving two—dlmensmnal vortlolty equations and Nawer—Stokes equations, in
which a oontrol operator is used to prevent nonlmear mstablhty due to- ahasmg
appeared in pseudospeotral methods The numerleal results show the advanteges of
such methodg [20-213

Thig paper aims to generalzze the work of [18 217 to solve the three~drmen~—‘

smnal Navier—Stokes equations (1.1) by usmg the artificial eomplesmblllty method.

We also take into account the effect of numeriocal quadrature The generahzed
stability of the soheme and optimal rate of oonvergence of the ve1001ty in LP-norm
are proved, . '

To obtain the convergence, we first disseri‘ss ‘the .nu'mer:‘lca,l apProxi mation of
the Stokes problem. We prove that if the Babuéka—Brezzib (BB) condition holds. for
the FEM of the two-dimensional problem, then it a,lso ‘holds for the combi ned
finite element and pseudospectral method (FPM) of the three—dlmensmnal
problem, provided that the additional ﬁnlte d1mensmnalt spaoe, to which the third
component of the a,pproxmlate veloolty belongs, contalns the contmuous plece—vnse
linear polynomxals space. Thig result Jmproves that glven in [8].

In Sectlon 2, we formulate the combmed scheme. Section 3 glves some leroma,s

“used in this paper. Section 4 is deveted to error estimates for the combined FPM of
the Stokes problem. In Section 5; .we prove the generalized stability and econver-
gence, ' E

§ 2. Finite ‘Elernent—Bseud_ospec_tral Scheme

Let DcR® (n=1, 2 or. 3) be an open convex bounded set. For r=0, we denote
by e D), (D) and L" (D) (1<g<oo) the classmal Sobolev spaces, The norm
and semi-norm of [H ’ (D)] " are denoted by |+ le o and |- |,, 2. The norm of [L2(D)]1n,
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i8 ||+ |« » and the inner product of [L? (D)1" is (¢, *)p. In the case of r=0 or D= =Q,
we drop the subscript r or D respectively. Let

MD<u>=jDu<z>dz -
and set '
H,o (@) ={u € H* (@) |u(+, 9) [0=0, VyET;u(w, 0)=ule, 2m), Ve €@},
L*(D) = {u€ L*(D) | up(u) =0},
| V=[H,@71, W=I:0).

We consider the weak foamulation of (1. 1): find (U, P) €V xW such that
{(6tU v) +(({U-V)U, v)+a (U, v) —b(v, P) = (f,v), Y€V, t€ (0, T],

b(U, w)=0, Ywew, €[, 11,

(2.1)
Whe;e

a(u, v) =v(Vu, Vo), by, w)=(V.qy, w) .

Let (%) be a famlly of triangulation of @ by triangles K of diamater<<A such
that Q= KLE_J% K. Assume that there are constants M1, >0 such that for all 4 and
Key\h’

| he<pupr, h<prohg, (2.2)
where kg is the diameter of K, and px ig the diameter of the largest circle contained
in K, For m>0, a fixed integer, set finite dimengional Spaces

Lop={u|u|x€Pn, VK ET3Y, Bmp=LmaNHQ), ma=Lm,» N H}(Q),
Ly = {ululxe P;{, m+1_c.P p EPm-pz; VKEy-h}v Z=1y 2) 3,
PK=U PY, I, =U L, S"‘”=L(”nH1(Q), '
where P,, ig the space of polynomials of degree m or loss,
Using the notations as in [28], let
Fr: €K — Fx(3) =Byis+bg

be the invertible affine mapping which maps K onto K such that the Jacobaan of
the mapping Fy is pogitive. Oonsuder a quadrature scheme &

| j u(zv)da;fvz (B, >0, 1<i<,
which induces a quadrature scheme over the set K
.[x u(m)da:~l=21 oy, k% (b, x), @y, x>0, I<IKL,
where
o, x=det (Bx) &y, b,z =Fr(b).
We define

(u, V)po= 2 (u, ’l’)h,x, (% Vs, x"z wz.xu(bz.x)v(bz.x)
and assume that



No. 3 Ma, H. P. & Guo, B. Y. FINITE ELENENT FOR N—S EQUATIONS 353

By (uww) = (u, v) g — (u, v);,,x 0, Vu vEPg, KCT5,. 2.3)

Wo also define _
@, m—[ LODIED> j O N
By (wv) = (4, v) —(u, V)= ‘?‘ I ' dyEx(uv) @)

‘We introduce the pomts g/,=2aug/ (2N +1) (O< y<2N ), ’ and set
° ' Sy=span {e‘“’l —N<Z<N}

SN is the subset of Sy, contammg all real—valued functlons Let Pg., (T ) —.}SN be
an mterpola.tzon operator, §,e.,

Pou(ys) = u(y‘), 0<g<2N | T
If 4 is a vector, then Pou= (Puu®, Puu®, Pyu®) and so on. For: 7>1 and %€ Sy,

we define a control opera.tor R=R(7) by |
A~ 1,
- - oW, = it .
Ru(y) = ”|<N 1 l l ) Uy =5 (u, .6 Dr. .
Ifu, v, wEV and V-v=0, then o D
(0 V), w) =% (@) >-——<<w-v>w, =60 W), Q0

Tn order to approximate (2.6), wé deﬁne '

Js(u; v, ’“’)——-(Po[(’v' )u], w)h"——(Pu[(’v V)'"’]: u),,,
1t is clear that o ‘ o | _
Js(u, v, 'w)'-}-Ja('w, v, ) =0, R ¢ §

" Lot v be the mesh size in time # and A= —z(h2+N 2. <0 u" (a;) —u(a; Icz') )
which is denoted usually by u* for simplicity. We deﬁne uf= (u"“—u")

‘We now deﬁne the approximation spaces
V= w@sN Va=HV“’ | Wa— (Zm, »@sx) n E2(o>

Let B be a small posutlve parameter of artificial compression (see [3]) The finite
element-pseudospectral scheme for (1.1) is to find (u}; p}) E VX W, such that
| Ll(u,,, 25, 0) = (ub, v) +JT(Ru*, Baf, ‘Ro) Fa(hr, v) = b(v p'g+«)
= (BPGI™if%, v), N0EV,, B30, -
| Lo (u, pf, w) =B(pk, w) +bwh**, w)= =0, ' Jv‘waW@, Ic>0
4y =PII™*,, paEWa;
where ul+e -—u6+0fz:u,,,, etc., ‘0, 0'>0 a>1/2 and” 11’”*1 is the usual La,grange

interpolation operator "of degree m+1 (see [23]) pa is arb1trar11y chosen, but
|psl<0.

- @. 8)
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§ 3 Lemmas

Throughout the paper, 0 w:ll denote various posutlve constants independent of

h, N,» and any functions. The. notatlon .G will denote the continuous imbedding of

spacos. We assume that h<ON -1 'I‘hls ig not,an. unreahstm Testriction, because the
* scheme is more acourate in the pemodlc dlrectlon than in the others.

1) Notations and Iemmas about funCthnS deﬁned on Q. ,

~In this subsectlon, all functlons aré deﬁned on’ Q Thus we drop the subscmpt
Q in the notations of norms and inner product ' s

Let &: I*(Q) —> Lms, Z:LP(Q) > Siivis and. Por LI2(Q)—> 8%41, be the L~
orthogonal  projestion; operatars, Let- &y "H 1(Q) = 821, be the H* proJectlon

operator, i. e,, :
, (Vg(zuu u) Wv) ==0 V@ESW.»,

where Vo= (0, 91" SEREL LR R TR
Lemma,l If uEH’(Q) then

llu-—full<0h’|u{,, o<o-<m+1 | RENCE )
Lemma. 2020 Tfu€ HU(Q), then et moo ey
e .@ull,,<0’h” #lulyy 0<,w<mm(1 fr),fr<m+2 o 3.
If u€H(Q) NHY(Q), d=min(l, r), then -
ot Pl <O *#lu|,, 0<p<min(l, r),a~<m+2 - (3.3)
lu—Pu) . <Ok*|ul,, O0<pu<<i<r<m+2, s . (8.4)
Lemma3 Ifu€P2m+4 (K) and, 'UEPK, then
» !Ex(wv)l<0k'!fwlr x“’v 0. X 0<’r<’m+2 . (3.5)
IfEx(u) =o in addfbt'wn, then - -
| B a) | < OB || |0 m O<r<ind 2, 0<p<l. © (8.6)

Proo f The results can be proved by using the methods agin [23],

Lemma 4. Let H*(@Q) = (H* (Q))’ and h be smtwbly smau len there exists @
linear opemtoq' .% L”(Q)—-)&,,. such that’ for u€ Ho(Q) (0<fr<1), we have ;Le(u-
.Wou) Oamd, S TR : RS R D :

Loy l]u ﬁ’ouu,<0h" "llu[l,, ~—1<pb<fr, 0<'r<1 (3 7)
Pa'oo of Let the vertices of all K &€ T he denoted by {b;} and {w;} be the basis
for 8’1,,. defined by 'w,(b,) =85,, We deﬁne A={l| b,E@Q} For each vertex b,GaQ, we
také one of its a.d]acent verbies. bu €q. a.nd sob fw¢='w;—-c; W, Wlth c;=m(fw;) / pbq('w; e
It is easy %o seo that by (2 2), o ' e st f
o foul < Cpegpea) % llwzﬁ<0k e (3 -8)
_ Let 9’ L"'(Q) —>S1 » be the Lz—orthogonal prolectlon opera.tor Then deﬁne ot

- %u=%-n, n=33(Pu) B, "

A
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01mm>usly,é*«a,ues1 »+ Because: ,wq(w;) =0, m(%ou) m(%) m(u)
For any v€ H*(Q), we have S
| (u—Pu, v) | =| (=Pt 0—Po) | <l u— %u ||@-%n<nhf+1|u| I'v|1 |
Therefore, it is well known. that . '

s — WMHHQGh" "Iul,, . ;fl<,§l¢<?§.‘: AT (3 9)
© Next, we shall prove fhat - SR S |
"7’"/&<Ohr—“|ulﬂ “1<Ill<'r~ ‘- A (3.10)

By the inverse property; we have, - : -

Il ) <OB~*(n, n) <Ch~ "H??ll-1""1H1<0k-1""ll°7!l~1ll?7H - p2=0,
Soit is sufficient to prove (3. 10) for p=—1. For any v€ H'(Q), letting oJ,.r-—-Q”fu, we
have.

[, ) |< X | Pu(by) (w,, v;.) l <(Z !W%(bz) 12)1’2(2 { (@, w))2...(8:11)
Suppose tha.t b; €K, & T b ‘and supp w=@Q,. By ‘$he inverse property, we have

1P | = [Puy -~ Pue) | <OFHPu=Fialors - (@12)
On the other hand 'sincé ;bq,('w;) 0, we have from'(3:8) that S

' i ('wz, o) | =| @y, v~ %(bz))e,|<0h"% (bz) "o.e. ' "*'_“V- (8.13)
By tho’ equw:zlence of xiormg on Py, we get for any @, o' EK - SEREILE I S
[’Uh(w) Wh(‘”’) |0 mf “’Uh'}"wlh K<ol’vh|1 f<0l’vhli m

Therefore, for any € Q;, we have

o) = m(bz)|<0|mie,, L (3 14)
which implies e

 Tonon(3) o<l (mons(@)) [3 hli,e,<0hrvntlo. e
Hence we obta,m from (3.11) ~(3: 15) and. (8.3) - : e P
l(’?, v)l<0h(2 || 9’7‘ P, x.)w(E [ lf, q,)l’”

L <OPu-Pal|wl<or il dol, (3.16)
Thus we get (3 10) The comblnatlon of (3 9) With (3 10) lea,ds to (3 7) "

Lemma 5. If ue L” (K)nH”(K) for wllKEf;, ¢<1/2 and s ﬁwed then

yCH' (Q) In partwculwr

- Lo, ”C:‘H <Q)’ S1 hCHHr(Q) (317)
Proo f The result oan be got 'by plowng thatf22 o

- 9) Notations and lemmas about fiinctions defined on I' -—(O 2 *
For s>0 let H s (I) c:H g (I) denote the Sobolev space of pemodlc dlstrlbutlona
ei‘e" N 4 R : PR U S Lo e ek L (I D

- For s<0, lot H3(I)= (H"‘(I))' '
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In this subsection, we drop the subscmpt 1. It is. easy to- show tha,t for any. 4,
wESN and eEO(I),weheve ' SR E
' (Pc(wv), w). = (u, Pg('v’U))), ST L (8.20)
Let Py: L2(I) — Sy be the L*-orthogonal proJechon operator. BEPEEPR PR,
‘Lemma 6%, Ify&H$(I) and $=0, then :

| Pyu—ull <O ""Ms, | PrulSluly  p<s, - (8.21)

and @f $>1/2 im addition, then A SR o
A “Peu u]|“<ON""]u],, IPOU'a<0.l‘Ill‘”* o<spu<s. (3.22)

Lemma. 7“’“’. If u, vE8y, then ~ e o
Ty <N, 0SSy - (8.28)
| [Pg(wv)[ <0lwu|s, §>0, : (8.24)
f‘nsmma'sm If#€ 8y, 0<s-p<y and 530, thon S

N Ru—ul i <ON*|uls, - | Rulo< [0y - . (3.25)

Lemma 952“ If 2Py §2>1/2, y>max(s—p, 1),a~>0amd %, fvESN, then -

| BPo(RuBv) ~ ~BuBv], <ON*=*(lu|vlyzert luliraselv]d. - (3.26)
' 8), Notationg and lemmag about functions defined on Q= =@xI,
Let 4 be a Banach space:. We denote by O(a, b; 4) (a<<b) the space of strongly
cont inuous functions from [a,. 5] 130 4, .and by L2 (@, b; A) the gpace of measurable
functions »(z) from (a, b)to A, satisfying

S “u“L'(a b-A)"(j Hu(z) IIAd~> 2<°°.
F01 any nonnegamve integer 4, let c
- Hi(a;b; A)—{u<z>€AlaueL9(a, b 4), ' 0<k<j},
equipped respectively with the n01m ‘and sem1~n01m ' S SR

||uum<a,w~(2 [ o), ulminn= =([} 1ot e )™

EFor any positive real S, H (w, b A) 1s deﬁned by mterpolatlon We deﬁne the non-—
‘ 1sotrop;c Sobolev spaoe for real ke s>0 (see [22]) e ’
| T E QY =1A(T; B @) N H(I; Lz(Q)), ,_
equlpped respectively W1th the norm a.nd semi-norm
Yot) zzrve 0y = ("u“m(r (oM + ﬂ““ B L'(Q))) 2,
_ V] grecay = (IU Vet mreon + ] ey r,-co») 2,
“Tiet O3 (I; 0=(Q)) bo thio'set of restrictions to Q'of infinitely differentiable functions
weth period 2w for y. If » and s are non-negative :integers, we. define by Hy* (Q) |
. the; closurerof O(I; 0°(Q)) in H" (2):and by: Hy(I; H'(Q)) the closure. of oy
T; 0°(@)) in H* (I; H '(Q)) For real r, s=>0, they are defined by mterpolatlon.
. Let H 1({2) = (H 0.0: (Q))’ -Moreoyer, we deﬁne .
O THB@-Er @ NG HQ), - |
A= (@) N H(T; H3(Q)) nH; (I; H-2(Q), 7,851
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For simplicity, we use the notations
beles=1"laneam n=1; 2,8,
' “' ua(r) = " * “ [H(Z; A7 @N1™ " “ Ars = " nr.s +" "s—-i(i)"" " "1@'-1)°
lJl,leAé max. |u¥) 4.
0<k1:-<2' ‘

Lot |+|a
Hereafter, let 7 =min (fr, m+2),
Lemma 1047, The following contintous imbedding holds:

Hr(@GH(I; H'(Q), if o//r+¥/s=1, . (3.27)
. H(@Q)GO@), if 2/r+1/s<2. (3.28)
“Lemma 1197, If u€ Hy*(Q) and 2/r+1/s<2, then |

la—I™*Pou| <O (et N [ufra = "7 (3.29)

- Lemma 12%9, If uGH $(Q) and r, s3>0, then ' ~ ’
- WOPNull<G(hF+N")Iu|n° R (3.80)
IquA"" and fr, s=1, then o S e Tl
e = @opyulli<a<b-i+N1-s)|u|~.. ST (3:8)

Lemma 18. Ifu€H}*(2) and s>0, 0<r<m-+1, then -

Nt~ LP | <O G+ N"’)lulr,s. - (3.32)

Remark 1. If € L*(Q), then & Py u€ zz(o)
For u€ (H2(Q))? and w€ L2(Q), let ,
g (u: 'U> ——v(V,u, Vo”)‘?’ b(“y w) = (Tyou, 'w)Q ‘

holds: |
o —b%—”-”lwuwuo o we z,,, | y -:(-3,3'3)

which is equivalent to the followmg condition™? | o
sup b (v, w) .=0]v]1.e VQGV,%, L L (8.34)

-2 Tl
where SR
V»—~{ueS»lb(u, 'w) =0, ‘V"wE I}
and '} is the 0rthogona1 complement of V;. in S, Another equlvaflent condltmn 1s

as follows™# R Ceomeny

2]

(z.gggxi. "§”1.o+llgpllo, , >0(“.uﬂ1.e+“quo.o); V(u, g) GS,,x Z’*?'

which can be derwed from (3 33) (3 34).
For a veotor v = (0D, v, @), we denote »=(v®,0®) and qz=v(3’ R :
Lemma 14, Assume that V1—~V“’><V‘2)>< (S ;.®SN), RN<O amd (3 33)
]wlds,Then sl e T

sup bo "">>ouwn, ‘v‘«weW.,. - (3.36)

‘wers [l

We set ;S’,. =S D x S‘z) and 17 L,,,,,; n L2 @). Assume that the followmg BB condltxon.

(3.35)
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Proof Let | s R
Vo= {u€ [H}(@)1%div =0}, -

According to Temma 3.2 of Chapter I in [4], the divergence operato ‘s an isomor—
phism from'the orthogonal complement of the get ¥, in [Hf (.Q)’_]" onto W. So for

wEW;, there exists v €V such that NEE S I
. diweew, lel<Olul. . . (33D
lLet Prv=o= (", & ), qg5=@og and 'v-—a,,(tv —s)« By (3. 7), we have
‘ lel<Oly?|i<0lel, (3.38)
|9 e <OB #1007 | ey . —l<p<r, O<r<le . (3.39)
.oy -Next, for each y€ I, let (vs5. @) € S % L. be determined by
{“(’Uay ) —b(, ¢) =a@”, &), VEESH SRR (3 40)
b(’l)a, QJ) b, @) + (@, ‘P)Qr V‘Pe Ln,

whmh hag a unique solutlon (2s) gs) thanks to (8.82)™. It is easy to see tha,t (Pva,,

Pxgs);is also the solution of (3.40),.Thus. we know that (v, gs) EV1X Wa Let y=
Po — 0, VPRV, From (3.40) we have: . ‘ _ :
|a(u, &) +5(§, ¢a) '!’b<ur <@ ‘P)Ql + I"'('Z’N — P’ ‘P) l
<(|2]o.0+ 2" = ﬁ‘:..”lh Q) leloe.
Henceo by (3.85), (8.89) and (3 4), we get .. ‘
Hv —l1.e+ lgslloe<]2” — g’:ﬂ”lh. + Ilull1.9+ |Ig,,||o ',

. - <0(v]o.0+ |2 — P 1.0) <0(||3y@1" lo.o 127 11.0) 5 - o (3.41)
Now consuder an auxiliary problem for ¢ ELz(Q) find (u,,, ) € [H1 (Q)]2 Lz(Q)
sugh:-that

{2(6, ug)-.b.(& P_q) =(g, 5)9, ’\7‘56 [HI(Q)]"’; (3.42)

b (u,, @) =0, S V¢EL2(Q)
" We know from the regularity theorem (see'[4; ’I‘heorem 5.2 of Chapter I]) that
| huglz, 0+ 2611, e<0“9'"0. (3.43)
Letting £=0"—2, and p=g; in (3.42), we get -

: T (gr Y —v5)e=1r (2" - — s Ug).— b(’” “"Day Pg) +b(uw 9‘6)
By (3 40) for any (€, @) ESpX L,,, we have .
- . ~,m,_(@?? — s, S) (¢, ¢) +5(a" ~us, 9) + (5,;40)0:.-,,9,.5
Therefore T . v
| (9, 2" ~v5)e=a@" 05 u;—&) — (2" —2s, p,— 9”) 'l‘b(ua S; Qa)

+ (’D, _Pa>@"" (’v; 40)0 ’ ; Co K
Hence by puttmg f—-.@ou, a.nd ¢p ,?pg, we. obtam fom (3 1) (3 3) (3 41), (3 39)

I (y, 2 'Da)el <0{h(llwl"—%||1 ot "!Za"o o+ ||’U“o o) (!lugllz 0
s 1 POE S OS]} 7 PRY S
<0h(||3y14”|lo.e+ lo"11.0) gt d
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Wh'ich} implies '
l&” -—vollo.o<0h( ll&w” lo.0+ Il’vN lwe).
The above mequahty and (3.41) lead.to: SRV
“’06“1<“%“0(1>+ “'Ua“1<0><0(“’UN“1+ hN“’UN“1) <O“’U“1 - (8.44)
Fmally, 1et wW=w— m(w) and take.p= w in - the second equatlon of (3 40)
Because ue(v) =0, we have , . o . -
b('n,,, w) b('u , W) -I- (fv, 'w)q-b(a)N, fw) }- (ay(fv —%), 'w)q,
So by putting %= (@) 25), We, .get from (3.37), (3 38) and (3 44) L
b (vs, 'w) b (0", w) = b(v, W) —ll’wllz>0|lvll Jw|>0] vl IIWII,
which completes ‘the proof o . o P
- Lenma 15, - There evists @ positive comtant O such thwt for any u EVa o

lig<ohNluly, . (8.45)

IUI1<0;(7&’2+N2)" 2. (3 46)

Lemma 16, If uEHV"’“‘(I H"(Q)) (0<,w<1) and fUEH“(Q) then C
\lu’v“<0ﬂ“|l1/z+m>ﬂ®ﬂ1 oy . (3.47)

Lemma 1%. If s>3/ 2, then thefre ewist O<u<3/ 2 and /.o>0 such thwt

HEA(0) G HY 2w (1 ‘H» (Q)) N Hi/240 (I: Hu-n (Q) YNo (g) : (343)

Proof The regults can be got from Lemma, 10

Now lot 9y =2,,, 92=0,,; 05=0,. | -

Lemma, 18. If %6L2m+4 @8y and v€ LSy, then s
| | Dy o) [ <Olul ol (3.49)

B el LO0Tulhel. T i(3.50)

If 4€ (Lomss s ®8y) NH(Q) and v€8PR8y, then SR ‘ |
N B op) | <Oluloilol, j=1,2, = (3.51)
| (u, 00)s] <Olt)owlol,  j=1,2. (8.52)

Proof The desired results (8.49)— (3 52) can be got from (2 5) (3 5) and

the inverse property.
Lemma 19. T f u, fv, WEL,.@SN, then o :
(Pé(ow), wyy=(u, Po(vw) )7» o o (8.63)

o

Eh (Po(vu) w) Eh (wPq(vw)) . ‘ (3.54)
(Pg('ua,,u), 'w)h"' (u, 3vPc(’U'w))m R . n (3.56)
| By(Po(Buyw) =By (wd,Po(ow)). 70 (3.56)
Proof It can be shown that (3 53)— (3 56) hold by using (2 4), (2 5) and
(3 20) .
: Lemma 20. Assume that u, u, wEU V’” s>3'/'2ahd |
M =| (Po(v0p); W) |+I(Po(%3M), u)nl, .1, b=1, 2, 8o cppee Y

;,len there emsts 0<p.<3/2 such that - A
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 M<Oluflolzslwls, e (8.58)
"M<O(lu].v]+ Wh"”“m) ll’wﬂ S (8.59)
And %f @, vEH ,(2) NH;,:(Q) and w€HS,, (), tlwn - ST S
C (s, W)I-!-I(wzw u)|<0 min{|u|za|2l, fuliv Hu.s}ﬂ%ﬂz ~ (3.60).
P'roof Ficstly, we get from (3. 53) (3.50), (3.23) and (8.47) '
M= (v, Polopumw))n] +| (v, Po(udmw))s| <Olvf (| :WH'FHu@ﬂvﬂ)
<0H’”“ (“3i’w||1/2+n(n)+“““w)“’wﬂi L '
Then (8. 57) follows from (3. 48) . Next, if j%3, by (8.53) and (3.52) we have- -
1 (Powom), wyal = (2, Po(W)) |<0 lluﬂ IPc(W) Iome
If j=3, then by (8.55) and (3.50) we have o
1 (Polwdy), )] =| (uy 3yPo (’v'w)) | <Olul | Po (o) | ocs
Thus we get from (8.24) '
,, M<0l|u|| (IWI1+II®3MH) L
‘aud (8.58) follows Fmally, by the same argument as ‘atove we cart’ prbve (8. 59)
© Itisnow clear that (3.60) can b> got algo: :

Lemma 21 Asumms t}mt u, .0, wGU V“’ s>3/2 cmd ‘

Ml—{ (RP¢— I) (Rw@;Ru), w) |,
=| (Py(Rvd,Rw) — Rvdmw, Ru) e
where j=1, 2, 8. Then tlwre exists 1<p<3/2 such-that - " REI
a M+ M <ON-ul palv] o5 Awls (3 61)-
.Pa"oof By (3.26), Holder inequality.and the imbedding thoerem, we get
M;<| (RP¢—1I) (Rvd;Ru) “—1“’"’“1 PR - oo

<0N‘8{J‘ d‘l’(wﬂ"s—1 1"’”||1/2+r r+ 10| T a4+, r! 0[5, ,)}Uzﬂwﬂ

<ON "3("35’16"8-—1(0)n‘l)“1/2+r(1+r)+|la,%"1/2+,(,)“»v“ 8-1(1)> ",wu N
=|((BPo~I) (RvRw), dw)|

<aN-8{L,«zw (CIER I M) U Y M
<O lubaodsssesnt el e
§4. Error Est1mat1on for ‘the Stokes Problem

For any (u p) EVXW let (n, 5) €Vix i“’({)) such that

065, 9)=b ) =, 5. YoV, e
We approximate (s, Py By @ p ) EVaXW5 satisfying o
{w(u , 9) —b(v, g =<, 05, AT E Vq, Lt gt T (42)
b*, wy =(&,w) v NwE W : . i
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Problem (4.2) isa combined finite element and - speotral apprpximation to the
Stokes problem (4 .1). On uge of an abstract approximation result for this problem
(see .[4; Theorem 1.1 of Chapter II ]) and the BB condit;ion‘»~(3, .86),; 'we know .that
the problem (4.2) hag a unique solution. We then define a linear operator Py 7 X
W —>V:xW, by Pa (u, p) (Pau, P,sp) (u , pY. Obv1ous]y, we have then r(4.1):
that ‘ : -
w(Pw, 'v) "b(’v; PNP) ={n, v, V'UEVa,

U {bn(PNu, w) = (&, w),_ R ..VWEWa,
which implies that: R L T e
| P,;PNu Pau, | P.,PNp Pap ‘ (4.3)

Lemma 24. If (u,p) € [A"5]%% (Hy™ s"1(.(2) nw) am‘Z 7, =1, then
lu—Psuls+ |p— Popl| <O E -1+ N**) (Julars+ 1ol r-a,6-1) s #.4)
| Py~ Pyus|| s+ | Pyip— PGP“<OhT Ll are Ao lreg,s-0) - (4.5)

Proof The result is a consequence of [4; Theorem 1.1 of Oha,pter I1 ] due to
(8.86);°(8.31)—(3:32)-and (3.8).. ; : Loy e e
Lemma 25 If the conditions of Lefmma 24 gre ful ﬁlled wndthen
o ,IW"P 6@»“.,<,O W+ N9 (uu"ﬂ,-.’i‘_ I Pi. Feligm)e (4.6)
Proof For g€ L?(Q), let (uy py) €V X W be the solution of

{“(” ua) - (v, Pa) (91 ), . V”EV (4.7)

. b(uy w) =0, VYweW., :

By the regula,rlty resultm’, wo know that (u, p,) E [H2 2 (.Q)] 8: H 11 (!2) and.
R lluallz+ilpaﬂ1<0llgll : (4.8)

- Denote 77 = Pyn and n* =P for simplicity. Let v=u" —u* * and w=p" ——p in (4 7)
Then (¢, u" —u*) =a " —u*, u]) —b " —u*, pj) ~b(uf, p" —p*).
By (4.1) and (4.2), we get for any (v, w) EVsxXWs
w(uN-—u’, fv) ——b(v; pN—p") —b(uN-—u’, w) =0,
Therefore - ‘ - S
(g, 0 —uf) = w(u-—u wg-—fv) b(u ~u*, pY—w) = bl —w, p ——p)
Hence by putting v=Poul and w=_Zpy, we obtain from (3.1) and (8: 3)
| (g, @& —=u") | <Ok} —u®| 1+ |p¥ —p" H)(llu Lo+ {pY ),y
by which and (4 5) (4.8), we get _ -
: . ﬂPyu-—PaulKUh (Ilullm-+ﬂp||r-1 ,_1)
Thus (4 6) follows from (8.21). . ' ey
Lemma 26. If (v, p)€ [A""]8 X (H"“Jl o1 (.Q) N W) and 1< p,<3/2 s>1 then

“Pau"m- F | Popllais, s-i<o(“uu&»’+“p";«—:l.a—-l) ' (4 9)
Proo f It can be shown.: that 0,F,=P:d,.. [Then on, mge. of (4.4), we have

o3~ ‘Pauﬂ:+ll3‘ 1Pyl <O(165 "l + llas“’pﬂ) , ~ (4.10)
Next, by inverse property, (4.5), (8.1),and (3.3), we obtain
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v I'PauIIAE.1+ ".P-vla_p"‘o(ﬁ'_;[)<0h1-p<"-Pa‘ll"— @oPNu" + "Pdp—gPNP ") Pt
A | PoPyuu| sia+|-LP NPUO(@—1}<0<""M“£M+ “P“okr»—‘nf- o (4-11)
Thus (4.9) follows from (4.10) and (4.11) S
:Lemma 7. If the conditions of Lemma 24 are fulﬁlled rr>3/2 s>3/ 2,
2/'r+1/s<2 uy= (Pu) P, wEV and - N -
M1=IEn(Po(u§3;u2‘)W) |y Mz=!En(Po(u ﬂv)u)l,

£hen ;

M1+M2<0h- (llull st |plia, 3-1)2"%01!1 (4.12)
Proof Let uf =Pyu®. We have from (2.8), (3.6) and (3.24) '

i M1— | By ( Py [0 — P (o) Jw) |

| <Ghlluv3ﬂlz -P (Waﬂliv) I ”’w”1<0h(11+'12) lwls, -

where ; I

| Irﬂ%i’r@ (U’{ ui) |+ (uw-—uz)aﬂlﬂ!,
s L= (I-2) (o).

‘Due to (3 47), (3 48) (4.9) and (4.5), there exist u>0, 1<u<3/2 guch that
CLi<{wp ] Hul —ay |1+ 10267 |1/28ucuy ”ul""ut'ni o
<Ol mt |9l petoea) (el arst o] 1-1.8-1)

Since H™ ’(.Q) is an’ a,lgebra, for 2/ 'r+1/s<2 we get from (8.2)

Iz<0h"*lulfaauz ot <Ok’"1lluilm :
We can estimate M, in the same way. Thus the proof is completed
Rema.rk 2. If P;is replaoed by RP5 (7>s) in (4. 4), (4.6), (4.9) a,ndf
(4 12) then the conolusmns st111 hold due to (3. 25)

T S | IR
§ 5. The Genera'li'zed Stability and Convergence -
Now we congider the generalized stability™ of the soheme (2.8). Suppose that
b, p¢ and the right terms in (2.8) have errors (u¥, p*) EV,X W, and ' f? =1, 2)
respeotlvely Then the errors satisfy the following equations SO
Ly (@®, ok, p°, v) = (@}, -0) +Js (Ru*, Ru}+Ru", Ro)+J .;(Ru"*" Ru" Rtv)
| a (@7, v) —b (v, pH*) =(F¥, v),. YEV,, r20, © :i(B.1)
Lo @, D%, w) =BT, w)+b @ w) = (F5, w), VwWEW,, k=>0. (5.2
By takmg V= 2u"+“ m (5 1), and usmg the followmg 1nequa.11tles ko

2] @ 7 | <srlitii+ L ufxui, o

2«m-1 @, 79 |<swsl«'zﬂi+-—- “?1"-1; o

: s s
Y .
we Obta'm et Lt e [ & D I S O P o ety T
) FLoa et VR G T T (e T e VYT N e i e
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(ﬂu"||2)t+'v(2a—1) Ik ||2+V(2 6) lu"|1+ W(G-I-a) (1a*]D), -

+v2 (a0~ —a~8) [ |{+3] Fi- 2b<uk+“ k+“><-9-§1i-9‘—> ui-‘,.u-l,

where
Fi=2J;(Ru}*®, Ru", Ru"),
F&=2anJ,(Rut*, Ru¥, RuY) -I—2'v(oa 6) Js (RuY, Ru,,, R,
Fl=2v(a—0)J,(Ru¥, Ru"" Ru
By taking w*=2p*%zin (5.2) and arguing as above, we have |
B (1241 ¢+ B (20— 1~ &) | pE]1-+26 ", prey
<sip (542 =Yg,
Combining (5.8) with (5.4) leadsto e
Cl@*124 B 2*12) s+ 7 (20— 1— &) (| uf |12+B|\20 |12)+V(2 &) |77

+ov(0+a) (|4¥]3) ¢ +v7* (200 — 0—06—8) quh +§} F’°<Bl|20"||2+ 1712,

Wher9 : :
o -G L
" We now estlmate | FY|. From (3 5‘7) (3. 59) and (3. 45), we. get
| P2 <ev 7413+ JualBald®l?, 1<E<3/2,5>8/2,
| F3| <evw?|uf|i+ -—- (0®+ (a—0)®) Nluallf, s w4,
| F| <en] ]° + OG0 Ji#le s,

sh?
By substituting the above estimates.into (6.5), we obtain

(5 3)

(5.4

© (B.5)

68

¥t

(IW‘H2+Bllp"|12)f+w(2a ~8) (W?ll"’-FBHzo?ll”)+vlu"!z+w(‘t;+a) (lu"h)e

© +v7°Qac—o—a— 28)IﬁﬂKllf"llz—PM(llu"llz-FBHP”Ilz)-I-B(u")lukll,

where
M__ (1+a + (06 9) %) Illualll

O/'E’N

B(u")—-=-—v(1 28) + (a— 0) ¥ 2.

Now assume that -
2
POy (1=205) "

-0'>—1;—., or ?\,<

Let & be sultably small, do>-0, and congider the two cases as follows " i - '

(1) . 2o a+ o+ Bey 2a_?1j§fs+do,

o 1+8+do+vA0; (o -+26)
>
(it) 2a0'<06+0'+28’ 2“ 1= ph01(1/2—0‘) .

In the case (i), it follows from (5 7) that el

®.7)

(6.8)

6.9)

- (B.10)



" where

: 'ij;'?i; a;tﬁg.;....j (zw+q.- t)azl:'f(t)dt

we have
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@12+ BIB#N® ¢+ dow (Bt 1>+ BITEN®) +o [@#(3+ vw (o +a) (|8 De
o <A1+ M (Jub]+BlpM) +B @) |45 o (o
In the oase (ii), we get from (3 46) -

7(204 1—e) (utl?+Blp f]]2)+v'r2(2acr o —a~—2g) |uf|i=dv (|uf Il"’-k,B[lp’fll"’)
Thus (6.11) bholds also. Let

._\—ll’w”ll“’-#ﬁllp 1%+ E [vllu"llx-Fdo'r(llu’fll"’-!-Bllp’fllz)];

=01+ 815 o) nf"uz B
Then we have from (5 11) o
BEr<pr v 2 {ME"-}—B(u"’) lu"[”} (5.12)

Flna,lly, we employ the lemma 4.16 of [2] to obtain the following result.
Theorem 1. Assqm_q that.(5.8), and.(5.9) or (6.10) hold, and that

Wl vs(1— 28)
L A RCEDE

Then for all m<fl’ we have E”<,o oM, o
- We next congsider the convergence of scheme (2. 8). Let (uf, p}) =Ps(U", P*y
be defined in (4.1)—(4.2). We have from (2.1) and (2.8)
{ Ly (o, p5; v) "'-'(R-Poﬂmﬂfk‘; V) +gE), ¥EVS' '(5‘13)
ng(uf., Py w) =(g% w), . o - 'Vwewﬁﬂ
9E () = (u¥—8,U%, v) +Js (Rul. Rul, Rv)—J (U" U*, ) +0vJ 5 (Ri*,, Ru¥, Rv)
+voa (ub, v) — 'mb (v, p&) + (f” RP H”’“f" fu), |
=BPi. .
Lettmg u" =} ——ua, pP=p*—p% and subﬂ%faoti.‘ng (2.8) from (5.18), we get
S Lot ut g, o) g1 (), WEV,,
{ L, (y"’, 7" fw), (g% w),  NVwEW

Now we egtimate = E 197121, where .

|91(v)l<||9’fli—1|!®l|1, wem.'

(5.14)

By (4 6), we have . —
” 2 |, — U¥)°<Ow (W -+ N->) 2 AT, +n PH210m1)

<0 (h”’—l— N ’2“’) (H o:U ]\ 200,75 [HM(a)J')"* “ o:P “rwo FH" m-!(a)))
Aocordmg to L

7 2 ﬂU" 3tU"|! 1<0'v‘2||3tUﬂm<o.T.w-lca)w)_ T
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Let fr>3/2 §>>8/2 and 2/'r+1/s<2 Tt follows from (4 12) (3 61) a.nd (4 9) that
" | Ts(Bu®; Rub, ‘Ru)— —~J(Buf, Buf, o) 0 o e e
<OW (| U*] 0+ | P¥| -, .-1)2ﬂ'vll1+0N"(l|U ""+"Pk“.w-1 8-1)2ﬂvl|z-
By (8.60), (4.9) and (4:6) we get - » S
| T (Ruik, B, 0) ~T-(U*, T*/ @)I<C(IIU"llm+llu'°lln,a) llRu* U"ﬂll'vﬂs,
<O AN (IIU"HW-FllP"lL-i.H)”llvﬂ A LT
Furthermore, by (3.58), we get
|0 5 (Budly; Ru*, R’”) l<0"v[ﬂu [ﬂn.:llu..:ll | 'U" 10
It follows from (4 9)' that - T T e e

_ 0’”‘ 2 !hu*llip.sllu*t!!z o )
<0’72(|HUN ;2.!'!‘ lﬂP m;w—-i.z—i) 2(" 3tU “ L300, [H‘(O)]‘)+ ll 3tP “ 21082 n'm)))
"We can estimate |voa(u’, v) |and [vab (v, p*,) | in the same wa.y Using (3 29) and
(8.29) we have also e '
n RPon+1f'9"'—f'°lI'<bt‘f£"+ N=2) bl
Lot b; (j=1—6) denote the oonsta.nts dependlnnr on the norms of U P and f
appeared above Then we. have Sl S .

T 2 "9'1“_.1\61<‘F 'I‘h2r'[“N_2s)

o o Sir<ne.
On the other hand (3. 29), (4. 6), and (4 9) lead to
<O+ ) (1Uolrt llP°ﬂr-1 ,-1),
IIP"H LOAH|Uols 1P '

- Finally, applying Theorem 1 to (6.14), we obtain, the . followmg result from‘

the above estimates and (4.6).

that
TE0w, T [A"‘P) ﬂHi(O m; [H'*(o)]?') n52<o T [H-t(n)]s), o
PEO(O T H"i's‘i(Q)) ﬂH1(0 T L"’(Q)), '~’-f60(0 T [HN<Q)]“.,}_,_j

“Then ‘there exist constants bs~be such tho when T

) 27 “giarti XF b ”3(i*28)h2 o
ba@ (B+q: A +N )<——-—-—————-—O4<._0) )

e have for all’ m-<T o e
e uu‘y U"H2<‘b!;@b'w(ﬁ+@'

§6 ‘Discussion

+ .+ The parambber: ¢.in the control iOp;i?&tﬂﬁ?ﬁR.:(f}')}{;muSﬁ"'bg'?; oho&enaisuiﬁﬁ&lya In the;

" Theorem 2. Assume tha,t (5 8), vnd (5 9) or (5 10)hold fr>3/2 s>3/2 and'

HEANL L (Bs)
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analysis of errers, we used Lemma 9 with g=—1. So we know that the convergence
order would he lowered if y<<s-+1. But if 9 is 100 large, then the constant ¢ in the
bound of. (8.26) is. large (see [20]). Therefore, the precision of caloulation may
be cut down. If B-+7*-+A" =0(N~*), then by  (5.15). the  convergence order is
O(N~™in@9) " Hence we. should choose vy=min(d, s) +1. Moreover, ‘because the
smoothness properties of U® may be different from each other, it is more reasonable
to define . SRR
RU=R)U®, Ry)U®, R(y)U®).

In that case, the conclusions of Theorem 1 and Theorem 2 still hold provided that

71 are suitably large. : ,
. The numerical results t20-211 show the adva,nteges of the combmed soheme. The

method used m thls paper 1s a,lso a,pphcable to other nonlmear problems

'
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