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infinite) family of ordered pairs of elements of V  (D) called arcs. F  (D) and A  (D ) 
Rre called the vertex-set and arc-fainily of J). Arc (a, «) for some a 6 F(D ) is called 
a self-loop. J) is said to be strongly connected iff foi? any two yertices'» and b of I> 
tliere are-two dipaths such that one of them is from a to J arid the other is from 5 to a  

The line digraph. L(D ) of a digraph J) has as ita vertex-set the family of arcs 
of JE>; for e, ^ € -4 (2 )), {e, ef) is an  aro of £ (D ) Iff there are yertices «1, «2, «s in  
witil e =  (〇i, a2) and ef= (a>s, a3) . We denote the aro (e, e〇 of L (B )  by a trip le  («1, 
«2, ¢3)-  I t  is clear that L(D ) has no m ulti-aro and that L(JX) has a self-loop a i  
vertex a  iff a  ia a self-loop of i ) .  ^

For any non-negtiye integer we can define^ ：

where L°(D) - D  and = i ( D ) . I t  is not difficult to show that F ( i B(D)) =- {(alr
d，2j %+i) |fl!i€F(jD) and (ai} a，i+t) ^.^.(D ), i  =  i ,  2, •••, and tliat there is a n a ro

；• . .. . . .  - •

from vertex u of (1)) to verter ^ iff « and v hav6 tli© following forms
(«1，你, …， 似= 0¾，这3, …, ％+1，％屮2) .

, •• i*,» *； •. .. . ■ •

We denote the aro '■•s «fc+i)v («2, *•*, afc+i. «»+2))  "by a (ife+2)-array (ait a2r
«fc+i, «fc+2) .  In  other words, a vertex of J>) is equivalent to a diwalk of D< 

w ith  length ]b and ail arc of £ fc(D) is equiValeiit to a diwalk of jD with length. -̂+-1» 
Tlie digraph category has, as its ob ^  the class of all strongly connedtod 

' digraphs; for any Z>i, D2 €  6¾¾ H〇3in^ {Dly D2) is defined to be the set of all graph  
l io m o m o r^  D2, i. e./m appings / f ro m  F(I>i) to F(J52) such, th a t
for any {ai, «2) we have ( / ( a 〇, / ( ¾ ) )  €A (i>2) .

；；• 1 _ . : • ' .

THe line digraph functor F n on digraph category is given as follows.
.(i  )....女〇1? ’..any1B G ot)或  _Fn (Z>) — £ n 〇D). • (J5) is ag匕in•祐tongly ' conneoted since.

D  is strongly connected1163. '
(ii) jFor any Di, jD s^ o b ^ a n d /G  Hom^XI)!, Da), F nQ ) is defined as follows 

V(«i, a ,̂ <*n+i) G F(-Fn(Di)), F n(f)(a i, as, «n« )
=  ( / (« 0 ,  /(« a ) , - ,  /<«n+i ) ^ F ( J ^ ( 2 ) 2) ) . '

Obviously, F n{ f } ^ l I o m S).(Fn(D1), F h(Jb2) ) .  In  fact/ If  7 ( ^ ( ¾ ) )  andi
(u, v) ^ A ( F n(Dt) ) ,  tihen u, v have the following forms

'/； VM=='(tti, 0„+l), «=(«2, •''••/«n+l, «n+a)»
T hus ^ n( / )  («) =  ( / ( % ) , / ( a 2), - , / ( « n+i)) and *  ̂ '

>  5  “ *，/& + 1 )，/(4 + 2 )) .
T h is implies ^ : ( / )  (w )v ^C f) (jv))& A(F niD ^ )  because/GHom^CJDa, D2) .  T

• . . ， . ., ** *

The following two facte feria iinmfedlate. ^
〇!■■ " F ^ f )  and where

Dlf DZy Dz^ 6 b 9 .  ;
^ „ ( DJ & r identity ¢25, 1)).  ̂ ^  v ；
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Hence F n is indeed a functor on the digraph category1-^.1

Note that if  we use the category eontaining all digraphs^ instead of then  
all the aboy© facts are tru e； But, we have an interesting result for …

、 T heorem  10 TM line digraph functor Fn on 'digraph oategbry ^  is full and 
faUhfuh: ,

The faithfulness is obvious. For the fullness, we only need to prove that for any 
.^G H om ^C ^C D i), JFn(D2)) there exists an f^K om ^D x, D2) such that ^ = = ^ ( / ) .  
!W© notice that for any (%/ a2, ••S ^n) there a re «!〇r «n+ i€ F (^ i)  suola
that ((<?〇，％，…，〇 , （私 你 ，…， »n+i))€ J_C F n(Di)) and ( , 〇〇，（¾，…，〇 , 
dn(^i, «», ®„+i)) € ^ . ( ^ ( ¾ ) ) .  Thus we can write

gn(a〇, a1} ••： , «») =  (&〇» &i> h ),
gn(aiy %, ••% an+i) =  (61, h , —, 6«, 5fl+1).

and define ^n_1(ai, «2, ••：•, an) =  (5i, b2, •••, bn). In  this way we o an , aocompliah， our 
proof by  induction on n. We ommit tlie deta,ils.

§ 3, Application to de Bruijn-Good Graph Category
Lempel first Investigated homomorphisms of de Bruijn-Good graphs and used 

them  to design feedback shift registers. W an Zhexian and Liu Mulanc8：1 determined 
a ll 2 —1 homomorphisms of de Bruijn-Good graph Dg t o ^ r 1- Zhang Fuji and I^in 
Ouoning discussed a special kind of homomorphismg, i. ev strong homormorphigms 
of de Bruijn-Good graph D% into D%~lm  (paper, [10] corrected a. result of [9]), Now, 
w© can determine all homomorpliisms of de Bruijn-Gfood graph to D j and give 
the num ber of them. These improve the main result of [11] and completely solve 
the problem of homomorphisms in  d© Bruijn-G〇od graph category. .
, Let to> 1 be an integer and M  a set. The d© Bxuijn-Good graph is defined as

-■ i . . . .  '

follows . ,  ,.,. r
., 1 »! . * C •,

: . . -

F(2)Sr)l：=={(«l, m.2i f 5=.1, 2-, —■, !»}；
:； for any  u, v £  V(Dii)., iff v have the. following forms

m=  («i, a2, •••, .«„), V= («2>. •；••, an+1),
where 0,6-3^(^==1, 2, «4-1),.. We denote iguchi ,an arc (u, v ) b j  an (w +1)-array
(®i, a%, •••, an, an+i) . 1 .. \ .

I f  M  is the ring of residues modulo h, denoted by D |. In  paper [9] , we 
proved that the line digraph of D f 1 is D%. By tlje sam$ reason, we can. pr^ove that 
the line  digraph of Dnu x is D^. Hence, . r ：：- ；

...Th印rem 2.v..i喊 . 札 %为，i , . 巧 〒 辦 私 知 辦 .

P r o o f  B y  Theorem  1 ,  take a a ^  thef^  is  ^ b ljeotion



between H〇ma Z"-1 (D2) ) and Hon^CDi, 2)2)- Because jP"-1 ( ^ ) =
and F ^ ( D 2) = ¾  we have a bijection

between D^) and H〇m^ . Since JD̂  is a complete digraph with,
vertex-舶t 卜every mapping o f .F ( I^ +1) i'nto.iV" is a homomorphism of. i ^ +1 

into Djf. Thus, we iiave [ H o m ^ Z > ^ |  — D^)\ — the num ber of a ll
mappings of V  ( P u 1) into N . Because | F  ( ¾ -1-1) | =  | | i+1, . the num'ber of a ll 
mappings of F(2>^+1) into N  is jiV j l3f|J+1. Our proof is：completed.

B e m a rk  2. Because F. ( 2 ) ^ + Is the lbijection between the set of 
all mappings of into N  and the set D^). Moreover, F n~x maps /

into F ^ C f )  :(ai, a2, a n+j) - * ( f ( a ly a2, a m ) r  f  (^2, «i+a), •**>/(««> "••p
^n+i) ) • W hen j  — 0, we can o"btain all the results of [11].

R e m a rk  S. I f  we take M = N ,  then

By Tlieorem 1 we oan determine a ll  homomorphisms of D ^ 1 into For th e  
case j —1 aad  | Jlf | =  2, paper [4] used th is  result to build maximal cycles of 
from .mai：迪 al. cycles' of 2¾. Such a Method "be generalized to .the case I JT| > 2  
by the na tu ra l way.

§ 4. Application to Eautz Digraph Gatkgdtf
：.• • .

Let Kjf be the complete digraph witliQufc multi-arcs ap.d self-loops, whore M  is. 
the vertex-set of K u, Kautz digraph is,defined ,as: ^ -¾ ¾ ) .  Obviously, F(-KT^)
*={«i, «2, •••, a») and ai^ae+i, ¢ =  1, 2, •••, n} and therefore \ V { K u ) \ ^
l i f K i M i - i ) » - 1. .  .., ■；

...Notet-that^ETif == JSjf is a complete 4igrapiu
T h eo rem  3. Let M be a finite sei. Then we haw | Aut (K^：) | =  | i f  | j «,

§ 5. A Lower Bound of the Number of AH Strong
Hbmomorphisms of D\ onto D\

.. ... •, , .
: : ' 'A , i. , .. . . . .  '• ：■ . ： ： … 't ；•： 'V:

In  th is  section w© consider a type of morphisms of digraph category^ the B©t B  
of a ll graphJ^^aJnorphism s of Z>i onto I >2 witich is arc-rfuir and for each functor 

,JFn, & namely, for any (6i, ••■t &«+2) there-
.exists^ (dir m r ^«+s) ^Fn( f )  ^aif ：a2t «»+2) "  ^2,
frft+2) - I f  afeow conditicmiS w© c a l l /  a ： ^rong Homomorphism. NowVaa

> •

the proof of Theorem 1 we can prove the following
ther&

exists an arc-fu ll homomorphism f  o f D i onto D2 such that ^ " =#!*(/:). : :
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From the theorem, aboye we know that to determine the strong honiomorpliism 
wo need only t〇 find f y the aro-full homomorphism of Dt onto JD2, such that for any  
^ ( / )  is also arc-full. I t  is clear that to exhaust all strong homomorphisms is a
difficult problem. In  th© following we w ill deal with a special case. Now we attem pt 
to consider the set 8  of a ll strong homomorphisms of B l onto Dl〇 A lower bound of 
\8\ is obtained here.

Theorem 5. For de Bruijn-G〇yd graph category we have ,

Proof For /G H o m ^ (D |? 2)¾) and 1, •••, ^ -1 }  we define
: … ■ ■ b ) e r %(i)h  -

K T 1 ④ ) -={a \ (a, b)
Now w© w ill show that if (1) ~ {〇, —0, J-, jfc—1) or

⑶  一$ ) )  = { 0, 1，…， 1 , 1〉，t l i e n / G汉. Ai  first， we m ention
that V(a±7 a ^ ^  ^ V { F nrtQ )\)^  (a±, — / ( ^ 2? ^3)^
0#*r/(«n> ««+〇) € . If  oondxtio'n (1) is fulfiled, then V(a〇, afi, •••,'  arn) G 
A { F n̂ ( I ) l) )  (n > l) we can find (an, an+〇 € / -1½ )  and { ^ Xj a〇 (^==1, 2?
•••, n) which means that F n~%(f) («〇, a1} •••, a^i) == ( /(«〇, a±)7 / ( a i ,  a2) , f{ a ny 
^«+0) ==̂ (a〇, «i» *aej ®n) • Hence F n̂ x( f )  is arc-full and/GjSf, A sim ilar reason shows 
ihat If condition (2) is fulfiled, the conclusion is also true*

Now we consider the following array

「(0, 0) ，（! ，0) , “ •，a - i ，〇)
- (0；1 ),  (1 , 1) , - ,  ( ^ - 1 , 1)

, ■ •••••:.,

(0, 及一1) , ( H i ) ，…，（及一1，為一1). ■
"W hen/ fulfils condition (1), V i6 {〇> 1 , (^) takes just oilo element in

_ _ _  ■ . . . . . .

each row. -Thus
I { / 1/  fulfils condstion (1)} | =  (it!)fc.

Sim ilarly, : 。

I i f \ f  fulfils Gonditiop. (2)}| =  (ifc!)?,
W hen /  fulfils Ijotli condition (3L) and condition ⑶ ， Vi € { 〇，1, …，兩一i }， 

take$ just one element in  each row ^ind cplumn. Thus
I { / I /  fulfils conditions (l).'aixd' (2) } | == (ifc!)(yfc—1) |* - 2 !：:.

By the prineipl© of taoitusidn and exclusion we come to the required condlusion. 
M h en  Te==% |iSff = 8 —2 ^ ：6y 1̂1 sirorig lomomorphisms； were e^austed  in： [9}. 

our lower Bound also giy^s the jiumlier of a ll strong homomofphisma 
o f DI onto JDfc. In  fact we have proved the following s ：； ' ：；

Theorem 6； When 1c ihe lower bound m  Theorem 5 is sharp, nmnelp, [ 8 1 *» 
2 (3 !)3—3J2I =^420.- ■A-'v-j . .,  ̂ ；； ；•



By using the array in  tlie proof of Theorem 6, we can exhaust 420 strong 
3i〇m〇rQ〇rphi^ms of D% onto D\. Furthermore we can obtain 420 strong homomor- 
phisms of JDs Onto D T 1 "by functor

We end th is paper by proposing an open prablem： When whether or not 
”the lower "bound in  Theorem 5 is the num ber of strong homomorphisms of 1¾ onto
- ^ r 1.
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