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COMPARISON BETWEEN MAXIMAL AND SQUARE.
'FUNCTIONS OF 1-FORMS AND ITS APPLICATIONS™
CrEN J1ECHENG ([F A %) *

| Abstra.ct

A norm relatmn between nontangential square function and nontangent;al max1mal§ »
function of 1-forms is obtained. As applications, the author gets LP-boundedness - of
‘ L1tt1ewood—-Pa1ey—Ste1n g—functlon operator on l—forms and gives an analytm proof of
, L’-—boundedness of Riesz transform, where. 1<p<oo

§1. Introductlon

Let M be a noncompact oomplete Rlemannlan mamfold of dlmensmn n,
Rio(M) =0, 4 and 4; the Laplace. operators (db‘—l—‘o‘d) on functions and 1-forms:
respeotwely, {Pt}bo and{Pt}»o the correspondmg Poisson semi-groups. For og
function f and 1-form o on M, deﬁne itd square funotion and maximal functlon as

follows , ,
i 9P W17 @ty
Npa() (o) = sup |P(w) () I
dp,o(f)and Np,.(f)are similar, where V= (V, @ [0¢), V ig gradient operator of M.
In ['7], we developed the technique of [4] and proved (for product manifolds)
Theorem A. || Ap,.(f)5<Ohn0,6,6l Np,s(f) |s for 0<a, B, p< +oo.
In thig paper, we prove
Theorem 1. | 4p,.() [5<On,a,8l Np,6(@) |5 for 0<a, B, p<-too.
| Applying thist heorem, we give an analytic proof of L?~boundedness of Rieiz
transform V (+ 4) “¥/2(1<p< +o0), which was originally obtained in [1, 2, 5] and

Apa(@) (@) > (jo f, Cozaion b

proposed in [11].

In this paper, O,,y,.. denotes a positive number depending only on n, p, «--, it
may be different when it appears in d,x'ﬁ‘erent places. |
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§ 2. A Note on Carleson Measures

For a ba,ll BCM §=B >< [0 2/1‘3] Where rg is radlus of B For a nonnegat ive
Borel meagure dw on M X R,
" Japlo-feup{a(B) /|BI: for all hall B}.
Lemma. 1. For 0<v, ,3<+oo thefre hold

. YO~ -fo¢m 7 on M X R, tkefre holds (wkefred —.-A+ ( ) 4 ==-—131+

(-at—) )
4,0 *=2| V| 2240, A,
« 3 8,=80(B, n) € (0, 1) and K, >0, s. t.
a) 'Y ball B, P,(xn) >3, on B, P,(%5)<80/2 out of (K, B)A.
b). V closed set B, 3 closed set FCH, s. t.
[F01<0,.,7,BIE0[,
Pi(xp)=1— 80/2 on UI' @), .

P,(xp) <1— 80 ou. ofU I'B(y)

where T, () A{(we M xRy d(w, y)<at}.
3°. V ¢<d, E](,DGO (Rl), s t. o (t) =Ofcvr t<c, w(t) 1 for t=>d, I¢’(t)|+

1o () | <O+ (s). S |
1° can be obtained from We&tzenbock formulafm beoause Rio (M ><R )>O; 2°

and 8° are from[7, Lemma 2]."
Now, for A>0, set H,={x: Np,s(w) (@) <A}. By Lemma 1, there exists ¢, &
% (RY) (which depends only on n B and n) and F,C B, such that -
0 “out of U T, o

{%(m)—{l o U F 20 @
_ 0<pi<l, I‘P1(t) I +I‘P (t> l<0 cp%"‘(t),
- where v, P;(¥s,). We have. ' . = RN
Lemma 2. |duw,i]0.x.<0a,y,8°A° whefre

dﬂ/w.aAA (IPt(w) @) [2)41’1(%,(?!:&))73(13/ dt.
Proof For a ﬁxed ball B, set u=P,(x3) By Lemma 1, there exists p, €05 (RY)
suohtha.t
' 1 onﬁ , ‘
{Oa,wu >¢2(u) {0"’011{; of(‘K B) y o 3)
- | 0<p:<1, l¢a(t)l+l¢§£(t)l<0 «P"(t)
Bet - ' SRRANE AN

RS
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AB® = [[ pawdsons (Spoa(®) @

. MX.R+
and take hEO""(Rl)such that A(3) =1 for <1 and h(t)==0 for i>2. Thon (if
necessary, we can replace A(B) by
A,(B) = J’ 4u(| Pese(e) () WIACKCP t+8))__‘l’2<u(% t+s)) *t di dy,
MXR}
then, a limit procedure will give our desired regults)

4@ =1m [ 1(£)pa(w)dtio

MXR+

= lim j {V(ll’,(w)l‘“’) v<¢1<m><p2<u>)

( ) (|E<w)| Q’i(’vz)ﬂpz('lo) [Pt(w) l2<3t2> (¢1(®A)¢2(u))

~22 (IP@) 19+ 2 Gudoatw) (L )e .
Now, |V|P;(w) |?| = | V{Pi(w), P_t..(w)_>| <2|VE;(w)||P;(w)], s0
A(B) <o || VP [P ||V (s(0)02)) |

MxR}

-HP,(w)|2(IVm|22+[Vul2-l—(|VwI[Vu[u))}tdydﬁ ,,
+lim ([ (2) AP Poooa) L) tayat. @

R->+-c0
. MxR}

By Lemma 1and the proof of ['7, Lemma 11], we have 'b
| VP () IK— 4, (!Pt(w) [y

” lwllz "’tdydt<0 |B{ A3,

MxR}
] |Vul% dy 2t <0y B A%
e MXR' ' .
on the other hand, noting that (A(¢/R)%)} ——0(1/R), (R (¢/R));=0(1), we have -
the last term of (5) (without hm) __ - o .
== Jf 2 (P@ Pan): at( (#)0)s

MxRY

=C [, 1Po(@)]| )Py |
+ 1P %(m)%(u)(atz) ¢ ( R)t)atqy

me

=00 ¥ B1+0Q)- [ sup lucos )1



No.3 = Chen, J' . C’. MAXIMAL AND BQUARE FUNCTION 877

wherej sup |u(y, t)l"’dy——>0 Thus

A(B)<Op,4.6((4(B)" 7&2IB|)1’2+?~2!B|)

80, A(B)<Om')' B?“lelra‘nd F’am(B><0m%ﬁ)"2IBl (by (4)>7 i O, . “d/‘bw.a.“()llg
‘Ou.'y.ﬁ‘}" : - T o oo

§8. A Note on BMO (M) Functions
For an f € Liec (M) | R
llfllxuoésup{lBl?lj |f () — (f)BldyforallballB}
where ()»41BI" [, 7). Wehave

Lemma 3. If l|f|\1mo——1 x>1 and 3>8>0, then
, Vball B .
]{wEB lf(w) (f)nl >A}|<0 gm0 IBI
. H{o€M: |f(2)|>A8}| <O,,0~"% | {w€M: |f ()| >8}]. ..
Pfroo f 1° is a easy corollary of [9, Proposition 1].-To prove 2°, set = {e€EM:
if(a)] >8}, and suppose || <+oo, Fix @o€ M and BR>0. Take a numerable dense
:gubset of H— Eo, {w;};, where B, is the set of nondensxty points of H(i.e, s€H-—
Eye s€E and lun V;1 ('r) I.B.(r) NE|%1). Without loss of generallty, we agsume
EBoy=0. Let
Bi,;=B.,(2Y, i=0, :\:1 £2, oo,
B! ig the maxlma,l ball of {By s} which satisfies’
| BN B =>|B|/2 and |EﬂB’/2l>IB’/2|/2,
F ={B%},
F p={B!E€F : centor of B'C B,,(R)}.
By density of @, B is well-defined; and, by tha denseness of {w;}, in E and the fact
| B | <+oo, we see that
tpAmax {: F el {By,s}; 18 nonempty}<+oo
& g is an open covering of B n B.(R).
"Now, select a subfamily of F , & 24 U {Bi}s, as follows, When @=®R, {B%}: Is

-chosen to be a maximal subfamily of & »{Bi,,;}; (which js a finite family) such
4hat any ball in which does not contain centers of other balls. If we have chosen
{B$}1 (6*<¢<ig),then choose {Bi"}; to be a maximal subfam:.ly of Z rN{Bw-1,:}

{(which is also a finite famlly) such that any ball in which does not contain centers

-of others and its own center is not m U (UBl) By induction, we have got F*

which satisfies
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a’. E IB|<On'|E|’ . e L i
BEFR F !

b°. ) 2BOHNB.(B),

. |E°N2B|>|2B|/2, (VBG?R) EOUE >
Proof of @®° By definition of Z %, {B/2}pes» is d1s301nt mutually, and by
definition of # (note that F 2<% ), |B/2|<2|ENB/2| for any BEF %, s0
ZABI<2 B |Bf2l<2H 3 BB/ <2 ],
Proof of 5° Bo maximality of {B{}:
Bc U (U~2Bs)

BE.?”* n(Bg.j)_., . i<s<£3

Thus ’ :
Eano<R)c U B= U

—0o<iats  BEFAN(Bugy Ty

<l U U2Bi= | ) 2B.

$Sin i<igin : - , :
Proof of ¢° VY BE =.%"R by deﬁnltlon ofﬁ' I2BCE| <— [2Bl, so; 12BN B
>-—- |2B|, Now by c , Wes get (\7’ BE,?R)
1(F)2nl <2(1f1)ez~| E°N2B|/|2B] . ‘ L
<z{|231-1 Jopess @ I 12812 lf'(o‘s)_'—‘,(lfl)'ledfé}‘
- <2(3+] |fulm><2a+4 o L
Thus from a°, b° and 1°, we have (Wlthou’o loss of general ity, we may assume 3.>
2"?) e
Ho€Ba(B): |f(@)| >} < 3 I{w€2—73 |f(w)|>m}l
< 2 [ {o€2B: |/ (=)~ (f)23|>7vo‘ 25 4} |
<O, 2 ™0 | 2B |'<Opee™% | Hl."
":Fma.lly, lettmg B -5 oo, we get Boi "

© §4. Proof of Theorm 1

| Make ¢eo~(Rl) such that

1 R
} Wt = { :; and 0<y<L. |
‘Then, for a>0, let . -
wa(w’ y) lll d(“’ 1/) /J 4, d(a’) ?/) o (6)

| We have . e ’
Lemma 4. For f€ HY(M), O<oo<+oo, | Ne(f) |1<O0h,v,alf ] m, where -
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C Ne(f) @A sup. U 3 (a, y)f(y)dy

@iy <

Proof By 16, Theorem 1], 1t is enough to prove .
¢ LU | Ne(@) 130
for any H* —atom a. Suppose & is an H'—atom, i, e., supp aC B -—B%(fro), lel.<

|B|~%2, J a(w)de=0, For 2€2B and d(g, ) Kty 1meB then: (note that |Vd(w,

g) l =1) ':'lfa,-Ewwo, such tha,t
) I'{[I’“(w, y) W“(wo, y) I <'¢/ d(§m ?/) ), d(wo a,) J (Z(&” g,

+¢(d(§; 'z/))J

(e Q/))l e /(f, (d(& v) )dy)

<Opy* % (Vy(et) + Ve (08)) ace,, u)<2atéqn, RY N A TN

because

J’M lp(d(fwv ¥ )dy> JB ' (.Zy=V§z(at>.—>40”;'V:y(at)’

€z

I | l " d(&- .y-) ’dy< J I ¢'||;dy<o,,,,,;-vu('at) .

Bg,(at)

~ Now, when d(wo, z)/3<d(§m y)<8d(xo, 2) . |
Bt ey )<y Vo (L2 )<, (o0, DV o0 D)

4 y) 2
when d(&,, y) =>3d(z, wo) o
Vo <G5 d(fm, 5 Vi (H5 8 ) <0, (e 9 V_1<——‘d(zz )

<Gn"d—.1 (wOr "?')Va‘o (‘_d‘(z_éﬂz )’ :
when d(£, ) <d(, 20)/3, d(0, ) /2<d(Es, 2)<d(&, 9) +d(y, &) < (1+a)
@?<§m y)<0n’( 1—;-“) d_:l(mOr z)Vs (d(wo; Z))
Thus, for z€2B, d(y,2) <t and 2€ B
,,, 1+ \"?
|5, ) =T (20, 4) | <Oy ( ta)

So (note that Hw||1<1)

W—-) PEH GG ),

sup [, Wiy, )ate)da |~ swp |[ @0, )< 0y, 20))a(edie
d(y2) <t d(y2) <t co N N
<O,.,.,,, “05( 3 z) Va-., (d(wO; Z)), )
- rods . T i
HN nr(w)ﬂz,l«zzi)")<0”"”’ L(mo.z)>2r, (Z(a}o, z) Vg,(d(a;o, z))<oﬂ""’a' (7)

On the other hand, N (a) <O,,Mo(0) (Hardy-Littlewood maximal function of @),
£0 ' . ' .
ﬂNw(w) “L'(23)< |2-B l 2 "Nw ({b) ﬂz<__0¢;...-a-l|wll,z |B l 7<On,w;a-_
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Combining this with (7), we get | Ne(a) |i<O,,y,q. Lemma 4 is proved,
Now, let E,, F, and du,, » 88 in section 2.8t 4 1
Are @ <m>—-—( ([ w20, 41 Pa) @) 08 dy)

MxR1

van@ = [[ 03, e

MxR}
Then, by duahty of H(M) and BMO(M) 1, and Oarleson mequahty (seo [7,."7
Lemma 8]) : :

| nf""“'ﬂﬂ"l“BMO?—‘: |§E£1 ’H f!?:‘oﬁ.’fﬂ.(m)g (a))da;\ ’

{]-(J, w2 g (@)do)an.

MxR}

< Sup, | Ne () 1] dttar, 2 | ow<Oy,a,8,7m A2

Thus. by Lemma 3 we get (for 5>1)
| {w: fy, a,B,v,z(“’) >0} | <0ma,ﬂ,'v,¢9 /o | {: fw.a,ﬁ.v.x(w) >7“ He.
Finally, if wo take y such that y<«, then -
A3,4,0(0) (@) =Fy,0,8,7() on FM
A} g,0() (@) =F w,a,ﬁﬂ(‘v) ‘011 M.

= gup
v Moim<li-

S0
| {w: Ap,y,a(@) (@) >N} |
S|P3+ [{a€F s A,y,a(w) (@) >3}
<Ona,ap* | B |+ [{o: fy.a,8,90 (2) >80} )
<Oh,a,0,4 (| B3| +e7% | {@: fy,0,8,9,1 (@) >A}])
<O, (| Bl +67%/% | {w: A},y,0(0) (8) >A%}]),
i.e.,

Lemma §. For 0<a, B'<6o, >1
{w: Ap,y,a(@) (@) >5M} |
<0Oi,a,84 (|2 Np (o) (2) >} | e | {o: Ap,y,a(0) (m) >K}|)
From this lemma and the fact

lglo=p[] 372 [{o: |9(a)| >A3 1A (0<p<oo),

we can easily get ‘
1Ap,y.a (@) |9<Ohua 89]| Npya(w) I» (0<Z_7<°°) .
Finally, noting that Ap,q«(®0)<A4p,y,a(®), we get Theorem 1.

§ 5. Applications

As an application of Theorem 1, we have . o T
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Theorem 2. Riesz iransform V (+ 4)~4/2 is L*-bounded foq* 1<p< +oo,
Proof Let p ==p/(p 1),

|v(+4)" H(P)le= sup, |<d(+4) 7(f),w>z, (o 1s 1-form)

(& Pacao, 2 pw), tdtl
| (by Polarlzatlon identity) -

J:< AP (f)y -gt— P:(w)>« 't i
-

= Sup
folyr <l

e= SUp
lwglr<1

< sup j [dp,(f));[_a_P,(w)ltdtdm

Twllgr<l
MxR}

s ([ ([, WPH@I|E
R}

" Rwlpr<l
L T &

V(@) dy )t dt de

<0, sup [ Ap1(@) @) Ar.a () (2)do

lolpr<l J

(by Holder jnequality and the fact that V;* (¢) <OV (4) for d (e, y)<t)
<O Ar,1(f)lse E‘}ﬁlgl“l‘ip,i (@) "p’<01»',“f“m “
by Theorem A and Theorem 1. Theorem 2 is proved,
NOW, ].et ' 4
9D @ =([ |- & Pi(H @) | cu)

92(w) (@) = Hwﬂ@@ha
In [5] we proved (by CZO- method and estimates of kernel of ¢gp)
Thevrem B, gr 48 weak-type (1,1) bcu'nded and BMO bcunded so 4t is LP-

bounded for 1<p<oco,
But, for ¢p, any gradient estimates of its kernel will involve more curvature

properties of the manifold. so, CZO-methed fails now. On the other hand, we have
no “integral”.of ferms (such as, 1-forms), the method developed by B, M Steintios
also fails.

Now, as Lerr ma 1 (1°),we have

4,12 P(w) >h2'lv;—a—P'(w.§+?>.0
*17o8 ¢ =AY o TR T

2 R ,
i.e,, 7%— P; (w) | is subharmonic on M X R, so (see the proof of [7 , Lemma 3])

l 8t P,() @)
And

<12 ), gy 0
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= g Rk

gp<w><m><o...aj ( SCSIN .

<o,.,¢j L( % [, Qt]_'a

<O,.,aj L (as)[ s P( ), Vat )sdsdy

< O"'aApvx’g_ <w) (m) <oﬂoﬂAP9.“‘(w) (w)z’\"_ P . . . TE

as lf <w> <y>] dyczs as

@) <y>l i dy)ads

3y Lemma 5 (a by a/2), weget . . .

Theorem 3, For 0“ 1~ form o, them holds

[{o: gp(w) (2) >2}1 <0, 4] {&: Np,a(w) (sv)>%}|
+Onja| {@ A—P.a(w) (@) >Akl3

espeoially, gp is L”-—bounded for 1< p<oo and’ weak—iiype (1 1) bounded and
b9p(©) }5<Oh,5,4] N p,a(@) |, for 0<p, a< +oo.

The L*~boundedness of gp for 1<p<2 has been obtained by D. Bakry™
(proba,blhsﬁm method). - o

As corollories of Theorem 2 we have

Corollary 1. 02 O(M)/_\.{ Feor (an): [ f@aa= o} is dense in L”(M) (1<-

P<+00) when M s noncompacﬂ

It is obviously not 'ﬁrue for'p=1. v

Corollary 2, For any o€ L% 1,0 (M) A {all L”-—fmtegmble 1-forms}, there ewist
Ji€oe (M), j=1, 2 ee, such that &=IL*-lim d(f;), when M s mmcompwct

e E
We do not g;Lve detaﬂs of them here. We also notice that Theorem 1 holds -for
pos;tlvely ourved product man jfolds. '
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