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FUNCTIONS OF 1-FGRMS AND ITS APPLICATIONS**. . . .  • •’ . ：： . . . . . . . .  . : ,
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Abstract.■ f -u "：■ ■ = • ; . . v • , _
A norm relation between Bontangential square fanotion and nontangentjal. maximal. : 

function of 1-forms is obtained. As applications, the author gets Lp-bpundedness of 
Littlewood-Paley-Stein gr-fanctibn operator on l-fprms; arid gives an analytic proof of 
L -̂boundedn ŝs of Riesz'transform, where l< p < 〇〇 . - . -

. . .  .......... • ,

§ I .  Intrbduction
Let ilf be a nonoompaot complete Riexnannian manifold of dimension nr■ _ . . . . . .  ； - ■ " ，Rio (ifcf) J  and J jl the I^aplaoe operators (dS 4-§d) on functions and 1-forint

rejspeotjyely, {Pt}t> 〇 and{Pi}f>〇 the corresponding Poisson gemi-groups. For 
function f  and 1-form co on Jf, define its square function and maximal function aŝ  
follows

'^p fa(co) (〇；) ： ■ ;\VPt(cd) {y) I
. V O  JBsm )
心 »  O) p  sup I O )⑷ I，d(jc,y)<at

-4p,«(/)and iVP_,a ( / ) are similar, where V== (V, 8 jdt), V is gradient operator of M . 
In  [7], we developed tile technique of [4] and proved (for produot manifolds) 
Theorem  A. | p / 〇r  〇< a, 尽丨< + 〇〇。

In  this paper, we prove
Theorem 1. ||^,«(&)) \\p<〇 n,p,a,ANP}/3(〇y) |U for  0<«, jp<+〇〇.
Applying thist heorem, we give an analytic proof of ^-"boundedness of Eieiz； 

transform '7(+A)~1/2( l< p < + 〇〇), whioh was originally obtained in  [1, 2; 5] and 
proposed in  [11].

In  this paper, 0„,p,... denotes a positive number depending only on n, p, •••, i t  
may be different when it appears in  different places.

I  would like to express my many thanks to Pfof. Oheng Minde for hi» 
enthusiastic support, Prof. "Wang Silei for his patient guidance, and the referee for 
pointing out an error of the original forin of Lemma 3.
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§ 2. A Note on Carleson Measures
•«. . . . • - i •For a ball B a M } [0, 2rB] where rB is radius of B. For a nonnegatlve
Borel measure dfM 〇n M x  R\,

： > ||i^ |0.M.^sup{iu,(J§)/|lB|: fb r a llb a lI5 > .-iLemma 1. For 0<7, iS< + 〇〇, there hold
1°, VO00 l-form  rj on there holds

( w ) )
h  丨 2>21 网  j 2+2<^V 乂

20， 3  80===80(谷，7i) €  (〇，1)抓 s. t*

a) . V bull JBy Pt^Xs) *̂8〇 du Pt^Xs)^3〇/2 out of
b )  . V closed set S f 3 closed set FczE^ s. t.

; - 8〇/2 0九 U  尸7(女)， ，

OUt 〇f \ ^ r (3(̂ 1) y

wIwtb A%̂  ^

■ wltere r a(y) A {(®  ̂ M XB \ ： d(oo,y)<at}.
3°. \f c<d, a ^eOcC-B1), k. t. q>(t) for  i<c, ?>(#)= 1 for t>d, |^(<)| +

1 .# 0 0丨今。. .  . . … . ’
1° can "be obtained from Weatzenbook formula111̂  because Rio (MxJR+)>0; 2° 

and 8° are from [7, Lemma 2].
Now, for ^>0, set ^=={a?: ^p,5(<«) (®)<A-}. By Lemma 1, there exists

Oo^R1) (which depends only on y, ^  and n) and F^dE,, such that
0 outof^LJ re(y)\

^where v̂ P #(%Sa). We have： : -.-
Lemma 2.' j| 私》，J d < C ^ n, — ere ) ；V ...

Proof For a fixed ball B, set M=*Pt(za). By Lemma 1, there exists ?>2 €¢)0(^1) 
«uoh that :

1 on .
0; ^ b f C ^ 5 )A； (3)
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祕 ) ( * ) < 心 £  (F:1 (-f - ) J ■—  Pa(i〇) (|/) j dydsjdt '

<〇 „

0 . 
ds P s(^)(y) 2 V Z ^ d s d y y i

O 關 ：

甚  6 ( 61) j 办 ％
0 )

《〇n.a^，z，色 （仞) (®) (如）（霉)、' . v， 、2 J 卜、• .， . . . -.i

By Lemma 5 (ex "by cc/2〉 ， we get .. ■ ‘
■： -. . .  ；

Theorem 3. For 0 〇 1-form 〇), there holds
|{®: gP((〇) (a?)>^>f<On/aI{a：： ̂ , »(&>)'■('«)>^)1 .:. ,

«speoJally, is I^-bounded for K jp< 〇〇 and ' weak-±ype ? (1 ,1) bounded and 
I办⑷  Ip^O^p.alljP.aO) L for 0<沪，a < + 〇〇。

The i p-boundedn.ess of gp for l< p < 2  has be©a obtained by C. Bakryc23 
(probabilistio method).

As oorollories of Theorem 2, w© have
Corollary 1. 〇 Zo(M) e 〇 7 (M}： j^/(aj)d® =〇|  is dense in LP(M )(1<

jp< + 〇〇) when M is nonoompact^
、 . ..•I t  k  ofcviously not true for jp — l 。

Corollary 2. For any o>QLpcî (M )^{aTl Lp-mtegrable 1-forms}} there exist
f } ^ 〇7 ( ^ ) f 2, such that o>^Lp~lim d {f3) y when M is ncncompact.. .  y->+〇〇...... •*. . . . . . ■ • , ••W© dp not give details of them here. We also notiC5e tha t Theorem 1 holds for
positively curved product manifolds.
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