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REGULARITY OF HARMONIC MAPS INT@
POSITIVELY CURVED MANIFOLDS** -

XIN YUANLONG (’fﬁ‘ 7L /!b)

Abstract

Let M be a compaet Rlemanman mamfold of d1mens1on m, N a complete sxmply; ,
.., connected O-pinched Riemannian, mamfold of dzmensmn n. There exists 2 constant d(n)
It is proved that 1f m<d(n), then every mlmmzzmg map from M mto N 1s smooth in the )
o interior of M.TE m—-—d(n) +1 such a ma(i) has ab most disorete smgular se’ﬁ and 1n general e
""" the Hansdorff dimension of the ‘singitlar set 1§ ab most m'— Hny = 1. RS

7§71, Introduction

One of ‘the metiio’dé o have éxistence for harmonic maps is the 'diire'ct “hisbhod
of the caloulus of variations. The majin. ingredient. of this method ig the regularity
of generalized harmonio maps Schoen—-Uhlenbeck developed a regula,rlty theory
for m1n1m1zmg harmonic maps in their remarkdbles paper @, They showed' that
such mapsare always: ‘regular in -the interior ‘outside i, ‘elosed: set ¢ of Hausdorﬁ
Eodimensibn at Jeast thirde: Preclsesy, they proved the followingt . == 3wl Wh Sior o

Lot ¢ &2 (2, N be an- onergy minimizing map. Suppose N has the . property
that there exifts ‘an intéger 1< 3 sudh that any minimizing tangent map: fiom R?
into N is congtant for’8< j<l" Then ‘the Hausdorff dimension :of the singular'set -of
the map ‘¢ s at most m=T—1.’ If = Z+1 then the - smgula,r Set g dlscrete If
m<l+1, then ¢ ig'dmeoth:" ot e Tmes deslgane st oot v

Using the above criterion Schoen—Uhlenbeok ‘analyzed singular set when the
- target ma,mfold is Euohdean sphere in. [10] “The key point is to derive stability
inequality. In the oase when the target manifold ig sphere, the Varla,tlonal oross—
sections aré’oonformal vestor'fields along the image ofthe map, ¥

When the Euoclidean sphere ig'embedded ‘céinonically in:the Buclidean spaoe,
the conformal vector fields in the -sphere:dan he expressed as the tangential
,cemponents of the parallel vector fiélds inx ambient space. Thus, the results in [10]
| oa,n';Abe'iigenera;lized};te"«..the:, subinanifolds inithe Buclidean -space 7%, On the.other
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hand; conformal vector fields in the sphere can also be viewed as the gradient
vector fields of the eigenfunctions for the first non-zero eigenvalue of the Laplace
operator in-the sphere. 00nsequently, the results in [10] can be generalized to the
case when the target ma,nlfold is a compact irreducible homogeneous spacet,

In the present paper we consnder the case when the target manifold is a
d-pinched Riemannian manifold where there is ‘the Rub’s construction which
enables us to have the average process for second varistion.

In fact, by using this technique Okayasu™ proved the instability of harmonio
maps into sufﬁclently pmched ma.mfolds Our main result of thls paper is the
followmg ‘ -

Let M be a compa,ot Rlema,nman manlfold of dlmensmn m, N a complete
slmply conneoted 8—p1nched Rlema.nnla,n ma.nlfold of dimension n. There exigts &
constant k(n, 3) dependmg on n a.nd 5 whose preclse formula.tlon W111 be given
latter, Set
2. 7 Whengm (l—fg)lo(n, d)

BE IO e L When g l~8)k(n,8) =5

| 6)] "  in other cases,

<1,

Qn
2n+ (A+8)k(n,8)

where [-] denotes the greatest integer in a number _ _

Main Theorem, . I f m<d(n), then every minimizing map fmm M into N is
smooth in the interior of M. Ifm=d(n) +1, such.a map has at most diserete singular
86t g, in_general the Hausdorff dimension of the singular Sei qié,atj-m‘ost m—=d(n)—1.

When N is the sphere §-—51. ' and k(n, S)—-) 2—n. Consequently, . i;'he.:,above
result is a generalization of & regult of Schoen-Uhlenbeck in [10].

- .\[mm(l—!—

In this paper we also. oonmder some related L10uv111e type theorems of
hermonic maps from complete manifolds into d—pinched manifolds.

§ 2 Prehmmarles

Let M a,nd N be Rmmannmn ma,mfolds of: &lmenswn m-and.n respeotlvely,
¢ M —» N4 smooth ‘map. We agree the. following zange of mchoes o
Pt g LSRR <m, R
IS, By e AT T TSR PPV
Ohoosing local orthonormal frame field {e,} in M, the energy densﬂ;y of the map
? is deﬁned by .
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Here and in the sequel we use the summation convension. The energy functional

B@)=[, ot 2.2)

o3 is ha,rmonm if it is & critical pomt of the above energy functional. o
AIn the regulamty theory the. tangent maps pla.y an important role which is
speocial harmonic maps from BR™\ {0] with the same 1mage on each ray issuing
from the origin. . o
~ Any harmomc map as & solution to Varlatmnal problem possesses its index
f_orm ad followg ' _ . -

I, 9) =, <~ Vo= RY (o, 0)dus, o)1 2.3)
far €T (¢‘1TN ) with compact support ‘where V*stands for frace Laplaoe operator
on vector bundle ¢“1TN over M If in: addltlon, ¢ has. 2070 mdex it is called the
fsta,ble bharmonic map.

In this paper we also need the following Bochnei‘» type formula™® :
 de(d) = |Vde|*+<b. Ric 6, o> —<BY (i Duts) Dutsy 4>.e,>, - (2.4
where denotes ‘Riemannian connectlon on  veotor bundle T*"MR¢*TN. For
; sunpllclty we uge V to. denote natural connections on various vector bundles. Its
precise meanmg can be seen from the ¢ontext.. : S
A Riemannian manifold Whose seotlona,l curvature K satlsﬁes the condltlon
d<K<l.(disa posmve constant) is ca 1led 3-pinched ma,nlfold Let N .be & complete
. simply connegted d-pinched n-dimensional Rlemannmn mamfold In order to
- obtain diffeomorphic sphere theorem Ruh introduced the. followmg structure™,
Consider a Riemannian vector bundle E=TN@®s(N) over N, where TN is the
tangent bundle of N and s(N ) 1,\&9; trlyml line bundle with ﬁber mej;rm. :_D_eﬁne 8
Riemannian connection V" in & as follows S '
Vie=Vz¥ =X, ¥e, . (2.5)
- CVhe-X, - 2.6)
where X, YGI‘(TN ), ¥ is Lev1—01v1ta connectlon on N and s is the unit. cross-
section in s(N). It is easy to soe that the ourva,ture of V" is. small prov1ded  is

: close t0 one. Furthemore, by using v" s flat connéction V' on E can he’ oonstructed
“In their sulisequent papers. [8, ~4] the difference of connections v’ and V"' has

been estlmated By multlpllcatlon w1th 5 (1+8) We ha.ve normohzed a—pmched

2 2.
143" 1+8

 Since V* —v" i simply a skew-symmetric linear ma,p By usmg ,the Fmsler
_ norm on"o(m<+1) define o .

metrlc on N Wlth sectlonal curVature m the mterval (
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mEF(TN), le—l YEF(E), IYI 1}.

o » |
s e 2.7)
o v~ "II<703(8), I (2.8)

where ERNY e e .
- m(a) —-(1 5)5-1[ -I-(@fosm a*f)] o e
702(6) [ (1+a)] Bo), (.10)
k§(6)=szs?{ + [1T_.W2 (701(8)) ] }? C T e 11y

§3 Stablllty Inequahty of Harmonlc Maps :
O Nty 82 Pinched Manifolds .

In what follows we consuder 8’ ha.rmonm map gb from R1ema,nn1an ‘manifold
M of dimension ny ‘into” V- Whlch is o complete simply ‘connested 8—p1nched A
Riemannion’ ma,mfold ot imension % The idea 1§'the saé as that in & prevmus
paper [19] swhere the’ ta,rget manifold 'is & sitbmanifold in-the Kuclidean spaice
prov1ded the Ruh’s constructlon has bebn employed mstea.d of tangent bundle of
the anibient Buslidean spaee along the submamfolds ST TR

Let @= {VEF(E), VRV S0 for: any XGI’(TN)} Oertai‘nly, ®is a (n+1)-—
dimengiona] Buslidean space “DPenote T to be' prOJectlon of V 1n‘to TN Take
' cross-—sectlon m the vector bundIe qS iTN over M B R
Wwhere z iy’ any function ‘on M with compa,ot support For a,ny looal orthonormal
frame field {¢,} on M A s ST :

vaﬂ) (Vo )V + UVQV 9 (3 . 1)

%ﬁd".; v

| Ve |?= | vu| P, VT>+’UV9¢'“<VT TV DT T (3.2
Substltutmg (3 2) mto the 1ndex form (2 3) We have v

1(«:, e j LIVSI TS, P+ a7 T T

SRR +%2(<VQV'T ve4VT> <RN(¢*3‘0 VT) ﬁb,.@;, VT>)]*1 S (33)
Whlch 15 & Q,ua.dra.tlc form on. @,

At eaoh po,lnt mé M choose ori;honormal basm s,,, at qS(w) and un1t vector ¢ in
the fiber of s(N ). over: qS(a;) By the pa,ra,llel tra,nslatlon in 7 with respect %o ‘the
flat: corinestion. 74 whioh; was'deseribed in:the previous :section " "We have:ortho-
norma,l basgis {&,, 6} in @, Thus, - Il cfeuta vy
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trace VE, ViDe= 2 {Bay oy =m. A (3.4)

Since |
e, V,J{r}:,_% VeV, V>-—<_V_, &> 7elV, &,

we have
trace <V:z' Va,VT>¢ 2 <8, \—,e‘gz a+<31’,'-".\7«,5m>,-5;- TR

" =2 <8a7 ve‘éT> ‘

. 1 Vw<6a, 3a> O SR . , (35)
Frdnh‘iﬁ.ﬁ} it foliows that - : s T e e

OcVT \¢¢6‘VT+<V ¢*ei>3 V¢,e,(V <V 9>6) "<V ¢,3.>6 s S

=='\7 g.e«V <V 3)95.0{ B | S » o (36)

(2 7) and (3 6) y:eld - S T R S ST

T, VD<A T ¢.9.V>+(1+ W, <7, elal®
;’.v(.]p""c)<(vg.e¢ v.é.e.)_dy ’ ('n:_ef'.e‘ - V¢.3¢)~V>
+(1fl~—-)<V,..e><V_,. olag|?
<[zerone), V> (#142)w, o, o] 1315 @1

which gives A : \
trace V,J/%, Vol o< {Mk”(8)+(l+ Diagls, @9

where ¢ is & constant chosen ’ later. From the bounds of normalized sectional

curvature on N ‘ we have

(BY (oo, VE)d'e, VD= 1 T a -V, VT>]d¢]|9 <¢*e;, VE<be V),

which gives

tra’,ce <RN(¢%9u VT) ¢n3¢, VT>¢/ 1+8 ('n“"l) ld¢lz " (3_9)
Suhgtituting_ (8.4), (8.5), (3.8 a,nd_(a._g)' into (3'3> we obtain e
Q=trace I<J {nl Vu|?+.§l’_"_1_)_(_1..‘l”__"2 ¥3(5) +(1+%_)

1+5

Ta.kmg o—- v WS/ we obtam the followmg stablllty mequahty

ka@)\’ P LT
J (WW LGN “)*1>0r R

where

(n— 1)] ‘~’l«z¢12}*1 G
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o, 3) = “1’1 FE(0) rn/m T 1 ha(3) +1~ 1?58 (n—1). (3.12)

§ 4. 'A Regularity Result

Now we are in a position to prove the following result.

Therem 4.1, Lot M be @ compaot m~dimensional Riemannian mantfold and é:
M — N an energy minimizing map. If m<d(n) ¢ is smeoth in the interior of M. If
M= d(n) +1, ¢ has at most discrete szngulwr-gt and in general the Hausdorff démension
of the singular set is at most m—d(n) —1, where d(n) has bqe,n dgﬁmd on Seotéon 1 of
this paper. .. . ‘ pnoor : :

- 'Proof By the Schoen——Uhlenbeok regularlty theorem 1t suﬁices to prove any
mmlmlzmg tangent map f: R% {0}~ is constant for 3<l<d (n).. For any tangent
map f there 1s an a.ssoolate ha,rmonlc map f1 S“1—>N Thus (3 11) becomes in

R ¢

this case

T iR, 6) L ;-2 0
[s’*lx(o,w)( du -+ n uldfll - 372

where 7 denotes Laplacian on ' Now we considér'a strongly elliptic operator on

Sl-—l

%)7’"%*1}0, (4.1)

L= 4-E@2) g2

and an ordlna,ry dlﬂ’erentlal opera,tor on (0 oo)

2
ERE S ST S LO—Y dy% I_(l 1)7 d
The eigenvalues of L; and L, are

l.'i(.--"#~ Vo s W1<ll'2< "\M;< . “>Q°, e
a,nd KV v Y N

‘o‘i<82< <8< —> 00

réspectively. By, the way - d@na by Simons in [11], the stability condition (4 1)

becomes .. e e . y _
.X .:!:.: . \ e . : 'u,1+8i>0, 4 RN n PO T Lo (4'2)
By a-direct computaiuon S SRR IR TR Tk
. _
': — (l' 42) :" N .‘.".‘.... . | » (4 3)

Let us estimate Ha BY usmg (2 4) &Dd notmg the curVature condltlons of SH
andN we have o T SO

e _12. Idfilzledfilz"‘ (U 2)ldf1iz (l+21()z(1?l28) ldfl

Since

. (4.4)
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o Idfil“-“Idﬁldldf:.l-!-lvldleI2<Idfildldfil+lvdle’

(4. 4) becomes R
A Al fil > (I— a__20-2) 1014 =
~ldf1lA-Idf1l->(l-2)Idfﬂ —mldﬁ-l . - (4.5)

Let
= \ldf1|’+8)"" |

for e>0. From (4. 5) it follows that , ‘
bdb> (1—-2) |afs|2— 23D afslt

=1 (1+a)
and ) L : ‘ ‘
R e ¢3,|df1|"<—<zv—2>i«zf1|=. .6)
Micd@,memdy
- 2(1-1) —k(n. 8)’_

(—1) (1-+9) n
then from (4.6) we obtain -~ -
: k(n, 5)
A 3'}— d 1 2 *1
int [ (-3¢ 35317, )6,
,[s'-id)g*l.-

<inf-

(- 6.~ ﬁ%lﬁmx)w
L“#*l . :

provided [df;|=0."But (4.2), (4.8) and (4.7) imply 1>6 Whleh contradlots'
I<d(n). Thus f; has to be constant, so is f. : S

<2-1, (4.7)

§ 5. Some Related Liouville Type Results
A Riemannian manifold is called strongly ‘parabolic - if it ddmits no ron-
constant positive superharmonic function. As is -knoWn, R? is strongly parabolic

- while R*(n>>8) is not. In fact, there is the followmg oriterion, Ka,rpf"” introduced
tha.t a complete non-compact Rlema,nman ma.mfold M has modera,te volume

. growth if there i3 F € such that lim sup —; Ij,l ( y
‘y=ro0

M wheref {F (o, oo)—>(0 ©0); F is mcreasmg oni (O oo) and f

vol ‘B, (a;o) L oo -for somé a,C

e e 9T <7> -}
and B y (@) 1s 8 geodesuo ball of ra,dlus 7 a.nd centered a.t moeM He proved tha,t 1f
:M has modera.te volume growth then 1t 1s strongly pa.rabohc :

© Erom the stability inequility (8. 11) we have-the’ followmg genera,llmtlon o
;that in., [6] to the ¢age; when, the domain, manifolds are-mot, neeessanly gompact.*
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Theorem 5, 1 I f Misa compags -or -complete rion-compacs, stfronglg/ parabolic
mewnmwn mant fold and k(n, 5) <0, then any stable harmonic map ¢ M —>N zs
constant,

wProof If M is, compact by choosmg u=1 in the stability iRequality (3. 11) P
is oonstant It is the result of Okayasu in [6]. .

If M is complete and non—-cofmapct ‘wo congider a strongly elliptio operator

L A la(n, ) |d¢[ R B e L (5 1)

I

on any domain Dt wﬂ;hD compact Tot A-Be" ‘the “first ‘eipenvalue of L in D
with Dirichlet boundary condition. From the sta,blhty inequality (3.11) it follows
thada

YESE, cl e e Ey R
e, U \ o - LR

By using a theorem in [2] there id a posifive solution %4570 to

A=inf

wo L= Au—-—@—%—a—z- | d¢ | 2u=0;
tu=20 D g4 <0, (5.3)
mamely, u is. a.posntlve fsupefhaﬁi'nionio .‘ mfunctioii .‘on M L Since M is strongly
parabolic, u is constant. Thus (5. 3):i""mp1'ies |d| =0..
.. Theorem 5.2. . If k(n, ) <0 and m<d(u) tken any. mommwmg mwp qb R"’-—»N
os omzstwnt
Proof OChoosing a cut off function
{1 ln BB<O)y WL
LU= :
0 Out Of BgR (05
{in the stability, meq_uahty (A1) wehave or . o e ey el g

.o 2n 2y S TP DU IR AT - B

Where c 1s a oouSi:ant dependmg on’ n a,n'dlo

A We ialso can do I® edtimate- for the energy dens1ty of harmenic ‘higps “ibto :d-
;pmched ‘manifeld N as was done in. [8] [10] Gra

R P EAC i .'A' -
RS I AR T
{7 5 R H

‘ Theorem 5 3 L@t M be @ oompleﬁe m—domenswnwl R@emwnman mant, fold wfzth

m'nt‘——A(A>Ojfaml qS M-—>N @

S

I, ,
I+ (L+0)k (n, )
fo¢ any: rnmz-'negwtwe fumz‘/z,on u with compcwt suppoq't dn M ihe Following ingguiality:is

stable harmonie. map fwoth mnla ¢<7. I f Ia(m, 6) <O LSS &an
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Q)al’l)d,",‘;’i‘;‘)\"“ ?‘._.'.::" ‘,: e e ot ‘ G T P ‘.! -
U Jagli<of b |vaHa, T T T @)

where ¢ 8s constant depending on m,.n and 3, i .
N Pfroof Ohoosung U= ]qul'v, ‘Where v is any functlon Wlth compa,ct support in
"M in the stability- mequahty (3.11) ‘we: have :

o b (n. S)I a4 *1<j' [o?| Sefdbt {2+ |db)2 rw|2+2v!d¢l<w, Vide|2lxla

g (5 6)
‘From the Bochner typé formula. fot energy: den91ty (2.4) ik follows that

——A|d¢12>1w¢12 Aldsbl“ Ay—D) | ggs

o 7@F9)
S,nd : PR - E:,_‘_,‘ ‘.'_{
C U dg] Al [TdB P d {2 A |2 22};31@1* e

By Sohoen—Uhlenbeck’s estlma.te“‘” ‘ _— T
|vdg|o- lV(d¢H*‘>-————fV’fd¢H’ N X
(5 7) and (5.8) gives o .
11| 4]d) . 1714 - Aldqbl“’ 2((?{ 2Dl 6.9
-:;.(Mg,ltiply,iyng‘;_‘(ﬁ.9)\;by_'v &nd, then lntegr&t%nggt}oye; Mwe tha,'l':,‘:\w o

--Qg;—j 2|V |dp| |51

o <j | VIdg) |+ 4)dg*?

+3—%—;—§-§-1d¢*w2 2vld¢l<va,vid¢l>] ___'<’§.1;‘0)

By adding (5.6) and (5.10) we have
- j 9] d| |1

<j <1d¢! wm +Ald¢l””>*1 S
-+, <3§1”+§§ e 3>)fd¢zm o ew

. R . 2fn’ oL g
Since fy< PRy Yoy b) the second term of the nght ha,nd s1de of (5 11) is

_.._::non-—posJablve Thus; ‘we- have e Gt e e

| ':'2;;,;' ”IV dq-‘»l i2*1<J' (qu[ (le"’+A[d¢|2m2)*1 | _‘,‘.',.,_(5_!1@)
By usmg the Oauchy 1nequa11ty for any s>0 o I

| o 2vld¢i< v, Vld¢l><sv2lvld¢! 12+s-1|d¢|=|w}2

’(5 b) becomes SLED L e w0 it U L e oo o
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— k(n, ) 2 2 -1 2
HoD [ lagi o< e, o110 + (Lo >j |6 (2 Vo] 1.

61
Substituting (5.12) in (5.18) and then repla.cfn‘g v by ® we have

_MJ |d¢|4u4*i<;1j:: (4ld¢l2u2lv“;lz'}‘..A.!dqulkzu"‘) o1, .‘ (6.14)

where ¢, is dependent on m and n. By using Cauchy mequa.llty again for any >0
:we have

[de|* leu12< ut|dpl* +—-iwl* : - (8.15)

and R .
'A{d¢('~’<-§-zd¢l4+£— A2, | @®. 16)

‘Oonsequen.’cly the desired 1nequa,11ty (6.8) follows from (5. 14) (5 15) and (5.16)

immediately.
~ Corollary 5.3. Let M be & comgplete m—d'bmenswnwl Riemannian mani . fold with
nonnegative Riccs ourvature and ' o

vol Bp(ay)
g inf ===

and ¢: M -—>N a stwble harmonie map with rank ¢<7 If k(n, 3) <0 and y<

2n
2n-+ (l+6)k( 6)

EBuclidean space of dimension 4.
The prorf is the same &g that in [18]. We will not repea.t them here,
Bemark Oorollary 5.3 is valid for M= BR™, where m<4 and . m<
2n

, then <l> hass to be constant, So does ¢ fm the case when M -is

9 well ag for certain strongly parabolic manifolds.
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