
Okin.'Ann, of Math, 

13B: (1992). 385—395.

REGlJLAllITY! 0F ：' MARMONIC； IVIAPS INtO 
PdsiTiyfetY CURVED MANIFOLpSw

' Yt rANi：〇N a M £ ^ ) ：#-：' ! —a : :

Abstract
; 乂 . ■ 1 :: h  : 二 . ， v，- v , . .i ......i,.. ...； v-:： • i ■ ：

Let M bo a compact Eiemannian manifold of dimension m9 N complete .simply; ； 

connected 5-pin〇hed Biemarmian,manifold of dimension w. There .exists a constant dXn)̂  
It is proved that if m<cZ(n)., thep. eyery minimizing map from M into N is smooth in the 
interior of M.' I f  m==̂ d(nj -{-i? suoli'a map has at most disorete singular set anli in general 
t^e Haus'doM of the'sirr^uiar^ j \u 'Vi ； i；i ■

§ 1. Introduction
0:ne of 她 © methodis t〇 haVe 紅 istence for harmonic maps is the direci 

of the calculus of variations. Tii© ^aii:n:4ngredi©nt of this method is t]ie regularity 
of generalized harmonio maps. Schoen-lJhibnb^cfe developed a regularity theory 
for minimizing harmonic maps in their; rem^rk^ They' s]x〇wed: tiiat
Otioli in^aps are alVayiS • i* * *egula^ iri th©; Sati^dorff
^ d im eh site  aileas^ !pTecis^y^ftey=p^i^ tM  follbwtog^ ' ; ： ^  ;

Let <j^^^x(M T} N ) be an ©he^y M niffiM ag -property
iha；t there exists an integer that any: m ap； from
into N  is ^ te n  t h e dimensioni of the singular's©t of

map 岭 at iriostW匕J —1.: I f  tlieii the singular 丨 S谷t: is :di自oi?eie. I f
tiiQn ^  is^indotli. ■ '* ：.. .. j ：, /：；： ； ：： . ： .：.： . ,；；： ； t

Using the above criterion Schoen-UlilenlDeok analyzed singular set when the 
target manifold is Euclideaii： sphe^Q In. point ia to derive stability
inequality. In  tlie oase when the target manifold is sphere， the variational oross- 
section^ ar^oonformal v^crtor^fieldsal^ng-tlie image ^

When the Euolideaix s^Itere is ©mfeeMed c&n〇£ii6^Iiy Space,
the conformal yeGtor fields in the sphere dazi b© expressed &B the tangential 
componente of the parallel veckfiNfi^M玟 i& ambiient space. Thus, the results in [10] 
oan. befgeneraIized；yfco;fii©： s u b t a a m f o M s ^ ；s p ^  ^>3.' Qa
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hand， conformal vector fields in the sphere can also be viewed as the gradient
vector fields of the eigenfunctions for the first non-zero eigenvalue of the Laplace
operator in the isph^re. OoBigeqijently, the results in [ l〇] oan be generalized to the
ease when the target manifold is a compact irreducible homogeneous space11133.

In the present paper we consider the case when the target manifold is a
S-pinched Riemannian manifold where there is the Ruh^ construction which 

. ■—. .. 
enables us to have the average process for second variation.

In fact, by using this technique Okayasu1163 proved the instability of harmonio
maps into sufficiently pinohed manifolds. Our main, result of this paper is th©
following:

 ̂ * * * t

Let be a compaot Riemannian manifold of dimension m, N  a complete 
simply connected 8-pmclied Riemannian manifold of dimension n. TJiere exists a  
constant A (w, 8) depending oa 7i and 8 whose precise formulation will be given 
latter. Set

2

mini 14  ̂ 2n ■
2riir\r (1 -h S) h {n, 8)

w細11 271+.(1^¾¾ (^-8)'=5 , 

in other cases, .

where [•]  denotes the greatest integer in a number.
Main T„h坪 re取 • 抑），站 料 穸 你 犷 女 /r〇m I  及 紅

smooth in the interior $ f  I f  m=^d(n) + 1 , swcA.a map h0$ at most Mscrete singulcor 
mt and in general the Hamdorff Mmemi/on o f  the singuhr set is xit mo$t m ^d(n) — 1 .

When iV is the； 6pJje]r0 § ^  1  and ^(71, 8) ^ ,2 —n. Consequently, the ^pbove 
tesmlrt ig 丨 generalkatiofe pf 杜丈印ult Qf jja [本0] •

In  this paper we al^o oonsi^er ^pme related, ：Li〇uyiIIe type theorems of 
harmonic maps from complete manifolds into 8-pinched Hiaiiifolds.

§ 2: Preliminaries
Let I  a;nd汉 為 砭 齡 设 艇 喊 电 讲 e努 辩 辨 爪 r朗pec_yely, 

也 M 崎瓦灰 STO的 姐 i r ^ ,  扭l 从玄釭伽％ i
■' ' ' ■ '; --v  ̂ '

. . . . . .

CJiibdsing local orthonormal frame field { e J  ia  the energy density of the map
<p is defined by

， ■ 二 驗 • A (M )



Here and in the sequel we use the summation oonvension. The energy functional
- . ,  . . .  . •• '  

j g  • ■ • . -

(2 .2)

<f> is harmonio if  it is a critical point of the above energy functional.
-•• • . - - \

In  the regularity theory ilie t'angeht toaps play an impofljant role whicli is 
speoial harmonic maps from R m\{0] with the same image on eacE ray issuing

.  i

from the origin ,t
Any harmonic map as a solution to variational problem possesses its index 

form as follows™ ：
- -  •• •

I(v , 〇?) =  (* <—V2〇)— (2. 3)J M
fa r  witfc compact support^ wlier© V2staad#fdr tvme Laplace operator
on vector "bundle S^XTN ovqt M\ If, in addition, ^  has .zero index, it is called the 
stable harmonic map.

In  this paper we alsfo need the following Boohner type f〇rinulatl:1
Ae(4>)= I V # | 2+ < ^ R i〇 eiy <f> )̂<f> î} ^ > > ,  (2.4)

where denates RiemanmaB conneotioa oel vector bundle Fo^
, simplicity we use V to denote natural Gonneotions on various vector bundles. Its 

precise meaning can be seen from the context.
A Riemannian manifold whose isieotional curvature K  satisfies the condition

* 〜 •  , . . ...

8 < K .(8 is a. positive constant) is called S-pinched manifold. Let iV be a complete 
simply connected S-pinched n-dimensional Riemannian manifold. In  order to 
obtain diffeomorphio sphere theorem Ruh introduced ĥe. following structure"3.

Consider a Riemannian vector bundle E = T N @ s(N )  oyeriV, where T N  is the 
tangent bundle of N  and s(iV) is a trivial line bundle with fiber metrio. Define a 
Ritsmarmian connection. Vf, in. E  as follows

F H  . (2 .5)

V (2.6)
,.- .... ：, ■ ' ■- ， * .： 

where X , Y ^ F ( T N ) ,  V is Levi-Oiyita connection on N and 6 is the unit oross-
section in s (N ).  It  is easy to see that the curvature of is.sm all provided 8 is
close to one. Furthemore, by using V,r a flat conn^otidn V; on JE dafi b© cbnstruoted,

In  their subisequent papers [3, 43-tli© difference of connections Vf and Vn ia s

l>een estimated. By multiplication with -jt- (l-f-5) we Eaye iiornitolizbd S-jpiiaoied
ju  . . .  . . ,. . . . . . . . . .  -- . i •••. ' .  -

,-. I ' * . 1 » i ； e * . 1 * * -  • ’ . ， * . . .

metric on N  with, sectibrial curvature in the; v'V-：：•. ■.fNriV? ,:.1 . rc； ；
Since 7̂f—Vn is simply ¢, skey-syinmetrio linear map. By Using 

norba 6n define ''⑴ u.
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丨丨v ' - v " l  

T _  

where

and

■ m HxiW xY-V'kYU x e r ( T N ) ,  |X | = 1 , F ^ r ^ ) ,  | F | = 1 } . ；

(2 .7)
: (2.8〉

(2.9)

:(2 .10)

( 2 . 11)

M 8 ) ; 4 ( I D r 1 卜 + (表 伽

^ (8 )  =  ^  (1 + S )J  (S),

& (s) = ^ 2( S ) { l-卜 卜 去  w  ( _ ) ) 2 ].
丨玄

"§ "8. "StaMlity of Har mdnic Maps
'̂：i ::v 4.;. . ; -：)-i 1 % /T 1 7,-^- .；into S—Pinched Manifolds

. * * •

In  what fbllbT^s’we .{ f r o t a  Eiemanifi^ji.'maniifoM.
i f  oif dimension .也 inW’ iT、 &、coiiapl釤te Simply cdim.ebi^d d-pinched 
Memanniori toanitoia^d^^ #.1 Tl& idek ?is'the same :as that in a previous
papei- [1¾ wHere t h e i H a n l f d l d  iW a siiKmihifold in the Buclideah space 
provided the Euh, s construction has befen einpldyed instead of tangent bundle of 

feu也 ; tlie: ; ^  ;r 1; . 。 w、：： ！

dimetisidnal Su^iideari space^'^biibie to be projeotioii of F  iii%  ^N , Takis 
oross-sbotidn'm tlie yedtbr buiidl6 4>Â N  over M'
■̂； ：  ̂ " riC -•： ■>.■'■' ,'；" ■： ' ：\  ：：v. ■ ^ ：uTpr,!pyr ；■;,.， ... .. ； - . ■ ■ ■ ' ! ..

wEere w^s aay fuacstioa ^ M w ife cdmp^ot support. For5 any lobai orthonormai 
frame field {e,} on M  '：l

Ve^'* X V e^yF^ UVetV Tf '  . (3 .1)
and

|V ^ J 2= |V m[2<F% F r> + w X ^ r v ^ F y> t A V e<F 7, V%7^>. , (3 .2)
Substituting (^ .2) into index f〇rm'(^.^)' we itave '. 'J  ^
•v，； - 'I-；- ;v>：；vi- ； '■• r. ： -■  ̂ s : ； " /'■ ■  '■； ：i ■ ■ ■ .

^myv > *： .(3 .3)

J- ，-，

At eaoh pqiixtfa j€厕 h々pose.orthonormal basis sa at 命(a?) and unit vector 0-in 
the fiber of a(iV). 〇Y er^(a5),i By #aniiIa1;ion in  witK i?espeot to 'ffio
fla  ̂ooHneetioa ^  wMoh： was described ia ? otfee previou^n seoticox'! #© liiave ■ ortho- 
aorm al basis {!«, e} in  ©. Thus, ：>.；u\4r； {"r-f
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, , ； trace - _.：； ■;, (3 .4)
Sine©

<VT, Vey ^ - ~  Ve(<F , F > - < F ,  e>^ei<v, e>t
，. .  '厶 :

we have

trace Vi(F * > ^ S  < C  ：• ■ . . ,  ' c： :

' : ： v e <〇  ' - -  -

= ~2 V«,^6〇,. 5〇̂= 〇« ；. . (3 .5)

From (1¾. 5) it follows that
^ V T- ^ 'U V T+<V , V i> = V L , ( F - < F ,  6>6 )+<r, M e

• - v C / - < F ,  0 > ^ .  (3 .6)
(2.7) and (3 .6) 'yifeld ： :

< . etV T, V94F ^ < ( 1 + 〇)<>： ^ ^ ,  ^2.e(F > + ( l + | ) < F ,  ^><F, 0 > ! ^ | a 

= ( l + o ) < ( 7 ^ - V U ) F ,  ( 1;U - V U F >  ■

. + ( 1  十 D W j X  匕 命 W 2

< [ - j ( l + 〇)^ (5 )< F , eXV, ey] \d<f>\st (3.7)

which gives

trace VttV ^ e <  [ ^ ± D ^ ± g )  ^ (§ ) + ( l + | ) ]  1 # 1 ^  (3 .8)

where c is a constant chosen later. From the bounds of normalized sectional 
curvature on N  we hay©

<RS ( M ,  r r) ^ ,  F r> | # | | 3- < ^ ,  F rX 0 #, F 2» ,

which gives

: trace |d«^|2.

Substituting (3 .4), (3 .5), (3 .8) and (3.9) into (3.3) we obtain.
. . . .  • ' - • - •

Q -trace V^| 8+ - ^ — * i ( 8 ) 4 - ( i + i )

28
1+8 ( « —1) J.m® I 121 *1.

2Taking e =  ^ (g)^/ + j  obtain the following stability inequality

(B .9 )

(3 .10)

(3 .11)

i：- .where
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冷(to，8) 而!(3).-b*s/w.+U3(S) 1 ), (3 .12)

:: § 4. A Regularity Result
' -l： .. -' ■ ■

Now we are in a position to pro^e the following resulti
Therein 4.1. L&t Mb& a compaot m^dimensiortal Miemanrdan manifold and

• • •• . . . •

M-^>N an energy minimi^ng map. J /  m < d  (•«.), <f> is smooth in the interior of M* I f  
m ^ d(n) + 1 , ^  has at most discrete tingsular set and in general the Emsdorff diimnsion 
of the singular set is at most m —d(n) —1, where d(n) has bee% defined in Section 1 of 
tMs paper. ：.,/ • , , /, ? . .
 ̂ ： - Proof By the Sohoen-Uhlenbeok regularity theorem it suffices to prove any- 

minimizing tangent map /： B.l\{0 }-^N  is constant for 3 < ? < L(2(ri>). Eor any tangejit 
map /  there is. an associate haymonio m a p / 1： S ^ - ^ N .  Thus (3.11) becomes in

' ' •  •' . ，.’ ..f. " - f ' ' • • .. ••  • ■ ,

this case .必 、 ' .

L 油 ( -  ̂ 丨2— 穿  ”  土)鸯 V 、 1>0， （4.
where A denotes Laplacian on S 1-1: Now we coiisid^r1 a .strongly elliptic operator on 
妒—1 .

i " ，A '  l . '  \  ■ ■■ ... ! ' » ............. •

" V ' r
. r . .

iand： 0,n 〇rdip.a.ry,differential,opexator on (Q, ,〇〇) ..,. ....
； c , «. 'vi.. 、 '； , ....  ■ •• • .. .......... ... • • ••

暴 十 (h 1 )r4 ' ::
The eigenvalues of L t and L z are

and

"...4 、

；T0gp0ctiyely. w^y Simons [1¾ condition (4.1)
becomes

■- 、、 .. < •. 、: ...

By a direct computiaiic)rt . : : 4 : t  U ，：

, — . * (4.3)
v.. .'“ :v 。，，： . . . V;? 4S.,- ■ ■ ■ --
Let us estimate fjbp By using (2.4) and noting the curvature conditions of /Si-1 
and we have 1 ...........  " ^：；：：X：'-： ■'

1 2邮 12寥 _纠 釋 ， 旬 I 万 I部11气 (4.4)

Since
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(4 .4) becomes
2 (Ji 一  2)

Let
(l— 1) (1 + 8 )

^ = = < |(2 / i ia+ e ) 1/2

N / i l 4.

f〇r s > 0 .  From (4.5) it follows that

and

^ 2 ^ e> ( J - 2 )  | d / j | 2-
. ..  - .

I f  Z<d(n), namely

then from (4.6) we obtain

2 (1- 1)
( l 一  1) (1+8)

< —A?(n, S)
n

fB1-1
從 并 1

< in f

(4.5)

(4 .6)

fs^14 s *1
—t, (4.7)

provided | iE2/j[ | ^ 0. But (4 .2f), (4 .3) arid (4 .7) imply J> 6  whioh contradiois 
l<,d(n). Thus / i  has to be constant, so is / .

§ 5. Some Related Liouville Type Results
A Riemannian manifold is called strongly parabolic if it Admits no rioa- 

opD.stant positive superharmoniq function. As is known, R 2 is strongly parabolic 
while B n(n>3 ) is not. In fact, there is the following criterion. Karpc5j introduced 
that a complete non-compact Rieraatuiian manifold has moderate vqlume

為 (a?。〉.< 〇〇...'for: 摘 . ；r0 日grow th #  there such that I to  sup

M, where =  {Fx (0, 〇〇) -> (0, 〇〇) ; F  isl increasiiig oil (0, 〇〇) aildf 〇〇1

and By(x〇) is a geodesip ball of radius y and centered at He proved that if
M  has moderate volume growth, then it is strongly parabolic.
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Theoreip»； 54 - .； \I f  ：M « compact Qr-'e〇Mp}et：6 rion^eompaet,, strongly parabolic

Riemannian m m ifold  and le (n, 8) < 0 ,  then any sta lh  harmonic map 4>\ M - ^ N  is
constant, ..............
：；. :：Proof I f  ilf,iS；G0mpact, choosing in the：Stability-inequality (3.11) <p ' . ’• { 〇■ ： • • ；•' ' 

is constant. It  ii3 the result of Okayasu in [6]. -.
I f  M  is complete and non-eotoap^, consider a strongly elliptic operator

£ 細 羞 關 . U 卜. w. i
n
■A

饵 .1)

〇n a n y d o m a in ^ c i fw ith f^ b p _ a c t ; ; . , I e t . l l^ v:tlie.:,:first..e i.^eiivalu eofIiiri2>  
■ with Dirichlet boundary condition. From the stability inequality (3.11) it follows

inf = inf ) d\  « 賢 力 .'御 ）
w2* l l ii2̂ i 

Jx>
By using a theorem in [2] there is a positive Solution « > ；〇 to

. ):^1¾7h
■ whioh impiies

心 外 :-与)-:’「部 卜 < 〇, (5 .3 )

科夺辦ely，鉍釦後 . positive. superlia^moniQ function on i f !•、 Since M is strongly 
parabolic, u is constant. Thus (5.3) implies \d<f> \ ^ 0 .
,r ； The<jrejii 5 ,?. I f  h(nt < 0  and Tn^d^tli&n <f> ：
is constant

Proo/ Choosing a cut off fimction

… : . . .j .. ‘ . ；;  • f:1" in ^ j*(〇),； ；T

s t a b i l i t y , r . . . . ., ：l

! Bb{0)
?(5.4)

ctS a constant 旮emending, on‘  and S.
^iien from (6,4) the proof follows as in [10] . We wiil noi repeat ^hein here. 
We salsa Can do -Ifl ei^timate for the energy density of liariidnio ffiaps liito : d-

’ T!&e6reixi 5.3. Lei Mbe a complete m-dimemioml Riemannian manifold with
•- ： • ：r . ； ：. ^ i ： .'：•.•? ' j  v ：i . ^  ^  y - ' i  ' r ' I ：：") \ '  ：i ^  ' ：V' ： i i ^ ♦ rv r/ f ) ,

Micci cw^atufebmixdie^ below by a non-jposiiive ooristmt —̂^̂  ard  <pi M ~-> N  a

uuith oompa&t supporP-in-M  ihe itMqviaUtfy'is
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mlid

! U|d0|% 4* l <〇  j I V^)4)*l>
fif

(6.5)

where c is a constant： de^eriMng .on m^ n ^rid , , , .ri f . , ， ， .
Proof Ohooaing. m=. Id彡I幻， where 矽 is any function wi.th compacit support m  

M； in the stability iriequaiity (3 . i l )  Ve have ' ^ ; v ： ； v ；

C| - ..

Prom the Bochner type formula for energy ；d?3aSity (2>4) follows that

and •- :-A

\d4\A  [ >  I vd<l>} } #  I ^ ^ f d < f > \ K

JB j Sohoen-Ulilenbeck^s estin^atecl0：!k  … … c . : . 卜; • 二:• :6:.

(5.7) and (5.8) gives ;• ,,. .

iAtegratpi多:.it'oyey.if we obtain

_ • V ： ' ' ；< f  f ^ ^ ) y ^ | j 2 +  y _ ] ^ jV  ： .

乂;..:二」 扣歷丨咖，▽丨.邱丨> i

辱妁

(5.8)

■ (5 .9 )

*1 . (5.io)

By adding (6.6) and (5.10) we hay©

: : :+ 以 十■ i — w ::::.

—, the second term of.the right-lian.d sidê . of (5.11) is•Smce r «  2w：h ( 1 + ^ (9?7 5):

 ̂non-positive TliuSy we har^e ; 、 '

f  ^ | ¥ |  # |  . ( ( ^ | . ? | ^ y | ? + ^ | # | 2«)2)*l ,., ■ (5,12)

By using the Oauchy inequality for any s> 0
' '  2¾j ^ | X V ' l ^ t > ^ e « 8( ^ | ^ ' |  |8+ sVJj ^ f s:|'?'4)|2^
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邱 I P +O L +s-1) ] '」邱 H v d M ，

(5.13)
Substituting (5.12) in  (5.13) and then replacing v by v? we have

丨邱|2m2| v W2+ 2 |  邶  |V ) *1 ,  (5.14)

where is dependent on m and ft. By using Oauoliy inequality again for any s > 0
;we have

I 部  t2«2|V «j2« | . « 4| 私  |4 + ^ l | v « | 4 (5.15)

and
A\d<f>\2< ± \d < f> \^ + ^  As. (5.16)

Gorisequently ihd desired inequality (5 .5) follows from (6.14)^ (5 4 ^ ) and (5.16) 
immediately. '

Corollary 5.3. Let M be a complete rn-dimeTtsional Biemdnnian mcmifotd with
i .

nomegatim Ricci curvature m& '

Jim inf Y〇l  B b ( cbq)

w :0

and <j>: a stable harmonic map with ranh <p^：y. I f h ( n , d ) < . 0  and

^ + ( l + 8 )  jfc(7i d) f ^  ^  c<wŝ an *̂ <f> in the case when M is

Euclidean space o f dimension 4.
The prorf is the same as that in. [13] ► We will not repeat them here.
R em ark. Corollary 5.8 is valid for J f = Rro, where m < 4  and m <

2n
2 n + (1 + 5 ) & (Ti, S')

-， as well’ as for certain strongly parabolic manifolds.
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