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Abstract
The author obtains the exact values of the average n-K widths for some Soboler

T
classes defined by an ordinary differential operator hE.B, ;nthemetrio

l< p ^ 〇〇y and identifies some optimal subspaces. Furthermore, the optimal 
interpolation problem for these Sobolev classes is considered by sampling the function 
values at some countable sets of points distributes reasonably on and some exact results 
are obtained.

§ 1 . In tr o d u c tio n  a n d  S o m e K n o w n  R e su lts

Given P(t) = n  ti&B., ¢=1, •••, r, donete by I  the real line B or ®-

«ompact interval [a, 6]QR, and
Wp,i =̂ is abs. cont. on I  (locally abs.

cont, on I  in case I= E ), / ,  f (r>̂ LP(I)}f 
yrhere p £  [1, 4-〇〇] , We define a Sobolev class as follow

禺 ,KP(D)) = 1/ €  祕 )<1}.
When I  = [¢, 6] is compact, we furthermore define the periodic classes

聆 ，严 { / l / € T T U …，f l }，

s P_tl(p (D ))^B PtI(pa>))nWir,
where D^d/dao, | • ||£l,(i) is the usual Jjp(I)-noriQ. We also use the abbreviations for~ 
simplicity

Ihll^l-IU^» 5 ,= 5 , ,„(P(2?)), W l n - W ；,

li II * >
As usual, we use dnr dn, S„ and b„ to denote the Kolmogorov, the Gelfand, the linear-
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and the Bernstein w-width respectively, The Symbol s„ will stand for any one of 
above four sombols. The quantities S„(Sf1 have long been investigated by  
many authors (of. [1]). JReisently the autlidrC2：, has obtained tlie exact values of 
：gZn( S P, Tjp) , d^(Sp , £p) k M  8s„(Spl: i ,py for (1, 〇〇)\{2 } , whioh improves the 
xeaults of [3 ]. Although is the analogy of S p, it is mesiningless to eouslder its 
n-widths because B p is not compact in  Lj,(SL) (for details the reader may refer to 
[4]), In [5], V. M. Tikhomirov proposed the concept of average width which 
is adequate to the mpri-compact case, 3〇me results of p,verage n~K  widths, have 
been obtained (see ,[4--6].), In.this p^per we get the.exact values for tlxe average 
n -K  widths of B p in  L^{R) and identify som,e of its, optimal subspacea〇

It is well-known that the problem of minimization of the intrinsic error for 
•fclie optimal interpolation o f  in  艺 over a.,bipl‘le:ption of linear information 
operators with cardinaKw is closely related 1» w-widtli grobiem (of. [7] ) .  To 
tieat thA case under oonsider^ion, we follow the idw [8] in： a, qolleotiori 
of denumerable sets of sampling points with average density< 1  has been used. In 
.§ 4 we compute the exact values of the optirtial instrinsic error for the optimal 
interpolation of B p in L P(R ) by using function values taken on denumerable sets 
〇̂f  sampling points with aYerag© density< 1 ; Furtliermorey we eioBStruct a linear 
•optimal algorithm realizing the optimal intrinsic error.

Now intrbdji'Q© some notations arid Known results for 
Ibe given aboye. The Beriiotilli fuhestion corresponding to IP(D) ^

, m 1 6
，伽时

a/ —1,
: 叉 爲 L 沉)；-• • • • • • • •  ̂ ■ > • ■ ,.,- ：. ；. ：..> 

where y \ f means that the term of ft?50 is discarded wlien P(0) = 0 /
W e  denote by 〇i/ft ilie periodic ^ -sp line subspaoe wliicli is the set of function

. • • •. - i » . .  • . . . . , , . . . . . -

ft—•!
...念 。设 (名“ .1/7〇, .. ：i f  P(0) # 0 , .-..

n

\c+  s  . 2 ：cft=0, if P (0 )= 0  ,1 JOŝ h- fcas—»
.幫here <j, cfc€ 22,而= —«，. v( w—l . . . ( .

. - .- * -(-.

(保*办） （®) (約秦 .獅 4 、 . ： P.'-Wn:::):. .5

J t  can.be verified th a ^  ? ,, . v .,,.

:,.r ' 诗》(招 极 ，.於 — n(该( 1 ¾ A办十本
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(l.B >

By Theorem 2.1 in [2} and an argument used in [9] we have
Theorem l.£ . For a n u p ^  (1? °°)> n^=l, 2, there exists uniquely cs eonUnuom-

' -. . .  • • ,

fuiietion hn £  Dn Such that -
■ I II £,, =  ̂  I Mr »  =  ̂

Furthermore, hn satisfies
(i.4>

(1) r
G ^ ^ -y )  I i ^ K )  (w) [»-1s g n ( ( 0 ^ B))(?®

[ - 1 ,13 .
(2) „ eignCC^ft*) (®)) =Sgasin(7iffir(a5-an) ) ,

: . : V .sgn(心(®))=sgn(si^(7UB))，
.• . . . . • + ——  . . ' ■,-• - - - • • • ■ • • ^  ■

¢=:¾ or - 1 ,

Theorein. 1.8.C83 F6r eve^y f £ S 9( i< p < + ^ 〇) , there is just one st ( / ,  * )€ ^ k  

which int&rpolafes f  a t ' a n d  moreover, i t  holds that

HBp . . . : .
Theorem 1.3123. For » * 1 , 2, (1, -H〇〇),

dan(^j)，艺p)51̂ 2”(厚J(，:.̂ ).==5.2 .̂( 為 人 n<%n-l(否p，艺1»)*
Rem ark For + 〇〇, we know that (of. [1]) (2) of Theorem 1.1,. 

Theorem 1 .2  an^lTlieorepi 1 .3  hold when is peplape4 by sgnT(«LD.(<nja?or)).

§ 2. U p p e r  妇 ou n d  o f  A p p r o x im a t io n  o f  1¾ b y  C ard inal

^ - S p l in e  I n te r p o la t in g  O p erator
- , . .  . . . .

Lemma 2.£. I f  h t(x) is given in Theorem 1.1, l< jp <〇〇, (whm p ^ %  〇〇,- 
fei(aj)=sgnsin(,na>ffr)), avd is the.unigm zero o f &*hn in  [0, l /n ) ,  n = l f .
2, •••, then

⑴  ： K (P(i)A i))===^(P(I>)),
(2> «„ (P  (B /n) ) =  n '1»! (P  (JD)).
P rw / . Put y„(®)==Ai〈咖 ‘办上 1 ，々 „土:1 ;.浍*々 1 丄：L aiwi (?„*分„丄i ， where 0». 

denotes the Bernoulli itmction relating to P(2>/«). From the equality

P  (w») =  (JP(iy)&*hx) (nx) ̂ ht(rueyf

it  follows ih a i I f  i< ^ < 4 -〇〇, then and

Xn(P (I)A 0 )> |(? ô «2,== :
Tlie opposite inequality may be proyeii in a similar mwatter* Therefore (1) holds * 
jfbt (1, 〇〇) and gn^：Dn is tlie uiiiqtieck)ttiiftii6ii#fBD.ctioii which satisfies Theorems
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1.1 for (m ), (2) holds'f〇r  ^ £  (1, ° ° ) '
When p=  1, 〇〇, the lemma is true by the Remark 1. So the proof is completed^ 
The Cardinal ^ -sp lin e  relating to the operator P (P )  with knots 

where y8>0 is a fixed number, is defined as follows (cf, [10]).
〜 =/^(P.CD )) = {s(a〇iS(fi〇e 〇r-2(S )，.P C D > (> H 〇, ' . '

0 '+ i)/3 ), jG z y ,
where, as usual, means that f  is piecewise continuous.

From Theorem 1.2, and the theory of Cardinal -spline interp〇latidiiao:s"
we have

Lemma 2.2. For any data Y  === ^  z o f  power growth^ i. e.r
fo r  some p^ 0 ? there exists just one Si(F, •) o f power growth wMeh satisfies

Furtermorej Si(]rf •) can he represented by a cardirtal seriesi

si(F , ®) =  s
/=s—oo

where L (x )  ^ 8.ty L ( j+ a t) =  Z y and | L (x)  | <  » €  R, f 〇T some positive^
. . . . . . . .

constants A  and JS.
The following lemma is proven for P(D)==Dr by Li.1:113 I t  can be easily

r ■ '
•getter场lized to 本he genei^l case P (D ) = 13(刀—右<I) by the method of [11]、 In  faetr

x  ,
for its proof i t  suffices to use the represeatation of Sj.(F, •) and the property
| £ 〇) | < 士 -利*丨，》€凡

Lemma 2.0. (1) For any / 6  WrP,

- %( / ， (丑 )•i色z
Furthermore, we have

lisa(/) { /( i+ « i)} /€ z |j ff,
.. ■ . . : . . .

where 〇> 0 is mdep&nAent o f f ,  and || • jĵ  is the usual lp~norm m  P, [1, 〇〇].
( 2 )加抄咖访《#'+F.(n)=={2/浐}vez'GZ6% «==1，. 2, .“.，.s祕s;/2/ 2/^)==0/^ 以 丨 arwl:

I fo r  ||j j >2w, n = l ,  2, •••, where M  is a constant. Then
lim i t e m  ^

'
Theorem 2.1. For am/ f€ W p , K p < 〇〇, it  holds that 〇

v (2 .i>
Proof F 〇r ^ = b〇, l  the? relation (2.1) was proven in [12]and[13]respectively. 

It remains for us to prove (2.1) for (1, °°).,Our proof follows the same lin.ei9m： 

[11], For ©very g > 〇, there exiats .ajn ijateger N  >0 8U〇h that for e^h  
that , .. .

(2.2>

3ST〇 . 4'' * Chen， D. M. AVERAGE KOLMOGOROV w-WIDTHS
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In the following w© will employ Oavarett^s technique. Take a function 

'1,

( - 1) ， - K w ，..j =s〇 \  n； /
咖 H  1

0 + 2  广 ：S

, . 〇， I a; I ^=2.
It is easily verified that 夕 ||夕w |U < +  〇〇, i  = 1，" 、r， apd 0 < 夕(必）< 1 ， 

,^GR. Put
. Fn(^) = (271)^/(271^)^(2^) 〇

Then Ĵ pg 〇frl(B ), ■?*».(«) ==〇, for |« | > 1 . Denote by the 2-periodio extention 
v〇f F n from [ —1, 1] to E.. By Leibnitz rule

P(D /2n) JV〇) «  (如 ) 1̂ 自 ( ^ y  tP w (D A 〇 [ / (2前 )]}2^«>(2®)

= (2«)vpS  ( l/« )  V ” (2a；)i^)(D /2n) 1^(2— ]，
5̂=0 .

■where P (J>>(*) is the j-th  derivative of P («), It follows Irom Sieiri^ inequality^  
that 1

^where c is W (ionbtant inidependeiat of rt. By Theorem 1 .2 / there fexista a nni^ti^ 
fuiacti〇?i H / ^ 0 n, e § i/(2ny(P(.J>/(^n))) whioii； interppjat.es ,.Jihi(-:)ai; .{ /̂2n+.«2„
< P (D /(2 tx) ) ) } 7±„. Furthermore, ../. ；：) ；： . ； v. ；

i ^ „ - i 1/Sn( ^ )  u P< h 2n(P (D /2n)) c i m m p + m r ^

r-hj -
■ 2 < x< ~ l,

..：： - . . ; . > = M P (i> ))( |P (-D )/]U + cn^). (2 .3)
«ince «2M(P (D /(2 n )))  = (2n)-1«1(P (D )), ( 2 « ) - ^  s1/(2n)(P n, w/(2^)),
.and Si/(2n)(P n, a?/(2n)) interpolates ^ n(*): (a；/(2n)) at {«i+j}iez»
we have, from tho, uniqueness of the interpolator,

<2.3) reads … a : ' '  . ， ； .

r  \ s n( a > ) ( w p c m i + o n - 1) ^J—2n
th e re fo re  . ) 'V  ' v

1 /— sl ( f )  II L^rn)= B Si(jT) II

ni : ； •■：.?：!：; ■ ；H-1%:( / )  — : ：i ; ' m' ■ ■ ."..:''

^  (2n)〇̂ ^ (« c /(2 r〇) , «〇\  lay Lemma'2.3 we^hav® : . ]
l im lls j^ , as) - s t {Bn, a?) ||^/„) =  0, 〈，丨.:：；
»-»©a

( - -¾  -ldinfll SjXf, 〇>) ^  SiC®«* ®) f ^  ；i
»•♦•〇 -



Ghenf D. B. AVBEAGB KOLMOGOROV WIDTHS 401Wo. 4 ；

So there i$ &n integer such that for n > N i
! / - % ( / )  a i ( P ( i ) ) ) ) ^ i P ( D ) / i 3)+ e)^  .,

The proof is completed by the arbitrariness of s； ,
• • - - •

By changing of scale we have
G orollary  2.1/' \F'or anp 'f£  W rv, /3> 07 there ec&〇sis uniquely as 0(f j  

wMch interpolates f  at Furihermore,
, .;■•； a  ； ： •... ■ #^si?( ^ ! | p̂ 1(P (Z ) /^ )> lP ( i) ) / |p. ■

B exnark 2. From Corollary 2 .1  it follows- that, for [-¾ + °°)v
« € [ 〇 , /S),

' (2.4>
When p ^ 2 ,  (2.4) was established by the author in -[4] in a different way.

proye ixiore-resulta^ we cite the duality theorem
proved in [4 ].

L em m a 2.4.C4：1 For any g £  L v (B ) , ^  €  [1, 〇°*)( ■'? 

in f l ^ - s l l ^ s u p j p  g(^) ( P ( - J ^ > )  ( ^ | / €  J5a(P ( - I> ) ) ,  i ^ Z  } ,
, *e?® ； \  V：' W J
where 1 /p + l /q ^ l^

T heorem  2.2. For every polymmial P ^ t )  wUh only Teal zeros such that P ( ty  
is  q faetor o f we haw

^ = 1 , + 09,
where JEJ(A, B, i P) :=  sup inf \\f—g\\p, A, B ^ ：Lp(Si).

Proof Set P (t)  P m(t) /P ( i)  /  Noticing for p < 〇〇, W rp, lim f (i) =̂ 0, j ^ 0 ,  • • %.ja?|-4〇o
r - l ^ b y  Lemma 2 .4  and integrating by part we get 

E (B t (P (D )), S B(Pm(B ) ) t L f)

= sup ( \ \P ( -D ) f \ \g\ f e B q(P m<：- m %  f m j € Z } .
From Remark 2 tye see.that, if /G JStf(jPm(-- j5)), /(j/S )= 0 ^ jf€ ^ i then f〇T q = l,  〇q,.,

¢) =  1(^(-^ , w)*sgnsin®w)(，r)|„, ■
where G0(m, t) is ihe Ber^oulH function relating to P m(^5 /y8 ), and the equality 
holds "by (1.1) and (1,3). The proof, is completed„by Employiiig the Landaui-- 
Kolmogorov type inequality for 块e ::磉班erea tia l'(i&pet对or..Pm(.-r.jD/〇:，

;(〇̂  [153)., ； , v； . w;

§ 3 . A y e r a g e  tt-fc W id th  o f  B P in  L P

Lei AC.Lp(W) be a linear subspaoe. Given, a, e€  J2+, set

•where / I [._〇,〇〕 is the reStrictiaauof'jNiio』1-®，.'》] ，.and:.
.、 ，\\：,K (¾ a* # >],y：E ( ^ 0> L t ip [* ra ,,a])：<«>,；
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Definition E X 1153 Let A ^ L P(J&) be a Unear subspaoe. I f  there e^istB an a〇> 0
suck that ■ '

lun I S \ ^ J l ^ n < c〇
a— 〇(b

fo r  all s €  (0, Si) mA n is independent o f  e, then A  is said to be average dimension n. 
In  this case we use the symbol dim A = n . Note that n is not iweessarily an mteger.

D efinition S.S.® Let F ^ L P(R) he symmetric toith respect io the origin. The 
merage n-^K width o f F  in  Lp is defined ly

dn(F , L f) {E (F , A n, L t) | dim
A  Unear sulspaee A n ^ L p(R ) is said to be optimal f o f  d„(F, L ,) i f  dim and

A t  L f (n ) )  ^d„ (F , L t) .
T heorem  3 X  F 〇r  any denote S i/ntg (P (D ))^{8 i^n(P ^I> ))}f\L9(R ) 〇

Then
(1) dn(B„ L ^ ^X tiP C n D )) ,
(2) S t/n,p(P(I>)) is an optimal sulspape o f d„(Bs, LP).
(3) when f =1,, 〇〇, any 8 i/niP(Pm(l) ))  given m  Theorem 2 .2  »s optimal fo r  

d„(Bp, Lr).
Proof F irst we establish;, for any P (¢),

d i ^ 8 1/niP(P (D )) = n. (3.1)
<3iven any a, 6>0, since e re ty  s(>) ^ S 1/„,p(P(D)) can be represented as a linear 
«ombination of JS-spline111011, we have

M m S 1/n,p(P(I))) ic_0,«a：<2[naf] + d e g p .

On. the other hand, if denote jSfa./i,tp (P (J)))〇=*={sGjSfa/*»»i>(̂ >(^ ))  isuPPs^ [ ~ fli> ®1}> 
then

, ； d ^ ( 8 i/ nfP(P%I)'))，a )> 2 [m ]—iQgP.
There fore, by the definition, of ^ (e , a, A )  axj.d Theorem 1.5 of Obapter I I  in  [1] , 
■vre have, for sQ (0 ,1 ),

2 [m] — degP< ,K (s, a, S i /atP(P ( i) ) ))  < 2  [to] +  deg P .
’T hism 6ans'that' (3.。1) hoi.da. On hcoutit. of 0〇r6lLary 2 .1，Theorem. 2.2 and (3..1) 
•we need only  to p r〇y« dn{Br, L p) <  Ji，i(P(r)D )) «l

Suppose tha t A  is a subspaoe with, dim A<,n, i. e., there exists an s〇> 0  such
ithat

lim ^  (〇, e0) .  (3.2)
A(Ji

P ut = 及泠， 2，_ …，:.泠.e (〇r.lZ«) ft..xed， .By .(3:.^:the.r6e治stigastifiieientl.y 
large  N  such, that ..

jCr^(Iy))<8y (3.3)

where Eestriotioit of {»| ® G A  |®| P<1} on »= C—iV̂ Sj N ^ } , and
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La  is some subspace in  L P( I N) w ith  dim r —1.
From the definition of 6汉（i* e.， the Berpstein 5i~yidtlt) and Theorem l 〇S 

have, by changing of scale,
(P  (D )〉〇, lij) or，)）

> ^ - l ( ^ , / , ( P ( - D ) ) ,  Lp(Iy ) )

， — ( ^ ^ ，々 ( 毒 ) ) ，£ , ) > “ ( ? (嘉 ) ) = 、 ( p 餅

vehere Bp,r„(P(D))〇—{ f \ f ^ B p, s u p p /c l^ } .  Therefore, by the proof of Theorem 
1 .5  of ([1], p . 12), for any (0, ^(PCD/yS))) , there is an (■?(■〇))〇 such
that

. IfH j> =  l/IU▲ 产  8/ - 夕 II £«<〜)= 九，gets . . .
which, together w ith (3 .3) , gives

inf i n f , l/-?> ||p >  inf lf~q> hra ^9€A )̂€A €̂Ai9>fip<2i/î  ^<aa/8p ；■
> in f 1/ - 5(1^ ) - 21/ 11,8= ^ ( 1 - 28) ,  ■

So we have E { B P, A, L ettingA f ̂ (P (D /iS )) , s |〇 oifderly,
we get E ( B P, A, L?) > ^ ( P  (nI))) . SinGe Jt is arbitrary, the proof ia completed.

B e m a rk  3. Licl6：1 proposed another type of infinite-dimensiorial Kolmogorov 
width. We point out that Theorem 3.1 holds true in  the sense of [16].

§ 4. O p tim a l In terp o la tio n  o f  &  in Lp
. - ■  - ' ■ ■ . •

In  th is section we denote by T =  〇/|/ez a biinfinite iiumber jgequence. For ease
of exposition, we also view JP as a,set of points. We say Tcz®, if

(1) ieZy

( 2 )  座 ，坪 削 工Z 3

•where oardal denotea the oardiriality of set A . The numBer

P (T )： lim 0ard n [ - 〇；, 〇!]} : '
— ^  ， 2a

+may "be termed aa、tie-lower average density of 2Mn i?.. So @ is tjbef collection, |〇f  all
denumerable subsets T  with D(T)  <<1. For a !TG we can determine a mapping I P：——
B P- ^ R Z, by setting 1 ^ /=  {/(^)} iez w,hioii is said to be a method of sampling or an  

information ope^afeti:乂.k^r.m'apping .may be taken to be an
approxim ating formula (algorithm) for caioulating function of Bp. Following [7],
the intrinsic ^fror 6i iiitBrpol^tlpii pro^blem W, is

' i' -.••• • '-'A ■. f . .  •
The optimal intrinsid r̂Ecff defined b y / .
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■which is the miniiai^atibn of E (B ^  T7 Lpjwheix T  runs over the whole c〇liecti〇i> 
"We call some ul' optimal algorithm and optimal set of sampling point痤

respectively, if
■BCBP, 為) = 如p 1,/
••• ' /.€i> '• ；• .

Put - s u p { | | T y  LP). It iS1
.. . ■；Te<9, ....

known from [9] that
■ • , .. . S. - • : . . r 5 . 、 .•■••”• 、 «•. i -； • .' . •*• > ■■

' ..........  " (4.1>' ； '. 4
The problem to be considered includes to obtain the exact expression for 

! ( 5 P, £ p) ， to construct'.〇奋tiaial identify:optimal set of sampling,
points. The linear optimal algoritlun is especially mter^sting/Some spaoiai cases-of 
this problem w^re thoroughly investigated ;(p ^ = =̂==00^ 1M; l < j ) < 〇〇r
P(D ) = Drai:l; etc .). By the rnethod of [11] or [18] we have 

Theorem4.1: ’(4 及(5扣’iP)=J^(P(；D)):…
(2) , jkz is'an optimal set o f poinis o f sampling.
(3 )  .!A*Ir f f ^ 8 x ( f y a }y = ^^ (j^a i(P (B )y )L t(x -jy isa U n e a ro p U ,malalgorithm..

Proof By Oorollary 2.1, we have

/SB*
Therefore, we have only to prove e(BP, I»p)>Xi(P(D)), Given any T ^ ：&, we first 
assume that J (21) *=1； Then there exists a seqiience of intervals %]，.

,^= 1 > 2；

w €(&〜《)，¢/(知，&+i ) n =½李}， ::

Then dim S T .j^ n n + r .  By the method of [13]'we can prove

{P 〇) ) / ! / € Bp,Jt(P 0>))〇> P> =  i h I

where means that [ A(i)di==0 for all and Bfl^ ( P ( D ))〇  is

..,. such th a t.你 :+c〇;and'.l如 ; 々坤 r.0:%.==card {ITfl

//*
defined in  the proof of Theorem 3,1. Thtis from the duality theorem of best
approiimaitioxl linear subspace it follows that

：. . . . . . . , . ■. - .-... ■- ■ ' ； ■■■'', ■ ；■■ : . . . :  ' • ... ..' ■:，..>

‘ 恭 i 晶 , ( 雜 ( 一 咖 ■ 由 ) ] “

By the definition of (i. e” K olm ogoroL访idtlx) wb feave
=1。
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s u p { | l / U / € 5 PlJs(P (2)))〇, I r/= 0 }  ,

: . .認〜付(哀 刀/ Zr) 1 ..,
十 [ ..] 〇P ( - 刀/ 《fc)， 》 ’)..= 入j.C^(([.(1¾十1r)/2] +1^)2)/(^),沪)。

• • '• , . . . . .... ,

Letting ^ ->〇〇, we get
^ ^ ( D X s u j K i i /y j r e  奐 ，以 PCD))。，心 > =〇} « 5 , ，r ，a )。 

I f ^ ( T ) < l ,  wQ may choo$e such tliat and ^.(2?,) ===1. Noticing
s(JBp, T, Lp)> e(B9, T 't L t), we also have e{BP, T, i JI)>X i (P (D )). The proof is 
completed by the arbitrariness of T £  @.

Remark 4. Instead of © we may take @ft ■wiiioh is the collcetion of all 5T with 
D iT )^ h ,  h> 0  fixed. By changing of scale properly we get aliconclusions similar 
to Theorem 4 . 1 . .................

T ^  autiiO]： thankg MaMTiso? YpngsiiQiig for hig yaluftbie ^ i^ r ic e .
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