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Abstract

The author obtains the exact values of the average #~X widths for some Sobolew

_ classes defined by an ordinary differential operator P(D) =fI(D - til)‘, t;€ R, ‘nthe metrie:
inl

Ly(R), 1<pgoo, and identifies some optimal subspaces. Furthermore, the optimak
interpolation problem for these Sobolev classes is considered by sampling the function i
values at some countable sets of points distributéd reasonably on R, and some exact results:
are obtained.

§ 1. Introduction and Some Known Results

Given P(2) =¢I'I1 (—%), 4ER, 4=1, -+, , donete by I the real line R or &

compact interval [, 5] R, and
' Wo r={flf*V is abs. cont. on I (locally abs,
cont, on I in case I=R), f, f”€ L,(I)},
where p€ [1, +oc0]. We define a Sobolev class as follow
Byt (P(D)) ={fIfEW 1, | P(D)f]1an<1}.
When I=[a, b] is compact, we furthermore define the periodic classes
p1={fIfEWpn fO(@)=F¥(), 4=0, -+, r—1},
By,:(P(D)) =By, «(P(D)) NW;.1,
where D=d/dws, |+ |, is the usual L,(I)-norm, We also uge the abbreviations for-
simplicity
 fella=1l+lzury Bs=Byr(P(D)), Wp,n Wa
L0z = 1+ Vnimtizn Bo=Bors,u(P(D)).

~ As usual, we uge d,, d",' 5, and b, to denote the Kolmogorov, the Gelfand, the linear-
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a.nd the Bernstem n—w1dth respectwely. The symbol Sn w111 stand for any one of
above four sombols. The quantltles s.(B,, fﬁ) have long been’ 1nvest1gated by
many authors (cf. [1]). Recently the author™ has obtainéd the exact' values of
don (B L), @(B,, 1) and 85,(B,;~ L) for p€ (L; o6)\{2}, which improves the
results of [3]. Although B, is the analogy of ﬁ,, it is meaningless to eonsider its
n—w1dths because B, is not compact in L,,(R) (for details the reader may refsi o
[4]), In [5], V. M. Tikhomirov proposed the concept of average n~K"width which
ig adequate to the mpn-compact- case, Some .results of ‘a.véra,ge n-K widths have
been obtained (see [4—6]). In this paper we get the exact values for the average
n~K widths of B, in L,,,(R) and 1dent1fy some of 1ts optlma,l subspaces. .

It is well-known that the problem of mimmlzatlon ‘of the intrinsic error for

the optimal interpolation of E in ﬁ ‘over a collectlon of linear information

operators with cardinal<n is closely relatea to the n—WIdth ‘problem(of. [7]): To
treat the case under’ consideraiion, we.follow the 1dea of. [8] in: which. &, collection
of denumerable sets of Sampllng pomts with average densﬁ;y<1 has been used: In
§ 4 we compute the exact values of the optnna,l mstrmsuc error for ‘the optlma,l
~mterpola,t10n of B, in L,(R) by using function values taken on denumerable sets
-of sampling pomts with average densﬂ.y<1 Furthermore we construct & -linear
-optlmal algbrlthm reahzmg the. optlma,l intrinsic error. A

~ Now'we mtroduce sone notations and known results for later:uge. Let P(D)
“he given above. The Bernoulh funcinon corresponding to P (D) iz

, eiktw
G@ 2 i P(ikm)’ =1,

where 2’ means tha,t the term of k 0 ig dlsca.rded When P(O) —~0

We denote by S;,,, the perlodm Z-—splme subspace which is the set of function
8(5) such that. - ~ R
S 2 ckg(i 1/'"')’ :if P<O) %0, -

. S(t) n—1

o+ Z ckG(t 1/fn.), ;2:(_31.;=0,.if P0)=0
~where 6, CkER, b= —n, - ,n——l S .

~For p€ [1y +wv0], we consider: the extrema,l problem

A= (PD), p)-«sup{uamnu,me.uﬂ
*Where (G=h) (&) = I G e—=)h(Hd and- 8 PRI
Di= {klk(wr!-l/n)—*h(w),h(w)sm(ﬂmv)>0 !Ih n,<1}
It can be verlﬁed that«“ P

A..(P(D) p) 7~ (P( D) p’)"” 1/p+1/P 1 SRR ¢ P 1)
 d(P(D), )= 1P(m)1-1 e (1 2),
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A(P(D), 1) = (P(-D), ) =|] f 'G‘(&%——‘t)é'gn'sin‘(‘ntbz)dt .
By Theorem 2.1 in [2] and an argument used in [9] we have |

- Theorem 1.1; For anyp€ 1, oo), n="1, 2, -, there ewisis unigquely & contmuous
Junetion h,€ D, such that -~ -

(1.3)

| | T M o AP e
erthermore, hn Satisfies - : . -
w G(w—-y)l(G*h»Mw)l”“‘sgn((G*h))dw
L =M ®) [ tsgn b ), VE -1, 1],
@ - asgn({6*h) (@) =sgnsin(nm (v—a)),

L we@)-sen @),
where s~1 or —1, and a;€ [ ,-,.) fiwod. | |
" Theorem 1 2“’3 For efvery feﬁ,(1<p<+oo) tkere os]ustom sl(f, )ES’ n

_whwh mtea*polates f at {a,,+ g /n}g*:?_,,, and movreofver, it holds that )
| _* sl (D=t e S - a®
Theorem 13"‘" For n==1 2, -, pe(, »—}-00), o | |
don(By L) = (B, L) =8:n(By Tp)=1uZasna(By L),
- Remark 1, -For p=1, +co, we know that (of, [1]) (2) of Theorem 1.1,
Theorem 1.2 and Theorem 1.3 hold w__h_e_n hy, i8 Teplaced by sgn.(ﬂig(mw)).

§ 2. Upper Bound of Approx1matlon of B, by Cardmai
Z——Sphne Interpolatmg Operator |

Lemma 2.1. If hy(2) ¢s given in Theorem 1.1, 1<p<oo,‘ (when p=1, oo,.
ky(z) = sgnsm(mm: ), and a,{(P(D)) s the unsque zero of G#h in [0, 1/n), n=1,.
2, .., them | .

) T, (P(D/n))'—M(P(D))

(2) | & (P(D/n)) =n"as(P(D)). SRR

Proof Put g,(x)=h; (mv) Then b} 1, g,,_Ll G#hy |1 and @,%g, [ 1, where G,,
denotes the Bernoulli function relating to P(D /n). From the equality

P (2)(Gehe) (nw) = (P (D) Goehs) (i) =i(ra),

it follows that & sg,~ (Qhy)(ns). If 1<p< 4o, then go€ D, and
- M (P (D/n)) > [Giagnlz,= | Gutulz, =1 (P(DY).

The opposxte mequahty may be: proven in & similar manmper. 'Pherefore (1) holds- :
for pe (1, o) and g,€D, is the unique continaous function which satisfies Theorem-



No.# ' Chen, D. B, AVERAGE KOLMOGOROV »-WIDTHS a9

1.1 for G,xg,= (G*hy) (nz), (2) holds for pE (1, o0).

When p=1, oo, the lemma, is true by the Remark 1. So the proof is completed

The Cardinal #-spline- rela.tmg to the operator P (D) with knots {i8B} e z5
where 8>0 ig a fixed number ig defined as follows (cf. [10])

SrSs(P(D)) {s() |s(w) €O"*(R), P(D)s(x) =0,
- Ye€ (8. (j+1B), je 2},

where, as usual, f co- '(R) means that f is piecewise continuous.

From Theorern 1. 2 8.8, and the theory of Cardinal .,V—sphne mterpolatmn“"“
we have '

Lemma 2.2, For any datw Y = {y;}sez of po'wer gfro'wth i e, !y,] =0(|3|*)
Jor some v=0, there ewists Just one si(Y ) c 81 of power gfrorwth rwhwh swtzsﬁes

- 8(Y, jra) =y, gGZ ai—al(P(D))

Furtermore, s:(Y, ) oan be represented by a cwrrdmwl seriesh

(Y, w)- 2 .%L(w Dy

where L(w) ESI, L(j+ey) = B0, € Z, wnd | L{(w) I<Ae*3“"’ a;ER for some positive-

constants A and B.
The following lemma i3 proven for P(D) =D" by Li.U"“ It can be easily’

.generalized to the general case P(D) II(D -3:I) by the method of [11]. In fact,.
for its proof it . suﬂices to use the representatlon of s,(¥, ) and the property :

|L(z) | <A4e™®¢, z€R.
Lemma 2.3, (1) For any fEWS. -

: sx(f, o) = 2f(9+a1)11(w J)EL»(R)

Furthermore, we hwve '
"si(f) <0l {f(.7 +“1)}ieZ“z,y
where 0>0 is independent of f, and ||, is the usual Ly-norm én I, pE [1 oo].”
(2) ;S'uppose that Y™ = {y§° },EZEZ n=1, 3, - -, satisfy Yy =0 for |§ J l <2rn, and’
ly‘”’|<M for ||j|>2n, n=1, 3, +--, where M is a constant. Then :
lim g, (™, ){p=0.

Theorem 2.1, For any f EWY, 1<p< o, 4t holds that o o o
If~s1(f) <2 (P@IPD)flpe o ot 2.1y
Proof ¥or p=oo, 1.the relation (2.1) was proven in [12]and[13] respectively.

- It remaing for us to prove (2.1) for pE (1, 00)..Our proof follows the same lines in

[11]. For every >0, ‘there exists an mteger N >0 gstoh that for emoh 2N it holda»
th&t e SN ;

(lf~-si(f) Iz <e+j lf——si(f) jodo. | (2.3)
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In the following we will employ Cavarettals technique. Take a function
(1, e <Y,

(1) (o~ 2)”2(”9 1)(:0 1)’ 1<a<2,

g (@) = |
(@+2)" 2( H“ )( +1)¢, —‘2<m<‘~1,

0, | : lo|=3. .
Tt is easﬂy verified that g €0"*(R), | g""||°°<+oo b= 0,1, s+, 'r, a.nd O<g(w)<1
€ R. Put

- () = (3n) V25 (2na) g (30)
Then F EO"':‘(R) F,,(:v} 0, for |ml>1 Denote by F the 2—per10dlo extentlon
of F, from [—1, 1] to R., By Lelbnltz rule :

P(D/2n) (o) = (3n) wz( =) D) L ra )20 20

= (2n) e 2 (l/n) fg‘” (2m) P‘”(D/Qn) [f (2m;)],

where P"”( ) ig the g——th derlvatlve of P(. ). It follows from Stem s mequahtyEm
_ i}ha,t , ) ‘ . .
1P/ ) Pl <IP D)l o,

~where ¢ i§ & constant independent of .’ By Theoretti 1.2, theré exists a unigue
function si,(,,.)(F,,, ) €84 yanm(P(D/(2n))) ‘which. 1nterpoiates F, ( )a’r, {y/2n+a2,.
{P(D/(@n)))}%L,. Furthermore, T

| 7, ~81/2n(17») || T, he (P (D/2n)) (”P(D)>f"p+0’n )
. - =M (P (D)) (P (D) fllo+en). 2.3

Since @z, (P(D/(2n))) = (2n) 10&1(1’(1))) (2'n) "8 5 cony(Fay. m/(2n)) €8:(P(D))
and (3n) 25 yam (F., #/(@n)) interpolates &, (2): =) /2 Fu(a/(2n)) 8t {a1+}sez
we have from the unlqueness of the mterpolator _
. L si(Em m) (270 e 31/(9-»)(F m w/ (2%)) _

(2 3) reads . ,\ . . ; e -f '

J | B (@) "'sl(Fm w) (”dw@v”(P(D)) (IIP(D)f llp+0ﬂ"‘)’

"Therefore SANRAE L

' l!f - 31(.f Mrsan=1E i':“;31’(-]" ) “ L,,(I,.S )

T T "<H‘ B=s:(E.) “m,,)‘*'“si(ﬁ )“"si(En)“hp(t,,) Lo

O S L AT PTURTPUS UV +}131(f)"31(En) HL;»(I.,); S s o ,

iy hiore! E (m) (2n)’7’*’ “F (a:/ (2n)), I,=[=n; n]:. by Lemma 2.3 we havo g
lim]s, (B., o) = 81(Hn, @) |11 =0

«'limﬂsi(f,-fa;) -‘—Sl(Em @) nbp(!..');o- .

v
S

(&
iy
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8o there ig an integer Ny1>N such that for n>N, .
1~ 8 () l<et Aa(P(D)))*(|B(D)Fl,+e)>.

The proof is completed by the arbitrariness of .

By changing of scale we have S

Corollary 8.1 «:For any :f € W5 B3>0, there exists umguelymsg( f, ) E S B(P(D)}
which wterpoZat@s f at {jB-+oy (P{D/B)) Bz Furthermore, e :
I A =82 (P ] p<ha (P(D/B)) HP(D)pr | |
Rema,rk 2 From Oorollary 2, 1 it follovvs that for B0, p€ [1, oo,
a€ [0 B), | - :
Lo o Slp {anwlfGB f(JB-Fa)“‘*O JEZ}<M(P(D/,3)) R R
When 2=2, (2.4) was established by the author in [4] in a different way.

) When #5115 .90,7we can prove more’ results Tirst we: clte the- duahty theoremu
proved in [4].

Lemma 2.4.% For any g€ L,(R), p€ [1, 0oy, " - S

inf lg—slo=sup {f L@ <,1.’[<,'—D‘->3°>“<"¢>aélfe"BxP(—D)), f<jﬁ>'=—’—o, i€z},

hors 1/p+1/g=1. | | | -

Theorem 2,2. For every polynomial P,,. (t) with-only real zeros:such thwt P(t)s
s @ factor of Pn(t), we have

EB,(PD)), Sa(Pa(D)), Ly<a(P@/), p=1,+c0,
where H(4, B, L): ~supinf |7~ gl,, 4, BEL,(R).

Proof Set P(t)=Pa (t) /P(4) . Noticing for p<so, FEW lim fm_(, j=0, -
r—1, by Lemma 2.4 and mtegra.tmg by part we get: fot
H(By(P(D)), 85(Pu(D)), Ly)
| ~sup {| (= D)f| | fE€ Bo(Pul(~D)), £(jB)=0, jEZ}.
From Remark 2 we gee that, if f€ By(Pn(=D)), f(j8)=0;j€ Z; then forg=1, oo;,
Hfliq<hi(m(”D/B)r q)= [ (G5 (m, u)*sgnsinav@) () “i”"‘ Celooe ot
where G(m, %) is the Bernoulli function. relating to. P»(—D/B), and the equality-

holds by (1.1) and (1.8). The proof, is completed. by employing the. Landaus-

Kolmogorov type inequality for the: dlﬁ'erentlal opexator P,,,(—-D/ i), g =1, :co-
(cf *.[15]), - . . T

§3. Average n-k Width of B, in L,

Let ACLi(R) be alinear subspace. Given'a, §€ Ry, set
Ae=1{fli-sa fEA |fls<1},

where f|,_,,q 18 the restriction of fto' [-a, a], and: o

K (6 8 A) =min AUmIL) LS L, [~a, aly B4y, I, Ll~a.al)<she



402 OHIN. ANN. OF MATH . Vol. 18 Seri B

Definition 8.1.%" Let ACL (R) be @ Vimear subspace. I f there ewists am 8o>0
such that -
im K& @ 4) _

a-m 20
Jor all e€ (0 81) and m s independent of e, then A is swz,d to be avera ge dimension n.
In this case we use the symbol dim A=n. Note that n is not necessarily an integer.
Definition 8.3 Let FCLy,(R) be symmetric mth respect o the wwg/bn The
average n~K width of F im Ly is defined by '
d.(F, L,) =inf {B(P, 4, L,)| dim 4,<n}.
A Umear subspace A,‘:QL (R) is said to be optimal for d.(F, L,) if “dim A:<n, and
B(F, A% Ly(R))=3,(F, Ly).
Theorem. 8.1, : For.any nER,, denote oS’i,,,,,(P (D)) {81(P(D)IN L,(R)
Then
(1) du(By, Ly) =2:(P(nD)).
(2) S1/m,o(P(D)) s an optimal subspace of d,(By, ,,)
(8) when p=1, o0, @ny Si/e;s(Pu (D)) given in Theorem 2.2 is opmmcvl Jor
an(Bp Ly).
" Proof " First we establish, for any ‘P (t), '
 dim Sy, (P(D)) =n. o (8.1)
@iven any g, ¢>0, since every s( )ESi,,,,,,(P(D)) can be represented as a linear
combination of B-spline™®, we have - o
~dim S1sn,i(P(D)) | -0,63<23[na) +degP
On the other hand if denote 8y, (P (D))o== {sESi,,.,,(P (D)) lsuppsC[ —a, al},
then

<L oo

. dim (»5'1/»;»(1’ (19) o) >2 EM] deg P.
There fore, by the definition of K(, g, A) and Theorem 1.5 of Ohapter IT in [1],
we have, for s€ (0,.-1),
- 2[ng] ~deg P K (¢, @, Si,,,,,,(P(D)))<2[m] +deg P.’

"This means that (8.1) holds. On account of Corollary 2.1, Theorem 2.2 and (3 1)
-we need only to prove d,(Bj, L,)<Ai(P(nD)).

Suppose that 4 is a subspace with dim A<n, i. e., there exists an >0 such
that '

CumEEAD o sc0,0). (3.2)

gm0 2a
Put ay=NB, N=1, 2, ~-,‘..BE(O_,~ -,1/1») ﬁ-xed, By (3.2)1 there exists a sufficiently
Jarge N such that L JA : .
‘ E(ANB, LN, ,(IN))<8, ST o (8.3)
where Ajs ddrietes thaare\stmctwn of {sla € 4, fo],<1} on Iy=[—-NB, NB], and
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LN is some subsPace in L,,(I N) with dim Ly<2N~r—1.
From the deﬁmtlon of by (i. e., the Bernstem n—w1dth) and Theorem 1.8 we
have, by ohangmg of scale,
 baw-r-1(Bp, 1y (P (D))o; Lp(IN))
=boy_1(Bp,r, (P(D)), Ly(Ix))

N AT

where B,,,, (P(D))o={f|fEB,, supp f&Iy}. Therefore, by the preof.of Theorem
1.5 of ([1], p. 12), for any A€ (0, K;(P(D/B))), there is an f€ B, (P(D))e such
that

ﬂf U ﬂf "L.a,)" mf f-g ﬂn.xm-,—f%

Whmh together w1th (8.8), grvas

1g£'||'f- ?ls=. u Nl iielf "ﬂf‘“?’ﬂmaﬂ
¢ totbstist, tola<dirly .-

>1nf “f Hrsrm— 2"f"93 3'(1“‘23) A
So we have E(B,,, A, L,,)<?»(1 23) TLetting A A (P(D/B)), BA1T /'n, sLO orderly,
we get H (B, A, Ly,)=>M(P (nD)) ‘Since A is arbitrary, the proof is completed.

Remark 8. Li“® proposed another type of mﬁmte-dlmensmnal Kolmogorov
width. We point out that Theorem 3 1 holds true in the sense of [16].

' §4, Optimal Inté'fpb,latioﬁfof Binl

In this section we denote by I'={#;}sez & biinfinite number sequence. For eage
of exposition, we also view, T as a. set of points. We say T'<6, if

@A) 3<biya ®€Z e

@) llm “card {Tﬂ[ w, w]}<1, . ‘

a-—-)&

where card4 denotes the ca.rdmahty of set A The number

L eard {TN.[— w,w]}
D(T) 11_1,3 ) 2@1 _

'may be termed ag the lower a.verage denszty of T'i in R So @ is the collectmn of a,ll

denumerable subsets T with D(T) <1. For 8 T €6, we can determme a mapping I
B,—> R?, by setting IT f { f (t;) Viez Whlch is smd t0 be a method of sampling or an
information opera,%or Any mapping A IT(B,,)—> L,(R) may be taken to be an
approxlmatlng formula, (a.lgonthm) for calcula,tmg functlon of B,. Following [7],

 the intrinsic afror-of opbimal inferpolation problem (By, T, L) is

E(B,,, 1' L,)——lnf sup f€ B,»Ilf—*A(wa) s

The optxmal mtrmsm error is &eﬁned by
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E(B;,- L;) = lnf E(By T, L@)» S

which is the minimization of E(B,,, T, L )When T Tuns over the whole co]lectlon

. We call some 4% T* €O optimal algorlthm and optlma,l set of Sampllng pomtss

respectively, if
 E(B, . p)~sup Ilf A*CIT-f)ng B

Put o(B,,.T; L) sup {'nfu,,lfeBp, Lf-0p ande(Bp, ,,>—mfe<B,,, T, 1. T s

known from [9] tha.t ' - T “ o
' R E(Bz» L,)>6(Bp, p) S T (4 1)

The problem to be consndered mcludes to obtain the exact expression for
E(B,, Ly), to congtruct optlma,l algorithm and 1o 1dent1fy ‘optimal set of Sa,mphng'
points. The linear optimal algorithm is especially ‘interesting. Some- spacial cases : of

this problem were thoroughly investigated (p= 17 p=2181; ; = oo™ 1 1<p<oo,
P(D) =Dt ete,). By the-method of [11] or [18] we have
Theorem 4.1: (1) F(B,,, L,,) AI(P(D))
(D) T*={i+a1(P(D))}sez o5 an opbémial set of poimis of sampling. = :
(8) ALy, f=8:1(f, o). = 2 zf ( ]-}-ai(P(D)))Li(m y)oswlonewroptomwlwlgomthm

Proof By Corollary 2.1,"we have
© o B(By L»)<sup IF=8:(F) Hp<?~1(P(D))

Therefore, we have only to prove e(B,,, ,,) >?\.1(P (D)) leen any . Teo, we first
assume that D(T)===1 Then there exists s dequence of intervals J =~ @ @l

k=1, 2, -, such that ay—> +ooand }clm 2“ ; ‘'where n;= card {T nJ k} Put
=21 2 ol T

By = {s() Gy E 02 (), P(=D)s () = o
V€ (s, $141), 6F (Bsy $i41) ﬂ J k”FSb} ;
Then dim 87, <nx-+r. By the method of [138]-we cari prove

_ {P<D).ﬂfEBz’,h(P(D>)Or Iof=0}=1h|h 187, ~Hh"bp<.r»)<1}» TR
where | 8%, mesns thatj h()3#=0 for all s(t)€85,s, and By, (P(D))o 15
defined in the proof of Theorem 3.1, ‘Thus from the duahty theorem of best
a.pprommatlon by hnear subspace it follows that
' E(B,,, fk<P( D)) 4L,,,(Jk)) .
e 0€ Boi; eﬁg@m‘)' [;ér?? Sn)).(J (t) (P (D)f ) (t)dt )]

-= Sup [ (
» ieng(P(U). geB,,.J,(P(-D)) T

f(t) <P< .D)g) (t) dt)

—su 1], \FEB,, To(B(D)Yo, Taf=0}, i/p+1/p -1
By the definition of d, (i. e. Kolmogorov n-width) we have «: . I
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sup {|fls| f€ By r(P(D))oy Irf= 0} |
>0 uir(By,s,(P(~ D)), Lﬂ'(Jk))>dnx+r(-§p' J,(P( D)), a:'(Jk))
= "s+f<‘§p'(P< D/“k)’ Lz)’) A e
+[”P+T](P("D/“k)’ ') M(P(([(nk'f"")/g]'*‘l)D/“k) p)-

Letting fi—> 0o, We get o
(P (D) <sup ([ 15l € By P D))o T f=0}<0(By T, L.

If D(T) <1, we may choogse I7€ @ such.that T'CT” and D(T’) =1. Noticing
o(By, T, L,) >e(B,, T, L,), we also have e(B,,, T, Ly >?\.1(P(D)) The proof is
completed by the arbitrariness of T' € 6. .

Remark 4, Instead of & we may take @,, which is the collcetion of all T with
D(T)<h h>0 ﬁxed By changmg of sca,le properly we geis a,ll conclusmns sumllar
to Theorem 41, o

The. a.uthor ‘oha.nks hlS adwsor Prof Sun, Yongsheng for hlS valuable guldance
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