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THE EXHSTENCE OF M—HOLOMORPHIC
SEPARATING FUNCTION ON BOUNDED
- SMOOTH DOMAINS |
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Abstract

‘ The Complex analys:s of strongly pseudoconvex, domams inCris rather well known.
In this paper it is proved that for a bounded smoothly domam 0Q there is a new complex
structure on it under which Q will locally become a strongly convex even though the pomt‘ o
on b is not a psendoconvex point from the: view ‘of the original complex " structure.
Particularly if Q is a weakly pseudoconvex domain, the y can be made sufficiently close

to the original complex structure. Therefore a Yot of properties of strongly pseudoconvex
domains will become true on weakly pseudoconvex domaing, or general domains. For
example, it is proved that there is-a p,—holomorphm separatmg functmn which is
holomorphic under the new ooinplex strueture

§ 0. Introduction |

The complex a,na,lysus of strongly pseudoeonvex domaing in C° is rather well
known.  Let Q0" be a bounded smooth domain; If p€bdQ is a strongly
-pseudoconvex point, then the most important elementary fact is the existence of a
local holomorphlc separating function at p, i. e., there ex1sts a holomorphlc funotlom
f(2) defined on a neighborhood of p such that for small e, ' o

Qn{z, Iz—p|<s,f(z) 0} {p}
Indeed if
- f-{zeC, r<z>.<o}
satisfies '

2 (p)¢’ E">0 l|§ 1%

.’lak

where Z‘ ( p)«f’——o then the Lev1 polynomlal

Lp () = 275:(10) (Z’—p’)-i- 21 6z1 32,, (p) (z’-p’) (z"—p")
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is the local holomorphic separating function which ;we need. Alternatively, there
i a looal biholomorphic change of soordihates near p which renders 4Q strongly
convex.
" The Jocal holomorphlc separa.tmg function has a lot of applications (see [5])

(1) Tt is a oritical step in ‘the solution of the Levi problem

(2) It is fundamentel in the construction of integral formulas using the
Oauchv—Fantappm machinery.

(3) It provides important 1nformat10n a,bout optlmal regularlty for the
3—~problem ‘

(4) Tt is very closely related to holomérphic peakihg functidn’ which' is basio
for funetmn algebraic oonsndera.tlons

Durmg a long time whenlittle is known. a,bout weakly pseudoconvex domains,

people wish that smoothly bounded weakly pseudecbnvex domains would be locally ‘

b1h010morphlcally equ1Valent to weakly convex domains. In fact the pullba,ok of
Py =32 <P (P iy,

where () is a déﬁning function for the convex doma,ln; would give 8 weak local
holomorphm separatmg funotlon hp at each pomt of the boundary Thls Would
niean that AR '
| ) PEDN Lo [2—p| <s, hyle) =0} DA

In 1978, Kohn and N 1renbergf43 destroyed th1s opt1mlst1c program by provxng
that the origin'in the boundary of the smooth: pseudoconvex domain ’

_@={(s, ) €0% Row't|e[*+ 225 |*Ross<0}

has no local hols()mor'phijcv separating funétioﬁ Indeed if A is & holomorphic in a
neighborhood of 0'and A (0) =0, theén the zero’s set of & will penetra,te the boundary.

For studying the property of weakly pseudoconvex domains, Kohnt® firgt
defined the “point of finite type” for points-on the boundaries of smoothly bounded
pseudoconvex domains in % in 1972. Since then there has been & lot of development
in the study of the domains of finite type (see . ) &

There are few people studying the property of general doma’ins

i

. In this paper, We will prove that for a bounded smoethly domam 2 there ig a
new complex structure on it under whlch Q will looally become a strongly convex

even though the point on 5@ is not: & pseudooonvex point from the ' view. of. the.

original complex structure. We will a,lso prove that there ig a y,-—holomorphm
geparating funotion whioh is holomorphlc under- the new complex structure . If @
is a weakly: 'pseudoconvex domsin; we.can:. make .our. w suﬁiclently close to- the
original complex structure. ' , N
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" §1. Definition

Let 2!, -+, 2" be a system of complex coordinates in €% Q" be a domam with
smooth boundery Denote by G, 7a (.Q) the space of (p, ¢) forms which is smooth up

“$0 the:boundary. In this paper, we will use A’B; to represent the sum 5‘_, A’B;.

=1
Now given a tensor field u:

=7 @ e B!
an operator ,3: 03, (2)-~> 0:’,",;,+1('§) a8 follow:

Let w satlsfy followmg three eondltlons :
( I) 1ntegerab1hty eondltlon, namely, ,‘e 9=0.
(1T ) det(I MM ) %0, where M is the me,trlx (,u,’;)
(II1) pf€C~(Q), j, k=1,'2, |
Any function ,f;;satlafs.’!ng_equat_.lon

wﬂl be ea,lled the 5~holomorphlc funetlon and a,ny mappmg F whose every
component satisfies (1. 3) the- y,—holomorphm meppmg The oconcepts above are
proposed by the seeond euthor in. [7]

Lemma 1. 1 The ) fwheeh satesﬁes eandeteom (I) (II) (III) can dejme a new .

cormpl . structure.
Proof Because the n equatlons in*(%.8) ‘and their conjugates are hnearly
independent by Newlander——Nlrenberg theorem (see [6] or [2]) there ;e 8

nexgh}\orhood Uandal—1 /.b~holomorphle mapping £~ ( S1r ++s fa) defined on U...

It 1s not dlﬁioult to verify that e
det J = det(I MM) «det [ af;: ]

then det [ gf; ] #O by condltlon (II) and det J #O

Now let {;=f;(2), =1, +-, n.-Given:any u-—helomorphle function, we ha,ve

gooagy L0

A T"‘a"g‘ az, “3,‘,5- Yl ‘mm)ak;,.__ e

6(;
6

It fo]lows from condltlon (II) end det: [

IRREAT! fi ) . ":-=",E aq
Therefore Ly 3oey. C,,) gives:a: new complex eoerdmate system ‘which ma,kes g“
Jbolomorphic, B S LA

]éeo that

O (R |

Bf=0 S (1 3y
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'§'2. Main Result

~ .Theorem 8.1 (Main theorem). Lot @={r<0}CC"be a bounded domain with
smooth boundary. For any pE€dQ, |dr|,%0, there is @ new complew structure w Such
that p will become a strongly pseudaconves point under- the ngw. complex siructure.
-+ We will give the proof of the main theorem by several steps, At ﬁrst we note
the eondltlon (I) is equivalent with R '
@ =2[u¢ ‘";gf,’ ~ i 3’;‘ | s<.
Fix p € bQ, we may assuwe p is the originand

Y "RV SN o .
() =15 e (p) == g e=0,
Lemma 2. 1, Under the locally coordinate assumption ;&saa‘bwé,' we ;‘Ss:dy
0 o 0 .. 0

----------------------------

—C%y ~0" 0 - vt O oA

© satisfies condition (I’) (II) (III) and deﬁrme a new - oomplew stmctwre 'whea"e ¢ is @

posztwe constant. L
The proof is easy by Lemma 1.1, v :
Thesecond author has proved in [7] if there exists & w on-a bounded smooth
domain which Sa,txsﬁes (D) @D (I11) (2. 1) ' F

g 2% o PR SRR e Py
LN, ) . 13k 2
{ ou 07’ 2 ot 0¥ Sy L ozt o SR
= (u00°) (.u :M)G» - (i) (uasﬂb:)“t} §li=d € Hzo'-, S ’(2,1)
" Wi (p)€/=0, SRR R

where (a}) is the inverse matrix of (I —MM), then p& bQ will become a strongly
pseudoconvex point under the new eompléx’structure. Now we will prove that the
-in Lemma 2,1 will satisfy. (2 1).in a neighborhood of p.. We denote- by “.?u the

‘..{.}m 2.1).

Lemma 2. 2. ,dsatzsﬁes aondfotzon 2. 1), i.e., ,“.Z;( p)é‘f’?c 1€ [P
where ,0;r( p)&=0, ¢ is @ po sitive constant." SRR R
.. Proof, At point p, (a})=(I—MM)™=1,. the unit ma,tnx, B

wZi(p) = 3-; et (ua,i’f'-.)_-.(gaﬂ»bc) (uaﬂ') (“3#1)
% 32 i v

+20 6“, | :b

2
. .3.

4 8,,, othels el .
-BY aSSumptlon, ot (P) 1, WO (P =0, j=3," -, )0, W05 (p) € -0=>§1=0: 5




410 . 'CHIN ANN, OF MATH. .0 .%. - 7 %ol 13 Sér..B

s

we have

¢ 8=
ajzggi is bounded_,_ there exists ¢,>0, ———— B *a - (p)f Fi<el| €1
We-oan ohoose ¢ so that 2e>¢1. Set ¢’ =20—0,>0, then “35;§‘E‘>c' 1€12.

Proof of Main Theorem 2.1 Let F=(fy, -, f.) be a 1—1 u-holomorphie
mapping defined on a neighborhood of p€5Q as in Lemma 1.1, Then F( p) is a
strongly pseudoconvex point by Lemma 1.1, Lemma 2 .1 and Theorem 8 in {71.

If we notice that the first term of the right of (2 2) in the proof of Lemma
2.2 is Levi form, we can ea.srly obtain A

..Theorem 2. 2. IfpCbQ is a. fwemlcly pseudoaomw.v potnt, we can ﬁnd G new
complex structure which is suﬁiczsmily closs to the original one and p will become @

§‘E’+2e!|§||2 | (2.2)

Because

sirongly pseudoocmfve.v p.ind..

§ 3. /w~Holomorphlc Separatmg Functlon

By Maln Theorem we can easﬂy obta.m
.. Gorollary 8. 1. Assume the coordinate. f; and w as before. Then

L(2)=2 al'r(p)(fi(z) Ji(ps)) +2,050u (p) ( fi(2) f:(Pi))(fk(z) fk(Pk))

gs the locally u—holomorphic separating function at p.

. By moting that .a. complex -structure iy invariant under biholomorphie
transformation, proceeding as in the -theory we have

Corollary 8. 2. There is a locally u—b@holomarphw changs of coordmwtes near p
which render bQ strongly conve..

..Remark. All we have done is locally. I8 there new complex structure which

can make Q a global strongly pseudoconvex domain? It is a very interesting
problem. |
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