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F-INTEGRABLE OPERATOR SEMIGROUPS*"
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A b stract
• _  ̂ • « • ■ • ， - . . .• 1. - • , • . • >

Cesiro ergodic properties for weakly Y-integrable-semigroups of operators on Banaob 

spaces are studied and several eqtiî atexit conditions for ergodicity are .examijaedr Essulta' ；

.obfcaiijed coasidOrably geaeralize early works on this sabjê t by others.；

§ 1. Introduction
• ■ • ,

r j i . .-

Le t { T ( t ) :  # > 0 } be a sem igroup o f bounded lin e a r operators on a complesr
■ ' ' *

Banach space X . Oae o f the im po rtan t subjects of studies fo r concerns its
Ctes氙ro ergodio properties. W iie ii tlxe semigroup r(<») is s trong ly  contonuous o rt

. - . . . . . .  . . . . .  . ■. ...... . . .

(0，.〇〇) ， rem arkab le results on th is  subject hayp been achieved in  j>a旮t  t h ir t y
years (o f. H ille  and P h illip s  [3, Chapter 18], D unford and Schwartz [1, V I I I .  7 ], 
M asan i[6 ], E b e rle in [2 ], L in  et a l. [5 ] and others). However, not every sem igroup  
of in te re s t is s tro ng ly  continuous. Fo r instance, the dua l sem igroup o f a s tro a g ly  
continuous sem igroup and the tensor product o f two s tro ng ly  con tinuous  
sem igroups are no longer in  g e ije rjtl s tro ng ly  continuous. To extend the Gesaro
eagodic theo ry  fo r s tro ng ly  continuous semigroups to more general case, Shaw

. . .  • - • . -  - ' ' •

in troduced a new class o f sem igroups w h ic li are called lo ca lly  F -In tegrab le>  
(see [7 , 8 ] fo r de ta ils ). B u t in  Shaw^ theory, lie  assumed th a t T ( t ) x - * x  as 
in  ce rta in  topology. Th is is In  fa c t an exteasian o f <?〇-sem igroups.

T lie  au tho r and Lange1193 iu trodnoed anotiie r ojass of semigroups w h ich  are>
ca lled w eak ly  F -in te g ra b le  and inc lude  lo ca lly  F™ integrable sem igroups. as a

, . • » •
. . . . .  • • • •. ■ . • • ■

special case. In  the present paper, we sha ll examine the Oestro ergodic properties  
fo r the  fo rm e r k in d  o f semigroups.

. I n  w hat fo llow s we sha ll use these notations：

jV ' iT ' )  =  the n u ll space o f'th e  operator T ;
' ' xasi ge^ of ；

D  (IT) =  tire  ddm a iii' o f 3?*"
■»_ ............... . ii.  .......... _.■  ..
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Assume that F  is a closed subspaoe of the dual X * t X  and Y  are reciprocal, that is,

Il®|=sup {|<®, y> \/\\y \： y ^ Y , «/#0}
for each x £ X . isemigrpup i>0} of bounded linear operators, on X  is

oalled ̂ reakly F-integrable if it satisfies：

(Wl) is inyariailt under T(t)* for each. #>0；
(W2) T (» )〇} is 〇• (X , ,Y ) oontinLUOUS on (0,.〇〇) fqr each, co€ Xj

(W3) (a) for eaoh a?G-ST andySF, t h e f u n o t i o n o f  iis£-integrable

* 飢 [0, 1]

(b) y^.dt is <t (F, X) continuous with reapeot to y ^ X  ^〇V 0af〇h

and heiibe 0- ( ^ ,  Y ) continuous with, respect to for eaolt y  ̂ . F  by [9];

(W4) let {JiT'Cv) ^ ： v>0} ： Tien  F) Aeliae m  X  and
〇 { ^ ( T ( v ) ) ：v > 〇} - { 〇h

Ooadition ("W3) seems to；'Ije . but as shown in [9, Prop

osition. 3.5], if 5r(*) satisfies (Wl), (W2) and there exists a nonnegative L~  
integraHe fuiiotioii ̂ (*) 〇n 1] suoh tiiat ' ： i

(a. e. on[0, 1].^ " *■ ； (1：1)

then (WB) holds. Olearly, if 5̂ (-) is iDoimded in a neighborhood of ¢ = 0, then 

；(1.1) holds. Therefore,, what Shaw, considered in [7, 8] wslS a very special case of
. 1 ‘ • . . .: .. i •. . . . . : .. . . v . •. • I；, . .i 4 .

ihiB paper . t ., ..

If T(«) is a weakly F-integrable semigroup on X 9 the resolvent -5(̂ ) of ̂ ( •)
:•/ ' ... :. I . . • ： •，’ v '.' - ' ! ： . ： . * • ...... ^

exists for every complex number X with Re X >〇)Qv where co0 is the type of T (*):

〇>̂ ljb±i i  10̂ 11  ̂(¾) I，

• ： . . . .  .  - -  . i  V  . . . i  '  « . i  .  • •, I. • ' ..

T  is iavariant ̂ d e r  !?(•.)* and R(X) is injeotiYQ. A 〇 is defined to be the

operator , . , . . . r

■ ： ■, A 〇s>= y — lim y. j ： ,；■ ，T , - ■ . ̂ i¢-̂ +0
wheneyer tiie limit on the right exists. J.〇 is dlosable with oiosiire X  wHile A  
ĝatisfiea D (A ) and . :

A B C x y ^ 'K R ^ x - a i . . (1.2)
H . ； • %  " .V  . ；•-. - • ' ： -

for eaoh. w ^ X  and

B 〇C)A(〇^%R(Xf<x)-0 ' ; " V ；>： " ； (1-3)

for eaoh co^D (A ). A 〇 and henoe A  is xr(X, Y ) densely defined.
Y  being invariant under r(*), J 2 ( d e n o t e

r(.)^=r(.)*|F; ̂ (0^22(0^1 F  ..................

and call them for oonyenieijQe the duala of 37(̂ ), i2(«), respeotively. The reader 

oan find in [9] all the mentioneid properties, f ： ,? ： ^
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i - ■

§ 2. Dual Semigroups of Weakly 
F-Inte^ra：ble Semigroups

... ^ . . . . .  . . .  . . —

The objective of this secition is to establish the relationship between T  (〇) an^

its dual defined in § 1. W e  shall show that 以 》) is weakly F-integrable on 2  if
. - ■ . ： • •

and only if r(*)' is weakly X-integrable on Fr6m 〇ui’ ob^rvation/ one can 

easily see that the semigroup IT(*) and its dual are on completely syoimetrio^ 

footing.

Theorem %. 1« I f  T (^) is a weakly Y-mtegrable. s ^ ig r m p o n  X, ih m !T (^ Y  
is a weakly X-integrcobh se^piigroup on Y .

Oohwrsely, assume tfmtt ^ ( •) is a Weakly X -in tegrM e semigroup on F. S e t  
2̂ (*) —  [!f (*)]tt|X, where X  is viewed as a subspace o f X** Then T (^) is a wealthy1 
Y-integrabh semigroup on X  such that (*) is the dual o f T(*) m  the, sevse defined^ 
in § 1.

... . ：

Proof Assume that 1T(*) is weakly F-integrable. SinoeX, as a subspaoe 〇f Y*y 
is invariant under and [rC»)^* jX^rC*) by the equalities

<C2T(«)，}#®, T ( ty ^ < T ( t)u > , y> (2.1>

for all a?€X and condition (Wl) for T ( - ) f is fulfilled.
Prom the second equality of (2.1), one pan easily find that T (» )r is tr(Y , X y  

oontinuouson(0, 〇〇). Condition (W3) for 3^(•), followiS from its symmetrical 
character between X  and Y v

Let F 〇=  \J {^(T (7]Y ) i rj>0}. It follows from [9, Propositipn 4.2] that Y 〇 m  
.tr(]T，..X) dehse in .iN〇w  assume that 女砭！7 satisfies for 咚 11 ??：>0. Thep

<!T (»?) ®，2/> =  <x, T \v ) V > = 〇 .,

for all »?>0 and a ^ X . Sinoe X 〇=  *»?>〇} is <r(X, Y ) dense in X , one«
has y=0. Therefore.

• ； ' r . ' ， -  !■ . . .  - c,

, - 1 n V ( r ( ^ 〇： »?>0}=={0}..

Condition (W4) for y(.y is tli加 — 诚 : ¾  乂 (¾ )

The second opnolusion follows a routiii© way, W ©  oniit tii© details.

Theorem 2.1 and i9f Theorem 4.6] imply the ©xistenoe and injeotivity of 
resolvent of 1T(« *W(hioh： is clearly equai tb the dual E(%y 6 f rR(K)\' whet© %, 
ea-tisfies R© X>〇>〇. AooordiagJy, there exists a cr (Yy X )  closed atid； densely defined 
linear operator A f suoh that：

; ; ' ，" ”’二.《九 ’沴‘穸- (2.2>

for all y ^ Y  and --/： ■：- r- t

r<w , -, (2,3>

和 揿 电 姓 鄕
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Bem ark. (i) If 5^(-) is weakly F-integrable on X,  then we may define the 
operator J.() for in  F  by

.y ( 吟  1 ，

卜》+0 t
whenever tke limit on the right exists. J.〇. is linear and olosable with olosure

([9, Theorem 4 .6 ]). -
( i i )  It ia olear ,that is the dual of A and vice versa.

. .  . '  "

For the purpose of letter use, y e  need the following Theorem.
Theorem  2. 2. (i) I f  T{>) satisfies conditions (Wl) ,  (W2) and (WS), then
(&yforemkt>O;th0 equaUty,： i

4efines a bounded Unear operator 8(i) on X  such that Y  is invarimi under 8 and
- ： V ' . , . . s . ..V  •、： . .： . 〈， '• .? • ,• V  : ; ^

hence 8(t) is cr(X, Y) c.onHnubm for each ^>0;
(b) S(*) is continuous on (0, p〇)  in the uniform operator topology and (tiX, T)

ĉonUnuom a t t —0; 、

( i i ) i f  T(^) is weakly Y-integrabh} tĥ n for each i> 0  anA so£X, S(t)psGB(A')
• • . * ' ., • ' ~

■mid
4 ^ .(0 ^ = (^ (^ ) -1 )^  (2.4)

I f  oô： D (A) , ifier̂
8(t)A0^AS(t)x.  (2.5)

Proof (i, a) follows from [9, Lemmas 2.3, 2 #4j and the suffioienoy of [9, 
Proposition 3.4],

(i, Td) The continuity of ;$(•) in  the uniform operator topology 〇ny(0, 〇〇)
• •• ' i ' y. i * . . . ... .-.. • T  . ' ■ , . ,s ：-. ； ** •' . . . .

follows from the boundedness of T(*) on eyery closed sufeinterval[a, 6] of (〇, 〇〇) y 
L̂nd tlie T) ooatinuity of ^(*) at ¢=0, follows from the L-integrability of 

yy on [0, 1] for each X  and
( i i )  Assume that T {〇) is weakly F-integrable. Let cc be in Then

g/>=*J〇<27(s) . ; . s

jfor emh y^Y^Ou  the c^her han^^for each a?6^ (#〇)r：̂ e ^ 4 〇V

x ^S(t}A〇Xy j* <;^〇21 xyy}ds 、 。 : ，广 。

A ry^ds^<,8{t)os, J，V>. (2.7)

Combining (2.6) and (2.7) gives for 〇jgZ )(il〇), pG^(A,) ':X：：

(2 .8)
"whioii asserts that ^  4̂̂ )> 1¾ ¾  cr0tt ooiitiiiitibua linefitr fiiaotibnal oif



y £ D (A ,) for each fixed a;G-D(J.〇), Since J. is the dual of A! by Remark (ii) of 

Theorem 2.2, one cc^D (A) and
^A8(t)a,, 2/)=^(0^, A fyy. (2.9>

Applying [9, Theorem 4.6] to JTG)’ "we assert that D(J/) is.cr(F, JT) ..dense in F

and henoe separates points of X. Bo we have from (2.8) and (2.9)

A S (^ x = iT ( t ) - I ] (D  (2.10)

for each ccg D ( 4〇).

Now let bo arbitrary. Then there exists a net {xa}c:D (A 〇) such that 
{fc„} -> x. Passing to the limit in the following equality

A S 〇) ^ i T ( t ) - I ] x a>
we see that (2.10) remains valid for each by the <r(X, Y ) olosednesa of A  
and the (^(Z, 7)continuity of <$?(：{)，..27(j5) for e叫Ii #>0.

Finally, (2.6) and the properties of A, B {i), T (t) assert that

liolds for each (〇^ D { A ) . The proof of the tliporem is complete,
.  . . . . . .'

§ B. Ergodic Properties for Weakly
F-Integrable Semigroups ，

Thi€ section is devoted to 〇esdr〇 ©rgodio properties of weakly F-integrable 

semigroups. Our resulta oonsideratjly generalize those of [2, 5, 6，7] and will b© 

used in the forthcoming papers by the author.

Let T(>) be a weakly F-integrable semigroup of operators on X . It hais been
* • * - . , .  t • ... 4 * • * ' 1

shown in § 2 that the dual jP(*)y is a weakly X-integrable semigroup of operators 

On Y , "

Under conditions (Wl)— (W4) on 5T (〇) ,• the linear oper̂ toir '8 (¢) has remarkable 
properties lifted in Thedreni 2 .8̂̂  ̂Tit6. Oes^fd aT^rag^ of 57̂  ) :〇yer (0, t] is Suitably 
defined to be the operator and what we are interested in are tb6 OeBkto
ergodio properties of T(*), that is, the conyergence of in certain topology

agi->〇〇. Let JPg be the operator defined by Ps withtli^domaiu

D ( P S) consisting of all a; for whioli the litnit exists in ilie 'sitrong .topology of 支 , 

Also let P w and PY be operators similarly defined with the limit replaced by tie 
weak limit TT-lim and the cr (X , Y ) limit F-lim.

To prove the inaiia. theorerd of this section, we begin with two lemmas. It is 

well known that — I) and — I) are independent of tB.e 6h.oioe

of X with Re X>〇>0. c

Lemma S. 1. F o r th a w e W ^ .I—iTttegmbU'i^migroupTi^the.fcllowing

N̂o. 4 Wang, S. W.  OBSARO BEGODIO THEOREMS 4 1 5



• • , i  . . . .  •

msettiom hold: -

(i) t> 〇} ^ ^ r ( x B ( x ) - i y ；

. (ii)

(m y A )Y (J{^(2^(^) -1): i> 〇}y, where E Y is the clomreof the set E  in  the
, .  . • >

〇-(X, Y ) topology, ; *

Proof W e  only olaim (i). Tli6 proof of others will be omitted. Let a G  

D — #>0}. Then. T ( t ) x —x= 0 for each i>0 and henoe A 〇x= 0 by the
definition of -4〇. being the closure of ̂i0, one has Ax= 0. So J / '(T  (t) —I)c :  ̂ V {A ) „ 
Conversely, assume that I t follows from Theorem 2.2 (ii) that

• •. ; « . . .  - 
for each. i>6. Oonsequently,

^ T (A ) =  n - I )： # > 0}. (3.1)

Next, assume that aj€ H —  !)：# >〇}. Since the equality

i? (X)〇3 —  coi 2/)；= J %e~ht̂ T  (i) a?— ®, y} dt= 0 

holds foreaoh yGF", one has 九 = 〇 and hence a ? (入丑(入)一I). Thus

the inolusion

. t> 0 } d jr (% R { % )- I ) (3.2)

holds.

To prove the opposite inclusion, of (3.2), let a> be in (XR(X) — I ) . The
equalities A.JJ(̂ ,)<c=® and 2)(,4) == ̂?(jB(X)) imply that oĵ -D(-4). From (1.2), one 

has

416  OHIN. ANN. OF MATH. Vol. 13 l̂er. B

R{X)Ax= [XjB(X)-I]a5=0.

The injectivity of JS(«) oonoludes that A x ^=0 or equivalently,

^r(XS(A,)-I)c^(^). (3.3)

(3.1)-(3.3) complete the proof of (i).

Sinoe jpr (A ), <>0} a,nd ^V(XR(X) — I ) are the same, we
shall use the notation denote them.

The following lemma is similar to [7, *Lemma 3.1].

L e m m a  S.^711. (i) The operators Ps, Pw, PY defined at the beginning o f  this
section are projeqfiom with 淡 (P8) ^  淡 (Pw) = 淡 (PY) =

(ii) where stands o f the normal closure o f the set E m
Proo/ W e  only sketch out the proof.of (ii), that of (i) will be omitted. From

Theorem 2.3, 8 (t) is bounded on. every closed subirtterval \a} J] of [0, 〇〇) and
= • . ； • . ■ ' .

continuous on(0, 〇〇) ^  the uniform operator topology, ®) for .©ach aj^X and t> 0 r 
the Boohner integral on the right of

.r.'. / ： ,f. ： (3.4)
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sxists and ̂ (¢) is a bounded linear operator 〇a  X  for ©aoh i>0^ Moreover^ oae_oan 
3how that

. . .  v . . •. ■ ： 乂 . .

AF (t) x =  t~%8  (t) as—<D〇 (3 .5 )

• • (“ op ; 1 . •'
eW {A ). (3,6)

¢ 4 0 0  ( . • ‘ _

?ii\ -, 1 . ' - ••
<n) holds.

Theorem  S. S» JW  the weakly T-miegrable semigroup, 2 (̂•), i f
"  ̂ ' • ： ' (3；7):… 、 +. 卜 *~ ■•''

bolMy then the following statements are eguimlentx
• ' . • • • ： •

( i ) for each <ŝ ：X  ：t
jSf — lim  ̂ - (3.8)• .- . t-*ca .

( ii)  ， (ps) = _ ;: . V? w
(iii) for each so^DCA),

； iSf-lim ' (3.9)
, 5 - . ■ ■：：' 卜 ： . - , … 1 , ,二 : . .■； ' y '

Proof (i)=̂ (ii). Assume that (3.8) holds. To prove (ii), it suffices -to show 

the opposite inclusion, of L e m m a  3*2 (ii). For each a；€X ,  i>0 and X with.

Ee ̂ ,>max {2&)〇, 0}, one has

< r ^(〇  \%B(X)-i-]x,yy

、  +f 1 沒 (¢)1̂ 〇 «)—!]〇?， ?/>权 .v tjO * J N  J.
_ ' *

"We may choose N > 0  such, that

whenever (3.7) implies the existence» of if> 0  suoh that

wlieneveir t is suffioiently large, therefore we may olicwse N  stioli tlhâ  3
<• . •'  ,  N . .  • . • ' *  ；

■:•+ . .  • -• • ： . . . .  ' ! 5.* ......... . ；

iT(u)~x^y > d̂

where s> 0  is given - M. -.-. : „
Next, we consider the integral over [0, iV5] * At first, the equality

, ：: T ;/ : , V a . ,!f

Shown in [7, Lemma 2,3] a,nd oonditionv(i)tg l y e - .
61 — lim t^S(t)  [27(u) —

.； >=,Sf -  lira r 1 I]8(u)a>^0. @，11)
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, •  ̂
for each [07 JV} and Secondly^ the equality

and (3.7) imply

i r ^ m ^  11^^^11^(^+¾) i+ 1^(0 in

K t^C t-h u yM + M K S M  (3.12)

•whenever t is sufficiently large. (3.12) shows that the Lefeesgue's dominated 

oonvergenoe theorem is applicable to the integral over [0, iV] and leads to th©

following inequality by (3.11)： ^
, * .

[ n « ) - J ] ^  P>du <8||2(|| (3.13)Jo f . ■
for each fixed co^X  whenever f is suffuoiently large.

 ̂(3.10) and (3,13) assert that

Ir1〈汉⑷[ w a ) W  +1)b» . …

and hence

、 ，… | | ^ (〇 [^(^)-1>1<5(||4+1) ' (3.14>

for each fixed a t^ X  whenever t is sufficiently large. (3.14) implies the following 
inclusion ^

、 雜 雄 ) - I J c : W ( P s)，

whioh together with L e m m a  3.2 (ii) and L e m m a  3.1 (ii) completes the argument^

(ii)=̂ (iii). Let» be ini)(J.). It follows from the ©quality JY"(Pg) =  M (A) 
that ...

0 匕 P  =  S 一 (i；U£c= iS -  lira r 1 [?⑷ 一I] a?. (3.15).f̂ 9〇 #-♦〇〇

Therefore

Inolusiq(pL'.(iii)：?4® . 鉍 evidejatsin的琢 ^ ( 鉍):）。^^)..‘ ' .

Corollary 3.1. Let T(>)be as in Theorem 3.3. Then D(Pg) is the Mrect sum o f  
a n i^ { A )  or equimlenUy, — i f  and only if~

me o f  (Z .8) anA (Z,9) holds.
Proof It suffices to verify the ^only iP part. H JD(PS) is the direct 

sum of and M (A), then L e m m a  3.2 together with the folldwiii^ equality

conoludes tiiat ̂ V"{PS) =  A ). Heilob (3.8) and (3.9) hold by Theorem 3.B.
Corollary 3.2. Let T(») de as in  T h ^rem  B.3. I f  om o f '(i)— (iii) 〇/ 

Theorem 3.3 holds, then PS= P W. *
e pro o f Prom L e m m a  3.2 (i) and tlie evident inclusion {P8) c ij V' (P w), it- 

fluMdes to show that ̂  (pTr) c^*(Ps) . Let a fee in J /" (Pv), Then
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cc^W~~ liiii (t) oo]t~»o〇
=TF-lim[-̂ (〇a?] ̂W{A) ̂ ^ (Ps).

In the following we consider the locally integrable case and operator P w .̂ 
Under the condition (3.7) on 汶（#)，it is easily seen that (3.10) and (3.12) remain； 

valid for this ease. Let o〇̂ .j V (P w). Then. (3.6) becomes
x ^ W - l i m l r ^ i ^ x - A F ^ x ]  £ W A ) ,

and L e m m a  3.2 (ii) becomes

J T { P w)c：W A ) . (3.16)

As regards the replacement of condition (3.8), we shall use

(«)»=0 (3.17)f-»oo
for each Then (3.11) becomes

W - l i m  r x8  (t) XT (u) - 1] » -= 0
〇〇'  ̂

for each [0, iV] and £c€_X". (3 .13) thus becopaes

[7(^)-1]^ y^du  <8 (3.18)
Jo

for fixed a? G X  and whenever i is sufficiently large. Therefore, one has from

(3.1Q) and (3,18) ■; ...

I d  ⑷ !>i2 ㈨ - J] ov y> 1«  W  W  +1)

for fixed x £ X  and y ^ .X * whenever t is sufficiently large. (3.19) implies
(3.19)

which together with (3,16) and L e m m a  3.1 (ii) gives

. \yT(Pw) (3.2〇> 
Next, assume that (3.20) holds. Then the following analogue af (3.15) is clear：.

0 ^ P w( A x ) ^ W - l im  r ^ ^ a ?  (3.21)

for eaoh D(A). Finally, (3.21) evidently implies (3.17). W e  summarize the 

above observation in

Theorem  3. 4. ； For the locaUu wtegrable semi-group 2^(0, i f  (3.7) holds, then 
ike following statements are equivalent:

(i) fo r  each 0 ^ ： X  and u>0,
W — lim t~xT ( i ) 8 («)»=0;

j —Of ' , '

(ii) ^r(pw)=^(2) ；

(iii) fo r  emh x £ D ( A ) ,
W - l im  (3.22)' ■：：■：：- ■/： , Hw〇* ■ . . ..

W e  say that the semigroup is strongly (resp. weakly) 〇©4?0 ergodjp, if 
： Let (a), (l>), (o) standior (3,7), (3.8) r (3,9),： respeotiyely,



^nd let(V),(o^stanjd for(3.l7), (3.22), respectively. Let (d) denote the condition 
'that (A) separates J.)1, that iB) ^  ( A ) x {0}f where the notation
.E1 denotes the annihilator of E d X  in the dual X*. Let (0) stand for the condition

. t.i ' , ； * _ ' . . .

■that for each a ? t h e r e  exists a sequence {in}-^00 such, that TT— lim…. . . : .  . , . . . . : n-*〇〇
exists.

From Theorems 3.3, and 3.4, we ma y  deduce the following theorem.
； • • ： . ; _

Theorem 3, 5. Let jP(〇 ie  a> weahly Y^niegrable (jresp, locally integrahh) 
semigroup, Then the following statements are equivalent:
■ ( i ) T(*)  is sirongly (resp^-iveaMy) Oesdro ergodio;

(ii) (a)， 0/  (b) 然私 ow^/(b') (cr))丨（d) 加味

(iii) (a), one o f (b) aTid 'X p )^ ^ *  o f (b〇 and (e)hold.
Proof W e  complete the proof by showing the equivalences： (i)^»(ii); 

<i) «# (iii) • Only considered is the 绅r〇珥g ca$ev .

(i) =^(ii). Condition (a) follows from the uniform boundedness principle, (b) 

；and hence(0)follows from the following oaloulationi Lerarna 3.2 and THeorem 3.3:

沒— lim r  w  ⑷；Sf (w) 汉— iim [y (&)f “i] r  w  (#>« [r (W)— i] p 砂 = 〇•

•(d) f〇l]〇w§ fr〇M  L e m m a  3；-2, Theorem 3/3 (ii) and D  (P«) = X ；

(ii) =^(i), (a) implies that P g is bounded, (b) or (o) and L e m m a  3 .2 imply that
、.丨： 你 ， CPS) = ^ 1 )  (3.23)

^.nd henee bhe has from (d) tMat ! 1

[ ^ ( P , ) © ^  (P,)]

•>r(乂)丄:rv戌(i)x= 4〇}* . : :

吁hefefore,涿(Ps)㊉， (PS) =  X.，that is, J)CPs)=-JS：.

( 0 ^  (iii)：̂Evident. . ； • . ； •

(iii) =^(i)..Let be fixed and let Then• ■、 >〇〇

X T (u )- I )^ W - lm i t ^ [T { u )- I ]8 (Q x  .rt ôo
= TF-  lim c 1 [27 (tn) - I ] S  (u) ».=?0n~>〇® "

*nd hence, (Cig ^ ^ ( P s )  by Lemrda 13；! and (3.23). On the oth^p hand,
(3,5) implies that !，

?；i=TF— lim[— J. f.»->〇〇 .
•or equivalently, 〇}—xi,^ ^ V ' {Pa) . Therefore,

〇>= 〇 — 叱) (Ps)㊉淡 .…

.>Sine.e a； is arbitrary，one has I

Remark, (i) If one compares Theorems 3.3, 3.4, 3.5 with the corresponding 

arealili;Mc>f ̂  5,®6y 7r SeenT tlatf our -r̂ suits are eonsiderable

.1■欲， ■甘hiit’ .we 白d、_.ar©'4'4uiVai6nt
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conditions which, perhaps, first appear here.

(ii) For the weakly F-integrabl© semigroup 5T(〇, it has been shown im
Theorem 2,1 thM IF (^); is ^ weakly X-integrable semigroup Theriafore^

similar results of Theorems 3,3, 3.4, 3.5 hold for Moreover, we m a y  alsô

consider the Oes^ro ergodio properties for semigroups when X  is reflexive,

(iii) Left open is the question whether the equality P 8^=Pw still holds under 
the conditions of Theorem 3.4.
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