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HNVARIANT SUBSPA(‘ES AND EIGEVALUES GF
| ELEMENTS IN C*—-ALGEBRAS |

Lix Huaxiv (k7)) *

_ Abstract

Let 4 be 2 C*-algebra and « an element in 4. the, followmg invariant subspace

‘problem is cons1dered DOeS there ex1st an 1rredu01b1e representatlon ow of A such that.

#w (&) -has a non~trivial mvannt subSpace'P And & .positive solution of the problem for finite

separable matroid 0*-algebras is given, Also the- élgenvalues of elements in C’*—algebras )
. m conmdered Some versions of Fredholm Alternatlves are glven ' : '

Let H be a separable Hilbert space, B(H) the O"~algebra of all bounded
linear operators on H. The invariant subspace problem. on H is: Does every
.operator in B(H) has a non-trivial invariant subspace? Let A bea norn-abelian
-O*-algebra and » an element in 4. We will consider the following problem: Does
there exist a separable irreducible represanta.tion‘av of A guch that ow(2) has a non-—
trivial invariant subspace?

Lemma 1. 1. Let A be a separable szmple O*-algebra and o an element in A.
Then there is a fazthful separable and érreducible representation m of A such that
v (v) has a non~trivial énvariant subspace ¢f one o f the following holds.

(1) A is unital.

(2) o is not @ quasi—nilpotent.

Proof (1) We may assume that s a1 for any scalar a. Suppose that A€ sp(x).
"Then either (A—ax)*(A—a) or (A—a) (A—w)* is not invertible. We first assume that
A—a)*(A—w) i not invertible. Let A, be the abelian O*-subalgebra generated by
1 and (A—a)*(A—2). By Gelfand representation, there it a pure state p of 4, such
‘that

o((h—a)* (M —a)) =0.
‘We can extend p to a pure state p of A. Let w be the faithful, separable and
irreducible representation associated with p. Then there is £ € H, with ||§ | =1 such
Hhat :
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AT w(A—)§=0, i, 6., w(x)E=AE.
Hence mr(a;) ‘hag 4 non-trivial invariant subspace: .
NOW we assume that (A—o) (A— co) is not mvertlble By the same a.rgument
there 1s a falthful separa.ble and 1rreduclble representa.tlon @ of A Such that
H éeker az;(?\, ) =!a={0}

Thus [Ker :m\}» w") ] L is a non—trlvml 1nVar1ant Subspace for au(a;)

(2) Suppose that there i a non—zero number %.ESp(a:) We oonmder unlta,l"
~algebra, A By the argument used 1n (1), there 1s a sepamble 1rredu01ble
representa.tlon w of 4 such that
- Haker o (A—2) *{0} or
o H“éekerm:(h m*)#{O} e :
Since A0, we see m;(m) =\FO Thus @4 is a fa1thful separable a,nd lrreduclble'
representation of 4 and.w (s) has a non~tr1v1a1 invariant subspace.

Corollary. 1. 1. Let a€B(H), where H is:a separabdle Hilbers space. Then.there
is o O*-subalgebra A of B(H) containing & such that there is an infinite (but separable)
dimensional irreducible frepresentwtwn w of A such that w(a) %0 amd w(a) has @ non—
trivial dnvardant subspace. :

Proof Let K be the O*~suba.1gebra of B(H) consisting of compact operators. We
may assume that a¢f K. Let ¢; B(H Y- B(H ) /K bethe canonical homomorphism.
By [2, Proposition 7. ], there is a separable simple O*-subalgebra B.of B(H) /K
containing (1) and ¢(a). If B is of finite dimension, then g. is. polynomla,lly
compact. Thus we may assume that B is infinite dlmensmna,l By Lemma 1.1 there
] 'tha,t m;(qb(w))hasa. non—
separable 1rreduc1ble

is faithful separable irreducible representatlon @ of B sl'

representation of 4: : - 2 SR S coa S e
Lemma 1.2, Let A be a separable O*-algebra; f @ state of A and f the normak
extonsion of f to A™. Suppose that @, is in A, y, and 4, are in A" and Go=ya+2.. If
furthermore T (yiyn) = F (2:2) =0-and éach .= yyn+2in ts o Borel affiné funotion on
Q, the quwsz~state spwce, then there is a pure state po f A: such- that
a e p(w..) =0 " for all n. :
Pmof Since ‘A'is” separable, the ‘quasi-state” space Q is metrlmble By the
Choquet theorem ([1, Qorollary 1.49]), there is a positive proba.blhty mersurs s
on Q concentrated on the pure state space P(A) such that

f(w) j adv for a.11 in As -

Slnce each @, i8 bounded Borel: afﬁne funotlon on Q,

o Fil@a) = " 3w,;=dq;-,=—7'0~"fqr all go: 7" L
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Henoe there are B, P(A).sush that-v(H,) =0 and 5(a,) =0 for all p in P(A)\E.,.
Let E= U E,. Then o(E) =0, Thus if pigin P(A)\E p(a,) =0 for all n. By the

Oauchy—Schwarz 1nequal1ty, 1t 1s evident that p(w,.) 0 for all n, if p is P(A)\E
ReOa.ll that a O’—algebra. A is oalled matrmd if for every >0 and @y, G, *
a,€ 4, there oxists a O*—Subalgebra B of A4, Whlch is 1somorph10 to a ﬂmte.
dlmensmnal matrix algebra a.nd @3, £U2, TN a;,.EB such that ‘ o
o Ilw;-—-w4“<8,'b 1,9,
Dixmier showed ©7 that if A is a separable matlold O“—a,lgebla, then the1e are?
integers o ) AR

) 0<91<T1<Q2<’)‘2<
such tha,t A is the norm closlure of the followmg 1nduct1ve hmlt
AR M 9"1”1 M fﬂq’ 'M(Il gqeﬂ Mra f’ﬂs MQB PR .

where g, |7, and f s 2T homomorphigms consustmg in addmg n—m rows and columns
of ‘zeros to each Mmatrix in M . g,,,,.—l@l,D and- are Speclﬁed ' ’ '

gmn(w)"‘_‘ R T

@ 15x15v o

where p fn./m
E A se ‘ra;ble matlold O*—algebla A is ealled ﬁmte if A has a ﬁnlte trace, ‘or

Theorem 1. 4. Let A be a. sepwmble ﬁmte mato'owl 0*—algebfm w;wl @ an: elemefnfr
in A Then there is a faithful, separable irreducible repr eseniation w of A such that
w(w) has.a non—«trrwml ‘dnwvariant subspace. - T
- Proof . Since A ig simple 9, by Lemma 1. 1 ‘We May assume that A has ne
identity. Since A is finite, 'We may also assume:that: _

1< gi<ry<ga<ra<sr. (Thus. n/qi>1 ) -

We will identify M, . M,, with the 1nduct1ve hmlts of M, and M 0, i A.
. Fix g€ 4, by Lemma 1.1, we, ‘may a.ssume tha.t i3 a quasi-nilpotent. There
are a:,.EM,.,, such tha,t S
TR ,1,1’?3““’"““0"‘ T A RN
For each n, there is a unitary element U, GM,,, such that Uz, U, I8 an upper
triangular matrix. Let e, be the 1dent1ty for M, o M= 1 3, :--. Notice that ;& M,
for all n. Let U:eiU = (wé, ), an X7, matrix. Since. PP A ST ERP P

n~1 . . ?od, —
r (61) =1 1i/quis=11 i/ quss>0,
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there 1s an integer e(n) such that:

“e (n)c(n)> H T ¢/ !1¢+1

Take an r, X r, matrix s‘l’ ) w1th b“,.);(,,) =1 a,nd other b,;——O Let P{ = U.&PUs-
Then PS ig a m1n1ma,1 pro;ectlon in M r. For every a€ M., P a P‘D——J\. (w)PS}),
where An(a) iva constant. Moreover, @ —> A,(a) isa. state of M,,. We also notlce that

?\, (ei) w“,,)i<,,,>II 7i/¢is1. Since o is a quam-mlpotent we may further agsumi tha.t'

the dlagonals of the matrlces U,,m,,U are zeros for all . So An (a;,,) 0 for all e

For each n, Iet m(n) r,.+1/q,,, Z(n) =¢u—"n. In My, P‘” has the form

9)@ P‘”C—B @P“’@OK o G

We take pfﬁ’ ——p‘”@OC—D (—BO(—BOM, If pi® is taken from M rw WO take
- " P(HD "P( )@0@ @0@0«1» o .
Thus { p{’”} is a sequence of decreasing proJeotlons and each »{® is a minimal
projection in M,,. Let pf* | ps € (4™),. Then py is "an upper semi-continuous
function on the quasi-state space Q-of A: It.follows by ‘a: standard compactness

argument that p; is of norm 1. Henoé Py i9 a non—zero p'ro‘jeétion in 4. Since each
p is a minimal projection in M re and U M,, is dense in A, one can easrly check
that p, is a minimal pro;(ectlon in A"* EEE

Now each A, gives an 1rreduc1ble representatlon av,. of M fns Let £ M ,,,—)H @n be
the GNS construction. Then f,,m _J__§¢‘,, There 1s a. proJectlon q,‘}’ in M tn Such tha,t _

Wn(ga))gpi." ’-0 a‘nd Wn(!la))fm‘ \"*gwn

Thus A, (@) =0and - i e R
T Ma[(an - e (e qa’wn)] =0, TR

For every %, let pf® a pi® =n{® (a) pi». ‘Weé gsee that 97{"’ (w) is-a pure state for
M,,. Moreover, (b)) =2y () If bE M. In: M, ¢§, hag the-form: - -

" ' 2 DD D D0y

W
Let us take g§2’= ga)@ 0 @®-- (—B 0 @ 0«1) b3 g{"’ g taken in M,,,, we ta.ke
. qac+1)_.q(k)@ 0 @ G‘) 0 ‘ Ol(k)

m (k)

' -Then 117 is eesy to see that {g{'ﬂ} is a sequence of de :easmg PTOJectlons su oh thatl \
| | f”’ (qw) 0 and S N AL

"”[(aa Pad)* ok~ q@wl)] 0
for all g<Ia and e=1 2 Moreover a8 the above {g{"’} converges strozlgly to &
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non-zero projection gy in A*. Let fi(a) be a state defined by piup;=f1(a) ps. It is

eady to see that n{® (a) = fi(a)for all aE M v We conclude that fi(¢1) =0 and
fi[(a;i giwi) (af — giaq)] —-O for all 4,

since (a;1 ¢Pat)* (af — q&”wi) = (a2)* (wi)i (ml) s ”(mi)‘ eonverges strongly to

(mi) (wi)i (“&) g1 (@)= 1CE 15171) (wi 91w1) '

We can construct two sequences of decreasmg projections {p®} and {q,ﬁ’“’}
satisfying C ' : .

(1) PP is a mlmmal proJectlon in M L and p,‘, > J, Doy, Where p,, 1s 8 mlnlmal
prOJectlon in A*, '

@ p® . p‘”""’*’”) and p""_l_g<"“m+’°’ 1f n>rm,, hence p“_l__ P and p,._l_qm

(8) ¢ is a pro;]eetlon in M,, . and g(") 3 G “where ¢n i8 2 non-zero progeetion
in A*, S .
4) g""_l_g"“"‘*’“’ and g('“’ _Lp‘”“m“’) if n>m, hence g,,_]_ gm and @n_ Pm-

Furthermore (let 'r](’" be the pure state of M,,,, defined by p""ap,ﬁ"’_ 7 (@)

(5) 0 (@) =M (1) rifa,GM,.,,, L S

(6) 7P (¢”) =0 and n® [ (ah -—-q(”w,,) (ah,~— g,%”m,,)] =0 Jf 70>g and §=1, 2

- To construct {pi} and {g¥}, we assume that p” and ¢¥ have the -forms

(1)@17(1)@ @ pi P@ Oyusny and -
) DD (-Bq,?’OOzmm in M,
We take 20,(.2)—0 @ Pa)@ 0B-DO® Ounrt and _
L 9(2)"0 @9(1)® 0 @ @0 (‘B 01(»+1)v,_
If pi® and ¢ are taken in M, we take
Py =0 @P(k)('D 0 @ ‘DOD 0z<n+7o) ‘and
&P =0D ¢PD 0 DD 0D 0 yins5-
Onoce {p{"} and {g”} are:constructed, (1)——(6) are easily checked.

Let f, be the state of ‘A denfined by p. @ pn=Ff.(a)p,. Denote the normal
extontion of f, by ., 'we have, ag in the case w=1, F.[(a}— g.t)*(ak—g.ah] =0.
Moreover f,.(¢qn)=0 for all-n. Let g= 'S‘ ¢n. Then ¢ is a projection in A**. Let
#, be the represeqtat;qn_‘a,ssoemted with f,.. Then there ig a unit veotor { € H,, such

Sl (ah— guath)* (ah— aah) 1€, €5 =0, for all |, i, e.,
avn(qn)avn(wn)f m(wn)é for all i
Since g>g,., au,,(q)au,.(:cn)f av,.(a',,,)'v' Henoe »
Ful (0~ qwn) (wn qn>] 0 for all 4.

Suppose thth is a weak llmlt of {f,,} Slneef (.,1) Ay (ej)>]‘[ 7:,/%41 f 0.
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Because af — ga} converges to o*— ga' in norm, for all ¢
FL(@' - ga)* - o] =0.

Since 7,(¢m) =0 for all n and m, F,(¢) =0. Hence F(¢)=0 and F((go*) (ga*)*) =0
for all . We may assume that f is a state of A. Clearly (o!—gqa') ('~ ga®)* and
(go*) (ga*)* are Borel affine functions on @ for all ¢, By Lemma 1.2, there isa pure
state p of A such that p(a*) =0 for all 4. Thus for every polynomial p(#) with
p(0) =0, p(p(x)) =0. Let o be the (faithful, separable) irreducible representation
~of A associated with p and H, the corresponding (separable) Hilbert space. There .-
is a unit veotor £ € H such that p(y) =<{w(®)¢, &) for all y€ A. If w(s)§=0, then
the kers (4) is & non—trivial invariant subspace for mw (). So we may assume that
@ (@)€ 0. But then the closure of Ho={w(p(@))¢|p(¢) polynomials with »(0) =0}
is a non—trivial invariant subspace for o (w), since £ | H,.

Remark, The method used .in Theorem 1.1 may apply to some other finite
separable gimple AF O*-algebra,

§ 2.

Let A be a O*-algebra and « an element in A, Suppose that A.G-S'p (z). We will
congider the following eigenvalue problem: Is there an irreducible representation
o of A such that A is an eigenvalue’of av(a;)‘? 00rollary 2.1 and Lemma 2.2 are
vergions of Fredholm Alternatlve, whlle Oorollary 2.2 is a generahsed
Weyl’s theorem,

Lemma 2.1. TLet A be a O*-algebra and o€ A, Suppose A is a non—zero number
n Sp(w). Then there is an érreducible representation o of A suoh that |

AESp(w(a)). o

Proof Suppose that for-every irreducible representation a of A, AESp(w(a)).
Let y(w) be the inverse of A—a'(2) in w(4). Let m, be the atomio representation
of A. If

sup {ly(@) | |mw 1rreduclble}<oo
then y= (—By (w) would be the 1nverse of A—m,(w). Thus there is a sequence {mru} of

irreducible repesentations Such that |y(ms)|-—> oo a8 k—>oo. Consequently, there
ate fu€ Ha, such that | fi] =1and

lwa(A—2) fil > 0, as k—> oo,
Let g be a weak * limit of the veotors states {+ fx, fi>, then g[(A—w)* (J\. —w)] =0.
gince A0, ¢g=20. Thus we have a pure state p of 4 such that p[(A—2)*(A—a)] =0.
Moreover, p| A0, since |A|?2%0. Thus p| 4 is.a muliiple of a pure state of A. Let
a, be the irreducible representation of 4 associated with p|.4. Then there is £ € H,
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£%0, such that . e :
[A—um, (az)]f‘=0‘.1 Henoe A€ SP(av,, (a;)),
a oontradlctlon , _

Corollary 2. 1. Let A be a liminal O*—a,lgebm and @ an element in A. Suppose
that NESp (o) 4s' @ mon—zero number. Then there is am irreducible representation mw of A
subh that & is an eigervalue of mw(w). ' g

Lemma 2. 2. ZLet Abe an AF O*-algebra and. mEA Suppose that AE Sp(m) is

a non-gero number. Tken there is-an wreduceble frepresentwt%on w of A such thwt A is an
esgerwalue of o (w). o ‘
" Proof There are finite dimensional O*—subalgebra B, of A #nd elements
#.€ B, such that .
: |lw—-a;,.[l—->0 a8 m—> o, S
If there ig a subsequence {m,.,,} of {w;} such that A& Sp(w,,), then for every falthful
representation w of A, there are f;,€ H, with | fi| =1 such that .

[7\4 - (m,,,‘) ]f]g—": 0.
Thug

| [A— W(w)]fzal|<ll [A— wn,,)]fnll + [lov (@) ~ av(w,.,‘) |- o0.
Qtherwise, we, have v
A . (?«. » )"1(?\, a;) 1+ (7\. m,.)"l(a;,,——m)
If{]l (7\. a;,,) 1]I} is bounded then . = : S
: , ll (A— wn)‘1(7v w) 1||<|| (% m,.)'ill llw»-fwl!—>0 :
a8 n—>oo. Let y be a weak limit of {(A—w,)"1} in A*. Then y()\. :v) 1 a
contradiction. Thus We ma,y assume that e e

B O .
Suppose that ACB(H ) Then there are f,.G H Wlth [ f,. | =1 such that
. g N (A—20) ful >0, 85 n—> oo,
o iniany case there.are states {¢.} of A such that
bal (?» o)* (?\. a;)]—>0 as n—> 0o,

As in the proof of Lemma 1 1 there isa pure state P of A such that
| " pL(h—2)* (A~ w)] 0. |

‘Smce [M’#O ‘o4 9 & rion—zero multiple of & pure state of A OOnsequently, there
ig a non-zero vector £ € H, such that [A— m;,,(m)]g 0 “where 7, is the- irreduoible
representatlon of A assooiated with p. Thig.completes the “proof.

- Qorollary-2; 2.- Let A be'a O*algebra and- I a closed ideal of A - Suppose f,lmt
I8 an-AF O*-algebra’ of & liminal:O*-alyebra; and o € A, k€ L. If AESp(o+k) but
‘NESP (@), then there, is an: trreducible: rep'reseﬂtatwn w0 f A such: thwt A.ds an efbgenfuwlue
of W{CD"F]G) SR LI LTS SR NP RIS ¥ S RSP SRS o
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Proof O"“ (v+k)) = (A—) (1— (A\—2) k). Since AE Sp(av:A—.F.k),. .1’6 SP[()»__ »

@) ~%]. By Oorollary 2.1 or Lemma 2.2, there is an 1rreduclb1e representation m of
I,and a umt veotor m:E H suoh that .

- (A-aA- a;) 1Io)§ O _ .
Extendmg o t0 4, we have m:(?h (a;+70))§ -0. Th:s completes the proof.
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