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Abstract

Let A be ^ C*-algebra and 〇>. an element in A. the. following invariant subspace 
problem is considered： :P〇es;tlxere exist -an irreducible representation orof such that 

-has a non-rtrivial inyairint subspace? And a.positive solution of the problem for finite
separable matroid C/ -̂algebras is given. Alsd the eigenvalues of elements in CĴ -algebraa

• . . .. • . ■ ，. . . .  *

, is considered.. Same versions of Fredholm Alternatives are givea* f ’

Let 丑 "be a separable Hilbert space， JS (丑 ） the C^-algeb：ra of all bounded 
linear operators on H ,  The invariant subspace probkm. on H  is； Does every 
operator in 5  (JOT) lxa$ a non-trivial invariant subspace? Let A  be a n〇H~abelian 
■0*-alg〇bra and x an element in A. W e  w ill consider the following problem: Doe^ 
there exist a separable irreducible representation 卯 of 扫uch that ott(oj) has a non—
trivial iirvariant subspace?

Lem m a 1. 1. Let A  he a separable simple 0*-algebra and oo an element m  A 〇 

Then there is a fa ith fu l, separable and irreducible representation m of A  such that 
^(cc) has a m n-trim al invariant subspace i f  one o f the following holds.

(1) A  is united •
(2) x is m i a quasi-nilpotent.
JVoo/ (1) "We may a昍ume that 沾哧 a • 1 for any scalar a. Suppose that X G sp (a?)。 

'Then either (X—x )ii(X—x) or (X—〇)) — is not invertible. We first assume that
(?i—a〇*(^— is n.〇t invertible. Let A 〇 be the abelian 0 #-subalgebra generated by 
1 and ( ^ - 〇;)• By Gelfand representation, there it a pure state p of A 0 such, 
that

P((入一 0)*(九— cc)) — 0*

We can extend p to a pure state p of A . Let uv be the faithful, separable and 
irreducible representation associated with jo. Then there is f  with||£|| =1 suoit 
that
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; ::.v : i. e*,

Hence ^ (a;) has £t non-triyial inrariant subspace.
Now we assume that ( X ( X —a;)* is not invertible. By the same argument^ 

there is a faithful, separable and irreducible representation ot? of Jl auch that 
■ H*^kerffr(X- » * ) # { 〇}. .

Thus [Ker w(X —cc* ) ] 1  is a jion-trivial invariant subspace； for of (a;) .
(2) Suppose that there is a non-zero number ^^Sp(a?), We consider unital 

Ott-alg©bra A  . By the argument used in  (1) ; there is a separable irreducible 
representation oi A  such that

H ^ ^ k e v  〇v(X — x) = {̂0} pr

Since X ̂ 0 , we see of (a?) = 0̂. Thus uc\j. is a faithful, separable and irreducible
. , _

representation, of A  and- ̂ (a?) has a n〇n~trivi&l invariant subspaoe.
Corollary 1* 1. Let dQJBCfiT),j where, M  is ：.a separahh Hilheri spaee. Then there 

is a O^-subalgebra A  of Bi(M) oontaim^g a such th^t iher&MAan  ̂ separable}
dimemional irredueible representation m o f  A  such that uc{a) and ov(a) has a non— 
irimal invariant subspaoe.

Proof Let K  be the O^-subalgebra oiM H .) 6〇nsisting of compact operators.
-  ' }

may assume that a ^ K .  Let J K  be the canonical homomorphism.
By [2, Proposition 7. ], there i& a separable jgimple 0 —subalgebra pf
containiiig :^(1) and If is of finite 4 i^ ^ sion  then  ̂ is ^lynpm^
compact. Thus we may assume that B  is infinite dimensional. By Lemma 1.1 there
is faithful separable irreducible representa/tion of of jB su0jlit "that 砰(泠(a) noil—
trivial invariant Subs^oeV Let J . T i i m  is a separable irreducible 
k'epreSen.tatioii df ;

Lem m a 1. 2. Lei A be a separable 0*-algehT% f  astaU o f A  and J  the normal 
extensori o f f  to Suppose that <bn is in  Jd, yn m d  ate in A ^  and a?^=^+£!n. I f  
furthermore and edek fim^tion on
Q} the quasi-state spaoej the% ffy&t&h a pure state p  o f A  sugH that

' *  * ： - i,- - * ' . '

Proof Sittde 4  iis ^  quasi-state space Q 1¾ metri^ablei. Bjr the
Ohoquet theorem ([1 ， Corollary 1 .4 9 ])， there is a posiMve pfb&bii奸y irie找 i n f  % 
on Q oonoentrated on the pure state space P (A)  Suoh that

f ( a )  ^ [ a d v  for all a m  A St̂ .

Since each a„ is a bounded Borfel affine function on
* r

 ̂ Jv(«k) == all ;
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Hence there are jB„czP(jd).M〇h thatvy(ĵ ft) ==〇 and p(«n) =0 for allj3 in P(J[)\^n. 

Let U  E n, Then v(E) «=0# Thus if p is in P (A )\E , p(an) =0 fw all n. By the*

Oauoh^i^hwarz ihequality, it is evident that p(con) =0 for all ti, if is

Recall tliat a 0*-alget)fa is called matroid if for every e>0 and ^  
there exists a u*-subalgebra J5 of J., which is isomorphio to a finite 

dimensional matrix alg^fea and xlf 0S, •••, x„£B such that
— iCill < s ,  i  —1, 2 , 71.

Dixmier siiowed C3n tMf i f i s  a se它arabl兮 xnati-bid CT-algebra，then the^e are
•  I - * ' 'x.'

integers

〇 <  矿 矿 …
such that A is the norm closure of the following inductive limit：

焉 為 無 沁 , ,r.V .

where gn | r„.artd/4rt are homomorphisms consisting in addinjg n— w  rbws and column® 

of zetos to eao虹也a；trix in M 贿夕饥n«l®lP and are specified:

r x

^mn

where

m a t M d  ̂ ^-algetea^^ finiit if k  hai9 a'finite trabe, or

equivalerxtly U  -^->〇 C33. .
■■ .^4+1 J.：. r ： U. -■ -

T^eoseniJ, 4；: Let A be：^  sepmable Jivdte m atrm  0*-algebm amd X am * element
in A. Then there is a faithful, Separable irreducible repo^esentaiion ?f of A meh that 
vv(x) has a- non-tro/vial inmri^nt subspace.' , ：-,、

Proof Sine© J. is simple C3-/; by Leinxna 1.1, w  may assume that A has no 
We玎yty. $i舁卵 4  is finite, we pay 导和q 部叫吗e^hafr •

■ (Thus^g-^l；) ; ： ...

W e  will identify Mfn, Mqrt with the inductive limits of Mtn and MQn in A.
Fix X G A< by Lemma 1.. 1, we may assume that 0 is a quasi-nilpotent. Tiierê
， ; '  ' • ■ ;; . . . , - .  • • • - , ■

For each n, there is a unitary element U n^M ^ such that UlxnUn is an upper 
triangular matrix. Let en be the identity for Mrn\ n^ly 2, •••. Notice that 
for all 9i. Let a^ r„xrn matrix. iSince ： 1 ) - c ; - • r' . ： v ：：

n-l
- T r C ^ ^ g r ^ ^ n ^ / ^ O ,
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there is an integer i(抑) sticJi that:

^i f Q̂i+l*
'■；- «=3. -■ ： ' _ ； .

Take ap rnXinatrix ¢^= (6<;) with 6«nKttt)==.lvand other 6»i=0. Let

Then P^X) is a minimal projection in Mtn. Wot q\ qxj a£M rn1 Piv « P ^ = ^ n(a)PP?
where Xn(a) is a constant. Moreover, a -> X^a) is a State of Mrn. W e  also notice that

oo
^ Since a; is a quasi-nilpotent, we may further asaumi that

the diagonals of the matrices TJtx\JJn are zeros for all ¢. So X„(ai) =0, for all i.
. -1 '  . . ,

For each n, let m(n) =rn+x/q„, l(n) =q„—rn. In Mr„ P^° has the form
尸严㊉坪 ㊉…㊉斤 ㊉ ., ; v—T— .

W e  ㊉0㊉…㊉0@0W), If-jpf® is taken from 1 作，we take •

■ ^ ft+1>̂ © 〇© - ^ 〇© 〇w. ；r '̂1 ' "  : ; -
...... ： • m〇fc) ■:'-：

Thus {pi^} is a sequence of decreasing projections and each is a mininijal

projection in Jfrs. Let》!fc) 4jp；i € Then 丨!. is ̂ ar̂ ujjpfer .s6.miLconti'nuoris-

function on tliei q.uasi-state space Q of A. li follows; By a standard Gbmpaqtneas 
argu边erit 多£ is of. .norm 1.BEend6.1¾』is'a iloxv̂ ero' projjebtioî : in. ii#:V Sinc《 each

is a minimal projection in Jfri( iaad LJ Jfr, is dense in A, one can easily check

that is a minimal projection, in A**.
Now each Xn gives an irreducible refeeseiitation 〇r„ of Mrn： Let £: Mfn-^ jEt^n tae

i . • v1* • » . . - -f . J  i *

the GNS oonstruction, Tiî ia There is a projection in Mtn Such that

:爲 邮 d 诹“於 滅 ‘

Thus K ( ^ )  —〇 and ;

For every let pi*5 * W e  see ttai is as pure state for

. 双 Moreo^ei^兮巧.(办).==知(&) if 心.穿巧has:tto7form:'.:‘ ..:八 .

gf  ㊉ g 朽 取 :••㊉ gl1 笼 . 〇:,r  V. 

一 ~ m W ^ '

Let us take 辽户®  0 ㊉…©  0 ㊉ 0K1).’:If i.s iiafeen in ,此 *，we take’

, @ 0 ^ ) .〇m .

. ： ; , ^) '  ■
'• r ........:； ,• . . ； ■ ； ., ;  • . V.、 、 ， . V、 ：. ...气

Then it is easy to see that {gik)} is a sequence of decreasing projections suoh that
and；：Vi；"  ̂：'

for all j< k and ®=i, 2, •••. Moreover, as tie above, converges sircingly to a,
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£#0, suoh that

- 5PP (®) ] £= 0. Henoe A- € Sp {<mp (a>)),
a contradiction.

Corollary 2. 1. Let A be a Uminal O'*-algebra and a> an element in A. Suppose 
that XGSp(ic) is a .non-zero number. Then there is an irreduoible representation at of A  
subh that X is an eigenvalue 〇/ sp (a?).

Lemma 2. 2. Let A bean AF0*-algebra and A. Suppose that XGSp(®) is 
a non-zero number. Then there is an irreducible representaUon cr of A such that k  is an 
eigenvalue of <w(x)r .... -.:.

Proof There are finite dimensional OVsubalgefera B„ of A and elements 

&>nQBn suoh that
. .|| jc— 3/,,1-4-0, -as 7i->o〇.

If there'i—S a subaeqitencer.{a;"*} of {a^}，Suclr that.九 GSp〇Krtlj)，then for every .faithful 

representation % of A, there are with. |/fc|| ?=1 auoli that

〇 - 〇F(a〇 ]/fc=0.

Thus

II [X — 5T (a?) ]/fc II <  II [X — CC„,) ] /ft II + 1OT? (®) — 5F (<CnH) II -> 〇 •
Otherwise, we, Irnve .：.

. ®n) 1+(^-«n)_1X®n — ®)v.

:丨丨(久一》»)_1.(九一25)— 1.丨丨.<.|(入.~：.多1»)_1|丨，:1»»»— *|丨-^〇 ..

as «-»〇〇. Let g/ be a weak limit of {(^— »n)-1} in Then 2/(^-®)=1, a 

opntra.diotionvThu$ we may assume that

 ̂ . . Ilfc^)-1I K：°?, aS7i->〇〇. ....
■ ' * - »* • r  * • . . .  V • t • . • . . . . .  w y • • ， ，• . .  • 4

Suppose that A d B ( H ) . Then there are / „ G H  with ||/n|| — 1 such that
• v * • • • - •' •

v / ： '.：■ - ： ' .1
：g〇 in any case there ；are states {^n} of X  such that :

夺„[(入一a〇*(九一〇;)] —  0, as «->〇〇•

As in the proof of Lemma 1,1, there is a pure state p of Z suoh that
-  • .

r • • • - - • • • • • _  . . .  . . . . .  .

p|：〇 — 〇0*(入- 〇0 ] =〇.

Since is a non-zero multiple of a pure state bf JL. Consequently, there

is a non-zero vector i ^ ：JSp suoh that where 'Up is the irreduoible
representation of A assooiated With p. This completes the proof.
；(；■ Corollary 2i 2.: Let A be a 0*-a}gebra and I  a chsed ideal df A, Suppose that 
^Tiian AF  Q^-aVgebm I f  but
■]X^Sp(a;), then tbere^is <b̂  wreduoible rep^sentatim w of iA sueh4hat^.i$ anmgenmlue
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Proof (X一（35+而)）=(久一x) (1一 (X— ¢1/)-¾). Sinoe lGSp[(A —

¢)-1¾]. By Corollary 2.1 or Lemma 2.2, there is an irreducible representation ro of 
I , and a unit veotor suoh that

Extending % to A, we liave inr(̂ — (a5+ifc))£=0. ¥lii£i completes the proof.
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