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Fredilin aod A, D. W entzell^ 3 deyeloped the theory of random perturbations 
using .'the .theory of stoph朗tio differential equations..

Ip. this ppiper, we deal witjhi the large deviations of the symmetric diffusion 
process associated with the infinitesimal generator

: : 1 = 4 1  最 ‘ )金 : /  : : : (义
under less regular conditions made on « (•). Our main results show that if ap-(cc)

、 . . . . .  * * , • •are uniformly c〇Btinuous;; then P ey has large deviation property as €->0 and 
wliei ê Pg denotes tixe law o f im d e iv t h e  ocmdition that = denotes tlie
process associated with the infinitesima-1 generator

, 2 oXi ox̂
It is obvious tllat the methods given by D. W. Str〇〇ckcn do not work in this casp. 
Using the Ar〇nS〇n?s estirnate technique which do not. depend on the smootjb 
conditions made on a ( •), we show that the arguments given by S. R. S. Varadhan111011 

also work well in this oase. In § 2, w6 recall AripRMn's estimates for heat kernels. 
In particular using the sharpened Aronson's estimates established by D. W. 
Stroook, we show that

. lim 2# lnjp(i, sc, y) ^  y) (1 .5)
M  ■

duly under thJe assumption that « (•) is uniformly oontinuous and uniformly>elliptic, which oan be regarded as an extension of the famous S. R, S. Varadhan.^ 
theorem in [9].

Under the same conditions, we giye a large deviation principle of Markov 
processes with state space in § 3, and then apply this result to symmetric 
diffusion processes.
, .  . ,. ■ . .

§ 2, Aronson's Estimates
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S. R. S/V aradian t9:l proved that i i  p(t, x, y) is the fundamental solution
which solves the equation

d2 8 =0,
where a(>) is uniformly Holder continuous and satisfies the condition

(2.1〉
for some XG (0, 1 ] , then

> ^  - d 2(®> y), (2 .2)
^her^3(»> tlie ge^esio metric determined matrijs: c?"1. Iii ' tllig
section, we show that if »(«) =  (a，v(®)) is a symmetric, „ uniformly oontfnudus.
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matrix-valued funotion satisfying (2 .1), d>3, as, y) is the transition density 
funotion of diffusion process associated with, the generator (1.3), tlien (2 .2) also 
holds. Our sole contribution to this result is the obseryation that the sharpened 
Aronson^ estimates established by D. W. Stroook 7̂3 ensure (2 .2).

Throughout this paper, we assume . that «(») = (%(〇?)) is a uniformly 
continuous, symmetrio matrix valued function satisfying (2.1) and d >S . For any 
function B ), define

士  dtp dtf/ d
t t ^  d ^ aii

1/2 < + 〇〇, (2 .8)；. . . ^ 〇(0 )=  a, Vi/f>|L/2=
where denotes the essential upper bound with riespeot to the Lobesgue measure
on R d. By (2.1) one knows t h a t (?/；)<〇〇 if and only if ||Vi/f||〇〇̂ |< V ^  V 0 > |i/2<

. ■ .:.. •
〇〇. Denote by a_1(a?) = (ay(£c)) the inverse matrix of a(x). It is easy to see that a-1 

also satiskea Let d(cc, y) be tiie geodesic metric from x to y determined by
the matrix valued function 〇_1(〇;) (henoe by «(a；) ) ,  defined by

^sup ^ (i?*. 5 )  I
= sup -  ；.； B) and I v^lc =1

r a(4〇
= sup {|t/>(aj) - 1//(2/) |.: r a^ ) < l } ，. ■]：： (2 .4)

For atj are uniformly continuous, "by variational principle, it is easy to ojieok that 
(see[6J) ■

禮-《①，2/) = inf 從_1(0 〇〇) •二(古)>破 ! ■
1]; J2̂ ) with 〇>(0) = 〇; and co(l) =.2/1, (2 .5)

where d) denotes the generalized derivative of the function co. Using (2.1)：, ； W© 
know thai: there exists a constant ySG (〇? 1] depending only on K and dt such thet

L©tp(ic) equal a exp(|a;[2—l)  ' 1 if  | i |  ^Cl? and 0 if  [〇；|> 1 , where a is a constant 
8uoh that I  p(a?)i3a?=fl, Then p belongs to the 3ch.warz space., For, a3〇.y
Pt (^) ss Denote by the matrix (pt*a i}) , where pt*a i} denotes the
convolution of functions pt and aliy defined fcy

pf*ay(fl5)=|^p#(a;-«/)«w(?/)(22/. (2 .6)
In particular, for any $ =  (^4) €  we have

S  Pt*^! = pt 2/) S
；?th.at is, (henoe satisfies (2 .1). We note that ariEi WtiTide^
.smooth funotioBS on JB4.



.Lem m a S . i .  r (f>t<ta-iyx(4))2- converges to T ai^ )2, as t -^0, uniformly over 
B ) such that 

Proof Since
: ' ’ 丨，一 - 杨 2- ’以 *A)2I

= |<Vi/r， 丨<▽ 中，fli. V^r>f„|

’ <  II _:t IU || «i II 〇〇 || ▽沴 U l —«r1 IU .
and the fact |p^ai5'—ai,-|„ -> 0  as i -^0 due to the fact a is uniformly continuous, w©
get the lemma. •

Here we denote by ||a>|« the Jv^-norm of the matrix a.
Corollary 2 . 1. For any we have

dl-i (®, y) =  lim (x, y) (2 .7 )
«-»0
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uniformly ov&r all x, y suck that \〇i-^y\ is bounded,
Proo/ .Note t i i a t . . ▽ 飧 Hence for any. i/r它0^ (及*; JS) such 

that 1 V iM „=l, we have , .  '
\ i(j(x )~^ (y )  l2 |̂ .(a;). -^ ( y )  J2

~ T 7 W  T ^ ^ W ~
< l E ^ ]r <Pt̂ yi^ y ~ r a^ \ .

Now (2 .7) follows from Lemma 2.1 immediately.
R em ark 2 .1 /  Because is continudus, y) oan be rewritten as

dpt̂ (cc, y) = inf <&j(s). ps*a_1(&)(〇) *w(s)>(Zs：
〇>G〇1([0, 1]; JR̂ ) with w(0) =a> and o>(l) =«/}. (2 .8)J

Now we recall Aronson5s estimates for heat kernels. Let (<f, be the
regular Dirichlet space on L 2(I£̂ ; dx) dertermined by the matrix-valued function 
a, where

<〇(uy J (2 .9)
' . • ■■ •Then there exists a positive real-valued functionp(i, a?, y) £ 〇{{〇, 〇〇) x i^ x j? 4) 

satisfying
p(s+«, x, ^ ( s ,  y, z).dz,

-'• p(tr <〇, y, ®)
and there exists a constant M  depending only on A and d suoh that

( 2 . 1 0 )

__J_r exp ( - l  exp ( - ^ - ¾ ] ^ ) .  (2.11)
»，y)generat朗 the DirioWet space(忒，丑〇(Bd))in  thesense'〇f’]Vl. Fxtkushim'at4:l. 

The inequality (2.11) is cialled Moiser̂ jg inequality or Aronson's estimate. As a 
result of the Aronson's estimate, we have the following Nash^ inequality：
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1 5 There exist constants 〇> 0  and «G (0? 1) which only depend on X and d} such
that

\P (r，⑴W ) - P ( t ， ， (2 . 12)
for all (¢, x, y), ( f ,  on', [S2, 〇〇) X X w i t h  \x—xr\\f |y —/ | < 8.! ' . . . .Using the E. B. Davies' method for obtaining off-diagonal estimates, one has 
the following stronger estimates for the upper bound, whose proof oan be foun.d ia  
D. W. Str〇〇ck [7], ,

Theorem 2. 1. There is a constant K~^>0, which only depends on X and d, suck 
that fo r any SG (〇. 1] we have

, . . :  心 ， )  (2.13)
for my (iy co} y) G (〇? °°) xMdx R d.

We note that there is not any smootii assuniptiori made on 從• For tlje lower 
*bdti:ad，w6 li汰ve the following Theorem 5 .5  under the additional cdnditioii that « 
is smooth, which was proved by D. W, Stroockc7：1.

Theorem 2. 2. Assume a(x ) is wiformly. contimous. There in a comtmt J / > l t 
depending only on K and dy such that fo r any SG (〇? 1] w  have

p(t, ^  )  (2.14)
for any (t7 x, y) £  (0, 〇p)

Proof We can choose a sequence of bounded smooth, symmetric, matrix，• , v .. . * ； ■ ； ..Valued functions — (a^(x)) satisfying (2 .1), such that when
where Theii almost everywhere.'Denote by
的 the ^an肖ition density fmiciioii oorr^ponding to :辽口（ 。 ） . By Nash's 

inequality (2 .12) ? we know that pn(i, cc7 y) 〇?, y)} when n -^〇〇} uniformly
on any compaot subset of (0, 〇〇) x S ^ x R d. Since

I ^(p #^)-1 (^ )2 -  (^ )21 <  I viA, (p^ 1) " ( c 1 -  ̂ x) (p^ 1) - 1 v  iA I 〇»；
we have

尸(〜•<)“ 0/02 —尸(p^ri” 〇A2)，
when n ->〇〇} uniformly OYev tp^〇t (S^; B ) such that IV^fco^l^ So we get 

, lim d%〇a-i (x, y) y).
n->〇〇

For any we have： (^ee [7L Theorem 3,9) r .
'■ e - M / d

痛 如 2/ ) > * ^ 7T鄉 ! .(1 + 8) ^ . ^ 4( ,̂ y)、

Let n -> 〇〇, one deduo.es (2 .14).
.Th钟 ;eia 取.來... .3，、 .. 〇c):知 伽  msm!TA 辦

lim 2i ln^(i, x, 2/) =  -  y)
t-4〇 <2.1S)
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l tn 2 t ln p (ty coy y) =  - d 2(<c, y) (3,2>
* I. • 'uniformly over x, y such tKat | a;— is'bounded.

/ . .  .. ..•B咖— Ze Let « : 主:(aw(a〇):.. i ?14  be:' a . sgymmetrio，boimded,.
uniformly continuous and matrix-valued function satisfying (2 .1), p (t, as, y) be 
the transition density funo|;ion associated】 with,the r^gulax Diriohlet space (2 .9 ) 。. 
Then by (2 .5) and Theorem 2.3, it is easy to cheok that jp(̂ , y), da-i(iv, p) and
I  satisfy above conditions.

Let a(t)  be the coordinate process on Q, anct^- , J ^ fb e  its natural filtration〇. 
By Mosers inequality (2；11) and Kolmogdroy^s criterion, it is easy to See that for 
any there is a unique probability P a suoh that (Q, , is ®
strongly Feller dontinuoias, Markov process witib ttwaition proba^lity JP (¢, x,d>y)— 
j)(f, x, y)dy. For each € £  (0, 1 ], set：pg x, y )=p (e l, x, y); then ob, y) also isi 
a transition density function on and satisfies ；r

M (ety/2 eXp( -  „  ) 吻 ， ， ^  eXp ( ~ ^M €t )* (3 .3 )1

In particular/there is a> uiil^tie pr6bability P§ for each subh that
f ， 《 (¢), is a stroagly Feller continuous， Markov process with transition!
density function. pe(t, x, y). For any! subset 5 c ；fi, define 〇)^ B  w itb
<w(0) =aj}. The main result in this aeotion is the following

Thei|l6iii 8 .1 . F&r any closed, subset O a n d  open subset ^G£iQ/ we have 

!r inf ! ( 〇>), v
.■.

l im in fe ln P * (^ )> - in f l (< a ) .  (3.4>
… r- (〇̂ 〇Of

h ： ' ■

： tMa res^ prooess associated witb.
the mfini?esimargenerator (1*3)(soe；Example), we have the following

i ^ K ^ ^ M  S. 2. Asstme that a(a>) ^  (a^) is a bounded, uniformly continuous^
on {d ^ ^ )y wMcTi satisfies (2.1) for som^ 

€>0, let (<c(ty7 P^y .b̂  Feller
i^U num sy Marh€^process msboiaied mUh th^ Biriehlet spaed (eta r jE?〇(J2-)), where ^  
is  (2 〇 9) «ncZ w(t) is the coordinate process on Q. TJten P§ has large deviaHcm
property with rate function I  defined bp (3 .1), when € -» 0 and y in the serise o f  
Theorem 3 .1, that isf (3.4) holds.

The remains of thi^ papey are devoted tp proving Theorem 3.1.
First we prove the upper 'bound.
For ©aoli partition w: <#« =̂ 1, denote by 27̂  the map fjoni ^  to

5T„6> = { 〇 >(«〇 ) ,  •••, 6 ) ( 4 ) } .  i(：3 .5 ) j
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If A is Borel set, and O ^T ^xA f thQn.

P l(〇)  ^  \  yd^Vh (3 ,6 )

(3 .7 )

(3 .8 )

where ^ „ = { (y〇, ) £ A ： yo^y}. Using (3 .6), (3,2), Moser's inequality (2 . 11)
and the followiiig

" inf I(co) ^  f d .
4 .

one oan easily oheok (for the details, see [10], Lemma 3.1)
Lemma 3 .1 . I f  J .d i^ x<n+1) is a closed subsdi,, 0 = = ^ 1 A, then

lim e In Py (O) <  — inf I  (<u).6*~>〇 • ■ ■ • ■ 〇si

Lem m a 3. S. There is  a  oonstani 0 ^ 1 ,  which def eruis 〇fp> M and d, smh that fo r  
m y  e €  (〇> 1] wq have

朽 ( ^ ^  I®(s)- 〇>(〇)丨 (3 .9 )
fo r my (t, x) ^  (0, r > 0 .  /

Proof Xet r̂ =«inf { i> 0： | By Wrongly ̂ Markov p r o p e ^  we
get ： r：i . ,

Pe(.iy Bipj-, Ty°y=rÊ  EP6(#r-Cr> (̂Cr)> 〇S)r 7 
vrhete B(co, |^ --» | < r } , P*〇, ¢, dy  ̂~=peit, 〇>,■ y) dp. By ibhe lower bound
o f Moser's jnequ^lity^ 〇ne Jki).6ws tliat, there is a constant 8>0j depending only oa  
M  and A, suoh. that for any i£d(B(co, r ) ) , s > 0, and €G .(0, 1 ], we liave

P e(s, ^  r )c) -P (e s , e, S ( x ,： r ) ) 0> ^
On the other hand,--uising thiei upper bound of Arons〇ii,ig estimate, one easily oJaeok 
龙hat t ； . , , ：' ： ■  ̂ . .s' '

„ 2
P s(tf a, B(x, r)°)= P (^ i:, a, J?(i25, exp Bet ),

n̂rhere A  and B  are constants depending on M  and d. Henoe
t$7W)«€]〇•<[

1
°； ■

the proof is complete.
For any w, denote "by srn the partition: 0.=^0< 心〈…<;fn= l ， 含 .Let.

the process suoh that®n( )̂/«=aj^<) , (i=^0, w)and joins the successive ones by one 
of geodesics cozmecting 0̂ (¾) For Simplicity, we denote by d〇of y) theg/). V

Lem m a 3# 3. Forcm iy8>〇K ^ ^ ：--

吾 •數 ， e l n P ^ 觀 岭 ⑦ ， 叛  ¢3,1¾
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Proof By defintiion, for any iG  (t}, #/+i) ：we have - 
d(s)n(i), ajn(^))<d!(a5n(im ), ®n(^)) = ^ (〇：(^+1),; sup

Hence we hâ ye
sup d(〇j(i), ^ (¢ ) )^ 2  sup Sup d(x(t)j

t€  £0»1J 0</<w~X^€

Using Markov property ajid L^mma $.4, osae deduces that 
P^[sup «(«(«), > 8 ] '

<Pl
.,/.. .公.-|

 ̂ Sup ..sup . d((p(t), x(t,)) > -〇]  

sup ,d («(〇V ¢(¾)) > i~ \  

sup jp^l sup' A (® (¢), as (0) )

抒一 1< s  ^ ,=̂0 L才 介 i】

^  exp f
. 姹 [〇4 ]
ffS2&2'T¥T

Now (3.10) follows immediately.
.Vsin-g'.ab〇ve'.leiii.4na'.'.aiid'tlie 扭;me:ar:gumejat. as [lG]、，’we:. oan，g4t tli6’.. tipper 

bound. For completion, we outline tb.e proof as follows.
Let b© the paftition 6f  [0, 1] above, For any define 〇)n^Q  suoli

that ^-0)(¾) (¢==0 , ..^ n) and jo to  the suooegsive ones by one of geodesies 
connecting £0(¾¾ and 6> ( ^ i )  j suoh tiiat ̂ (^ , 〇>) — ic (<, <〇„)； Let 0<~Q b© a c l6sed 
subset. For any 8>Q, defiae

, v P i- iy im v  for some &>6 〇a>,feto.M
P (〇))= iiif  {1 (7 )  ̂sup d(y(t),

¢€[0,1]

as^ % xS l(o i)r  ■ ：; '

Because ai, we can assume (2( ,̂ a?)< 8. Note the fact tojE〇i implies P (a > )^ a Sr
..... . :  _ i. ...- :•• • ., . .•； ...hence

P % ( C )^ P im  < P 6v(P (〇>) >as).
On the other hand

Pl(a>i jTa(o>)>a4)<P*{G)： sup d((〇(t), 6)h(< ))> 8}+ P J{g>； I (〇)„)>«a}.
. >  ■- ■ r • . • -- .  ̂ -/-

But
少。〇 1(¾ f ^  a2(6>( ,̂6>( )̂
Using Lemma 3 .2  for set {«; I(<u„)>«4} we get

lim e In P ev{m I (wn) >«a) ̂  »4̂ ： >
ê vO

^\D Binm a3.B, ban cliieic " %:、 : 二‘:乂 
-•. • ，r-5
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lim e In P ey{0)  <  — «5

for any 〇> 0 . Since J i)3 lower semioontinuous, we have 

ThuiS we have proved the upper bound.
By the proof of Lemma 3.4 in [10], we know that lower bound of Theorem 3 .1  

is a consequence of Lemma 8.3, Theorem 2.8 and upper bound. For the details, we 
refer to [10] .

R em ark 3 .1 . Theorem 3.2  also hdldfS for the diffusion associated with the- 
operator

舎晶’ ⑷ 是 备
where (as,；) is continuous and satisfies (2 .1), (6t) is bounded measurable (compare- 
with Theorem 3.1  in [3]). > ； i a
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