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"pjbBimmdQ mu) suom/ imjb 6mpuods0M〇o ^ fff 0 fiq o^dnCuoo om zm^n\omf
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Proof See [3], Chapter 10, Section 1.
Proposition IJt, Two real forms of cure said to ie inner (to each other) i f

the corresponding Garian mvolutiom 9 and 9f differ by an inner automorphism of Gt
Ad (X), (1.2>. .'!• . . .  •• where Ad(X): G-^Gf is defined by A.d(X)g=XgX~1 for all of g£&. Conjugate'

automorphisms are always inner: i f  _ ^
^ -A d ^ ^ -A d C ^ 1), (l.S>

■ t ■  ■  .thm (1.2) holds with X  equal to In fa,Gty for any h^：Q
[ 恥 =0:(0 ⑷  g， g 叭 g 3 ) 4 ( e ( g ， e h & lg ) f ' 

^g9{g~xh g )g ^ -  lAd(g)OAd(g^)] (k).
tt is easy t6 verify that the c6这dition for the formula ( i  ,句  id d d n e  an 

(aSiSuming that 0  is one) is

X $ (X )€ Z (G )y (1.4>. • ■： '■ ,where Z{CF) denotes the center of G .. ,
The relation ^innerw is an equivalence relation on real forms. An equivalence  ̂

class is called an inner olass of real forms.
Proposition 1*3. Suppose G is a coTjmcteA reductive algelraio group. The irnier  ̂

classes of real forms of Gt are parameterized by the elements of ord&r 2 in Out (G) 
where Out^) = A u t^ /A d ^ )  is called the group of outer mtomorphUms of G. 

Proof See [1], Proposition 6.12.
.  j  ■ '  .  •By the definition， a Borel subgroup of G? is a maximal solvable subgroup .of (?. 

Definition 1.1. Suppose 0  is a cormected reduciim algebraic group. An imohiUon^ 
0 〇/(?  is called prmeipal ifther0 is a regular semisimple element X  m Q (the Lie^

. -： ■'■'■ •, . 乂 . .  , . . . .algebra 〇f& ) such that
9 X  ̂  ^  X .

A real form of & is called quasisplii i f  there is g, Borel subgroup of 0  defined over
E. ,

Theorem 1.1. Suppose G is a corineoted . r^dmtim algebraio group. Then each- 
mmer class o f iwolution o f G- emtaws a unique Q—eonjugacp : class of prm&i^aT- 
mvolutwns. The correspmdmg real f(M̂ ms ure emotly the quasispUt ones m the inner' 
class,

JProof Bee [11, Theorem 6.U , .
In order to give some other characterizations of principal involutions,, ive 

should gî re a little general notation.
Definition 1.2. Suppose Gf is： a oonnmt^d fedueiive algeirmc group, B 4$ Bor^l 

subgroup o f 0 , arid T, is a mammal： torus, .in B. The Lie algeira g of Q has the r〇(^  
space decomposition
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imagmary. Therefore the connected mb group B of Gf whose Lie algebra is B i$ the 
O-siable Borel subgroup of large type.

Proof According to Proposition 1.7, for the [0-stable maximal torus T  with  
no real roots, Tfl-KT0 ^  a maximal torus of K°  and T ^O & n i^T O K 0): One cap 
take a regular aemisimple element X  in t fl £ — Lie (T 〇 -ST0) such that the eigenvalues 
of adX in g： are either pure imaginary or 0. Glearly

B/ ：= the sum of the eigensubspaces with respect to 0 and ^positiYQ  ̂
pur© imaginary eigenvalues

is Borel subalgebra and t —Lie(27) is just the O-eigensubspaee. It is not hard tp 
see that i£( 0-stable by using the fact that y^OentoCTTl-K^0) . This means that 
the set of positive roots is ^-stable. In general, V might not be of large type.
But according to the part (e) of Proposition 1.4, one can find an element w in  the 
W eyl group pf the imaginary roots with the property that every simple imaginary 
root in  is non-compact. Since the action of ^  commutes with 9, is also 
^-stable. Therefore B == wfi7 is of large type,

Theorem 1.3  and its proof give a way to construct the 0-stable Borel subgroups 
pf large type for principal inyplution. In the next section we will do this.

§2 . Determination of the Borel
Subgroups of Large Type

- . . . . . . . . . . .  . .  .

In  this section we will determine all of the Borel subgroups of large type for 
the classical semisimple groups.

First according to Proposition 1*6 and Satake diagrams w© have the following
.Theorem 2.1. For the classical semisimple groups y we haw ihe following results0.

Group G Ĵ Tumber of inner cla&ses Principal involution 9 Quasisplit real for*m G  (R)
SL〈汍  C) 2 t> {&) g&(^ , SL K  R)

(^=2¾)
SU(fc, k)

/ i  ,  \ / i  \ —1 —1
9谈 卑 … '，i. Q . . . i '*~1 . »  一 1 : \  i /  \  il/  . . . (符= 於 +1) ^

8U(fc, fc+1)

SO(2/»+l, C) (»>2) 1 0 {9) SO〇(w-f-l, n)Sp(», C) (w^3) 1 Hff) ̂ *d~l Sp(w, R)SO(2», C) (n^4) 2  ̂(i?) B0〇(», n)
{n̂ =2k) S0〇 (2*4-1, 2^ -1 )

-80〇(2k^2f 2k)
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Here
In

I n ^ lt I»

I
~ I 2 , 1 ~ h .  1

- I 2 . - I 2
•  . «

«
9

h
- h 1

_ I 2_ _ ' - 1 _
/V

I n tns

—
(w=2^),

1 ( .

- i 2J

1

(ti= 2 ^ + 1)c

■ 1
Proof It is just simple oalculation.
In the next par̂ ;, we will give the： ^-stable Borel subgroup of large type for

... ........ .oach olass of principal inyolutions in. Theorem 2.1.
© =SL (2 ,̂ 0) (« = 2 k),

: • • • • • \ . . . .  '  、 • • i* r

^ ( X ) = d i a g ( l - l - . - l - l ) X d i a g ( l - l * - l - l ) ,  X 6 0 , "

Take 37 =  {diagonal mairioes in  . This is a'^-stable maximal torus in  G-.
¢ = ^ 0(27) == {diagonal matrices with, trace 0 in  (?}, E i} denoies the miatnx whose 
(4, s)~oomponent is 1 and tKe otters are 0. Let E^diagihxh^^hn) W© define 
^ 6 t# by .ei(H) n).

t c /

Then the root system A of {Qy T) consists 〇f
— _ ___ ._•、 . * •Put 5  == {upper triangular matripes in. (?}. Tlieii J5 is a ^staBIe Borel subgroup of 
large type containing 5?..In fkot, tlie root subspace ĝ i_8i of g witli root (et-ej) is 
OEij. I f  we choose the ordering lit t* as follows
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then the corresponding set A+\〇f  positive roots consists of

and the simple root system is { « = 0i —e3, •••, Becauige 9(6i) =*
<n)i every root is an imaginary root, and B==t+ S  8« consists of all ofa€4+

the upper triangular matrices in g. It is obvious that = —E ii+%. Hence b is
• ； • ^^-stable and all of the simple root are non-compact imaginary roots. This means 

6 is a 0-stable Borel subalge"bra of large type. Therefore B is the ^-stable Borel
subgroup of large type.

(?=SL(i2^+l, 0 ) (w=2A+l)>
¢(众）=<iiag(l—1...1—1 1 )  di&g(1—1 …！t —11 ),
6{X) = d i a g ( l - l - l - l  1) X  d i a g ( l - l - l - l  1), X € S ,  

<3KB〇 = S U 〇 , 系屮 l ) s S U 0 十 1, * ) 。 ■:
-, 1In this case, the situation iB similar to the above case. Take 27 == {diagonal 

snatrioes in  (?} and B —{upper triangular matrices in. 6 }̂. Then, the same argument 
shows 5  is a ^-stable Borel subgroup of large type containibg T.

TIxe two oases are the simplest cases.
Ot=SL(w, 0 ) ? 〇Cgy：af tf f 1} 0(-XT) — —#-ST, X G q. (?(R )—SL(.?i; R )#

(1)
It is easy to verify that

-hi—hiĉ i
hû ih]c ：Tc•• ; hi^iC ?S hi^=0 rIsisX

• ■ • '
bskhic」 •

e ^ H )

isa  及一stable Oartan subalgebra of si (2也  G) with no real roots. Idl fact， lot ^
the linear funotiou on t defined by- . ?. ••

-V. '

h n ^ i  — s / — h + l ^ i ^ n .

Then the. root system of (si (2^, 0 ) , t) is

Clearly there is no real root in  儿
We can take : ,

r v  — 1

fî rr

y/.T -l〇 jc ； r-^Sk
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whore 任 1> « 2> …> 你 > … ^nd 你

吻 ( 4 « l ，n “ ‘，务），你 抑 一 aw ；>而 一 ％ 幻 。 （ This is po昍 iMe. For example，

can take % >山 >%  such that 2  從产〇  aia<l  從i 一 咏 +i = l ( i ; l ， - take ‘ 扣 〉 -…i
>&n>a±, aft+{- a fc+i+1==2((j=l, •••, h). ) Clearly J ai,^t<tH is a regular semisimple
element in ' ■ ' " ! ■

Letrus «Jiscuss tJie eigenvalues and eigenvectors of ad / 〇» .〇„• on si (2^, 0 .)  We 
have the following results； v ; :

Tlje eigeiiYaluea of a d a r e  0 (multiplicity w—1), 士 3 、 /.一  

(multiplicity 1) 〇j = l ， .“，A ) : 你 ― 糾 )...''.(l<s4«jfe) (mul
tiplicity 1 ) . ,

In order to express tlie eigenyeotors we introduce SoraS notations. Put
A  =

D  = f 1

column
0
攀o …A • •• o 
0

• 1 ..i^row and Bth Oti, Di} are similar.

Therefore we have that , »
t is just the 0~eigenspade of &djai,^t<in°
the 2 V —1 «ft+i-eigenspac© is 0
the — 2 x/ —1 «fc+i-eigenspaoe is ODn；
the -s /^ l  ( ^ -  ̂ -^«fc+s+^^-eigeji^paoe is CA3t ( 1 < $ J
the v ^ - i (a s—a«—oifc+s—«fc+#)-eigenspaoe is CDst
the V - l ( a s—af+%+s^ ；a!fe+*)̂ ©igeiispaoe is CJB«f
the V —l( a s— afc+s+afc+t)-eigenspace is QOst (l< s^t< 1o)t
According to the ohoice of a/s, the <l；p〇sitiyew pure imaginary eigenvalues of

农<1«7伽 ，.._,(̂  are —1%+< (K ii5 ; ) , 〜’ 一 1(印广印 ( + 办 “ + 你 +*) V —i (從s—
你 +®fc+s一 ％ +* )(1<5<$<备） aiid ^ / ^ ( 办 一 炫 广 职 Therefore

& -!：+  S  〇^ i +  S  〇̂ +  S  〇〇a
• \ . -is a Borel subalgebra of si (ft, 0 ) . Because *J5|/ ==0/{, we can conolude tliafe

^(6) =&, i. e., & is a 0-stable Borel subalgebra.
It is easy, to Yerify that the root subspaoes ge<_ey are as follows：

06(-eB.<+»
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… v 0er~e产 〈名<  叫 ==0丑
If we take the ordering 知 > 办 >• • _ >知  on i*， then

6 « t + ；2  8ar«€4+ * •
here A* is the set of positive roots and the simple root system consists of 
«i+i(«f=l> •••> n—1 ). It is clear that 6 so (¢=1, •••, ft—l ) s
This means that ¢ (̂¾½¾) are complex roots and from and -4¾¾ W
conclude that 〇jfc is a non-compact imaginary root. Therefore b is of large type and 
the o®rresp〇Diding 3 〇rel subgroup is also of large type.

Similar to (1 ), we have
hi —hjc+s 

h]c+z hi

丑 : fc+1
；h e o ,  s ^ - 〇

he — hsk+i

fefc+i hu
^fc+i -

is a 0-stable Oartan subalgebra of si (2^+1, 0 ) . Let $i be the linear function on i  
defind by

hi +  1 ftfc+i+o K i < h ，

6 i(H )^- h^ty i^ h + l ,
n/~~ iftn-.H；fc4*2j  ̂+ 2 ¾ +  l 〇 

Then the root system of (si (2^+1, C), i) is
: ^ 印 丨 士 仏 一 内 ) ; :

Put
( t  〇 ); B’"， and D。 ar© similar;

0 0 
0 *•• 1 *- \ /  — • •• 0* 0

2im

column

\ M r 0

0

0  ' 

1
n/习

0
0

如  row.

( ¢ = 1 ,  ..“ ， 及〉 .

Then, we have
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0^-«/^ ; Sei-ê ^ ¥ ) ；

Sê ejtti =  O M iiK i^Jc ) ； QeH,x-ê i ̂  G L i(l< i< h ) ；

= 0̂ .5̂ (1̂  jh) ； 3^^)9
g— 广  CCC^Kt,„_，>；!(ft +  2 < i < 卜 71);心 ， = +  。

If we take the ordering then
6 = « + S s « - t +  2  〇A +  S  〇^ y +  2  O O ^+SO ifi+SG J& ii^l <»X

is a Borel subalgebra. Because 9 A 'a^ — A[j, d B 'i ^ —O'tj, 9M{^ —L { &nA 9(t)^=t, 5 
is 0-stable. The simple root system ac is {^==6^0^ (^=1, •••, w—1 )}. It is easy to 
亨ee that 沒a^=a2fc_i+i  ( ¢ = 1 ,…，丨） ， so all of the simple roota are complex roots。 

Therefore 6 is of large type.

•0 -—5)

^ -S 0 (2 n + 1 , C), "
0(^)= I n+i,ng ln+i,n, g€&; 0(X) =I„+i,nX In+i,n> XGs, where

InI
In+1，n ■

•1
<?(R)=SO〇〇ra+l，w).«

(1) n~2Jc.

t ^ lH -
H t H 2 
S a  H i

0
wlx^re

r h  ， • - ~hjs+i "0

jGTi —
«hjc

一 hi
〇

，丑 2= hjc+i9
%- K

«- ~~h _ .* 'K
is a 0-stable Oartan subalgebra of g〇 (2 « + l, 0 ) . Let e{ be the linear ftmotiom 
defined by

62i-i(H ) == (hi+ha+i) V - l  (¢=1, •••, i ) f
知 (丑 ) = (& -‘ ‘)W T  ( f i ，…，.及)，

then the root systeni of (S0(2n+1, G), t) is
. . . . .  . and one can verify that there is no real robts in

:：U' Xf , : 1 ' -v： , 1 ■' : i:v
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then .

-Xl4 
-^22 -2̂ 23

,^31 工 33 -?33 .
€ S 0 (2 w + l, 0 ),

■ X 22 X fla —*工 £3
沒 ⑷ = - 1̂2 一 -3Tis

„**-^32 - X 31. -̂ 33̂
where -̂< 2) are by X 1S, X £3 are <n by 1, X 3i and X 3a are 1 by w and
X 33i s l b y  1 ； 、 ’

■ - • . . . . .  -■.One can check 0(a) =  a Vt*€ (80(2^4-1, C)，t). Taking the orderin写 e：t：> > 〜

>en on t*, the corresponding set of the positive roots is
#  =  ¾ 士 灼 ，内；

then B =  t+  2  S« is a ^-stable Borel subalgebra. To • verify this, we only need toa€」+
compute the root subspaces corresponding to J +. But it is too long to write the 
results here, so we omit them. Also we can verify that for every root a! in the
simple root system {«i ^ (X ) =  —X  for any■ ■ ；• . . -  . . . . . . .X G 0而， so 叫 （1 < 么< 栉） is non-compact; therefore 6 is of large type.

⑶  r&=2A+l,
Let Hx and be the same as in. the case of Then

，
「 丑 1 s 2

一  hn
t = * -H s. E t

\ h
; ^ €〇

L K 一 hn _
is a ^-stable Oartan subalgebra of s〇(2n+ l, 0 ) , Let e{ be the linear fuactiop 
defined by

^sh- i CS) =  (hi+ ^ f c + < ) 1 h)j
、 e2i( H X h i — - 1 (卜 、 …，J〇) ，

en( E ) ^ s / ^ k n. ’
Tb©rt the root system of (so (2^ + 1 / 0), t) is

」一 ■{士 叭土内，士

One can verify 0(a) 掩 ei.e is no ye^I roQt i n T a k i n g  the
ordering 01> 02：> - . .> 0f>.9：ai 私e ? 〇rre?ip_9：p^；兑g,.set of positive roots i s 」 + =  {内 土 内 ， 

et ( l< i< j< ：n)} and the simple root syst^^a is^^{«j==^Trei+i (®—1 , ---, w - 1 ), «»=>

In  the Same way as the case,〇f ^ ;we pan verify that 23 6〇t $-u " ' ot6 ̂
stable Borel subalgebra of s〇(2w+ l, C) and is non-compaot. Therefore-
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Xn

b is of large type.
(? =  sp (n, 0 )  -  jj.eG L (2« , G y ^ A J A ^ J ,  where

〇( 9 ) - f9 - \  g€av(n, 0); ^ (X ) =  -*X , X 6 sp (» , 0); 
^ (R )  = sp(tc, R ), which is tiie normal real form of G.

~Xt X z 
X 3 - ¾

- I n

x e s v ( n ,  0 ) iff X  =

t〒 卜

H '

X ^ M o{0), *Xa= X 3, *X3= X 8. 

, where E f — dmgihihr-'h»), ft<€〇  f
is a ^-stable Bore I subalgebra of sp ((», 0 ) . Let be the linear function on t  
defined by «((A) — V ( ®  ==1, •••, n). Then the root systeia of (sp(w, 0 ), t) is

<d =  ■(土 色±  幻，2% 
and 0(a) = a  for all of A.

The root subspaees of (§p(n, C), t) are as follows.
Put ■

Eu *r P -i7̂ —\ /  :iW u . 馬 . ：

. ¾  ' - \ /  — XEn _ . Ea -  iMii r
Q n

Uij+Eji V —i  (芯 以 十 風 •{)

C L “j=

~  n/  — 1 (j^ij +  Eji) .
t r

— (Eij+Eji)

- -s/—1 (Eiwj—E]i)
一 （Mij-hJSji)

■ Eij+Eji
f~ i{ E iry E H).

Eij+E^i - "]
y = i ( 鳥 一 ％ ) 」 ’

En-}- Eji

- *s/ — 1 (風 厂 卜 尾 •<)
We have

Sse^CPi； g-2e<==〇P -i； Qe^e^GOii

It is easy to verify: .that —J°i; 产 一 P-W 沒 味 产 一 (¾
仏 ， 尸 This means tM t 士 20,(^==1, . " ，ra) and ± ( 内 ± 内) 〇L< 

¢=̂  j < w) are non-compaci; imaginary roots and 士 （04-(^) are compact-
imaginary roots. -■

Take the ordering on t* defiled by、:龟 〜 > (  — l)"_10n. H em . 
the set of positive 'foots is :

灼 士 （_ 1 广 4 先 （ - 1  广 4 0i; 
and th.e simple root system m is ；：.
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炉1 row
row

columa j m column

F a -

• • • 0  «♦ 暑

•'  ■>

• • • 3¾ •••
-士 …. i *..
. 6 …

i01 Tovr

ja row
- . ；, * i - ；i th column column

2 V
0 ： J9 •••

- • "  Q • •*
(J4*1 row; 
产 row

column 9th column

{«1 ==01— ( — «a) = 0 1  +  02, «2 =  ~ e s—0Si a n-l

Because every is a non-compact imaginary root, B = i + S  9a ia a ^-stable 
Borel subalgebra of large type.

(?-SO(2«, 0)
0 ( g ) ^ I n,ng In,n, y € s 〇(2n, 0 ),

9CX) ^ I n,nX I„ ,n, X e B 〇(2n, G)f
G ( R ) ^ 8 0 〇(n, n).

X6SO(2w, 0 ) oan be written as X = ( X W), where X i ^ M 2(G) and JX«== — 
X«, If n=2A, 0 (X )  =  ( ( - l )  w X i3); I f w - 2 * + l ,  9 ( X ) ^ ( Y ii) where
匕 = ( —1广 ^ : ( 1 < 名， r <n« ( - ；L)奸 i X J w ;  … ，

H a , where. ^== h i G G

ThisisaCJartan.Siibalgebraof so (2w，G) wiiicli.is 没-stable. Let 负 be the linear
.. • •function on t defined by

0i(H) =  — V ^ lA i (么= 1，…，栉).
Then the root system of (s〇(2w, C), i) is

To describe the root subspaces we introduce some notations. Put
B: - 1 \ / —'1 ) •0= ■ 1 . 柯 :

，. 如
- - 1 V^I-

- v ^ i 1 .V -1  - 1  . 1 • as above

JET ¢=
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column column
Then and

8n = o r"  ( l* ^ < ^< Ti)•
(a) 71=2¾. In this case, d(a) os for all 〇f a：^  A and

沒 為 产 （一 1严 為 ，0 ^ 产 （一  1严 2V
Take the ordering on t* defined by &%>&&>''-> 0n. Then tiie set of positive roots i®

and the gimple root system is
5F={«i=ei—¢2, as^eia^-es, •••, an_ i= 0B_ i—e„, +«»}.•

Because 0 歹肿土  =  — «Fii+i arid 沒 3^ -1 = —史如-;t, 0¾ (i == 1， …， r〇 每  ¢1 fion- compact
imaginary root. Tfie^fore tKe ^-stable

6 4 +  S  2 - C-?ii+ S  0¾a€iJ+
is of large type.

(b) n —2^+1. It is easy to show tiiat 9 (01)= 6} (i =  1, • • •, w—1), 0 ( 〇  == — 
Aad we have

^ ( ^ )  =  ( - 1 ) ^ 0( ^ )  =  ( - 1) ¾
( A sss I9(Fni) -  ( - 1 ) ^ ;  9{Tin) =  ( - l ) ^ ni.

Tak6 the....ord'efing on t* defined by e；i> 02> 〜 > ^ »  again. Then the subalgebra
B =  t + S  s « - t +  2  C-^iri- S  〇T }i

is 0-stabIe Borel subalgebra of large type because at1 aw-« are non-compaefe 
imaginary roots and o^ t̂, an are complex roots {O a^t^ani Oan^ ^ t ) *

^ = so (2n，G) (n= 2¾).
™-̂ 2fc+l,2ft-1̂ 2fc+l*2fc-l? ^¢30(271, 0),

d ( J f ) stĉ i , -XTGso(2ri, 0).
沒 （E ) -S O 〇(汾 + 1 ，2及—1).

This case is similar to the case of Gf==so(2n, C) (n= 2h+ l), d{g) sss: In^gL,». Using 
the same notations, w© have

s .  C ^ /+  2  0¾1 <<</<«
is a 0-stablQ Borel subalgebra of large type,

6  ̂=  00(271, 0) (^1=2^+1) •
沒( 5 ) 5=11浙 戈 ，抑梦I迎 + '抑 ， 9 €  so (2n, G)

^ (Jr)«= J2fe+2,〇f c J T € s o ( 2 ^ ,  G),
&(m ^B O o  (2^+2,2¾ ).
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It is similar to the ease of (?==s〇(2u, 0)(^==2¾) and (̂ĝ ) = I tttn g l ^ .  The 
-^-stable Borel subalgebra.of l^rge type is s

6 =  1+ ； 2  ij +  2
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