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QN THE BOREL SUBGROUPS OF LARGE TYPE**
Hovu Zixin (tz 8 r’ffr)*

Abstract |

The author defines the large type Borel subgroups of a reductive algsbraic group,
-which are used to discuss Langlands’ L-groups and the Langlands classification of the
.admissible representations of reductive algebraic groups over R(see [1, 2, 5])and defermine
2ll of the Borel subgroups of large type foﬁ the classical semisimple Lie groups.

§ 1 Maln Theorems

Suppose G isa connected reductlve a,lgebra,lc group over 0 To glve & deﬁmtlon
of & over R means to give an actlon of I/ R) (the Galois group) on G; that is, a
shomomorphism S
- e F—»Autcont(G) , _
‘with the property that a(o-) ig anti-holomorphie where o ig the non—-tr1v1a.1 element
of the Galois group I"(C/R). The correspondmg real form of G is
G(R) ={g€&; aly)g=y for all of yEI}.

It determines the Galois astion uniquely. T'wo real forms are.gaid to be. equ1Va1ent )
if the Galoig actions are oon]uga,te under G. h

.. Every oomplex reduotlve group: haﬂ 2 oompa,ct real form ([3], hapter 3,
Theorem 6. 3), it is umque up to equ1Valence -Fix a ‘real” form of @, there i§ B
compaot real form of G such that the correspondmg Galoxs actlon oae(a) oommutes
‘with a{¢) (vee [sl, Chapter 3, Theorem 7. 1). It is unique up to- oonjugatlon by
G (R) (see [3], Ohaper 3, Theorem 7.2). The Oartan mvolutlon, attached to the real
form ig SRR -
i : f<al@Yaele), LAy
w‘) isa holomorphm a,utomorphlsm of G of order 2. R
‘ Proposu;mn 11, Suppose & 'is @ conneoted freduotfwe aEgebmw ga*owp Eom‘y
holomorphic énvolution of G és the Oartan involution for some real form of G. Twe
-nvolutions are conjugate by G iff the correspondéng real forms are equivalent.
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Proof See [3], Chapter 10, Section 1.
Proposition 1.2. Two real forms of G are said o be inner (fo each other) ¢f
the com‘espondmg G’a/rtam on'volutfwns 0 wnd 0" differ by an bnner automorphism o f G
' C 0=0Ad (X), " ' ' 1.2y
“where Ad(X) G‘-—>G i deﬁn@d by Ad(X)g XgX“1 forr all of gEG Oonyugw#e
automorphisms are wlwwys mnefr %, f ’ o .
. ‘= Ad(g) - 0. Ad(g"‘), : R (1.?;')
- then (1. 2) holds with X equal-to (0g)g"1 In fact, for any hEG

[6-Ad((89)9)]1(h) =0+ (8(g)g g 0(g™")) =g (G(g™)FrO(g)g™
=90(g~*hg) g =[Ad(¢)0Ad(g™)] (R).

Tt is easy to verify that the condltlon for the formula (1 2) to deﬁne an mvolutlom
' (assummg that 0 is one) is - T R
| o xo<X>ez<G>,_ S  (1.4)-

where Z (G") denotes the center of @. . '. o }

The relation “inner” ig an equnmlenoe relat:ou on rea.l forms An equivalence-
cless is called an inner class of real forms _ ,

Propomtlon 1 3 :S’uppose Gisa oomwcted reductive algebmec gfroup The inmer-
clwsses of real forms 0 f G are pwmmetemzed by the elements of order 2 in Out (&),
where Out (G) = Au} (G) /Ad (G) ds cwlled the group o f outer automorphosms of Q.

Pfroof See (11, Proposltlon 6. 12 _

By the definition, a Borel subgroup of G 1s a ma.x1mal solva.ble subgroup of G.

Definition 1.1. Suppose G is a connected reductive algebmw gfroup An involution.
6of G is called pmncopal of there 'I;S a regular semosemple ekment X in g (she Lie-
algebm 0 f G) such thwt

‘ 6 X =— X : .

4 q’ml form of G is cwlled quwszspht 4f there 4s o Borel subgfroup 0 f G deﬁned over-
R. _

Theorem 1.1, Suppose G is a conmecied ofed_uetq}ee algebme’o group. Tken each-
gnner class of imvolution of G contains -a umigue G-conjugacy :class of primeipal:
imvolutions. The eorrespmdong real forms are ewaetly the quas@spht ones in the tnner-
class, .. . : ' '

. Proof. See [1] Theorem 6. 14 v A _ S : S

- In order to give some other: oharaetenzatmns of pr1nc1pal mvolutlons, we-
" ghould give a little general notation. TR ' : o
... Definition 1.2. ' Suppose G is-a connected a‘eduotwe wlgebmw group, B 4s @ Borel

;e;subgrrowp of Gy -.and T is.a mawimal, dorus.n B, The Lie wl«gebm s of G hws the a'ooi”
space decomposition SRR
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as
g=1+3) g,
ac4

‘where 4 ts the root system o f 8 with respect to t. The Borel subg/rodp B determines
@ set 4% of positive 70058, amd therefore @ set w=w (B, T) o f sémple roots.

Definition 1.3, Suppose G is @ reductive algebraic gaoup, 6 is an @nfvoluz'zjovz 0 f
G and T és a O~stable mazimal torus in G. For any o & 4, we define

Oa(h) =a(0(h)) for any hET »
A root aof T im G is called real if fa=—a; imaginary of u=a; and comples
otherwise. '

If  és émaginary, then 0 preserves the root space ga. We say that.o és compact
4f @ acts by +1 on g, and non-compact if 0 acts by —1 on g,

Proposition 1.4, Suppose G is a connected reductive algebraio group, and 0 is

-an involution of Q. Thefollowing conditions are equivalent:

(a) The énvolution 9 is principal.

(b) The corresponding real form G (R) is guas&spht

(¢) There exists a §~stable mavimal torus with no imaginary roots,

(d) There ewists @ O~stable pasr BT (a Borel subgroup and mwzwmwl toms),
:such that every simple root és e@ther comples or non—compaot @mag@nwry

(0) IfT is any O-stable maatmal torus, then there.is @ set o f positive %mag@mrry
‘ro0ls for which every srz,mple 100% 48 non—compact. '

Proof See [1], Proposﬂuon 6.24.

Definition 1.5, Suppose G is a conneted reductive alyebragc group, and 0 is a
-principal invclution of G with fived poimt set K. Let T be a O-stable maimal forus in
‘G. A set & of positive imaginary roots o f T im G és said 4o be of large type ¢ f each
:sémple root és non—compact. A 0-stable Borel subgroup B of G és said fo be of large
3ype if 6t satisfies the property én Prropos@twn 1.9(d). The corresponding Lie algebm
b s also said to be of large type.

From the definition and Proposition 1.4, it is easy to see.that only for the
“prineipal involution 6, the §-stable Borel subgroup of large type exists.

We will give a new oharacterization of prinecipal involution.

Proposition 1.6, Suppose @ is @ connected reductive algebraic group, and @ is
-am Grwolution of G Then the involution is principal ¢ f and only § f the Samlve diagram
'of the correspoding real form G(R) has no black vertes. : o

Proof Let g(R)=t(R) -FS(R) te the corresponding Cartan decomiposition of
'g(R). Take a maximal Abelian subspace a of $5(R) and extend a to t(R)=t,+a
:guch that t is n f-stable Oartan subalgebra of g. Therefore T, the correspondmg
Anaximal forus, is also -stable. : :
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Coas

- If the Satake diagram of G:(R) has no black vertex, then, by the definition of
Satake diagram, the correspondmg simple root system o hag no imaginary root, i.e.,
' Qo= o for all of anw
Tt is easy to verify that
S 0 as= o for all of a€ 4,
where A is the root system of (g, t).! Therefore the §-stable maximal torus T has
no imaginary reot. By Proposition 1.4., 8 is principal. -

Suppose @ is principal. It follows from Proposition 1. 4 that there exists a
9-stable maximal torus T% with no imaginary roots. Clearly in the correspondmg
Oa,rtan subalgebra t= t,+1g, 1y must be a maximal Abelian subspaoe of 3. In fact
if t, were not a maximal Abelian subspace of 8, then there would bo & f-stable
‘maximal torus T with %, & maximal Abelian subspace of 8, and & anley transform
P'—T’. But this means T' has a strongly orthogona,l get of non—oompact 1mag1nary
‘roots. This is & contradiction. Therefors one can gelect orderings on £ and g Whlch
are compatible and the correspondmg Satake diagram has no black vertex.

Proposition 1. 7. Suppose G és @ conngcted reductive algebraic group, and 9 és
an tmwolution of G'. Then there is o O—stable mawimal torus T such that there are mo
real roots of T in G It has the following additional properiies:

(a) T és unsque up to conjugaiton by K (the subgroup of elemenis of @ fiwed by 9) .

(b) T NK°is a mavimal torus én K° (the identity component o fK).

(6) T=0ente(TNK?®), i.e., T s the ceniralizer of T NK° inG.

Remark, It is obvious that for the real form G-(R)corresponding to 6, K (R)
is a maximal compact subgroup of G(R).

Proof Suppose first that there are no real roots for T. Let Ty be the identity
:component of 7N K. Olearly no roots vanish on T'y, so its centralizer in G is just
T'. Thig proves (¢). In particular, T’ is its own centralizer in K, go it i3 a maximal
torus in K. Thig is (b). It follows tha.t T, is unique up %o conjugation "by K; % by
(0), T ig ag well.

On the other hand, existence of a T' with no real roots follows from the anley
transform construction (see [1], Definition 6.23). In fact, the centralizer in G of
a MaXip,al torus in K° is a maximal torus in G with no real roots.

Theorem 1.2, Suppose G is a connected reductive algebraic group, and 0is @
principal involution of G. Take a O-stable mawimal torus T with no real roots
(according to Propositéon 1.12, 4 is unique up to conjugation by K). Then for the root
system 4 of (G T), therre q,s an orrdemng of 4 such tkwt :

b= t+23a

a€4* .

s 0%siwbls Borel subalgebra and efvefry simple ri”oot is edther comples or non-compact
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emaginary. Therefore the connected subgroup B of G whose Lie algebra s b is the
- O=stable Borel subgroup of large type. ‘ '

Proof According to Propogition 1.7, for the [#-stable maxmaal torus T with
no real roots, T'N K is a maximal torus of K° and T=Centa(TNK?: One can
take a regular semigimple element X in t() f=Lie (T N K?) such that the eigenvalues
of adX in g are either pure imaginary or 0. Qlearly

b’ =the sum of the eigensubspaces with respect to 0 and “pos1t1ve”
pure imaginary eigenvalues

is a.Borel subalgebra: ‘and t= Lie(T') is just the O—elgensubspace It is not hard to
see that b’ is f—stable by using the fact that T'=Centg(T'NK°). This means that
the et A" of positive roots is #-stable. In general, b" might not be of large type.
But according to the part (e) of Proposition 1.4, one can find an element w in the
Weyl group of the imaginary robts with the property that-every simple imaginary
root-in wb’ is non-compact. Since. thé action of w'commutes with 8, wd* is also
§-stable. Therefore b=wb’ is of large type. v

Theorem 1.2 and its proof give a way to'construct the a—stable Borel Subgroups
of large type for principal involution. In the next section we will do this.

§2 , Determinatibn- of the Borei
” Subgroups‘ of Large Type

In thig section we will determlne all of the Borel subgroups of large type for
the olassical semisimple groups. S

First according to Proposition 1.6 and Satake diagrams we have the following

Theorem 2.1, For the classical. semisimple groups, we have the following resulis:

~ Grouwp @ (l:{:::el;er of innex . Principal involution 6 ' %‘;ﬁlgﬂ(ﬁ)rea]
SL(», C) 2 (g =*g~r gEG 8L (w, K)
1 1 o
B Y & -1' .
-1 _1
. (n=2%)
1 1
-1
_ _ L (p=2%+1) . _
80 (2n-+1, €) (n=>2) 1 ' 0(9) I,.+1 wnita SO0p(n+1, m) ~
: Sp <n! c) (ﬂ>3) 1 0(0) :ﬁg-l : Sp (n, R)
SO (27, 0) (n=>>4) 2 T 0(g) =1, n01nn | 500(n, »)
6(9) =Ip-+iyax-19T0ns1,24-1 (n=2k) S0, @k +1, 2k ~1)
7 00q) S lavis 4i0 ansa.o (=2%+1) 180, (9k+2, 8k)
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Here

I,
In-Fim In , ¢
_ 1.
Iy o B 7 7]
Topso,m=| - ..I b T 'I IR T
3 ) 2 )
R P 1
I |
o T | o
! o em,
. I2 B - L .
I A FL
1,.,,,_=.<;/--? . _. \
—4i2
L | =2+,
—~1, o,

\ ;1-1/*

Proof 1Itis just slmple calculation.
In the next par}, we will give the 0—stab1e Borel subgroup of large type for
oach olass of prmclpal involutions in Theorem 2.1. '
G= SL(2k G) (= 2k), _ )
0(95 =diag(1~1.-1= 1)gdlag(1 —1:51-1), QEG
9(X) = dlag(l Ld~1) X ding(1~1- 1 1), X€g,
G(R} SU(]a k). A
Take T'={diagonal matrmes in G}. ThlS is a 0-sva'ble max1ma.1 torus in @.
t=Lie (T') ={diagonal matrices with trace 0 in’ G} E;, denobes the matrix whose
(4, §)-component is 1 and tHe thers ‘are ‘0. Let E dmg(kiha ,.) E€t. We define

act' by
‘ 6 (H) =h(i~1, - ) -

Then the root sys’oem 4of (G, T) consmts of
e,, 1<@ #j<n

la.rge type conta.mmg T In fact the root subspace g,,..a, of g with root (g;— e;) is
CE,. If we choose the ordenng in 1* as follows :
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61>62> > 6y,
then the corresponding set A’ﬁof posutlve roots consists of
- 6;, 1<e<y<n,
and the simple root system is {a 01— 63, %) Ono1=0p-1— 6,}. Because f(¢) =

8 (6=1, «-, n), every root is an 1mag1nary root and b=1+ 3 g, consists of all of
asEA*

the upper trlangula,r ma,trlces in g It is obv1ous that O(E;M) = — Hy.1. Hence b is
6-stable and all of the simple root are non-cotnpact imaginary roots..This means
b is a @-stable Borel subalgebra of large type. Therefore B is the @-stable Borel
subgroup of large type. | |
G=SL(2k+1, €) (n=2k+1), .
0(g) =diag(1—1.+1~11) g diag(1—1.--1~11), g€Q,
(X)) = d1ag(1 —1.1-11) X diag(1— 1 1 1 1), X€Eg,
G(R) SU(k, h+1)~SU(k+1, k).

In this case, the situation is similar to the ahove case Take I'={diagonal
matrices in G} and B= {upper triangular magtrioes in @'}. Then the same argument
shows B is a §-stable Borel subgroup of large type contammg T,

The two cases are the simplest cases.

G=8L(n, 0), 6(g)="g", gEG‘ 8(X)=-*X, XEg G(R) =8L(n, R).

Q) n=2k.

It is easy to verify tha,t

Fo1 — hrsa o
Pqatn N DT T
#"'= H= ". o 3 h{GG)E he""'?_
hy—ha |
e
isa f-stable Oartan suba,lgebra of sl (zk 0) w1th no real roots In faot, let e, be
the linear functlon on { deﬁned by . .
. ( H‘) { hi+ J‘ih,m, : 1<@<k
: o LY \/ 1hk+n+1—b b +1<i<n,
Then the root system of (sl (2&, 0), t) is _
, , - 4= {:l: (a;-e,), 1<e<y<n}
Olea,rly there is no real root in 4.

‘We can take : »
V= “1 ﬂk+¢

Qy41, \/ 10?1
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where a;>as>->ay @ytasteetap=0 dpgi>apea> o >00>0 and @
a(i=1, ++<, k), Qrsr— Mpes>a— @;(1<6<j<k). (This is possibl’e."For example, we.
can take ay>> o >ay; Such that 5‘_, =0 and @~ ayp1 =1 =1, -, k)and take dyey>+--
> @y > A1, B — Bpripr =3(@=1, -, k). )---Olea,rly J.,,-,.“,% is a regular semisim_ple
elementmtﬂf (AR . e '

-~ Let_us discuss the eigenvalues.and elgenvectors of ad J,,. .,,, ‘on sl (270, C.y We
ha,ve the following results; .:: . .7 7 o .0 SR 3 ‘-

-The eigenvalues - of - a,d Taryina, 8T 0 (multlphclty n—-l), :!:2~/ 1 s

(multlphclty 1) (@=1, <, k) and. /= (ws_at+wk+s+ak+t) (I<s%i<k) (mul-
tiplicity 1). |

In order to express the elgenveotors we introduce SOme nota.tlons Put

V=11 Ea -~/=1 1
Ay A
§% column '

0 .
Ay=| 0 A 0 |ittrow and B, C};, D,; are similaz,

L 0
‘Therefore we have that i
t is just the O-eigenspace of ad J4,,u,q,3
the 3+/—1ay.—eigenspace is CA,;
the —2/—1 w,m—eigéhspaoe'_ is 0Dy ‘ . _
the &/ —1(@s~ @+ Gyeet+ Guse) —0igenspace is C4,  (1<s%i<kh);
the ~/—1(a@;— as— Gyre— uss)-0igenspace is OD,;  (A<si<h);
the ~/—1 (@5~ @4+ Bps = Byss)-eigenspace is OBy  (1<s%i<k);
the ~/—1(as—@:— ayrs+aye:)-eigenspace is 00y (I<s*i<k),
According to the choice of a,’s, the “pos1t1ve” pure imaginary eigenvalues of
84T 4,00, 8T N — oy (1<i<k), ~/—1 1(a,— s+ st tnas) (L<s % 8<E), o/ — 1( a@o—

e B — Bope) (<8 <t<k) and /— (ws—w,—wk+s+wk+¢) (1<t<s<k). Therefore

b= f-l'* 2 G.A;;+ 2 GB,,,+ 2 GO;;

1<€4,5< :
i3 a Borel subalgebra of sl (w, C). Because A,, . A, 'By=0y, we can conclude that
4(b) =b, i. e., b is a f-stable Borel subalgebra. :
It is easy, to verify that the root subspaces Ge—sy aTO 88 follows:
Bopmen. e = O Ay, g,”_,;i_e‘—G.D“_;_’ (A<i<h); '
Gomey= OBy (1<U<G<E); Gopmr= COG(1<E<G<);
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—,

Bormtnps =04y (1<% j<K); @, 1o = OD(L<E % j<E);

Geime; = 00n-i31,n-141 (B<E< JKR)} Gopus, = CB»-¢+1.»—5+1(70<’11<.’}<%)
If weo take the ordering é,>63>++->6, on {*,; then

b=t+ 2 gur

here A+ id the set of posxtlve roots and the simple root system oconsists of a;=

831 (6=1,7++-; n—1). It i clear that § Bj, ;1= Ci3a,;, 90 Gog=0tap_; (§=1, -+, k— 1).
This means that a,(3%%) are complex roots and from fey=ap and '@ A= — Ay wo
conclude that oy, is 2 non-compact imaginary root. Therefore b is of Ia.rge type a,nd
the cerresponding Borel subgroup is also of large type. '

~ .

(2) n=2k-+1.

Similar to (1), we have
bk —Paga - 3 )
brsa Py
T, k+1 '
t={H= s h{EG, Eh,———-O 4
' e —haea | W
howss P ‘
L - hrer - ‘ E

is a f—stable Qartan subalgebra of sl (270-!—1 0). Let ¢; be the linear function on %
defind by : . ‘ :
Bt N = Lhpgase 1<8<Bk,
35<H) h,m, S =k,
: _ Poitr— \/__lh,,_;+k+2, EH2a<<i<2h+1.
Then the root system of (sl (2%-+1, C), t) is
| A=+ (e;—e;); 1<i<j<+1}. -

- _'..:‘: A'if 9 ,’ : , .’ . . .
A=\ o o) Bin Oy and I, are similar;

0 0 _ 1 '
fo i -‘-=1':13;'=‘[0---1 Sy jug Y 1 O}.;_'Mgé 0 —«/‘:i A4® row
2,l;th R RN T B ' ’ o

Celumn | 0 | ety

Then we have
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ooy = OB (1<6<j<k); Gome,= 00, (1<e<_7<75), :

ge,._e,m——GM ((A<IE); Gopmeni =00 (I<I<K);

Bormtrgrs = A (14, gk); Bonogrr—es = =0Di; (1<, j<k); .

Gopme; = COn-—H-im—J-!-i(k +2<0<J<KN);5 §,me,=OBlhsityn-sin (B +2<E< <) o
If we take the ordering e;>es>--->¢,, then )

B==f+2g¢———t+ 3 Cdi+ 3 OB+ 3 co,+§:cm,+§:m )

is a Borel subalgebra. Because 0A;,,= —-A,,, OBj= ——0,,, O M,;=—1IL, and 9(t)=t, §

is §-stable. The simple root system w is {oy=e,— e,;+1('z,—- ° «n-l)} It is easy to

gee that fo; = =Ogimis1 (¢=1, -, k), so all of the snmple roots are complex roots.
Therefore b is of la,rge type.

l)l; v‘(z » dk ' o d)k’z d‘k"g

- G=80(2n+1, ),
A‘ 9(9) =Iﬁ+1;n'ng.z+1.m yEG; O(X) =In+'1ihXIn+1.e; XE Q',. where ‘

I,
In+1m In ’
G(R) =S0o(n+1, n). . 3 | o
(1) n=2k. . -
Hy H,
! t=iH=H, H, ,
ol
where ’
by 0 = Pes
H=|_, . P He=l, o TR keo)
b © he

is a 9-stable Cartan subalgebra of SO (2n+1 G) Let & be the linear funcfiom
deﬁned by ' -

62‘41(H): (hi:"‘"hk-{"l) \/——i (G=1, «, k),

6x(H) = (hy—hpsi) V=1 1 '('351,: TN )
then the root system of (S0(2n+1, ©), £) i o L
Ad={x(6:;xe), e i=1, - }
and o;ie can verify that there is no real robts in 4. ©
se If ~ ~ :
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Kax Xio Xaa
X=| Xgg Xopa X ESO(2n+1 0),
X 81 Xaa Xgg ’ ’
‘then . ,
Xse Xz —Xa
9<X)= X12 X:l:t 'ﬁX:ts ’
X32 - XS.'L X33
where X,,(1<q,, y<2) are n by fn, X13, Xo3 are n by 1, Xal and ng are 1 by n and
X s3'is 1 by 1
One can check (a) =& Ya& (SO (2n¥1, ©), 1). Taklng the orderlng 61>02>
>e, on t*, the corresponding set of the posmve Toots is
A*t={e;+ej, e 1<i<j<n}, _
then b={+ 2 8 is & §-stable Borel subalgebra, To - verify this, we only need to

K E 4t
compute the root subspuaces correSpondlng to 4%, But it is too long to write the

results here, S0 we omit them. Also we can verify that for every root. o; in the
~simple root system o= Oy On 1= 176y Op= =6,}, 0(X)=—-X for any
X €84, 90 (1<) i non——compact therefore b is of large type.
2) n=2k-+1.
Let H; and H 2 be the same as in the cage of n= Zk Then
Hy H a

t={H=|—-H, - H; - s h€C
b
is & @-stable Qartan subalgebra of so (2n+1, C). Let e; be the linear functiom
defined by ' :
.025—_1'<’H)=(hi+hk+i) =1 ('1;"’1;'“, k),
é;zi(H)."-' (hé'—hk-{-&)‘\/qa ('7/=1> 't ]‘7-),
8, (H )=~/ _§ ) -
Then the root gystem of (SO(2n+1, C), 1) is _
, 4— {:!:e;ie;, +e 1<w<y<n}

One can verify 6(a) =aVag 4. Therefore there is no real root in 4. Taking the
ordering e;>6,>>+ *>6, 0n, 1', the qorrespondmg gset of posmve roots is 4*={e; L ¢,
6 (1<i<j<an)}and the Slmple root system 1s w={t=6— 641 (¢=1, -y n—1), tp= =,
6.} ,

In the same way as the case of = 2k .We can ver1fy that b=t }- > g, 18 a 6-
i’ et

stable Borel subalgebra of so(2n-+1, C) and a,(1<4b<«m) is non-compaot, Therefore
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b is of large type. _ o
G =3p (n, €) —'—_—-{AEGL(Zn, 0); *47 4=J, whore J={ . ]}
0<g)=tg_1' gésp(“? C)' 0(X> ~'X, XESP(%, (’);
G(R) =8p(n, B), which is the normal real form of G.

X X, :
XESP(’R, C) iff X=[ * ] XiE-Mn(O)r 'Xo=Xs, ' X3=2Xs,
Xy —'X,

_H" , .
--t:—={H=‘[‘H, e :I where H’=diag(hih2-'-hn) h-EG} .

isa 0—stab1e Borel subalgebra of sp (n, ‘ C) Let é; be the linear funotlon on t
defined by e,(h) =~=1h(é=1, +-, n). Then the root gystem of (sp(n, 0), t) is
A= {:{:e;+e,,2@;, (A<i<j<n)}, .
and 0(0&) =a for a.ll of a€ 4. .
- The root subspaees of (8p(n, C), t) are’ 83 follows

"~ Put ‘
P‘_[\/ lE’,‘ ; E,,’ v ] P ‘:_[__ \/—_—_iEa __I.{]_”_" ,]
Eu L == 1Eu ’ - By ' N—1E, ’,
G\ _[~/ 1(By=Ey) . By+Es ] o
Eu'*‘Eh - f—l(Eﬁ-Eu)
[~~=1(By+EBy) . - Byt+By 1
G—"'—j:l_ E + B \/:1<E+E ) J:
o WA o YT G570 Higi),
Q@ ~;=[ J"‘I(E;,-;—E,,) Byt By
o — (By+Ey) \/.fl(Eijf Ey) |
G_,;= [ \/ 1(Hy—~ Eﬂ), j&:“l‘Eﬁ: ]
’ - (Eii'l'Eié) = T1(Hy+By)
We have

2e,=C0Ps; 26, =CP_i; Gee,= CO;; (1<f1,=\r y<n),

g_e‘_ej =0G ., (I<i*j<m); =~ :
Goi—e; = 0G¢,-;(1<’b<3<‘ﬂ:), g ..e‘+g§—‘c\1‘..,,j (1<’b<g<n)
It is easy to verify that 6 P;= ——P;, QP _,=~—P_; 0G;= -—G,;,_ 06, s=—G_, s
0G,_s=Gx,_5; 0G_,,;=G_, ;. This means thet +26,(i=1; <+, n) and =+ (eite;) (1<
$% j<n) are non—compact imaginary roots a,nd j: (e,~e;) (1<fz,< j<n) are compaot«
imaginary roots. L

Take the ordering on t" deﬁned by e1> 89>03>"'€4> >( 1)r~%g,. Then.
the set of positive Toots is - : -

At ={(—1)"1g, i( 1)’"‘6,, ( 1)"129,, (1<@<9<n)}

and the simple root system o is L T
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{ar=61— (—e3) =e1+es, s =—02—€5 >+, Guy

C=(=1D)" 2(6,._1—}-@,,),04,,—-( 1)"2e,.}.
Because every aCmw is a non—compact imaginary root, b=1- 2 g, i3 a @-stable
Borel subalgebra of large type.
G=80(2n, C) ~ S _
8(9) =Ln,n914,m 9Es0(2m, C),
6(X)=1,,,XI,,, XEs0(2n, C),
G (R) =80,(n, n). '
X €80(2n, 0) can be written as X =(X,;), where X,;E€Ms(0) and ‘X =—
X‘,, "Xiy=—Xpu If n=2% 6(X)=((— 1)“”X,,), If n=2k+1, §(X)= (Y.,,) where
Yi=(—~ 1)‘+’X¢o (1<’1/» ]<27‘7) Yc»“( 1)’+1Xs»I1.1; _ s—-( 1)'+111 1Xm; @G=
n—1) Yrm"“Ii.:lX wnl1,1e
‘ Hy
32 . W'hemiﬂw’f’lz hi} mECH.
) —hy
.. - H,
This is & Oartan. subalgebra of 50 (2n, C) Wthh is H—Stable Let ¢, be the linear
function on t defined by
a(@)=="1k (= 1 )
Then the root system of (so(2n, 0), 1) is '
A {ieiiea 1<%#9<n}
"To describe the root subspaces we 1ntroduoe some notations. Put

B= ~ » D=1, * | as above
-~=1 1 I ‘\/—_1 -1 \/_';[ 1 |
. B A () . _'B e éﬂl I'OW . .
Fy= i ' (1<igji<n),
oo = B e 0 oo | §® TOW
L. i : | .
¢ column §*® eolumn
[ s ] R
w0 B oy
B B A asi<j<n),
. P B ) 0 .._,, jﬂl row - ' 4
4% column j® column
: S B
N . FN'-_ 0 ¢ e D i 'q',th TOW:: S ane s R e et
7= D : L (A<i<i<n),
et TE e e

% column j* column
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o 0 e A e firOW
Ty= : : - A<i<j<n).
_.‘A oes 0 oo | 4% TOW
- §® column j column |
Then ge‘_ej=CF;,(1<'b# j<n), ge‘+e,==0'_l';;(1<y<fb<n) and
' B-ome,=CTy (I<i<j<m).
(a) n=2%. In this case, 6(x) =a for all of € 4 and
OF=(— 1)‘+’F¢,, 0T,,-( 1)‘+’Tu
Ta,ke the ordermg on * deﬁned by 61>>¢5>>++->6,. Then the set of positive roots i
: ={g;Pe;(1LiLj<n)} :
and the simple root systemis .. ... . N _
w={o =01 — 62 ty=6—0g, ***, Up1=6n_1— 6,., 0= 01 \-en} .
'Beca,use OFgo1=—Fise and 07, 1= Sy (= ey m) 8 8 non~compaoi:
imaginary root. Therefore the f-stable Borel suhmlgebra, SRS
b=t+ 3 Ga=t-+ 2 GF,,-&- > C7y

a€ 4% 1<i<f<n

is of large type.

(b) n=2k-+1. It is easy to show that H(e,) =g (6=1, +, n—1), 6(e,) =—€u

And we have
(F,,) = (“D‘_T;u; 0(T£c) =(—=1)'F,;
O(F o) = (1) Ty 0(T3) = (—1)'F
Take the ordering on {* defined by 61>>02>> >0, again. Then. the subalgebra
b=t+ 3 g,=t+ 3 CF,+ 3 Cr;

azed 1<i<j<n Igi<j<n

(4=1, = n~1)

is f~stable Borel subalgebra of large type because «y, ‘-, a,.» are non—compact
imaginary roots and e,.4, @, are complex roots (fo,_1= b, ﬂa,,—-a,._i)

G=s0(2n, C) (n=2%).

0(9) = Ims1,o0-19L swse1,2-1, - g E€E50(2n, C),

0(X) =Top01,014 X Toppn, 001, X €80(2n, C).

G(R) S0, (2% +1, 2k—1).
This case is similar to the case of G=s0(2n, C)(n= 2k+1), H(g) I,.,,.gI,,,. Using:
the same notations, we have

b=t+ 3 GF;;+ =0Ty

1<i<j<n .
is a O-stable Borel subalgebra of large. type.
G=50(2n, C)  (n=2%k+1).
0(9) = Lopsa, 219 Lons2,9% g E€so(2n, ©)
0(X) =Ty, X Lonsa,my, X Es0(2n, €),
G(R) =80, (2k+2, 25).



454 . CHIN. ANN.OF MATH. . Vol. 13.8er. B

It ig similar to the case of G——so(2rn, 0 (rn,-»QIo) and. G(g) Ion 91,,.. The

f-stable Borel subalgebm of large type'is = - ~ ' A
T b=t > CFy-+ 3 CT“!# |
1<:<j<n lgt<j<n :
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