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A GLOBAL REPRESENTATION OF ALL
SOLUTIONS TO A NONLINEAR EQUATHON
AND ITS APPLICATI.NS** R

PENG SHIGE( 9‘1 5@) * YONG J IONGMIN(zE }:F]%@';) .

S Abstraut

For a nonlinear equation, a global representatlon for all solutlons 1s obtamed Vla. .
this represention, a nonlinear generahzed inverse theoram is derwed and an apphcablon to
‘control systems with mixture constramts is g1ven as Well

$1. Introduction

Let U be a Hllbert space and Z e 4 Banach space Leth: U—Z be a oontmuous
map. In’ this paper we are interssted in the followmg equatlon ! o

M=o, e

" In the cagse that h( ) i afﬁne, i. é for some GE ,S’(U Z) and some zEZ L
h(u) ~Gu— -2, VuEU, SRR (1 2)

we know that by assuming - GG*GX (Z) to0 he mvertlble, onei‘can 501ve A1.1)
exphcltly In fact, in this cage, all .posmble solutions of (1.1) car be represented as

=G (GG %+ (I - GHEG) @)v, (1.8)
with o€ U as a pa,rameter( [1]1). Our goal of this paper is to obtain a representa,tlon
of all solutions to the nonlmea.r equa,tlon (1 1) tinder some “suitablé eonditions
which includes (1.2) as-a specm. , ‘» ase. This representation is derived in § 2 and the
bagic idea is taken from [4] (see [2, 3] algo). In:§3; as an ‘appliation: of the
obtained representation, we establish. a generahzed inverse theorem for nonlinear

maps. Some continuity of the inverse map is also studied. Flnally, in § 4, we prove
the. equlv&lence of two -control systems, one of which is subject. to;a mixture
constraint and the other has'no constrairits. - . o

To close the introduction, we should point out that our result igf also applicable
to smgular perturbation problems in control systems ([2, 3]).
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§ 2. Solutlon Representatlon

In thls sectlon, we w111 obtam & global representatmn for all solutlons of
(1.1). To this end, let us first make the following assuimption. )

(H1) The map k: U ~>Z" is continuously. differentiable. Moreover, there is a.
constant ,So>0 and a nondeoreasmg function Lo [0 oo)-—> [0, oo), such that

A0 >f’g_’f ',Z“ VueU, #€2°, (2.1)
| (o () — ku(u)"s'(v.z><Lo(l“| vV Iul)lu 'Mlu, Vu, uEU (22)

where lulV]ul:max{lul, lul}
Lemma 21 Let G‘E .?(U Z) swtzsjy

|G** |y |2 |y Ve E 22, | (2.9
Jor some 0>0. Then, (AG*) € L (Z, Z*) and
1@ «z, 9 <o™* : (2.4)
"G"(GG*) 1”se(z n<o?, (2.5)
e (@@ *Glem<t.. . . - (2.8)

Proof From (2 3), we. know (Ge" e X(Z, Z”) (see [5], p.208). Next, for
any #€Z with |z]|,=1, we have .
- ¢? (G6*) 2] h<< (G’(GG‘*) 1z, G*(G‘G’) 1z)U—<(G‘G“) 1z, z)z,,z< 1 (GG*) ~1z| z=.
Tnen (2.4) follows. Again, for zEZ with |2| =1, h
@G | = (GGG, G‘*(GG*) [12) g = <(GG*) %, 252, z<a—
Hence, (2.5) follows. Finally, for any' weU with lu|g=1,"

| GM(EEM)Gu| & = (G*(GG)Gu, G*(GG") '167'16) v

' ‘ = (GG*) Gy, Gudzs, 1= (G*(GG*) “1G, u) < IG* (G‘G“’) “1Gu| .
Therefore (2.6) follows. . _ o L

Lemma 22, Letd, @ L (U, Z) satwsfy .

6% y=a et a, 1692 | y=6 2" 3, VP EZ®, (2.7)

for some o, 8>>0. Then, for any: z, 2€Z, R ‘

hl ¢ (GG‘*) = @’(é@“)

© (2.8)

IG"(GG")“%—-@(é@’)‘z|<3(]zl\llzl\ng G 2Bl C (o0

_ dVat> aVa
*.Proof . Without loss of generality, let 6<o. Then,; by Lemma 2.1,
R e CEDI (H R I e
<| (G“' ) (G‘G‘“) H+ ll@*[(GG“’) = (é@") e
RF 3 <-—-—|IG éll i+ Ilé*(@@“) - [@@' G*] (G‘G*) ‘ill



No. 4 Peng, 8. G. & Yong, J. M. ALL SOLUTIONS TO NONLINEAR EQUATION 457

+[G*(@a) H@-Ha*(@e*) |
<(Z+L)le-G1<2 10-a
‘Thus, (2.8) holds. Now, we prove (2.9) (Still let a<0')
IG*(GG*)‘iz (GG 2| |
- <Jer (@) -G+ (Ga" Y 13l + IIG"(GG*)*H |2—2|
<L je-sl+ 2 pp1@- @1 =—1 o o3+ 21 10001,
Hence, (2.9) follows. _ "
Next, we oonmder the followmg problem:

{3O= RGO PO, 0 0 10
y(0) =u.
Lemma 23. Let (H1) hold. Then, for any uGU there ewisis a umque solumon
y(+) of (2.10) swmsfqug
l9(s)]| <(|u1+lh<u>l)@m<«w» $€ [0, 1]. (3.11)

P'roof For any v, §€ U, by Lemma 2.2, one has -
I152(9) DR @)1 7~ B (@) Tha(@RE()1 7
R e NOR OIS
3“*'”')(”'-’/') L<|y|vm>|y A G

Thus, we have the local ex1stence and unlqueness of the solutlon y(e) of (2 10)
Let £y<<1, such that the solution y(.) is defined on [0, #%). Then, by Lemma 2.1,

we have

|y<s>| <Ju j lhu(y(r))[ku(y(r))]‘ih(u)Idr
| <|u|+f --———_-“‘g@' Ih(u)ldr T @1
By Gronwall's inequality, -~ = ¢+ =~ - - '. : L ‘

ly(6) [ <ol + 252 )oreorm, se 10, 4.

Then, combmmg (2.12), we see the globa.l solution. umquely exigts and (2 11) is

satisfied.
. Now, let us deﬁne . s e
Po(u) =yl w), 0 _ (2 14)
where ¢ (+)is the solution of (2 10) . Our:main regult of this paper is the followmg
Theorem 2.4, Let (H1) hold. Then, - TR :

- {w€U|h(u) = O}-~{Po(u)|uEU} . (2 15)..'

Mweover, the mapping Py: U—» U satisfies the following
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Po(Po(‘M)) Po('ld) V'MEU : . (2.16)
, h(u) =0, &ff Po(w)=w.” (2.17)
Proof By(2.10), we see - o
B(Po(0)) =hy(L; w) =h(@) + [ hy()9 @) ds=h(w) = B@wds=o0.
Honce, Py(u) € {u€ U |h(u)=0} or h(Py(u))=0, VuEU ‘Conversely, if h(u) 0,
then J(S) MSa,tlsﬁes (2 10). Thusy, co :
iyl 1) Poi). .
Thus we obtain (2.15) and (2.17). Finally, (2. 16) is obvious. |
The above theorem gives a representatlon of all “solutions of the nonlinear
equation (1. 1) For tHe case that h(s) is affine (1 6., (1.2) holds), the problem
(2.10) reads « S
{ye) 6" (@6 (Gu—2), (@18
’¢J(0) u. ~
Thus,_. r : .
Po(u) =y (1) =u— j (@6 (Gt z)ds-— (- e*<ee*) G u+ G (GG .

Hence our result recovers the known -resu-lt for affine mapping. case.

Remark 2.5. Our result can. be exbended to the eage that U is also & Banach
space. In that case the duality mapping J: U — U* will be involved in (2.10) and
Lemmas 2.1 and 2 2.should also be modified, E[ere . we take U to be a Hilhert
space Just for notatmna,l smaphcnty Thns remark also apphes to the followmo*

secblons .

§ 3 A Generahzed Inverse Theorem

In thig section, we w111 use the result of the previous section to derive a
g’énemllzed inverge theorem for nonlinear mappmgs To this end let X and Z be
Banach spaces and U be a Hilbert space. Let g: X xU—>Z be. & glven map. We
consider-the fol]owmg equatlon in ueU: o

| - g(e, wW=0, * (3.1)
wheré .4 € X is regarded as a parameter.. By a generalized inverseé theorem, -we
mean that from (3.1) we can obtain a function P: X xU->U, such that the
followmg holds: V2 € X, SRR SR
R {u€U|g(w,u) =0} ={P(a, ) |ucU}. , (3.2)

e ! fOI"'

- From! mow on unless:thére: might be some ambiguity,
the norms of operators and vectors, respectively; in possibly. different spaces Which
oot beridentified from the.context! Now, let us iake some hypotheses on the map
g.‘ . e - o . . L .
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(H2) The map, g(w, u) is Frechet differentiable in-u and both ¢(w, ) and
9u(®@, u) are continuous. Moreover, there exist continuous functions 8, v: [0, wo)—»
0, ), I [0, o0) X [0, o0)—(0, o), with the properties that B8 and 7 are
nondecreasing a,nd L is nondecreasmg in each of its arguments such that for all
o, 5€X, u, €U, € 2" and 6, r=>0,

9o WF 1> T,

l9e(@ ©) = 9@, DI<L(le|V 18], |ul V |4])(o—al+u=dl), ~(3.4)
9@ w)—g(@ w)[< (1+IuIVIUI)L(Iw|VIw|, IMIVluI)(Iw &+ u—dl),

o » (3.5)
lg(w,u)l<ﬁ(|wl)7(!ul), I X
O S

Lot us look at (3.8)—(3.7). We see that (3.3) gives the invertibility of
gu(, u) gu(a;, u), and (8.4)— (3 5) are common: local Lipsohitz conditions, while
(8. 6) and (3.7) give sort of ecoercivity conditions on the fnnctmn g( ) All these
oond1t1ons are satisfied for the case that

N | g(w, %) = G‘(w)u-wo(w),
with some general conditions on G(+) and go(-).

By Theorem 2.4, we have the following generahzed nonhnear inverge
~ theorem. '

Proposition 3.1. Let (H2) hold. Then, forr all a:EX (3 2) holds w@th ihe map
P: X xU—>U defined by the follorwmg ' ,

Pz, w)=y(1; », w), V(w, u)EXXU S (8.8)
and y(+; o, u) solves the following problem: o o

{y(s) = — gi(a, y(5)) [gu(a, y(5)) gi(w, y(S))]‘:‘g(w, u), S€ (0 1], 3.9)
y(0) = u. o . '
Moreover, ' S
A ..P(m,. P(w,_,‘u))-—-&P(a;‘, u), Vo, wy€ X xU, . (8.10)
nd - T .
9@, w)=0 ¢f u=P(a, ). ' - (8.11)

It i8 not hard to see that in order to have Proposition 3.1, we only need (3.3)

and the followmg (a weaker condition than (8. 4)) . .
Ngu(ar w)— (3, WI<L(a| V [], lul) (lo—2]), Vw, wEX uEU (3 &)
Next let us give some further properties of. the map P,

Theorem 8, 1. Let. (H2) hold. Then there. evists @ nondecwws%ng fzmct@on I

v[O oo0)—> [0, 00), such that .
| Py ).~ P(w, u)|<ﬁ(lulVIul)(lw wl+lu UI),
- - Ve, FEX, u, uEU L (8.12)

:3(|a7|x>|z | : | (33)
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" Proof Lety(e)=y(-; o, %) and g(-; '@, %)be the solutions of (3.9) correspon—
~ ding to (w, ) and (, u), respectively."Then, as (2. 13), we have

ly(s) ] <(|u| }-M)eww ymI/BC 1)

B(l=|) - -
<(|u|+7(|u|))6“’"“"’"141(|u|) VSE[O L O (3.13)
Simila,rly,

ly(s)l<131(lul), Vsé [0, 11. (3.14)
~ Thus, by (2.9), we:have . =~ : '
1ga(e, y(r))gi(@, g(r)) gula, ?/(4’))] “tg (w, u) |
g“(ér ?7(9"))[9“(“7’ y('r))g:(mr ?/('r))] g(‘v: u)l
 <s(lee Wt ful) | g G u>l<1+|ur>\ugu<w Y () = gu(@, G |

D -~ A0ed -/ _Bdal) _8(s)
| CTROT Y T 0T

e Ig(_w,_ %) —g (&, 4|
B(ol) _BUZD
1+[ym]  1+|g@n]

lgu(@ y(r)) — q.,(a?, §(r) |
<3([7(Iul)(1+lul)lv[V(lul)(1+WD]) FREDNIED)
EIOINANIG)

aric u)—g(ﬁ' %) |
B(lz)VR(z])
T+ |y(r) [V I]g() |

o <3<1”“'V‘“'”(‘“‘V'“‘>[1+L1<|u|vlumngu@v, y(r)) - ~gud, §()))

BUalVIz])

1 Lu(Jul V13)) |
MENED 9

whlle by (3.7), we have -

L9« (@ y(r)) —gu(2, A(ﬂ"))ll
FEINAED)

L(|o| V8], Li(lu] V|4
< FENAED (lw w! Hy(a') 3 )

<7(L1(!ulvlul))(lw-—wlﬂy(v‘) z/(v‘)l)

Similarly, .

lg(w,u) g(w,u)l\(l—l—luFVlul)L(lm]\/]w{ M\/!u[) 3 _
~B(elV{a]) - - B(la[V1a]) (fo- w|+[u u[)

<(1+|'Ml\/ &)y (|u|V lﬂ)(lw-‘wl*“u"”])
Henoe; for some nondecreasing function I: [0, 00)~>[0, o0), ‘one has -
| (@, y(2)) [gu(@, y(r)) gila, y(r))] g (o, u)
= guta, §(r)) [ga(@, §0r)) ga (@, §(r))] 9@, u) |
<L(|MIV|UD(|93 &+ fu=d| + |y(r) = § @) ). (8.15)
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Then, our conclusion follows from (3.9) and the Gronwall's inequality,

§ 4. An Ap‘pli.caliOnl tcj Controol'Sy'stems |

- In thig section, we give an application -of our results to ‘a control system in
some Banach space. Let X, Z and U be the same ag in § 2. Let ¢%* be a Oy—semigroup
on X with the infinitesimal generator A. Let T'>0 be given. We. consider the
following evolutionary system

o(t) = ot zo-+ j ohct- ')f(m(fr), u(fr))dr, Vi€, T1, (4.1)

W1th a mlxture oonstra,lnt of the following type: - :
g(@(®), u(®)) =0, a. 6. £€ [0, T] ' e (4.2
Let-us make the following hypotheses on the, map f,. ' |
(H3) There exists a constant K >0, such that :
1F (@, )~ 0) | <K (|o—3|+|u—0|), Vo, € X, u, 4€TU. . (4.3)
Proposition 4. 1. ZLe: (H2) and (H3) kold. Let P be the operator defined by
(8.8)—(8.9). Then, for any o€ X .and u(. NEL=0, T; U), there ewists @ uni iquae
solution of the following

&)= e“wo-}—‘;"oe“*""_f(m(r), P(a(r), u(r)))dr, Vi€ [0, T]. (4.4)

Proof By (HS) and Theorem 3.1, we have, for all 5, € X and w€U,
(@, P(a, ©)—F(@, P w)]
<K{|lo—az|+|P(x, u)— P(w, u)|}<K[1+L(IuI)]Ia> 7).
Hence, our conclusion follows.
For any 20 € X, we let
8, (o) = {w(+) |o(+) solves (4.1)—(4.2)for some u(-) €L=(0, T; U)},
and let |
8p(@o) = {@(+) |o(-) solves (4.4) for some u(.) € L=(0, T'; U)}.
The main result of this seotion is the following
Theorem 4. 1. Let (H2) and (H3) hold. Then, for any x€ X,

»S’q(wo)==S;»(wo)=‘FQ. (45)
Proof By Proposition 4.1, we know that for any #,€ X,
Sr(m) *= . (4.6)

Now, let u(+) €L~(0, T; U) and @(+) be-the solution of (4.4) corresponding to
w(+) and @. Then, let us set ,

v($) =P (%), u(t)), tE [0, T1. (4.1
From (3.18), we have ,

[v(®) | <Li(lu(?)]), VE€[O, T1. (4.8)



462 o CHIN. ANN. OF MATH. ... Vol. 13 Ser. B

Thus, v(+) € L™(0; T'; U). Hence, »(+) solves (4:1)—(4.2) with o(+) given by
(4.7). Conversely, if #(+) solves (4.1)—(4.2) with u(- )€L°°(0 T, O), then by
Theorem 2.1 and (4.2), we know that. _ S
u(t) P(w(t), u(t)), 8. o. tE [0, T] (4.9)
Thus, @(s) solves (4. 4) with the same w(+) € L*(0, T';:U). Hence, (4.5) follows.
The above result gives the equivalence between two control systems in:which
one has s mixture constraint and the other has no constraints, .
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