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...A G L O B A L  REPRESENTATION O F , ALL . 
SOLUTIONS T O  A  NONLINEAR EQUATION ,；. 

A N D  ITS APPLICATIONS^
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• . *

Abstract
For a nonlinear equation, a global representation for ali ^lutions ig. obtained. Yla

■ ..、’•： ■ • .- ： ■. 一 .；：■ j.j  ̂ ；■ _.this represention  ̂ a nonlinear generalized inverse theorem is derived and an'application to 
control systems with mixture constraints is given as well.

§ 1. Introductiori
<• • '： • •)> !

Let 17 be a H ilbert slpace and Z he a Banach spaice. Let h: 0*-> -2̂ be a oontinuous
iriap. in  thi  ̂paper, we are interested in the follo^iilg equation：

/* ( « ) = 0 . ：.. . . . . . . .  • . ；v： ■■ ' /v • . … ' 4In the case that h(>) is affine, i. e., for iSome Z) and som̂ »
... :. " ； \ ： ' ■ r. ■； ■■■ _ . •,* ' i ；  ̂ ' .- V

h{u)^Q u — Zr ^ u S T J ,y  / , . ： , ：,
r  , i  .. , . ,  • • - 1 . :  < • ■

： ( i  -t)
i (1,2)

we know that by assuming 6  〇̂ (^ )  to be m yertibl^ one Mcca ： solve ^(1.1)
explicitly. In  fact，in tMs cage,碎 11 挪ssibi泛船lu本 of ( l . l )  cart 的兗;

u “费 一 妒 设  & T 1 (1.3)
with 似 G U" as a parameter ( [1] ) • Our goal of this paper is obtain a 
■pf all solutions to the nonlinear eqiiaiiMi (1.1) lindef stime suitWbl̂ i bdtMitioiiS 
which includes (1.2) as ft speoigbl 'case； Thia representation is derived in § 2 and the 
l^asic idea is taken from [4] (see [2, 3] also)* I n ； § 3y? ¢3 ari thQ
obtained representation/we eataBlish a： generalized inyerse ；theorem for nonlinear ■ . .. •> ..., mapis. Some oontinuity of the inverse map iB also studied. Finally, in § 4f we prove
the equiyalence of two Gontrol systeinsV； one pf which is subject ta  j a mixture
constraint and the other has no cdnstraints.

To close the inisroductionv we iskould point out that our restilt is^also applibablo 
to singular perturbation problems in control systems ([2, 3] ) * .：
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§ 2。Solution Representation
•.... . ■ » •

In this section, we will obtain a glooial representation for all solutions of
(1.1). To this end, let us first make tihe following assumption.

(HI) The map A: 1 7 is cohtinupusly differentiable. Moreover, there is a 
constant /8〇>〇  and a nondeoreasing function h 0： [0, 〇〇)->[0, 〇〇), suoh that

沪 ， (2.1).
fl(Au(«)-^«(w)IUp,z)<i〇(|M| V l« l) V«, u£XJ, (2 .2)

where |«| V |« | =EQax{|«|, |« |} .
Lemma 2.1. Let (U, Z) satisfy ,

； (2.3>
fo r  some cr>0. Then, Z*) and

(2.4>
ll^ (G ^ )-1 丨 (2.5)
.， (挪 *)-矽 | |_ < 1 . '  ' (2.6)

.Pm>/ From (2^3)，:we'kii〇w ((?(?*)_1€ 义 (名，名*) (see』3]，p.205). Next， for 
ahy with |g |z= l ,  we have

〇-2| I
Tnen (2.4) follows. Again, for« : with |2 |z= l ,

I | ^) F= <(6?(?*)-1», a>2.(Z<<r ~a.
Hence, (2.5) follows. Finally, for a n j u ^ U  with \u \u -l,,'

Therefore, (2.¾) follows,
； Leinina 2.2. Let (?, ^  Z) satisfy

： \ ^ \ v > ^ \ ^ ,  W £ Z %  (2.7)
fo r  some ff, &>0. Then, for any % ^ Z ,

费 (雜 ^)-1 二 ♦ ((M*)-1 丨丨 < - 4 r W - 劍 ， (2.8)

j 一 分 (沒 冷 ) -旬  <3(]1_[\/应 )..丨睽：2^ [ + 上 niL. (2.9).、 a- /  crV冷 . <r\l& ■；

Proof Withciut loss of generality, let Theny by Lemma 2.1,

<  I ( G * - ( W ) - 1! +  -1-  ( ^ * ) -1!! • ；

m  h'：-： ：；： ■ ■ ： ： .v . ‘
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1 & -10  -  a) a* (m*) -11
< 2

4)忪 一 離 丟 闕 .(X ora /  crcr
Thus, (2.8) holds. Now, we prove (2.9) (Still let 〇■ <〇■ ).

. < 丨丨妒(沒 设 *)-1- 命 (沒 令 ) - 1丨 丨 问 丨 丨 |g- 引

i4 丨“ 丨+ 知 m 咐
丨“丨 ♦ 丨 轉

(3.10)

Hence, (2.9) follows.
, .Next, we consider the following problem：

ry(s) = -h l{y{s))  s€  (〇, 1],
1 2/(0) = m.

Lemma 2.3. Let (HI) hold. Then, for any u ^ U } there exists a unique solution 
v ( 9) ° f  (2.10) satisfying

l2/(s) I < (\u \ s e  [0, 1].
Proof For any y} y^：V 1 by Lemma 2.2, one has

s a ± \ i \ ) 〇± \ i \ )  l U y )  _ hu(^  i

(a.ii)

< m
< , L〇Qy\ (3.12)

Thus, we have the local existence and uniqueness of the solution ?/(•) of (2.10). 
Let #0<1, such that the solution y (〇) is defined on [0，#〇). Then, by Lemma 2 .1，

we have
. .•. . . .  •' •:

\y(s) I <  |M| +  f | ^ ( 2 / ( r ) )  [^(2/(r) ) ] - ^ ( M)\dr Jo'■ . . . . .  '
<1^1  ̂ 1 (̂ )̂1 . (3.13)

By Gr〇nwall?s inequality,
l2/(s) I < ( H  + - ^ g i ) ^  s€  [〇,^〇).

Then, combining (2.12), we see the global solution uniquely exists and (2.11) is 
sa tis fied .:

Now, let us define
P0(«〇^2/(1;m), r ■ (2.14)

where 2/(*) is the solution of (3,10)-Our main result of this paper is the following 
Theorem 2 .4 . Let (HI)： hold. Then,：；

{u^U \h(u) = 0}=^{B〇(u)\u^：：U}. . (2.15)
Moreover, the niappmg P〇: TJ-* U saHsfies ihe folbwmg
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•P〇(P。(略)=•?〇㈦，V吒 仄 . (2.16).
^(m)= 0 , iff u. (2.17)

Proof By (2.10), we see
. ：., . . . .  . . .  . 

h(P〇(u)) = k(y(l; u)) = h(u) (s))ŷ s)ds,= h(u) — j〇h(u)ds = 0.
Hence, P0(u) ̂  {û ：U\h(u) = 0} or ̂ (P〇(m)) = 0; V«G!7. Oonversely, if h(u)^Of
then ?/(s) ="m satisfies (2.10). Thus, 1

m=2/(1; m) = P 〇(m).
Thus we obtain (2.15) and (2.17). Finally, (2.16) is obvious.

The above theorem gives a representation, of all solutions of the nonlinear
> . .  _ . . . .

equation (1 .1)/F or tiie caise that A(«) is aflftne (i. eM (1.2) holds), the problem
(2.10) reads，， '■. ..， ..+ .+ :: ■

Thus,
•心{s、= 二 设 (3；  -1 -  这、， (2.18)

p 〇(w)= ^ (1 )= M- ~i (a u -z )d s ^  -¾.
iHence our result recoleris the result fdr affinemapping case.

Bexaark 2.5. Our result can be extended to the dase tluifc C7 i匀 also a Banach.
. •space. In  that case the duality mapping J: U-^U* will be involved in (2.1G) and 

Lemma$ 2.1 and 2.2 should also be modified； Here, we take C7 to be a H ilbert
space jtist for notational simplicity. This remark also applies to the following

* ， , ， « «

sectibriig.

§3. A Generalized Inverse Theorem

In  this section, we will uise the result of the previous section to derive a 
genel■啟lized inverse theorem for Nonlinear mappings. To this end, let X  and Z  be 
Banach spaces and U* be a Hilbert space. Let g： X x U - ^ Z  be a giyen map. We 
consider the following equation in u ^ V \

gQcy m) — 0? (3.1)
w h e re ^ g ^  is regarded as a parameter. By a generalized inverse theorem, we 
mean that from (3.1) we can obtain a fimction P: X x U - > U ,  such that the. 
following holds： Vai^X,

r:) 0} ™= {P (〇;, u) \u^：JJ}. (3,2)
ob imleiss^tliere^baightvbe^some aihljigijity^ use f  •! and | • | i  or 

the norms of operators and vectors, respectively]'in possibly "different apaees Which 
identified from JST̂  ̂ let us make some hypotheses on the raap

g. ：：：.：^ ^  ., -. '■ v.?- ■ . ■；'：>. ..:,¾.
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(H2) map 沒(〇?， 《 ) is Freoliet differentiable in w and botii 分(®，m) and
gu(xy u) are continuous. Moreover, there exist oontinuons functions /3̂  y ： [0, 〇〇)->  
(0 ,〇〇),£： [〇? 〇〇) x [0, 〇〇)->(0, op), with thQ properties that /3 and y  are 
nondeoreasing and L  is nondeoreasing in each of its arguments, such that for all 
a>7 w, u£U \ and ^ r> 0?

. \g： ^ ,  (3.3)
\gu{x, u ) - g u{x, u ) \< L { \x \\J  \x \, |m | V |« | ) (|® -^ |!+ (3.4) 

\g(x, u )~ g{x , m) |< ( 1 + |m| V |«|)-&(T®| V |®|, |m| V j^ l) ( |« -« l  +  l«--w |),
' (3.5)

\gX<〇, u) I< i3(|a5 |)r(|« |), (3.6)
. . .  - . . , ,  ... ..........- . - ,  .  • • . 、 、 、 • . . .  , .  ,  . .  . . . . . .  ... ...........................................................• • - —L(e, r)< /3 (d)y(r). (3.7)

Let us loot at (3 .3 )-(3 .7 ) . We see that (3.3) gives the inyertibility of 
gu{x} u)gt(〇)j u)y and (3,4)—(3.5) are common local LipsoWtz eonditiohs, while
(3.6) and (3.7) give sort of eoerciyity conditidiiS ori tiie tnnotidn ^(°). All these 
conditions are satisfied for the case that

g(x, u)^Gf(dB)u-\-g〇(a}),
■ with, some general conditions on G(*) and ^〇(°).

By Theorem 2.4, w© have the following generalized nonlinear inverse
theorem. … ..........• • ； . . . .Proposition 3.1. Lei (H2) hold. The% for all x^：X , (B.2) holds with the map 
P ： X y ：U -^U  defined by the following:

P(», w)-2/(l; w), V(a?, u ) ^ X x U ,  (3.8)
and «/(<»； £vy u) solves the following problem:

j  y(s) = -g t(x ,  2/(s)) [gv(x, y(s))gl(x, 2/(s))]"V(®» 9y
1 «/(0)-«. . 

Moreover,
...... P (xy P(v, u ))^P (a , u), \/(x, u)^.X><U, (3.10)

and
g { x ,u ) - ^ . i f f u ^ P { x ,u ) ： (3.11)

It is not hard to see that in order to have Proposition 3.1, we only njeed (3.3) 
and tlie following (a weaker condition than (3.4) )：

\\gu(〇), u ) - g u(x, «)||<If(|® | V |^ |, |« | ) ( |〇! -^ |) ,  V®, (3.4/)
Next, let us gj-^e： some further propertieis of the niap P. .

Theorem 3 . J j0  (M2), hold. Then there, exists ct> nondecreasing furtoHon Ij*. 
[0, 〇〇)->[0, 〇〇), such that ,

I巧 》 教 I 说 )(1®—句 十 iw_ A )，

(3.12)
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Proof Let «/(•) = g/(»; x, it) and y(«; « )be the solutions of (3.9) correspon
ding to (x, u) and («, m), respectively. Then, as (2.13), we have

\P(S) \ < ( | « |  n)WS( W) ' '
^ ( l« l+ r ( |M |) )^ (|a|)= i i ( |« | ) ,  VsG[0; l ] .  (3.13)

Similarly,
I ^ K i i C l w l ) ,  V s€ [〇, 1]. (3.14)

Thus, by (2.9), ^e:haye ；；

\gl(,^ ^ :(0) &) .
y ( r ) ) l g ^ ,  y(r))gt(x,  y «)!
u) I (1+ 1¾] ) y  fi(x, ¢¢) I (1 -H ^ I)\||ffu(w, y ( r ) ) - ( f n(x, y(r) ) 

V i8CI®l) • iS(I^f) )  ^ n ® h  ., B(\x\)
1

K U \ )
\ff(x, u )~ ff (x, \u) 1

/3 (k l) /8(1^1)
1+1^(^).1 l+ |y ( r ) |

/8 ( |« |) ■ V- /8(1^1)
l+ |2 /(r ) | l+ |y ( r ) |

< 3 ( |> (沁 |) (1 + |蜊 ） ] V [ y ( |S |) ( l+  1^ )]) 11如 (私
泠（|cp[) V 泠（丨 $1)

, …  1+I2/W IV 1^(01I- \ ff(^  u )-q (x , u) 1
f i { \ x \ ) \ ! K \ ^ \ )1+  \y{r) I V \ y{r) |

< 3 ( l t ，l^ d ~ l f v Y ^  2 / ( 0 ) - ^ ( 4  S?(r))l

+  論 - ⑷ ) 丨

while, by (3.7), we have
\gu{<〇, y ( r ) ) - f f v(x, y(r))\\

^ ( \x \  V 1^1)
细 . - 釕 +  ( ⑴ - 办 ) l)

「 < 7 ( i i ( | u I V' [ « 1))(1^-^1 +  12/ W  - y W I).
S im ila r ly , .

\(){x, u ) - f f ( x ,  u)\ ^ (l+ |M fV  I« |)i(|a5 | V 1̂ 1.' NIV |m( ) / i l̂ l-lTr ^ l\
< (1 + J « | V [m! ) 7 ( |m| V |t ：| ) ( | ® - +  | « - m|) .

Hence； for some nondeoreaSiilg funotiori £ ：[0, 〇〇)->[0, 〇〇), one haS
I ，女 0) ) 〇« (®，2/0) ) W 〇»，2/(0 ) ] ~ V (®3) 」

-g U ^, y{r)yigu(xVy{r))gl{x, y(r))] I
< £ ( |« | V |w |)(|';aj— +  |m—m| 4- |y (r)—y(-r) |) . .(3.15)
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Then, our oonolusion follows from (3.9) and the Gronwairs inequality〇 .

」 § 4. An Applicalion to Controol Systems
. . . .  .- , ' ■ .

In this section, w© give an application of our results to a control system isi 
Some Baxiaoh space. Let X , Z  and U be the same aa in § 2. Let eAt be a Oo-semigroup 
on X  with the infii^itesimial generator A. Let !T>0 be given. We consider th.e 
following evolutionary system

a}(i)^6Atx〇-\-j^eMt~r'>f ( 〇D (T ),u (r))dr,)/t£ l〇jT'}.., (4.1)
with a mixture constraint of the following type：

w(i)) =0, a. e. C〇, 21]. (4.2)
Let us make tile following hypotheses on the map 
(H3) There exists a oonstant K > 0 } Such that

« )—/ ( 4  w) I <JST( I +  \fxy co£X, % . (4.3)
Proposition 4 .1 . Let (H2) and (H3) hold. Let P be the operator defined by 

(3.8)— Then， for any Xf^XtCmd T\ XT)， there exj^is a uniquQ
solutim o f the following

x(t)^=6Atx〇+ j P (x (t) 7 u(r)))dr, V-i6[〇j 21]* (4.4)
Proof By (H3) and Theorem 3.1, we have, for all co, and u ^ U f 

\f(x , P(x, P(x, u)\
< I { |® - A  +  |_P〇C，M)-JP(氧  M )|}<sr[l +  £(M)]|CD- ^ 。

Hence, our conclusion follows.
For any x〇̂ X ,  we let

^(®〇) == {〇;(•) [〇;(•) solves (4.1)—(4.2)f〇r some «(•) gL°°(0, T) U)}, 
and let

8 P((c〇) = {x(>)\x(°) solves (4.4) for some m( .)  Gli°°(0, T; U)}.
The main result of this seotion is the following
Theorem 4 .1 . Let (S2) and (HS) hold. Then, for any aj〇€ X ,

Sg(x〇) = S P(x〇) ^ 0 .  (4.5)
Proof By Proposition 4.1, we know that for any ®〇GX,

8 p (x〇) ^ 0 .  (4.6)
Now, let «(•) T; U) and 〇?(•) be-the solution of (4.4) corresponding to
«(•) and a?〇. Then, ]et us set

v(t)^P (cc(f), t£{0 , T]. (4.7)
From (3.13), we have

^ ( O K i i d ^ O I ) ,  V i € [ 〇 , T } .  ( 4 .8 )
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Thus, .Hence, .®(«)'solves (4;l ) - ^ ( U )  given, by
(4.7). Oonyersely, if 〇;(•) solves (4.1)一 (4.2) with «(•) €i°°(0, T; U), then, by 
Theorem 2 .1 and (4.2), we know that. ■

u(t) ^=P(x(t)j u(t))j a. ©• i G [〇) T ] , (4.9)
Thus,. 〇?(•) solves (4.4) with the same m(«) !T; £7). Hence, (4.5) follows.

The above r印ult giv卵  the equivalence between two control systems in which 
one has a mixture .constraint and the other has no constraints.
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