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IDEAL STRUCTURE IN CERTAIN.
(C*-TENSOR PRODUCTS™

SUN HUARONG (:ﬂ\ q*{) *  Wane GENYUAN (.I.#&/? )*®

Abstract

This paper discusses the ideal structure in tensor product A ® BofC *—algebra A'and.

B, and introduces the concept of ‘property (I) and property (K ) with respect to the
problem. When 4 is an AF. (or scattered) O*~algebra, it is shown that for any. ¢ *—algebra :
- B, the ideals in AX®B can be explessed by those of A and B;. :

min

§1, Introduction

It is well known that ideal structure in a O*-algébra is very important in the'
theory of O*~a;lgeblés The idéal étructure of type I O*—é]geb’rés lias been studied
1nterﬂ;1v«z>lyClj The problem of detelmmmg ideal struoture in 0*—tensm ploducts
is very difficult. Takesaki- proved that ‘A ® B iy sumple Whenevel A and B are

mm .

simple™. In general, the 1dea1 in. A ® B can not de expressed by that of o~

- min

algebras 4 and B. Wasgsermann proved that there ex1sts 8, olosed two—s1ded 1de_a,1_ I
in ‘B(H) ® B(H) such that I 2 B(H) ® K+K ® B(H)®, where, as usual,

B(H) denotes all bounded linear opemtors on Hllbert spaee 'H and K all compaoi;'
operators on separable Hilbert space. S S

In this paper, we consider the condition on O*-algebras A and B under whloh
ideals in 4 ® B can be determined by those of 4 and B. A necessary condition on

. Iinp

suoh O*»algebras Wlll be glven When A 1s an AF (or soattered) O*—algebm it is
shown tha,t any 1dea,1 1n A O B can be determmed by those of A and B

We note that in our papef 1deals of a O*—algebra always mean olosed two—mded
ideals. Let A be a O*—algebra We use A*™ to denote the envelopmg Von Neumann
algebra of A. A™ig W"——a,lgebm m G(A** A*) topology We ofben 1dent1fy A
with its oa,nomoal image in A*; . and herice’ AC A%, : :
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§ 2. Slice Map Property |

In this seoinon, we dlsouss the shce map property First of all, we have

Lemma 3.1 Let A be @ O*—wlqebm, and e be a censral projection in A**. Then,
A" eNA isa closed t'wo—sq,ded fz,deal in A. On the othefr kcmd, efvefry fz,deal of A has this
form. s - '

Proof Sinoce ¢ is a central proJectlon in A*, it is eagy to verify that A** eﬂ A
is a olosed two—sided ideal in A. On the other hand by [3, Theorem 2.5], every
ideal of A hag this form,

Let B be a: O*—suba,lgebra of a O*—algebra, A. For every X in B™, we define
& (X)) € B* (the a(A4*,.4") olosure of B in A**) as follows, For any FE 4% let
&(X) (F)=X(F|5). By Propositions1.12.3 and 2.11.4 in [4], we have ...

Lemma 2.2 Let A and B as above. Then @ is ¢ W*-isomorphism from B* onio
Bo. .

Propostion 2.3. Lst B be a O*—subalgebm of O*—wlgebm A. If a:E A and € B,
then o€ B°, There foa*e A (‘lB‘r L
... Proof As o€ A and weB there is an element j" in A“ suoh tha,t f (m) #0 and
f(B) 0. If we had that &€ B‘r there Would ex1st a g in B* such that @(y) =g,
where & is the isomorphism in Lemma 2. 2, Henoe, 0+ f(z)= a:( f) (D(y) ( f) =
y( f | B) =0, a oontradretlon Th1s completes the proof
" Remark." By Lemma. 2. 2 we often 1dent1fy B** with B°. Then AnB‘"‘
Whenever BCA : R . S : Co
A O"-algebra B ig called soa,ttered if B* i atomio, i. e , B** i3 a direct sum of
~gome type I factor™, Qulgg proved that (4® B)* = A**OB** 1f a,nd only if A or

" “min

B ig a scattered O*-algebra, where A* ® B** ig the W*~tengor produect of A** nd
B** (See [5]).. We also know from [5] that any O*—subalgebra of a soattered O*-
 algebra ig scattered. - ° - > : S S

~ Let .A and B be O* a,lgebra,s For any pE€ 4", we deﬁne a linear map 2@@6 >
> o (a)b; fromA@B to B. This map can be extended to a bounded 11near map from
A ® B to B. We denote thls map by R R is oa,lled the r1ght 0*~shoe ma.p

determmed by ¢.

. Let Aand B be C*—a] gebras, and Oa O*—subalgebra of B The trlple (A B O) _
is seid to Verlfy the slice map conjecture 1f o€ ARQB end for every(pE A* gt(a;)C Y

© min-

implies that » is in A4 @ O (See [8]) A o
Archbold and Batty. proposed & p*‘oblem Whether the tr1p1e (A B, 0) verlhes

'the slice map conjecture for:any nuclear CO*-algebra B, ‘where 4 i3 any O*-algebra -
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and O is any O*-subalgebra of B The followmg theorem partially answers the

problem affirmatively. . .
Theorem 2.4. If B is a scattered O*-aloebra and O zs any O*—subwlgebm 0 f B

then for any O*-algebra A ithe triple (A, B, O) wverifies the slice map conjecture,
Proof As B is scattered, we have (4 ® B)**= A**@B**; Now, suppose that z is

min

in A-Q B and R, () is in O for every @ in A*. An elemeént &' in (‘AA®"‘O)** can be
defined by o (9R¢) = (R, (z)) for any (PE A* and z[/EO* since A*@ O*= (A@O)“

It is olear that @ (a) (p@Y) =2’ (pRs| 4 o ), where @ ig the isomorphisi in Leming
2.2, Therefore b= @(w’), and o€ (A@O)” By Proposition 2, .3, we know that

‘A ® 0= (4 ® AR0) N4 ® B), henee sisin 4 ® 0. The proof ig completed

wmin

| § 3. Ideal 'Structure'

" In this seetlon, we will obtain our mam results on 1dea1 structure in eertam'

O*-tensor products, We firgt have | o »
Theorem 8.1. ILst 4 be a scatiered C*-algebiw, and B any 'O*-wlgebm " Then
omy tdeal of A & B can be expfressed as tiw form 2@ I : O J s where T, and Ja aré

zdewls of A and B respeotwely, and A zs an indew seb.,
- Proof As A is a soattered O*—algebra, (4x O B)*= A**@B**, and A** isa dlreot

sum of some type I factor, i. e, A**=2‘*’B(H;) Puttlng H =29 H ; and denotlng

- the projection from H onto H; by p; for every % in I‘ we ean easily see that p, ’s
are in A*. We algo have (4.Q B)*~ A**OB"’*-"Zq> B(H; )®B** '

Regarding B(H,) as a subalgebra of A*; we can easily. prove that the center
-of (A@B)" ig 29' Cp;@Z where Z is the center of B*. Thus any central

projection p in. (A ® B)*“ can be written.as p= E p,L@gx, where g, 'S are projections

in Z and A is some subset of I‘ . . o
.. Any weak closed ideal in’ (A & B)™ is assoeleted with a central pro_}eotlon pin

min -

(A & B)*, By above, there ig an index get A I" guch that p= 2‘9 p:.@¢x; Therefore,

min

(A@B)** p= (A*”@B"’) p= Z‘PA** P ®B** g,g Now, pu’otmg A pLﬂA I,, ‘and

B*g,N B=.J,, one can easﬂy show that I** A P and J = B*q,. Since any ideal
of a scattered O*.—a,lgebra,‘ls @lso sca,ttered it follows from [5] ,the.t' (I, ®.7 )

I**@J** for every A€A. Thus we get 2‘9 L®J,= (2“’ IA®J,,)**H(A®B)==

win
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EL @ THTNAR B=23° &N (4® B= 2‘*’ A" p,QB"g,) N (4® B)=

min min min

.((A**OB**)'p) N4dR Q B)=(4 @ B)*pN(4 ® B), i. e., wo have the followmg

equé;tlol_l;(‘iA‘@ .B)**pﬂ'(A ® B) = Z‘P I, ® J1. The theorem follovvs from Lemma

min

2.1, S : :
Corollary 3.2.  For any O*—algebm A, every. ideal in A Q K is of the jomn

min

_l ® K for some mdeal I of A, where K 48 the O*-algebra cons«,stmg of co'mpwct
opemtors on some separable Hzlbcrt space.

Proposltlon 3.8. Let A= @ Ai. If, for any 0*—wlgebfra, B, every ideal in
A;® B is of tke form A,® 17, o where I s are some zdewls of B then every zdeal in

min - ‘min

A & B is of the form @ 4;,R J; f0fr some ideals J; of B.

nin min

Proo f Let D= Dl@D2 be the dlreot Sum of o* algebras D, and D2 It is clear
that D*=D{*®D}". Any central pro;ectlon ¢ in’ D* can be written as 6= o1 @D e,
where 01 and é2 aTe central pro;eotlons in Di and Dy respectlvely We . note that
D*eN D= (.D “e4 1 D)@ (D5*eaN Dy), i. e. every ideal of D can be expressed as a
d1rect sum of ideals in Dy and Do Thus the propos1t10n follows from the assumption
and 1nduot1on _ - : «

_ Corollary 3. 4 I f Adisa ﬁmta domenszcnwl O*—wlgebm, foq* any O*—algel«ra,
B, overy ideal in A Q B can be’ 3mp¢essed as the fo'rm 2 Ii ® J b where I‘s and J ﬁs

ao"e fbdewls 0 f A amcl B réspeatwely

" To prove Theorem 3. 6, we need the followmg
Lemma 8. 5. If 4is the dtréct imit of {As a€ I} and B s the dwect szot
of {Bs BE I}, then. AR O B s the direct limit of {As ® Bg (a0, B) €EIyx I},

min

Proof By [4].or [6], we may assume that A4 = T4 and B= U B, where 4,

acl

and B, are O*~subalgebras of Aand B respeotwely, and A4, (BBCBBI) whenevef
a<o/(B<B’). So, it suffices to prove that A @ B=- 1) Aa® Bs. ' :

(az MElXI; = min

It is clear that 4 @ Bl A, ® Bz, On the other hand for any o= 2 w,@ bs

in A® B(algebralo tensof produot of ‘A and B)v and any positive namber &, letting
M=max {|al; |b, 4=1, 2, -, n}, one éan find @y, By and &€ Aq, b € By, such
tha,t ﬂw,——a, ll <s/2nM and ﬂb; b' I <s/2‘n -M(Q}~1 2, s+ n) ‘Tlxus we have

e Ew,@b. <e }-32/4n2M2 . L
and o 1s lnL_J A,,O Bg. Therefore, equation 4-®:B= UA,, X):Bg follows from the

min min * - min

- densxty of ' A®B in 4 ® B.

.omin -
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Theorem 3. 8. Let A be the direct limit of {Ae, o€ A} and B a simple O*—
.algebra. If any ideal in A, () B(a€ A) és of the form I,&Q B for somé ideal Iy of

min

A, then every ddeal én A &) B can be rwmf,ten as I ® B for some ideal I of A.

min

Proof As in the proof of Lemma 3.5, we ma.y ‘agsume that A= UA : By
Lemma 3.5, we have A@ B UA ® B J ust as in the proof of Lemma, 12.4.1 1n

min- S omin D _
{4], we know that eny ideal J of A& B ca.n be expreased as J U J . Where
b " niin . = : GGA

=(4:® B) NJ is an 1dea1 in 4, @ B(aé/l)

min

By assumption, J,=1I, @B for gome. ideal I, of A. We claim that JacJ,,,,

mlll

wheneVer oa<a In fact, for any o in Ia, takmg b0’ m ‘B oné can choose an f in
'B* such that F®) =1 by the Hahn“Banach theorem. Since b®w€ B® I,,CBD Lo,

‘B(6®@0) € Lo and B (5@ %) =, So, :vEI 1mphes that mEIa, It i obvmﬁs ‘that
I= UI is an ideal of 4 'and J= I@B ------ ;

Gorollary 8.7. Let Abe an' AF=algebra and B any semple O*~algebm Then,
every ddeal in A ® Bisof the form I ®B for some zdeal Tof A..

Using the same’ method as in the proof of Theorem 3.6, one can prove
- Proposition 8.8.. : Let ‘A be the direct limit o f {dq a€ A} and B any O*~dlgebra.
If, forr every. o€ A, any idealin A, ®B és of the form Aq ®J for some edewl J“ oj"

B, then every ideal in A@ B can be ewpressed as, the forva & J for some edeal J of

min
B.
In partiéular, we get. g SRR S
Qorollary 3.9. " If A isa UHF—algebm, then for any O*—wbgebm B ewr’y edewl
znA@BesoftheformA®Ifo¢someedealIofB Ca

St Propertys D and @

“To study ideal structure’in O*~tensor products ‘more: generally, we ‘introduce
xthe definition of property (T), which will help usto understand 1deels in-O*itensor
products. By Theorem 3.1, we see that any scattered 0*—a.1gebra ha.s property .
‘Moreover, we introduce the eoneept of. property (K) a,nd get. the relatlonsﬁip
‘between. property: @ and property (K) The O*——a,lgebra, Wlth property (K) is
:elosely related with the. 0*—algebrele extensmn theory (See [2], Theorems A2 d
B). Therefore there ex1sts elose relatlonshlp between the extensmn theory a.n&

;the 1deal structure in O* tensor produots ' A
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Suppose that {I,, A€ A} is a family of ideals in O*—a,lgebra, A, We uge the

‘notation I="3) I, to mean that a:EI if and only if there exists a sequence {=,}
A€A

converging to » in norm, where #,& ) I,, and 4, is a finite subset of A It is easy
A€EAy

to prove that I is an ideal in A4, : - -
- Let A be a 0"-algebra. We say that A has property (I) 1f for any 0”—-a,1gebra.'
‘ B every ideal 1n A @ B can be expressed as the form I, ® I where I, and J a

min . . . A4 mh
are ideals of A a,nd B respectlvely We first have
Proposition 4.1. Ifa O°-algebra has pfropea'ty' (I), so does its quotients.’
Proof ‘Given a O*—‘-a,lgebra, A with property (I), we let I, be an ideal of 4
and ¢ the canonical map. from A onto A /Io, Then g@l is a homomorphlsm from
A ® B onto (A/Io)®B For any 1dea,1 J in (A/Io)® B, there is an 1dea,1 J' in

min

‘A®B suoh tha,t J= q®1(J’) Since A has property @, J’ can’ be expressed ag

Y min

=X1,@ J,, where I and J, are ideals.of A and B respectively, Then, we have

min

J= g@l(J’) g@l(}]I,,@Ja) Zq(I@)®J,, ZI’®J1, Where I! ig an ideal of

A/I,. So, the propos1t10n follows.
A 0“—a1gebra B is.said to have property (K) if, for ‘any O*-algebra A and
any ideal J of B Ker (GRL).=J ®A where ¢ is the canonieal map from B onto-

" B/J a,nd q®1 thé ho’momc‘srphlsm from B ® A onto (B/J ) ® A 1nduced by ¢.

Now We g1Ve a necessary condition of property (I).
Proposition 4.2. Properisy (I) implies the property (K).‘
. ‘Pfroof If there were a O*-algebra A having property (I) butnot having
‘property (K), then there would be anideal I'of A and a 0*—algebra B such that.
J = Ker(ng)QI@B : A - '

Obviously, J is an ideal in A@B Since A has property (I), one can wr1te J’

min

as J=31, @J . Where I, a.nd J » BTe 1deals of A and B respectively. By the-

assumptlon, there is an 1ndex 7\»0 such that I M¢I i, e., there exists an element o
in I;;duch that % is not in I.:For any non-zero element y in-J,, s@y lies im.
L.®J z.Cla.® Jx<J, But 'we have q@l(m@)y) q(w)®y#-0 ‘The contradiotion.

shows tha.t A has property (K)
The followmg proposntlon oharaotenzes property (K) o
Prop051tlon '4.3. 0*—alqebm B has propefrty (K) if and. only &f; fo'r any o
algebm A and any edewl I 0 f B the tmple (A ‘B I) fvem ﬁes the slece mwp congectwre

Pa‘oo f Let q be the canonlca,l map from B to B /I Then, for every w Em, ® yﬂ
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in AR B and any ¢ € 4%, one hag
£2Ro(@) =2 Ro (3000 )= (B 0 @)= p @ (w

=B, (3 0®4(9) )= Roo (1Q0) @)
Thus, by continuity of R, and ¢ and the densuty of A®B in 4 @B we ha.ve the

equation goR,= Ryo (1Rq). . _ L o v

Now, suppose that (4, B, I) verifies the shoe oma,p conJecture leen o in ker
(1®q), we know that g°R, (w) R.(1®qg) (v) =0, “and thus R,p(cv) igin I for a,ny
pE A, So, @ belongs to 4 gg I, and we have ker (1®q) A@n I, Thls_ghows that B

has property (K).
Oonversely, suppose that B hag property (K). If = is in A4 @B such that

R,(») €I for evéry @€ A%, then R,o(1Rg) (v) =g¢oR,(s)=0, Since the set {R,,
@ € A"} separates elements in A® (B/I), we get (1®g¢)(%)=0, and thus =

belongs to ker (1R¢q) = A@I

Pr0p051t10n 4.4, Suppose that A is the O*-algebra with prroperty (I) Then any
4deal J of A has pfroperty @.
Proof Tt is olear that J ® B is an ideal of A ® B. For any ideal J’ in J X B,

win

J' is an ideal of A ® B. By the agsumption on A, we obtain J'=2]I,® J,, where
] min - o A min
I, and J, are ideas of A and B respectively. By Propositions 4.2 and 4.3, (J,, 4

?

J) verifies the slice map conjecturé. Then, any s €J,Q L,cJ'CBRJ, R,(w) igin
: ) - min min :
J for every o€ J;, and thus s€J, & J. Therefore, J,® I,cJ,®J. Using the
nmin min min

‘method gimilar to the proof in Theorem 3.6, one can derive I,<J, i.e., I, is an
ideal of J, So, J has property (I).

Proposition 4.5. Lct A and B be O*-algebras with property (I). Then AXQ B

has property (I).

Proof For any O*-algebra 0, (4 ® B) ® 0=A ® (B@O) Since A4 hasg

‘property (I), any ideal I in (4 ® B)® O is of the form I =2 I ,L® J, Where I, and
J.are ideals of 4 and B®O, respeotlvely For every A, J,= 2 Jhs ® K,,:since B

. min

‘has property (1), where J, ; and K, ; are ideals of B and O, respectively. Therefore,
“We geot I=§ ST Jh) @ Ky, 1. 0., Ag B bag property (I).
[ 2 min . min -.
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