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•<#FI?FP1̂ UF；W 9^rai xeoxtioxt^o g^t q̂TM.

V *i：S〇l〇do^ Cf l̂v)^ W « SI JO
•- . ...々.••. . • . .+.,:+ • •

pn«um8|s[ U0A SuxdopAxto eqij. e^onop 〇% oen 〇丛 •b Q({y ^[^opx
• -".....

p9S〇p xrBQm 汨 jo epep! ；mo tt!仁笱可丰 9|〇u 9丛
■ : . V1 ’. . y.v. v . ' \. .. «Tm ： ;=
. ' .Sf ptra y jo 郎at^ Xq p9niuu9押p aq trep 必 y pepj XtTB q/et^ u丛oqe

bi !).t (peas^ws jo) £；y xtb et y xie^^ oq nm iBaqeSi^jC) qons
■ • • • . .. ' • - ,. n̂in
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§ 2. Slice Map Property

In tltis seotion, we discuss the slice map property. Firat of all, we have

L e m m a  2 .1 Let Abe at Ô -algebrcoy and ebe a central projection in A**. Theny 

ef] A  is a closed two-sided ideal in A. On the other handy every ideal of A  has this 

form. .

Proof Since 0 is a central projection in it is easy to verify that A** ef\ A  

is a closed two—sided ideal in O n  the other hand, by [3, Theorem 2.5], every 

ideal of J. has this form.

Let jS be a (D#̂ balgebra of a 0*-algebra J.. For every X  in B**, we define 

®(X) g (th^ cr(J.** J.*) closure of .B in J.**) as follows. For any F ^：A*, let 

(̂_2T) (_F) I jj).. By Progositions.l .12..3 and .2.11.4 in. [4].，. have

L e m m a  2.2 Lei A  and B  as above. Then ̂  is a W*-isomorphism from B** onto 

B°.

Propostion 2.3. Let B  be d CT-subalgebra of (^-algebra A. If <0^： A  and x豆B ， 

tfyen Therefore A^\Ba^ B . ： 二 .

Proof As O/GM there is an element f in A* ^uph that / (a?) =^0 and

办 万 )=0• If，e had that there would, pxi尽t a 夕 in such that =  〇3,

\yhere #  is the jtsomoxpliisni in L e m m a  2.2, Hence, 0^/(^)-^(/)=^(2/) (/)=1 

2/(jfU) =0, a contradiDtion. This completes the proof,

'B e m a r k， By L 4 mma 2.2, we often identify 5** with JS' Tlien i  fl 5**=5
-v '

whenever BczA.

- A  ̂ -algebra B  ia called scattered if B** is atomio, i. e., B** ia a direct sum of 

some type Z factor1153. Quigg proved that (J. (g) 5)**=4**®^** if and only if 4  or

B  is a scattered O^algebra, where A** ®  B** is the ^-tensor product of A** and 

B** (See [5]). W e  also know from [5] that any O'-subalgebra of a scattered 0*- 

algebra i$ scattered.

Let A  and JB be 0*-algebraa. For any <p^.A\ we define a linear map 2  di®h l-> 

2  ̂ («t) bi fromiL®-B to B. This map oan be extended to a bounded linear map from

A  (g) B  to B. W e  denote this map by B v. R v is oalled the right 0*-slioe map
^  '■ ... 

det^rmmed by ?>.

and jB be 0*-algebras, and 0  a 0*-subalgebra pf B. The triple,(J., B, 〇)
- • . .+ . , +  . +  • * • • . • ' . . . . . .

is said to verify the slice map conjecture if (pg ̂ (g)5fnd, for every JL*

implies that a; is in J. ®  O  (See [8]). . . , . ,

Archbold ̂ nd Batty propped a problem whether tiie !t?iple (ji/5, 0) Verifies 

;fche Blioe map conjeotute fbr-any nuclear C?#-algebra jS* where is any 0 #-algebra
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and 0 is any (T-mVbalgeljra of 5 . T he'fallow ing theorem partially ansiwers the  

problem affirm atively.
. • . 1 

T heorem  2.4. If B  is a scattered 0*-alaebra and 0 is any O^subalgebra of B,
then for any O^-algehra A  the triple (A, Bj O) verifies the slice map conpGture,

Proof As 5  is scattered, we have (A ®  Now, suppose th a t a； is
nxia

in j . ®  j? and is in <7 for every 穸 in. ：4*. A n  e]em谷ni: a/ in (」•较 力 ）** oan be
min mlu

defined by = i/r(jB„(；c)) for any q>£ A* and ip£〇* since A* (̂ ) 0*= (J.(g)b)®.

I t  is olear th a t ^{xr) =  xr (<p®xfj | A ® ), where ^  is the isomorpiiiiSta iri Lemma
rninO

2 .2. THerefore, tc=^(xf), and ccG (J.(S)Of)°,. By Proposition 2 .3, We kndw th at
min

A  ®  0 = (A  (g) 0)° V\{A®B),  henoe a; is in  J. (g) 0 . The proof is eompletfed.
min mJa min mia

§3, Ideal Structure

In  this section, we will obtain our main results on ideal structure in  certain 

O stensor products. We first have

T heorem  3 .1 . Let Abe a scaftered and B  any 0*-algebrat T h m
any ideal of A ®  B  can be expressed as the form  2 e ®  ^here 1¾ and J % m e

min . ‘ A€ yl .-. min

jdeals of A  and B  respectively，and JL is an index set、
Proof As is a scattered 0 #-algebra, (A (̂ ) and A** is a direct

min

sum of some type I  factor, i. Putting an<  ̂ denoting
i ^ r  i e r

tlie projection from 丑  onto jffi by 沪i for -very 么 iii /"，wo oan easily see that 外 ，g 

are in .A*\ W e  also have (A(g) =  ：
min iGi1

Regarding B(H^) as a subalgebra of A**; we can easily prove that tlie center 

of ( J l®  J5)** is S®  CjP<® where Z  is the center of jS**. Thus any central
min i ^ r  - •

projeotion p  in. ®  ^ ) ** can be written.a'sp  == 2 ® p ®̂q}., where q% ^  are projeotions
.min u A€ JL

).n Z  and J. is some subset of r.

..A n y  weaJk closed ided (>4 ⑧  5)** is/ asso；eiated with a p：rô ctiort|> In

iA ®  S ) ##. By above, there is an index set A d T  such t h e b t Therefore^
min ' 入e r

(A ®  p -  (A**®B**) p ^ B * *  q,. Now, putting A * ^ A - h  and
min A & A  '

one oan easily show that o：vA J**=B**q%. Since any ideal

of a scattered 0%algebra.is %l$o gcatiered, it follows from [5] that (1^ ®- 'J
min

i〇T eveij Thus we get S® ^  ®  ®  5)  ^
x e A  min 久€ 儿、•,， min min
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® JA)*en (g) 5=s® ir§«/r) n u  ® [](a®b)
^(zA miu min %^.A min A € A min

((』_**(2XB**»n(A(g)_S) =  Gl(^)ji5)**pn(-4(g)5)，i. e” wb have the following
mia min min

equation (A (g) B)**p fl (-4 (g) 5) ==S® The theorem follows from L e m m a
… . min min ASA • mia

2 . 1 , .  ,

Corollary 3. 2- For any 0*-algelra A, every.ideal in A ^ K  is of the form
» . min

I ®  K  for some ideal I of A } where K  is the -algebra, consisting of compaei
> min

operators on some separable Hilbert space.
n

Proposition 3, 3. Let If, for any 0"-algebra B, every ideal in

Ai B  is of ihe form Ai ®  Iiy where Ii S are some ideals of B } then every ideal in
min •• ••••、• - —mia

fi
A  场 B  is of the form ®  A i ®  Ji for some ideals J\ of

min issi min

Proof Let D  = D 1@ D 2 be the direct sum of O* algebras D% and D 2. It is blear 

that D**=Dl*@Df/. A ny oeiitral projection, e in D #* can be written as e— e i @ e 2, 

where e% and e2are central projections in. Dj. arid D a respectively . W e  note that 

Z>**en力 = 〇Dr^ni)：i)㊉（沉 *«2〇刀 2)，i, e.，every ideal of D  can be expr郎se.d. as.a 

direct sum of ideals in i)；! ’and D 2, Tims th^ .proposition follows fronj the ̂ sumption
■j ■ \  \ . • • . - ............  -  ....................  - ' • -

and induction.
• >  . .-.i 、 . .  . . i .  .. j  • -

Oorollary 3. 4. If A  is a finite dimensional 0*~algebray for any O^-alge^a 

B, emry ideal in A ®  B  can bê expressed a$ fhe form S ^  ®  ̂  where I^s and
mia i  mia

are ideals of A  and B  respeotimly.

’ To pr〇yfe Theorem 3.6, we n^ed the foilowing 1

：■ Lexxlma 3v 5. J/ A  is the direct limit of {Aay &^1%} <md B  is the direct limit

of {B^, th^n A  B  is the direct limii of B q, (a, /3) 6 -fix •
mia min

Proof By [4] or [6]y we may assume that [J A a and U  where
£<<c /l

and 5is are ̂ -subalgebraS of A  and B  respeotively, and ̂ aCTiia^jB^Ci^/) whenever 

a<bs,()8<^3〇k So, it suffices to prove that . U  A a (g) B s.
min <.citiQ)€liXIi ' min

It is olear that A  ®  .BZ5U A a %  Be. O n  the otter hand, for any 〇}= S  ̂  0
min min #-1

iii jA ®B(aigebraio tensor product of J. and B) and any positive nuniber s, letting 

M ^ m a x  2, ；one can find a〇y j8〇 and o^QAa〇i b ^ B ^  m o h

也 的  I和 一 aj|l<s/2w從 .and J&r- &l|<s/2办 (多==1̂  ^  n)..Tluis we have

4=al
<s-hs2/4w2Jf2,

and ® is i n U  A a (¾)B b. Therefore, equation J. ®  J S - ^ 〇,(¾)¾ follows from tlia
mia min * min

density of A ® B  in A  (S) B.
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Theorem 3〇 6. Let A  be the Mr^et limit of {Am a ^ A }  and B  a simple O*— 

âlgebra. If any ideal in A a (̂ ) S(〇iQA) 4s of the form Ia 0  B  for some ideal Ia of
min mia

.Aai then every ideal in A  ®  B  can be wriUen as I ®  B  for some ideal I of A.
mia mia

Proof As in the proof of L e m m a  3.5, we may :assume .that B y

L e m m a  3.5, we have A ®  =  B  Just as in the proof of Lemria 12.4.1 in
. ^ ia-； -. . .  ..: . . ■ - . ' . ： ' . . . .

[4], we know that any ideal J  of J. (g) 5  can be expre^ed as where
mia * 1 a e Z

- . .  . . . . . . .  : ..卜.. 、

• J a =  (x)' J3) Q e/" is 0iH kIgojI m  (̂ ) 5  (os ̂  .
* niin * iaia

By assumption, «7« == 1« 0J? for some ideal Ia of A, W e  claim that
m m  . . .

；* •: - . - .  . • . • ' ：• /  . . . . .  •.

whenever a<C.dr. In. fact, for any x in Iaf taking b^O ia B  one can choose an f in. 

such that /(6) =  1 by the Hahn-Banach. theorem. Since
mia ;jiin

■R/(6®a?) ̂  1«/ and B  (5®®) =®. iSo, x G I a implies that a ; I t  is obVious that 

I =  (J Ia is an ideal of A  and / = 1  ®  B.
a ^  min

Corollary 3. 7. Let A b e  ̂ nfAF.^alqebfa B  arty simple O^-algebra. T h m y 

every ideal in A ®  B  is of the form I ( ^ B  for some ideal I of A.
min min ， …

Using tlie same method as in the proof of Theorein ：3 #6, oile can pr〇y^

Proposition 3.8.  ̂Let A  ̂ e tk& ̂ ireGt K w ^  o/5{ cc^A} amA B  Qny O^ulgebm.
■ ...；

.J/, f of ̂ ery A r any ide^lin A a ®  B  is of the^form A a®  J  some idml J a Qf

B, then every ideal in A ®  B  can be expressed asrth& form A  ̂  J  for ̂ ome ideal J  of
mift mia

'*i *» - •
7 1  • - >. - • • • - • . .,.JD • • . .. . - .

In ♦artidiilaiv we get - '

Corollary 3,9. If A  is a USF^algebra, then for any O^-algebra Severn ideal 

\in A ®  B  is of the form A ®  I for some ideal I of B.
min mia

§ 4. Propertys (I) and (K)
. .. ：

To Study ideal structure in OMensor products ̂ tabre； generally, -w*e introduce 

t̂he dej5nition of property (I)/ wliiQ^ will kelp us to utiderstBi-nd Ideals in 

products. By Theorem 3.1, we see that any scattered OVafeebrahaa prQpe^ty (J).r 

[Moreover, we introduce ^he ：c ^  pf； property get; reJ4

bet^^en property^ and . property ^  C^lgebr^ wii^,,pr9^ y .  (JC) is

uolosely relat^d with the；0*--aJg€|l3raio extengipn f2],, Thep^i^

B). Therefore, there exists close relationship between tlie extension theory and
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Suppose that {IM is a family of ideals in 0 #-algebra-4 , We use the

notation J = 21  mean that co£l if and Qrily if there exists a isequence {xn}

converging to 0 in norm,； where 2  and A n is a finite* subset of A. It  is easy

to prove that I  is an ideal in  A,

Let J. be a C?*-algebra. We say that ud has property (I) if, for any O^-algebra 

B, every ideal in J. ®  5  can be expressed as the form S  where and J %
min .-...- 入 min

are ideals of A  and B  respectively. We first have

Proposition 4 .1 . If a 0 9-algebra has property (I), so does its quotients.

Proof Given a 0 *-algebra A  with property (I), we let I 〇 be an. ideal of A  

jand q the panonioal map from onto -4 / I 〇, Then g(g) l  is a homomorphism from 

A  ®  B  onto (JL/I〇)(g) jB. For any ideal J  in (A/I〇) <S) B, there is »n ideal J f in.
min ' min min

A ®  B  such that J = q ® l ( J ,) .  Since A  has property (I), J r can b e . expressed as* 

J ' = ^ 1 }.® Jx, where 1 ¾ and are ideals.of A  and 5  respectively. Then, we have-
min : 一

where I'x is an ideal o f
min min mia

A /I q. So, the proposition follows. ""

A 0 *-algebra 5  is said to have property (jST) if, for any 0 *-algebra A  and； 

^n y  jdeal J  of B, Ker (^® 1) ?= «7 ®  where q is the oanonipal map from B  onto>
xiiin

B/J and H^ditforphism from B  ®  A  onto (B/ j)  ®  A  induced by ¢.
. . . v.. ； ；， ?  miD mln

How, We give a neo^saafy condition of propeity (I),

Proposition 4 .2 . Property (I) implies the property (K ).

Proof If there were a 0 *-algebra A  haying property (I) butnot lxaving- 

property (K )/th e n  there would be anideal J  of 4  and a ^-algeb ra sucli that. 

J  == Ker (g(g)l) ®  B.
min

Obviously, J  is an ideal in A 0 B .  Since A  has property (I ) , one oan write J '
min

as «7 = 2 «7■入, w.here 1 ¾ and / A are ideals of and 5  respectively。 By the-
min ■

assumption, there is an index A〇 such that i f e., there exists an element a?

x ® y  lies ia

I%t®  J J , B x i A  MQ have flr®l(a?® «/) =rg(a;)®«/^0 , The oontradiotipa,
min

H iias property (K ).

Tlie following proposition oharaoteriz^s property (K ).

^ropO sitibn 4 *3 . O*-<A0bta B  jpropeti^ fbr any 0 *--

U. any ideal I of B/th^ iriple ( A, B } 1) conjecture.

Proof Let g b© the canonical map from J? to every ¢ = 芝 巩 名 )和
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in A  <2)5 and any 2*，one has

g o B ^ ^ q o B ^  ̂  Xi®yt) = ¢ ( 2  <P (®<) (®<) ? (2/0

= ( g  叫 物 (扒) ）= JR， (l(g)g) (a>) •

TThus, by continuity of and q and the density of A ^ B  in -4.0 5, we haye the
nua

equation q°Rp= R v° (l®g).

Now, suppose that (A, B, I) verifies the slioe 〇map conjecture. Given x in ker 

(l®g) , we know that g〇i2v(a;) == (¢)— 0, and tjius ^(a;) is in Z for any

q>QA*. So, a belongs to A ®  I, and we have ker (1(¾^) (x)I. This shows that JS
mia min

has property (K).

Oonyersely, suppose that B  has property (K). If ® is in J. ®  J8 such that
mm

JSp(〇5) € 1  for every q>£A*, then R^{l®q){x)==q° B<p{cc)==0, Smoe the set {JS«p, 

separates elements in J.® (B/I), we get (1^ 2)(^)=0, and thus oa
m in

belongs to ker (1(¾^) =
mia

Proposition 4.4. Suppose that A  is the 0*~algebra with property (I). Then any 

ideal J  of A  has property (1) ,

Proof It is olear that /(x) J5 is an ideal of A ®  B. For any ideal / 7 in /  ®  B y
min min min

J' is an ideal of J. ®  5. By the assumption on A, we obtain where
|nin . . 久  min

and J % are ideas of A  and B  respeotiyely. B y  Propositions 4.2 and 4.3, A, 

.J) verifies the slice map conjecture. Then, any R 9(〇}) is in
mfn mitt

J  for every and thus Therefore, jj,® Using th.e

.method similar to tlie proof in Theorem 3.6, one oan derive I^C：/, i. e.，1¾ is an 

ideal of J, So, J  haa property (I).

Proposition 4.5. Let A  and B  ie 0*-algebras with property (I). Then A ( ^  B
mia

.has property (I) •

Proof For any ^-algebra ¢7, (J.(g)jS) (J5(g)0)* Since A  itai3
mia min min min

■ property (I)，any ideal I in (i ®  JB) ®  .0 is of the form I = 2 1¾ ®  ,  where 1¾ and
mia mia % min

.J A are ideals of A  and B ® 0 ,  respeotiyely； For every X, ^.{Siace B
min i min

lias property (I), -where J'Xii and K hti are ideals of Band O, respeotiyely. Therefore, 

-vsre get I = S S ( A ® ^ a.O i- e-> A ®  B  has property (I).
% i min min min

Acknowledgment. W e  should like to express our gratitude to Professor Ye 

Yanrun, Professor Lu Ganting and Professor D u  Hongke for their enthusiastio 

-encouragement and guidance in writting this paper.



470 QHIN. ANN. OF MATH. Vol. 13 Ber. B

R eferences
/ ■ . -

• ■ • • . . . . . .  *
[ 1 ]  Dixmier. J ., C^-algebras, North-Holland Publishing Company 1977.
[ 2 ]  Bffros, E. G. & Haagerup, U., Lifting problems'and local reflexivity for (7#-algebras, Duke Math. 

Jowr.f 52 (1985).

£ 3 ]  Kadison, R. Transformation of states in operator theory and dynamics, Typology 3: Suppi. 2. 
^  (196^), 177—198; • v;-

[ 4 ]  Li, B. R., Operator Algebras (in Chinese), Scientific Publisher, 1986,
[ 5 ]  Quigg, J . 0«, On biduals of CMensor products, P tog. Amer, Math.'Sod.f 100: 4(1987), 666—668.

£ 6 3  O^-algeWas and Springer-Vferlag, New York, 1971.
[7  ]  Takesaki, M., Theory of Operator algebras I., Springer-Verlag Berlin； 1 9 7 9 ...
[ 8  ]  Wassermaim> S,, The slide map problem for -algebras, Proo. London Math. Soo., 32 (1976), 537-—559* 
[9  ]. ； W ^erm ann, B\-f A pathology in the ideal space- of L{H) ® L (H )9 M iana U. Mathy / . ,  27(1978)^ 

1011—1020.


