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DESTORTION THEOREM FOR BIHOLOMORPHIC
MAPPINGS IN TRANSITIVE DOMAINS an

| Zuene XUEAN (%{S #F522)* Gowna SHENG (% § ) o

, Abs_t;fa;c_t

Based on [1], this - paper gives concrete estimates for distortion theorem for
bikolomorphic convex, mappings. in elassmal domains of types I, II, and III mcludmg
transitive domains WhlGh are holomorphleally homeomorphm to these domains,

§ 1 Introductlon

Let M CO" be a tranmtlve domaln, bounded or unbounded m be a pomt in M

Let G be a Lie group conSIStlng of some holomorphlo a,utomorphlsms of M and
acting transitively on M, K be an 1sotropy group of G which. leaves m ﬁxed We

denote by /9 holomorphle automorphlsm of M which maps 2E M to meE M i. e,

: lﬁz(z) =m, and denote the Jacobian of :,bz by J - IfMis unbounded we must assume.
det J .,,,‘(m) 1forall kin K. Set K (2, 2) =c det J W(z) det J ,,,,(z) Wlth c bemg‘

' eonstant and denote K (m, m) 1( 9 z) >z=m by O». Then K (z, z) g Well

deﬁned and if M is bounded K (z, z) i the Bergmen kernel functlon for certain.

constant ¢.
Suppose f i¢ a holomorphic mapping of M mto on. Then we can use K (z, z),.

O, and coefficients of the expansmn of f to expressthe det J;(z). Thig ig the regult:

of Gong and Zheng™'.

Let M0 be a boundel symmetrle domam contalnmg the orlgln, and M be-

the canonical - Harish-Chandra realization of Hermitian symmetric space G'/K.

Then G is a semisimple connected: noncompact Lie group. with finite center, K is a.

maximal compaoct subgroup of G+ which fixes 0.

Let g be the Lie algebra of G, % be the maximal compact subalgebra of ¢ which
corresponds to K. Then ¢ has. the Oarban decomposmon g=Fk-+p. Suppose @ is the-
max1ma1 Abelian subspace in p, A is the a,na,lytm subgroup in @ which corresponds:-
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to @. Then @ has Iwasawa decompogsition Gt=K. AN .

We can choose a basis of @, Xy, X, +--, X, where ¢=dim a=rank G'/K, and
for any X €a, there exists & unique deoomposutlon X 3 X 1@ X g+, X, For
every zE M, there exists X €ag and k€ K, such that z=¢ (exp Ad(k) X +0), where o
ig the 1dent1ty coset in & /K £ ig the canonical holomorphlc diffeomorphism of G /K
onto M. Because K acts on M Just as a subgroup of the umtary group U, acts on O,
we have

z=£ (expAd (k) X «0) = k¢ (exp X +0) = AF,
where A=£(exp X +0) = (tanh @y, tanh @, ---, tanh s, 0, -+, 0) EM, F= (k) €U..

‘We say that -the holomorphic mapping f(z) =_( f1 (z), fa(®), f,. (#)) which

- gnaps M into O" is normalized if f(z) = =2+ 3; di#i2s+ -+, where

dig= (ds®, =, d™), 2= (25, *++, 2,) EO™
A famlly S of normalizd holomorphlc mappings of M into O" is called an A4
~invariant family if the followmg condition i3 satisfied: the composition of any
SFES with any holomorphlc automorphlsm of M, after normallzatlon, remains a
.holomorphlc mapping in 8. o

Gong and Zhengm proved the followmg result.

Theorem 1.1. Under the same assumgptions given dbove, if f Gs @ mrmal@zed
Ibfbholomo'rph/w mapping of M into O fES where 8 s a family if A—invarians
bOholomorphw mapping, z=E&(exp Ad(k)X 0) E M, X ——wiX 1Fetw, X, g= dlm a=
rank G /K, then the following inequality

{log (dot.7,(z) / (K (3, %) JE(0,0))*2] <c(3)§=}1 log ((1+ | tan hay])/(1— | tan hay|))

;%Olds, 'lbh@’r@ C(S) =Sup {zé}f kpi (Zg)y fE Sy p=1, 2} R n}! (lﬂpi) E Un

and K (,.) és the Bergman kernel function of M.
Theorem 1.1 implies the following distortion theorem:

K (2, 2) (11 1—[tanhap|\'® dot 7 <JK(Z 2) (1 1+ [tanh | '®
Z(0,0) Eil+ltanhmp!) et T30 | S/ 5oy 1 ]tanha;p]>

- In thig paper, we will obtain the estimations of ¢(8) when M is one of the

olassical domains of type I, IT, III, and § is the family .of blholomorphlc convex

ma,ppmgs

§ 2 Some Lemmas

Lemma. 2.1. c(S ) m Theorrem 1.1 can be ewprressed as.
. ey —sup {Sag, res, i=1,2, 'g}.
l’rroof If f(z) ES then '
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f(zﬁ)k 1—z+2 dirgi+ - €S,

where
d;—(d;, y Y ds'(;o)"

The components of d,; are
~ [
ds?("') = 2 dgn)ksi]apjumn 7'=17_ 3 e m
¢, §,m=1 *
where 5= (v;) €U,. It is easy to verify

2 d P = é dg;n)ketkpi"vmﬂ

p=1 p!‘pjn”':l

- é ’ksﬁm 2 703¢ ao.

tyd,m=1

If 8 is the family of convex biholomorphic mappings, f ES then

F ()= (f&h) + () /2€f (M) :
holds for all z€ M. Let ¢ () =f*(F (¢)). Then @ is a holomorphi¢ mapping which
maps M into M with ¢(0) =0. ¥xpand ¢ as power series at z=0
? () *zJ #(0) jFQZ_ Pis (O)zgz, |
By the deﬁnltlon of If'(z), on the one hand,
\ F(z) (eF +2)/2 +1 T 2 d,,((zio) (z%) iH ) e
and on the other hand,

FP@)=f(e®) ¢(z)+ E dups (Z)¢;(z)+

=2J9(0) + ‘%fm;(o)z;z, + 6,% dsf-(zJ,,(O) Y@ 5(0)) 54+,

where ¢(2) = (1(2), *--, @a(2)).
These two power series express the same mapping F(z). Comparing the

ocoefficients of the first order terms, we ha.ve
J,(0)=(% +1I )/2.
Oomparmg the coefﬁclents of the second terms, we have

5 Z dis((2h) (zk) o)

= 2} q),,(O) % z;+ Z‘ i —2—(z§+z) 5 (zla +2)s.

Thus
2 ‘Pu(o)z:’ﬂ'r-—- 2 dﬂ((zlﬁ) (2k) ,-—}-z,z,)

% > di:(zk)izf—'_ 2 (k) -

%— 2 2 dpskmkjp *‘du >f"""! :

% _‘.’f}l P:3=1-_~:_

13 Grenpet 3 Gande ..

oJ=1 N1 0
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"'We get the expression of ¢;;(0) as - A
” ~ 1 7 .
Pig (O) """< 2 dﬂskzskm st:) 1 2 dsikis ""‘Z Edsikic

Pys=1 s=1

= 2 Wip Opg Wig,
7,4=1

where (w) =(k—1I)/2; the exppressmn of p(z) as _
o)y =2(k+1I)/2-+ i'%;'q Wip Qs+ e @
Let & =2(F+1)/2, n=2(F—I)/2. Then Re(¢, 1) =0. In fact, since F€ U,, we have
& =t =G+ G-DF/A o
= [zl?l?"’ +2le —ohz —22'] J4= k2 —2k2'] /4= —Imekz' /2.
~ Let ¢;=(0, --+, 0, 1, 0, -+, 0), all the oomponents are equa.l to zero except the j-th
»component which equals 1. -
Lemma 2.2, If the set F ={zwex€ M} in M is the umﬁ d@ck then
D] <1; §=1, 2, vy . fo
Proof Taking f=-—1I.in (1), we have
p(z) = E Wip dpq’w:qzaz: o= dng RgRgt oo

LIy 2L Dyq

and p(k) EM smce (p(z) maps M into M. In pa,rtmular we ta,ke zkekEM thon
QD(ZW;«) Qg+ €M
‘holds for any #,=re?, 0<Kr<1. Thus
20 . L .
?];v- fo p(reop) 6™ dy =rdig
‘The j—th componentis - o oo
2w v .
-;;JO @;(reey) o™ dy =r?df. ..
“Then B
2-1(§) 1. 2 i s N s .
|r* di l<—7; fo |@s(ro®er) |dy<<1. .
“Letting r—>1, we obtain Lemma 2.2. o ;
Lemma 2.8. If the set {z0; —l—zkek[zj——:ne vs zk=q~kew’= 0<o~,, fr;,<1 0<y,, Yl
A} M, then -
| |1 <1/2, j*k, m=1, 3,
Proof Taking 5=—1Iin (1), we get '
' q)(z,e,-l—zkek) Zd;kr,me“”d“”"’+ w0
by (1), where z;=r;", 2 =167 We have -
1
2m .
"Taking the m~th component on both sides, we gei; »
2175 f L q2,,,(z_,-e;+zke;a)e“("i+"_*’ d9; =205, (m) ri1re.
“Hence I2d,7¢(m) limsly . S ‘

2@ (2w o
I . (z;e, + zkek) 6"“”4””") dy; dyk = 2d 71631 %e
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Let ting ri=>1, ry—>1, we prove the lemma. .

Lemma 2.4 If the set Ba={z6;+ 22y S M} forms the complex ball |z;|%+
|| 2<1, and for any &, n€ Ba, |€|%+ |n|2<1, Re(§, ?7) 0, there ewist 2E€ By and
k€K such that§ n= z, E+n= zk then I
CldRl< VT /2.

Proof Take &=£e%e,=ai|n| ‘e, n= n,e,-l—me”’ek, a& R, and Ifkl"’-l— ln,[2+
lnk[2<1 Then . : " -- :
' p—n) = §+2d9q"7p"7q+ EM
by (1) The %~th component ig-~ : ' e

P(§—m) = Ske"’+2d name'”-l—Tfk(m)ze‘”-FO(ln[3), .
wwhere T is a constant. Hengce -

G adfinn T+ 011 =5 [ e -mevay,
and o
N o |§k'|‘2d(7r)77ﬂ7k+Tfk("h)z"'o<|"'713> ’<1
This implies _
_ 12d§’;‘c’mm+Tfm+0(ln'l*”)I . <1' ‘
T €l — 20 Ememn— L || 7/1'*‘0([77“)]
Ohoose §, 1 such that 1— |§|2— ln{z*o(n|2), and hm n,]fq[

hmnk|17] ~To bk, llm §k=w;., Then

{710
124§ )bibk"‘Talc i
|1— 206}7,?% by — T | | d(b,) |
when l?’ll—>0 By thie choise of £, 7, we havelwk| =1, choosmg by =0, leI =1, Tb;>0,
we get |T|<l/2 Takmg b,, by such tha,t 2d§’,?wkb bk>0 we have ‘

l2d<’°>b bl — [T 82
T T2d5%0; by + 1T 53]

<i-

<L

Hence
4|d‘k)b,bk|<1+2|szl<1+ |b,[2
i.e,,
| xd<’°>1<<1+ tb,12>/(41bjbkl>
We.get |df | <«/2/2 whenwe take |b;] =1/~/3, |bi] =~/2/3 since: "
lbf|2+|bk|2—1

§ 3. Dlstortlon Theorem of Convex Mapplngs
_on Classu:al Domalns of Type I

The olassm:ﬂ domain of type I: RICO"'“(m<n), is deﬁned b z—(zu, 20l By
s Bmdy " z,,.,.) if a,nd only if I R i

o g™ (2 Y cicm taicn
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satisfies T — ZZ >0, where I is the identity matrix. In this case,
G=8U(m, n), K=8UnxU,),
and Z can be expressed 88 Z=UAV, where U€U,, V€U,
Ar 00 .
e B B )
A , 0 Apye 0 '
(cf. [, 8]) }\.,—-tanh @y, j=1, 2, - .

If all components of 7 are. Zero except Zps =1, We denote this veetor be Grye
Consider 2o =12;;6;5+ 25,694 There are four possnblhtles (1) i%p, i%g; Q) t=p jxq:
@ i%xp, j=¢; (4 o=p, j=¢."

(L) If i%p, j*g, then zo€ R, if and only if lz,;l <1, lz,,ql <1, Set {z0€R;} is
s polydise. By Lemma 3, |d {’;)?,,q)l<1/2 L o

(2) If i=p, j%q, then 2 R, if and only if 1 Izul2 | 2pq] 20, Set {2, € R,} is
a ball. By Lemma 4, |df | <J2/2. o '

(8) If i%p, j=q. Since I— 57'>0 and I z'y >Oare equ:valent to each other
we have |dfifln|<+/2/2 by, the same reason as 2). .

(@) If i=p, j=g, then take zo=2y6; and 20 € R, if and only if |ey|<1. Set
{20€ R;} is unit disc, By Lemma 2.2, || <1.. SR

Substituting all these estlmatlons to Lemma 2. 1 wo get the upper bound of
01(8) of Ry '

¢1(S) < (mn— m~n+1)/2+(J2 72) (m+'n 2) +1
= (mn+1)/2+ (V2 - ~1) (m+n~ 2)/2
Now we consider the lower bhound of e1(S).
‘We know that the holomorphic automorphlsln ef R; are
W=Q(Z~P)(I~FZ)*R™,
where P, @, R satisfy |
Pe=P@®»=(p,) € Ry, 1.0. I-PF">0,
Q=Qmm, JQ=(I-PP)™,
B._:R(»,n),-_jij;_, (I+P7P)j1,
The holomorphic gutomorphisms of Ry'are convex mappings since R, i3 convex,
obviously, ST
W+QPR‘1—-Q(Z P+P PP'Z) (I- P’Z) -iR-t
) =QUI-PPYZ(I~ -PZ)- Rt B
= (Q’ Z(1- P’Z)'lR Lo
Let F(Z) = Z(I P'Z) -1, Then F(Z) is a normahzed blholomorphle convex
mapping which.maps:R; into.0™, D S S L LI
The (ks) entry of N P RS LT
F(Z)= (F¥(Z)) =Z(I~P'Z)= Z-}— ZP’Z+ o0
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is F(ks](Z) =Z}'s+zj zm-ﬁj‘zh_{. ovo
: Ip (k) : S ’ _ .
aFaZIfZ) =1+§ Dis?is —\-—2 Dript ooy

A o.;.. 0 ' o :
Taking P={ ", , 0<A<1, we have
‘0,?\.--'0. _ i N o
s = %: (m—1+n—1+2)1/3= (m+n)1/2.
Hence ¢(8) > (m-+n)/2.
Lot §=(In 0). Then

Fl(Z) Z(I- §/Z)—1 11mZ(I P’Z)"1 P—(?\,I,,,, O)"

is a normllzed blholomorphlc convex mappmg Whlch maps R, 1nto o™, The
- differentiation of Fy is
AF =adZ(I— §’Z) ‘1+Z(I §’ Z) ~1E47 (I g“'Z)‘1
 =I+Z(I-& Z)"lf’)dZ(I E7).
The determinant of Jacobian of 'y at Z is ;
. det JF,(Z) det(I+Z (I— §'Z)“1§')"’det(1 f’Z)"‘ '
. :}\.1 0--:0 o ’ '
TaklngZ = o . We have

0 o)
i ' m S

det Jx,(Z) =< -2 )"

Fma,lly, We get the ‘estimation of |det J mn(Z)| -

H(1+ IM)""'”< [det Jm(Z) |<H(1 |7"f|>—m-"

ThlS .egtimation is precise, i, e., the. equa,htles holds at some pomts
."We conclude it as . : R PO SEER v :
Theorem 3.1. If f(Z): RI—->O""’ is @ normal%ed b'l.-holomorph@c conwes
mapping, then ' ' ' '

(i1 1-1) (Za+w
(@t (II <14 )

Wh@TG T A R D

>c;(3)—(m+n)/2 )o;(s) —~(m+ n)/z

< ldet Jf(Z) <

)cus)+ (m+n)/2 )cus)'l-(m'i-n)/z

V,UGU'M VEUm 1>7‘41>”>7‘4m>0v
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and ¢;(S) is a constant which satisfies :
© (mtn) /2<e1(8) < (mm- }-1)/2-l-(~/—— 1) (m+n—2)/2,
Conjecture 1. c:(S8)=(m-+n)/2, and Fy(Z)=Z (I- (In; 0)'Z)~* i3 one of
the extremal mappings. »
If the conjecture ig true, then

(g (1-?—7\';'))- - |det'J-f(Z)|<< (]_ 7“)) .

§ 4. Distortion Theorem of Convex Mappmgs
in Classical Domain of Type II -

The classical domain of type II, B, O ™t1/2 jg deﬁned as )
2= 214y ***, B1m %22y ***) %2m """ Zna) If and only if Z = Z‘”’
= (%) 1<s,7<n Satisfies I—ZZ >0, Z=2'. In this case G = ;S’,,(n, R)
=8,(n, @) N8U (n, n), K=T,, and Z can be expressed a3
S Z UAU’ UE U,,, ' ‘
M 0 | L : ‘.
A= . 1>M>M>--->M>O, My=tinh g, J=1 2 e m

If all eomponents of z are zero except z,s—l we denote thJs vector by 6.
Oongsider =20+ 2pe0s. At first we congider the case y%:p, k#g There are four |
possibilities: (1) j, %, p, ¢, are mutually unequal %o each other (2) j=k and j, P,
are mutually unequal to each other; (3) p g and y, k, p are mutualy unequal to
each other; (4) j=Fk, p=g¢ and J*p. S

(1) If j, ¥, p, ¢ are mutually unequal to.eaoh other, then 2 € By if and only
if o] <1, |2pe] <1. et {z€ By} i 8 polydlso By Lemma. 3, |dft doo | <1/2.

" (2) If j=F, §, p, g ate mutua,lly unequa.l to each other then zoé Ry if and only
if |2;5] <1, |2pq] <1. St {2o€ By} is a polydisc. By Lemma 2.8, [d3% 0| <1/2.

3) If p=gq, j, k, p axe mutually unequal to each other, By the game reason ag
2) |dfBan | <1/2. o IR R

(4) If j=FK, p=gq, j*p, then 2,E Ry if and only 1f |z,,! <1, Iz,,,l <1. Bet
{%€ Ry} i9 a polydigc. By Lemma 2.3, ld‘}’%(,,p)l<1/2

Thus Id%‘,’%m)]<1/2 holds When j%p, b%q. , . .

Next we consider j=p k¥ q or k=g, j&p. We only need to conSlder one. oase,
for example, j=p, k3gq. There are two posmblhtles (1) IR k ¢ aré mutually
unequal to eacd other, (2) j=F, j*g¢. :

(@) If j=p, k*q, §, g are mutually unequa.l to each- other then 2€ Ry if
and only if 1— |2|2— |2;4]2>0. {2,€ Ry} is a ball. :
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By Lemma, 2.4, I’Z(ﬁcg(m)|<\/ 2 /3. o

(2) If j=p=nh, j*g, then 2 By if and only if

' (1 [zi:‘z Izaqlz)(l Iz:q|2> fss|? |ziq|2>0
It does not satlsfy the condﬂ;lons of Lemma 2.4, Consider z(%) = z,,e,,—%—z,qe,q Let
(uu uiq>€U2, T
Uqs Ugq , ‘
Ky, is an n X n matrix, all the entrieg are equal to zero except the js-th entry which
is 1. Let U=I—Hyj— By-+uByt wigHq+ugB gt gl e € U,. The corresponding
Z(8) =24 B 1+ 208" (Hiq+ Hyy) . Lot A(3)=UZ ®OU = (a@:;(¢)). A(F) is a syminetrie
matrix since Z (£)is. A(®) € Ry if Z (1) € By Let a(2) =(au(d), -, a1,(8), @2a(), =+,
Gon(£)y *+*y @un(8)) =2(3)V . V is not a unitary matrix. Let {= (z(t)V+z(t))/2, p=
(2(8)V —2(8))/2. Then §+n=a(F), {—n=2(¢). By (1),.
@(2(3))' = <P(§ n) =§ +2quxm maqm;'ﬂ—"s -
and o : .
“(t> (21035 500" u:i:uaq)ei: + (zu“ﬁuqi"‘zaqe (“:quqi“"uhuqq))@m
o+ (aaugs o+ 2n508* uqa“qq)eqq '

We can evaluate £ (¢) and n(2);

£(8) = (2(1+ ('wn ) 5 /2+ z:qen'“huiq) i + = (""hu:auqi + z:qe (1 + Ujqlhqs + uﬁ’“qq) )eic :
| + ( (zﬂ (”q:) /2> + ziqe uqauaq) €agy - i . _ , »
n(#) = (23— 1+ (u5)?) /2 2546 u:’ﬂ:q) 2 —(zu’“uuqi + "?’iq6 ( 1+ uiquqi + uﬁ“qq) ) Gig

+ (%z(“qi) 2/ 2-}—2,,16 'wq:“qq)eqq B

Thus
® (z) =€ +diiin(mi)? +2 d(n)(iq) mmiq + 2 dquq)mmqq +2 diaxaaidlaq
" dgiio (Mig) d(qq)(qq) (ﬂqq) e
Teking uj;=cosae J, Bjg= —sina e“‘”"” Ugs = sm o e‘“’*”, u = oS0 e“’ we have '

Ei(t) = 5 (1 + (oos ) e""") #j;— Sin « cos o e”“*"’zl

Ei(t) = 5 (sin %Cos o es_(zyft%'_ s+ z’_qetf ( ( ~( sm o)?++ (cos 1) ?) 6«'4}.,.';).,‘_ 1) )s
) = 5 (500) %0404y 1y s cosr 1, |

() = 5 ( (cos )6~ 1)ayy— sin o086V gy

Nig ()= "‘<Sm°‘ 003“9“2”“”%:‘*‘%1:9"(( (Sm d)*‘ + (cos a)z)e‘“’“’ 1))

(B = ().

Substltutmg all these formulas to the previous. equahty, we ¢an get



480 S *'OHIN. ANN. OF MATH. - S 0% Vol 13 Ser. B

—szwqu(z(t))e“’ di ) o \
= £10(0) +2dfBesmss(0)msq(0) + T (mss(0)) % 1o(0) +0(|m(0) |2).
This 1mp11es. . _ o T
1€1a(0) + 200 0V 0) +T (1(0)) %1 (0) +0(|(0) ) | <1L.
Take |25] =0(1— |2j]%). Then

- (0) 2+ l'ma(O) 12

—-(<3<>s¢w)“‘<smm)"’lzfql2 ll+((sma)2 (cosa)“)e““‘“l lz,ql”+0(1 lzml”)-'

= ((sne = (sima)®) el + L [ B(sina)?) (1—con(y+2))
+2(sin &)%) I:z,-ql"’-}—o(l.—-z,q]”).
Take (sina)?=0(1— |2;,|?). Then

[135(0) |2+ |156(0) |2
=((sma)2+(1 cos(y+a))(1- 2(sma)”))[z;q!”/2+o(1 [z,-q,l”)°

Take o =cos(yta) =0(1— |24]%), - |
(sina)®+ (1—cos(y-+o)) /2=1— |as|?+0(1— |27). |
Then [13(0) |-+ [14g(0) [ 2= 1~ [2sq|*+0(1~ [2sq]?).
Moreover, : . .
|1 |€5,(0) 2~ !'n,j(O)I” lmq(O)l2 szq!2+sm alﬁqu”-l-O(l 1251

Using the same process as we did in the proof of Lemma, 2.4, we have
o AR unl<~3 /2.
By Lemma 2.2, |d{{fy5|<1. Observing all these estimations and using
Lemma 2.1, we obtain the upper bound of ¢s(S),
02(8)< (n(n+1)/3—-n)/2+ /3 (n—1)/2+1.
—-('n('n+1)/2+1)/2+(\/ 3 —1)(n—1)/2.
Now we consider the lower bound of ¢z (S).
We know that the b1holomorphlc automorphlsms of Rn are
W.=R(Z~P)(I-PZ)-*R-,-
where P, R Satlsfy
CP=P =P®™=(p;) ERH, i.e . I—- PP\O
, R=R™, R(I- PP’)R’ » ,
The biholomorphic automorphisms of Ry are convex ma,ppmgs since R" is convex.
Obviously .
W +RPR-=R(Z - P+P+PPZ) (I— PZ)-lR-l -
L . —R(I PP)Z(I PZ) TR = =R'7Z(I-PZ)-*R-
Let F(Z)==Z (I-P2)-1, ‘Then F (Z) is a normalized blholomorphlo convex
mapping which maps By, into 0*"+1/2, The (ks) entry of -
F(Z) ”.(FS"‘)(Z)) =Z (I =PZ)*=Z4FPLfv
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is
FEI(Z) =gt 24,5 % Dis i
and . '
% = Prs O+ Dig éis toeee
A 0 | |
Taking P=f ., |, 0<SAL1, we have
0 A
Zm PF@® | (n— 1+2)x _ (n+D)
32,;,,32},;3 z«-o 2 . 2
Hence ¢o(8)> (n+1)/2. ' '
Let A—1, Then
| - A0
Fo(Z)=2(I-2Z)"=1lim Z(I-PZ)", P=|
' 0 A

is a normalized biholohdorphié convex mapping which maps Ry into O+ /2 The
differentiation of F', is _ |
dF y=dZ(I— Z)‘1+Z(I Z)"le(I z)-t
. =(I+Z(I-Z)YNdZ(I~-Z)*=(I~ Z)j‘dZ(I-—-Z)“.
The determinant of Jacobian of Fs at Z is -
det Jp,(Z) =det(I - Z)—"1
4 [Ay O ' : o
Taking Z={ °., |, we have
.. ) n o BN T 3
det Jr,(Z) =(g (1*x,)) .
Finally, we get the estimations of |det J5,(Z) |
(fra+a) ™ < det Ta@ 1 <(fLa-1) "
The estimation ig pre01se i. e., the equahtles hold at some points.
" 'We conclude it as

Theorem 4.1. If( fz): R,,—ad”‘”“"/” ’bs a normalized biholomrphic conves
mapping, then

[T(1—A))o®-cetya 1T+ A=t

- — < |det JF.(Z)1<5=”1 : Y
LR e § (€5 e

1 o . ! |

A O

where Z=U| *., )U’, UEU, 1>M3+>0,3>0, and ¢(S) is @ constant which

\o a/

\
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satisfies
- (n+1)/2<ea(8) < (n(n+1)/2+1) /2+ (/3 —1) (n—-1)/2
Conjecture 2. 0:(8)=(n+1)/2, and Fo(Z4)=42(I-UZ)* U=U'€U,, are
extremal mappings,. . "
If the conjecture is true; then

g(i-}-?\,j) i det Ji(Z) | <jl:‘_£(1___7\'j) -1

§5. Distortion Theorem of Convex Mappings
on Classical Domains of Type III

The classical domain of type III, Ry,cO"™-1/2 ig defined ag
2= (212, ***) Zim R23) ***) Bony "%y B _1,,,) € Ry if and only 1f
=2 M= (zw) satlsﬁes I+ ZZ>O Z =—2'. In this oase
G= ;S’O*(Zn), K U,,, a,nd Z oan be expressed ag 7 = UM U,Uue U,.,

M= —M 0 + Az O +’ 1>}'1>?“2>">}\'0>0, Pp= ['R/ZJ,

. .0
the direct sum stops at < '

?;,) if n ig-even, the "d.i‘reat sum stops at +Q if n is oddv.
Mj=tanh @; j=1,
If all oomponents of % are Zero except z,s—-l we denote this vector by e,.,.
Oonsider 2)=20 -+ 0. The corresponding Zo=zy,(By— Fi) +2gq(Bpg— Bep). If
 %ji» %pq 8T DOt on the same row or same oolumn at Z,, then j§, k, p; g are mutually
unequal to each other, 2,€ Ry 1f and only if Iz;k|<1 |2pq| <1. Set {zOERm} is a
polydisc. By Lemma 2.8, - :
‘ dé%?(m) ‘ < 1/ 2.

If 25, 204 aTe on the same row or game column. at 2, we only need to consider
the case of same row, i. e., j=p. Then y, 70 g are mutually unequal to eachother.
20 € Ryy; if and only if 1— |25 |2— Izpql >0. Set {zOE Ry} isa ball By Lemma 2.4,

|dd8i0 | <~2/2.

Using all these estimations and Lemma 2.1 we got the upper bound of 03(6' )

0s(8) < (n(n—1)/2— (2n—4)—1)/3+ /T (In—4)/2+1
- =(nln— 1)/2—1—1)/2+(¢ 2 -1) (n 2) .o
Now we consider the 1ower bound of es(8). R
We know that the holomorphlc automorphisms of Rm are
W-Q(z-P) <I+PZ> Ea
where P, @ satisfy- _ :
P=_p'= P"‘) (pw), i.e. I+PP>O
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Q‘") Q(ITQP)Q’

The holomorphic au.t’omorphlsm.s of Ry are convex mappi.ngs sinoe Ry i3 convex.

Obviously
W+ QPQ‘1 Q(Z—-P+P-+PPZ)(I+PZ)*Q*
-—Q(I-}-PP)Z(I—}—PZ)’iQ“ Q"1Z (I+PZ)- 1Q"-
Let F(Z)=Z(I+PZ)-*, Then F(Z) is a nomahzed biholomorphic convex
mapping which maps By, into 0"/, The (ks) entry of
F(Z) (F("”(Z)) Z(I—}-PZ)-1 Z ZPZ-}- v

F(ks)( ) =g — D413 % i zjs

0 A 0 A o [0 A
Take P‘=< +---+< N 0)-&----. Then the direct sum stops at( : >if

is

—r 0 ~A 0
~ nis even,; and stops at «+0if n is odd. We have
1 O2F k9 o
5 2ns) T (1—-n)A.

Hence ¢3(8)=>(n—1).
Let A—>1. Then
Fy(Z)=Z(I+PiZ)*=lim Z(I-}-I_’Z)‘l, P1=lirr1_1 P
A0 . Ay

is a normalized biholomorphic convex mapping which maps Rm into Q"-1/2 The.

determinant of the Jacobian of Fs is det(I+ PyZ)-"*1, Take

0 ?\,1> 0 7\.,,>
Z.—: —l—u---}-— —}-.-..
<—?“1 0 ("'?"o 0

. v ' ~nl
dot Tr(2)=(IT (1-2*) ", v=[n/21.
==
Finally, we get the estimation of |det Jr,(Z)]|
v —-ntl v ~ntd
(I ) ™ < det T (@) | <(TT 1-2%) ™
=1 =1

The estimation is precise, i. e., the equalities holds at some points.

Then

" We conclude it as

Theorem §.1. If f(z): By —> Onn-1/2 is & normalized bipolomorphic conver °

mapping, then

f[(l Aj)oa(S)—nHl ﬂ( _.}_?\)j')ﬁa(s)—ﬂ'l-l
’,, < |det J4(Z) | < EL

(1+}“J)cs(8)+n-—1 }‘I(l )‘j)o,(swn-—l
§=1 =1

0 A
M 0

where Z=UMU', UcU,, M= (
) if m és even and stops @t +O if n is cdd, and cs(S) és &

Ay
Ay O
constant which satisfies

)+..., 1>M> =00, | 'v——=['n/2].' the:

dircct sum stops at (
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n—1<es(8) < (n(n—1)/2+1)/2+ (V2 —1) (n—2).
Conjecture 3. ¢;(8)=n—1, and F3(Z)=ZI-UZ)*, U=-U'€U, are
extremal mappings.
If the con]ecture ig true, then

H (1+?v,)-2n+2< [ det J'f(z) | <1‘_[ (1 Ag) e, |
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