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THE EXISTENCE OF THE SOLUTIONS 
FOR A CLASS OF SEMILINEAR 

EVOLUTION EQUATIONS

L IU  SHE.NGMAO (刘 鎂 茂 ) ‘
• ■ ■ : ■ v  ■ - ■ . : 、 … 二.
广 ' . 卜- '：- ' ；：Abstract

• '• 
The； a^tlipx obtains the ezistence. of the local and global solution： for a , .class of 

；semilin^ar evolution equations in a, Hilbert spcae, and uses the results to proye. the 
existence of the solution for semilinear parabolic partial differential equations in B n..

1„ Introduction

( l .i )

. . In thi$： paper, we consider the semilmear evolution equations in a Hilbert 
spaoe H  in. the following form：

f uf( t ) + A ( t ) u = f ( t j  u ), ¢6 (0, T),
： ；j I m(0 )p ^ •, ■；0- , / ；„ ,；

Here J .( i )  =0^>f ia the subdifferential of a family of lower semeoontinuous convex 
feriotioris defiiaed on £TV Maa!y authors investigastedi tlie equatioms (1.1), but 
the assumtions for' / ( i /  « )  wery severe/ for example^ [1¾ assumed/(4 , m) to fee 
Nearly mohotone, T ie  papefs [2； %  ^^sume /( t *  ti) to be oompabt ia： [0S x£T. 
In this paper, we.giye some oonditions for and assume / ( i ,  «) to be 〇Qntini;〇us 
and bunded in [0, T] X. H . We prove the existence of the local and global solutions 
of (1 .1). In  partioular, we use these results to the following equations：

uf(i) — A u=g(t, u) + ( ^ q U2(cc, t)dx^ , {x, t)^：Q x.(〇, I 1],

u = q {x , s), {as, t )G d Q x (〇, T }, (1 .2)
« ( 0 ) = « 〇(»). . .

Here QczRn is a bounded and open with smooth boundary bQ, and m > 0 .

§ 2. fhe Main Results

We "begiii witii some ge&kWr如 尨 nd 乂(古/1 奴) <
------------- -■
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( I ) 3〇i > 〇> such that \/u^D(<f>t).
( I I )  T) with \bf \ iK〇,T)<a〇, such that 

4>s(u)-<f>t ( u ) < \b ( t ) —b ( s ) ] ^ ( u ) + l ) ,  0 < s, t< T ,
(III) the level set is compact in £[ for each J G [ 〇, 27] and^

r € J 2+ . • '
(IV ) / ( t ,  u): [0, 21] ia oontinuoua. In addition, for each N > 〇, there

exists itfjf auoh that m) || <ilfaf, V|M||<iV.
The main results are the following
Theorem  2 .1 Under the assumptions (I) — (IV) and D , there exists.

.i

T〇> 0  suffieieutly small such that problem (1 .1 ) has at least one solution uQW1*2 (0,. 

n ; 丑 ) •
Theorem  2 .2 ; Let the general assumtsons (I)— (IV) be satisfied. Further

assume that there exists cs>0, L > 0 , suchthai Mu^LNy (f(ty u) <dslw||2+ 6 〇.. * . • . . . . . . . .  . ? ■
Then the problem (1.1) has at least me solution mGTT1,2(〇/  T; H ).

Theorem  2.8. I f  q £ 〇 x [〇? 27] ) » \ g I < 〇s I w| +o 4> 〇3 >〇? 〇4€ B, them

problem (1.2) has solution uQW1*2(0̂  T ; L 2(Q)) In additio% i f

there exists jP〇>〇 small mmgh sueh that problem (1.2) hm solution u^：Wly2 (〇> T^r
L 2(Q)).

§ 3. Froor of The Main Results
：■

Let >̂i be oonyex approximation of ^==  From tlxe assumtionis
(I)-—(IV)V we have <f>* G «s/(〇i； a〇) by .the definition 1.2 in [5].

Lem m a 3 .1  ([5], Lemmas 2.2, 2 .3 ) , (1) The f u n c t i o n L 2(0, T) S ) - f  R
rip

gW6nbf 0 (u y ^ \ dt for u ^ L 2(0  ̂ T; M ) is proper 1. s, o and corner
. J〇

funcUon m L 2(01 T; H ); besides, the corner approximation of 0  is given by ^%(u) =  

Jo
(2) For%  u^^L2(0f T; H )y and mly i f  af c, t〇
(3) Let (II) be satisfied, u^W ^COj T; H ), X>0, Thmth6fmtiont-^<f>{(u(t))i$ 

differ^nUahle a, c, [〇, S7]?
. •■，..， 〉. 、 ... • * - 

狀 <l>1(u(T：))  dv}

d 0^1 (« «0 ))<  I a, o, t.

Making the approxijnatio?i o f/(# , u) ip. the foUowmg
( f ( t ,  u )it\\u \\< N f

U) 1
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Here ux is a fixed element in tlie sat { m; ||«|=?=iV}. Thus f N\ L 2(0, T; H )-*-
L 2(〇, T) H )  is continuous.

First, w© disouss tiie equation:

(3 .1)
' <  (t) +  d(f>i (uf.) =  /  (t) ,

*
. Mi(〇) =«0.

Lem m a 3 .S. I f  f £ L 2(0, T; E ) ,  then equations (3.1) has unique solution 
<u£Wlf2(〇, T- H ) and

dUj, dt +  <f>l(zt},(t)) ^ C ( l+  1/1 £«(〇,<;

| |2< c ( l +  l l / I U * C 〇,Z；H ) ) v
JioreoveT, i f  th$ solutions aiout f%} then

(3.2)

(3-8)

!%(#) — %(#) I < o f l + ~  ^ l l / i v (3-4)
V A /  ”. ：

Here c U mdependent o fX r % / .
Proof Obvipugily, (3.1) is equiyalent to the following equation

队 0 ) = 蜘+ L  / S(S) <2s -: I"。5批  0¾ (S))私 

is Lipsohitzian. Therefore, ma6TF1,2(〇, J 7; jff) exists,
Form the inner product of (3,1) with integrating over [0, t ] } aiid

■ ... ： . . . . . . . . .  . / ■ ■ ■ ' ；：■ ' . ,.,

using Lemma 3.1, we get

- i -  df-Y ) - (pt (m〇)
. V. . '

M X ， 香 k + D ■ 丨 術 他 ) + 鱗

Using 私 (m。) < 沴* (m。 ) <  丨 &(¢) — &(0)丨（少0(«) + 1)，Gra'nwall’s inenquaJity and ( I )，
we obtain (3 .2 ). Prom .

> c 3|j«||2 (if (办 )'_1> c 3)。
we obtain (3 .3 ). (3.4) is easy.

Lem m a 3 .3 .
' | / i ( m(#) \\2<2K  [i ( i )  ~ b (s )  I +(f>i(u(s)) + 2 )

+ 2 | m(〇- m(s) ||2, V «G £8(〇, T ) E ) \  (3.5)
Proof List (t) « (i)  .； Then = « ( t )  — ,；：；

y(t) ~ y (s)  = X ( a ^ («,(«))- d ( f > l - u(s).

<X(<^s(^ (i)) -<^*(^(s)) + ^ ( ^ ( s ) )  («(i)  - m(s), y(t) ~ y (s ) )
. <入 16博 二 &的丨(參％ (# ) )+ 的 _ ) )  ¥ 2 )  +  II财汸， (j)1 |jy (f)， (syar i

Here we have used &<f>i(u) (sse[-5])*
Now we consider the equations : .



5 1 0 OHIN. ANN. OF MATH. Vol. 13 Ser. B

(3 .6 )

(3 .7 )

r <  (t) +  d(f>i (u^) Jk  %) >
1 Uf, (0) =  u〇.

We define operation K : 0(0, T; T; Jff), w ~ ^ K w = J[u ^  where is the
tinique solution of the equations

f ul(t) +d<f){(uk) w),

X M*. (P) ~ M〇*
Obviously, fixed point is the solution of equations (3 .6). From (3.3), /we h are

Define X  =  { m€C?(0, T; E ) ;  ||/1«||2< 〇̂ }. Then K (X )c z X .  X  is a nonempty, 
bounded, closed and convex subset in 0(0, T 4, H ). Using (3.4) and oontinutity o f 
f N, we know K :  0(0 , T) n )-^ O (0 f T\ JET)is c5〇ntinuoiis. We show thatS" is ooiflp>a,ot 
in the following.

For fixed [0, !F], using (3.2) we have 

Therefore i i £ X }  is relatively oompaot in H . In addtion,

l l « x ( i )  - M j . ( s )  II < dux dur d i< c | i —s |1/a,

Combining Lemma 3.3 and (3.2), (3.3), we know tHat X t  is equicontinuous in 
£T. According to Arzel^-Aisooli theorem we may conclude that ^ " (X ) is relatively 
oompaot in 0 (0 , T; H ) .  Therefore, K : X - ^ X  is oompaot.

In  terms of the Shauder fixed point theorem, the operator K  has at least one 
fixed point. Therefore, equation (3.6) has solution uM and

dui ^dt+ 4>i(«a (¢)) <〇 ( 1 + t1/2Ms ) , (3 ,8 )

l | / k 8 ) l l  +  l% ( 0 ) « < 〇(〇( l-H 1/2̂ ) .  ■ (3.9)
Lem m a BA . Ther^ exist T〇£  (07 T ), %q> 0, such that the following equation

J {u %), 0  10；)

has solution T〇; 3 ) ,  i f  0<X<,X〇.
Proof It is enough to prove that there exist N > 0 , T〇£  (0, S7], X〇, suoh that 

fiJi% (t)||< iV , if 0 < A < ^〇, i < r 〇. But

N  “ 你 《 :+叫 : | 脊 p 圳 丨 4 + ， (1+ 卿 心

i fi< 1 ^ (0  II +  -  S< l!% 0) ll +  (2^?>a( ^ ( « » ) 1/3
… 说 十 斤 枘 驴 (1十 ^ 心 .

F ir劝 贺 ..ftxe4.汉> 对％| ，..也 嗓 ;w-.:沖 oc^e 2V 神！d.久。，.叫啦你的 .

P(T〇o/ o/ rftetwew 2.1 From (3 .8 )，（3 .9 )，a昧:u:取lpti〇G(IP:)鄉 d,'3,.%..th.e坪 exist



j 〇me subsequeiioe of X' (for giinplioity denoted again by X) and ^(¢), such that
J {u %{t)-^ u{t) in  ¢7(0,

in  0(0, T〇; H ).
Bepanse of I抑 ! (蜘) I擁 ,r;ff)< c ，t如 re e:d的托石 2(0,化

in L 2(0, T〇; JB.) (using the sign of Lemma 3 .1 ),

Therefore » j = =  I  n ^(i)-> (t) in L 2(0, T〇; H ). Taking limit

from (3.10), we see tJaat m is the solution of (1.1).
Proof o f Theorem 2.2 We must prove that we can ohoose T0= T  in  Lemma3.4= 

{Without loss of generality, we assume 〇GD(0<jSf) ) .  Forming inner produot of 
<(3.6) with %(<), and integrating over (0, t), we get

1 «A0 ) 12+ 1 〇 <1>1 (w〇 d t < e + ^ ( f N(t, J { u t ) , uh)d t ,

I K ( W + 〇  蜘 II2 你

+  u^— jr(f,  J iii},) ,

<〇  ( 2 ^ ^ ( m〇) 1/2 dt +  £  (Cl+ £ )  W Jiu^dt,

分〇/ 4  ______ ite , 5. SOLUTIOI^S FOB EYOLtWlON EQUATIONS S i t

We get \\J{u%(t) ||<  le+ o X ^ M l1̂  [ l + r 0(ff+M，/，af- ，+£)] .
Here we have used \\u^(t) — J {u h(t)\\<2X<f>{(ux(t)). Therefore we fix N > 0  larg® 
•enough， and tiLen choose 久〇> 0  small enough siwh t h a t I  < 及， if 

Proof of Theorem 2 .B Let be the solution of equation
J  Zh/r (；{)*=0 in ^
1 0 (i)  =2/(i) in 0i3。

/ f  |V«(a；) | 2^ ,  u e S l ( B ) f 
Define 泠(w)叫  J。

\ + 〇〇, u e L \Q )\H l(Q ,) .
Then ^>： L 2(Q)-^ +  <x> is proper convex lower isemioontinuous function, and 

d(f>(u) — — Ju , if u^D(d<f>) =={«; ie^.Aa(Q) f]S l(Q )} .
We define == (^)), Equation (1.2) is equivalent to the equation In
L \ Q ) ：

J  u'{t) A-d^iu) = F ( t ,  u},
1 m(〇) = t t〇.

Here ^ ( t ,  u) ^ g {t , u ) = ^ 〇u2 dtj , and F (t , u) satisfies (I)-----(IV)。
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