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THE EXISTENCE OF THE SOLUTIONS
FOR A CLASS OF SEMILINEAR
EVOLUTION EQUATIONS '

Liv Smmveanso (IRK)*

 Abstract

- The anthor ebtaing the existence. of the local and global solution: for a. class of
semllmear evoluhon equations in a Hxlbert speae, and uses the results to prove. the .
emstence of the solutmn for semxlmear parabohc part1a1 d1fr‘erent1a1 equatmns in R" ) B

. In thig paper,’ we.ocongider the gemilinear evolution eQua._i;iops in a Hilbert
space H in the following form: ' |
u (t)+A(t)u f(f, 'w) ¢€ (0, T),

{“<O) ’wo IV an o

Here A(3)=0¢* is the subdlﬁerentlal of a family of lower semecontinuous convex
functlons ¢t deﬁned on H. Many ‘authors - mveetlga,ted the équations (1.1), but
the assurtions for- j(t, u) Were severe, “for “example, [1] assumed F (%, u) to e
nea.rly monotone, The papers [2; 3, 4] adsumme’ ‘f(t, u) to be compactin [0, 7] x H.

(1.1)

In this paper, we give some conditions for ¢* and assume " f (t, u) to be oontmuous
and bunded in [O T]xH. We prove the existenoce of the looa,l a,nd globa,l solutlons
of 1.1). In partloular we uge these results to the fol]owmg equat:ons o '

u(t) - du= y(t, u)+(f u?* (@ t)dw) , (@, ) €Q% (0, T], o ,_

U>= q(w, s), (.fv, t)E@.Qx(O, T], T Ee e (1.2)

'“(0) ’Mo(w) :
Here Q¢ R” is a bounded and open Set Wlth sxnooth boundary 20, and m>0
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“We begin with some genei‘a;‘l‘é;ssuﬁiptldﬁs for“-cﬁ‘ and f(t’,-’" ) o e
" - +
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(I) Zey>>0, such that ¢ (8) =eqfu|? YuCD(P).
(II) I EW2(0, T) with |b’| g, <do, such that
$*(u) — ¢ (w) <[5 (8) = b(s) | (¢*(w) +1), 0<s, #<T,

“(III) the level set {u€ H, ¢' (u) <r} is compact in H for each tE [0, T] and
rER-i' : . .
av) f(t, v): [O T] xH —>H is contmuous In a.ddltlon, for each N >0, there
exigsts My such that | f(¢, w)| <MM, Vllu|I<N =

The main results are the following

Theorem 2.1 Under the assumptions (I) (IV) and u,E D(P%), there exists
To>0 sufficieutly small such that problem (1.1) has at least one solution w€W»2 (0,
To; H). I | |
Theorem 2.2. Lot the general assumitsons (1)—(IV) be “satisfied. Further,
assume that thefre emsts a>0, bER L>O such that My<LN, (f(2, u), u) <wﬂull2+b ‘
Then the pfroblem (1.1) has at least one solution u € W™ 2(0 T: H). ’

Theorem 2.3, If ¢€0(@2% [O, T]), lg(t u) | <es|u|+es, 05>>0, ¢4 € R, then

problem (1.2) has solutfwn uE W1 2(O T L"’(.Q)) if m<l In wcldq,twn, if m>l,

there exists T'g>0 smwll enough such that problem (1. 2) hws solutwn ue W1 2(0, Ty,
I*()). . S

§ 3. Froor of The Maln Results

Let <;b,, be convex approx1mat10n of qS’ Ji= (I +a¢z) -1, From the assumtiong
‘(I) (IV), we have ¢' €. (es; ) by the,deﬁmt]on 1.2 1in [5]. §
Lemma 8.1 ([5], Lemmasg2.2, 2,8). (1) The function &: L(0, T; H)—~ R

‘given by@(u‘)‘"—-‘r qb’(u(t))-' dé for w€L?(0, T; H) is proper 1. s. ¢ and comen

Junction in L2(0, T H ); bes@des, the convex wppo‘ommwtm of cD @s g'wen by dia(u) =

[ ¢ uaat.

(2) For U, U EL2(0 T H), % E@@(u)%f amd only 'bf u"(t)é@qﬁ’(u(t)), a, ¢ t.
(8) Let (II) be satisfied, w€ W4(0, T; H), A0, Then the funt@on t-—>¢,,(u(t))'bs

' d%ffea”entmble a o, 1S [0 T], wnd

He®) @) <] -——"'45:@@))&7,' -

¢t (u(®))~ (' @), )< |5 | @+ ¢z.(’“(t))) 8 0 t.
Makmg the a.pprox1matlon of (4, ») in.the following ..

£, ) i ul<N,
faw { A A

U I A G
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Here uy is a fixed element in the sot {u; |luﬂ~N} Thus fy: L0, T; H)—>
L?(0, T; H) is continuous.
~ First, we disouss the equation: ' S : ; :
{“a(t)"*'a‘;bx(um) f(t)9 o (3'1)
%, (0) =u, :
Lemma 3 3. If f€ Lo, T; H), then eguawons (3 1) has uneque solut'z,m
w€ WH2(0, T H) ands : -

1] [t gt ) <0+ Wl (3.2)
.”J:.%'t(t) "2_+'"’Mx(_77) "2<0(1+»uf“m(o,z,m).- : (8.3

Moreover, 4 wa, ts are the solutions about fs; fa respectively, then . . . S
LXORTXOL <o(;+%_qT/* I

Here ¢ is independent of MNow f. :
Proof Obv10usly, (3 1) is equlValent to the followmg equatlon L

w® =t [ 19 a5 [ o83 @)ds,

I¢}, is Llpsohltzmn Therefore uhewl 2(0, T, H ) exists, . .

Form the inner product of (3 1) w1th uz(t), mtegratmg over [0 t], a.nd
usmg Lemma 3. 1, weget

i ‘fZZ"! at mwae» ¢A<uo>

<f (f ' ‘%—) dt+J lb'(i) [ <¢z<uk> +1)dt
Usmg 951. (up) <P (up) < | b(t) b(O) | ((‘{,0(,10 +1), | GmnWall’s inenquality and (I),

we obta,ln (3. 2) From

i) = () e Jzz||2+¢t(Jaz>>(27\')-1”2‘"']&2“ +le|JiZu2:”: '
! elel® (G (2A)I>e).
we obtain (3.8). (8.4) is easy.
Lemma 3.3. - P
IIJ’(u(t) WJ(S) H2<2Mb(i) b(S)I (%(%(#)) +¢z(”(s))+2) o
+2{u () ~ u(s)(l2 Vug I2(0, T H) "~ (8.5)
Proof Lety(t)=J%u(?). Then g](«b)*u(t) - A PL(u(8)), . - '
y(®)—y(s)= 7~(3¢a(u(8)) 3¢a(u(t)))+u(t)—u(8)
@ =yElE |
<M (y (D) - ¢°(y(s))+¢'(?/(s)) ¢’(?/(*)3)+(u(t) u(s), y(%) - ?/(8))
C <MBE=BE) (@ W B) +$ () ¥2) +|u(®) ~uls) |y (@) = y(s)ll
Here we have used 8¢} (w) 3(,‘6’(.7 1) (see [5])
' Now'wé congider the equations = @« e



510 : .. OHIN. ANN. OF MATH. : Vol. 18 fer. B

{ u(8) +0¢5 () =fu (b, Tawn),

Uy, (O) Uo. cT
We define operation K: 0(0, T; H)~>0(0, T; H), w—> Kw= J,‘u,,, Where u, is the
n1que solution of the equations

{m(t) +0¢;, (ua) fN (t w),

L _ 4, (0) = %o, . :
Obv1ously, K's fixed point is the solution of equations (3 6). From (3 3), ‘we have
e | Tl <e @+ | £ (% @) lmomm) <e(1-+TMy) L0y,

Deﬁne X ={4€0(0, T; H); |Jiu|*<Oy}. Then K(X)cX. X is a nonempty,
bounded, closed and convex subset in O (0, T; H). ‘Using (8.4) and continutity of
fw, we know K: 0(0, T H)—->O (O T H )1s continuous. We show that K is compaot
in the following. : : S

For fixed se [0, T, usmg (3 2) we have |
‘ ¢‘(J,,ua(t))<¢L(ux(t))<e(1+TMN) ,
Therefore Xy={J iu;'(t), ¥E XY is rela.tlvely oompaot in H. In a,ddtlon, |

PRORINOI S [ dt“<!t sl1/2 R

0

@ ’6)

(8.7)

du%
dt

_Oomblnmg Lemma 3.8 and (3. 2) (3 3), we knoW that X’i iy equlcontxnuous in
H. Aoccording to Arzela-Asocoli theorem we may conclude that KX ) is relatlvely
compact in (0, T; H). Therefore, K: X —» X is compaot

In terms of the Shauder fixed point theorem, the operator K hag at least one

dt<c|t s[””

fixed point. Therefore, equation (3. 6) has solutlon Uy and

j I ‘i;;u T+t (uz(t))<o (1+t1/3MN) (3.8)
Wia® I+ le@) l<oGd+#aMy. (3.9

Lemma 3. 4 Thefre ea:est Toe (0, T), Ao>0, such that the following equation
{ (t) +a¢,,(u;,) .f (2 J ;.’wz)r
%,(0) =, ;
has solution u, € W*2(0, To; H), 4f 0KA<Ap.
Proof Tt is enough to prove that there ex:st N >0 Toe (0, ’_l’] ?\.o, suoh that
BJ,uz(t) II<N if 0<x<mo, t<To But

ﬂua(t)H ol +44 [ "Z;*

FHAOIES llua(t) |+ I(m(t) ~Twm®l<l m(t) I+ (@ %(ua(t)‘))‘/’
L <Huoll+207&(1+t"2MN)1/2+ct1/9(1+t1/2MN)
Flrst we ohoose ﬁxed N >2]|u°||, then we.choose T'o, and }\.o, suoch. that
]lJ,uh(t) u<N 5 R
Proof of Theoorem 2.1 From (3.8), (3.9), a,SSunlptlon(III)and 3 2. there exmt

(3.10)

T Iluoll '+ct1/2(1+t1!2MN) .
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sotne subsequence of A (for simplicity denoted again by A) and w%(#), such thag
Jou, () > u(t) in 00, To; H), :
e (H) - u(®) in 00, To; 0.
Becansge of 96t (ata) lzsco,ms y<<e, there exist n& L? (0 To; H )y suoh tha.t
0D, (w)—>n, in L?(0, To; H) (using the sign of Lemma 3.1).

Therefore n—ad () = j:’aqst (W)@, U(2) - o (t) in L*0, To; H). Taking limit

from (8.10), we see that u is the solution of (1.1).

Proof of Theorem 2.2 We must prove that we can choose I'y,=T in Lemma 3.4.
(Wlthout loss of generality, we assume 0¢ D(©@¢%)). Forming inner produot of
(3.6) with , (%), and integrating over (0, t), we get

G812+ [ gt d<o+ [ (fatt, Tiam), )i,

lon (8) 2+ex [ 1730

17 4 '
<c+L (fa(ty Tiatn), wn— iux)dHL (fu(ty Tiun), Jhva)dé

<o+ ] Mx(@.$1w))2 &+ [| (et D) [ T3l

We get 1T (&) | < [0+ oAY/2MY/2] [14 oo/ /) -
Here we have uged |u, () — Jiu,(?) [ <2A % (4, (£)). Therefore we fix N>0 largs
enough, and then choose Ay>>0 sinall enough such that]Jiw.(8) | <N, if A<<Aq,
Proof of Theorem 2.8 Let 1(3) be the golution of equation
4(t) =0 in Q,
{ B () =y (#) in 0Q.

by (pr(@ |2do, . WEHYQ),

+ o0, u€ L2(Q)\Hi(Q).
Then ¢: L?(Q)~—>+oo is proper convex lower semicontinuous function, and

8¢ (u) = — du, if u€ D(9¢) ={u; u€ A2(Q) N HY(@D)}.

We define ¢*(u) =d(u—1(¢)), Equation (1.2) is equivalent to the equation im
L*(Q): ' ' ' '

Define

{ ’L&’(t) +3¢t (‘M) ""F(#) u)‘v
4(0) =1y,

Here F(t, u) =g (4, v) =( Luz dt)m, and F (¢, u) satisfies (I)— (IV).
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