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ON THE HARNACK INEQUALITY FOR HARMONIC 
FUNCTIONS ON COMPLETE RIEMANNIAN MAINFOLDS**

L i J ia y u * * *

Abstract
First it is shown that on the complete Riemannian manifold with nonnegative Ricci curvature 

M  the Sobolev type inequality ||V u ||2 >  Cn,a ЦпЦга (a >  1) for all и € H%(M) holds if and 
only if Vx{r) — Vol(Bx(r)) >  Cnrn and a  =  ^3 5 . Let M  be a complete Riemannian manifolds 
which is uniformly equivalent to M , and assume that Vx(r) > Cnrn on M. Then it is prioved 
that the John-Nirenberg inequality, holds on M. Finally, based on the Sobolev inequality and 
John-Nirenberg inequality, the Harnack inequality for harmonic functions on M  is obtained by 
the method of Moser, arid consequently some Liouville theorems for harmonic functions and 
harmonic maps on M  are proved-

§1. Introduction
Kendallf5,8! used stochastic methods to prove that if M  is any manifold on which every 

boundary harmonic function is constant, N  is a complete Riemannian manifold and 
M  -> N  is a harmonic map with image in a geodesically small disc, then ф is constant.

Combining this theorem and Tau’s result^18! one obtains the Liouville theorem for har
monic maps proved by Yut19l. By this theorem and Moser’s re s u lts ^  one can also obtain 
the Liouville theorem for harmonic maps proved by Hildebrandt, Jost and Widman^K They 
proved tha t if (Rm,g) is uniformly equivalent to Rm, N  is a complete Riemannian manifold 
with the sectional curvature K n  < j? <  00, and ф : (i?m, <7) -> N  is a harmonic map with 
ф{М) contained in a geodesically small disc, then ф is constant.

Kendall’s result shows th a t the Liouville theorem of harmonic functions implies some 
Liouville theorem of harmonic maps. It is well known that the Liouville theorem of har
monic functions can be obtained by the Harnack inequality for harmonic functions. There 
are mainly two ways to obtain the Harnack inequality for harmonic function on complete 
Riemannian manifold. One is Moser’s method^2,3’6’14!. In this case, one uses the Sobolev 
inequality and John-Nirengberg inequality which is not true in general on complete Riemann
ian manifold. The other is Yau’s method^9,11’15,18]. The idea of Yau’s method is to estimate 
the gradient of positive harmonic function. In general the gradient estimate depends on the 
Ricci curvature of the complete Riemannian manifold.

Suppose M  =  (M ,h ) is a complete Riemannian manifold with nonnegative Ricci curva
ture, M  =  (M ,g) is uniformly equivalent to M , that is c-hx(Y,Y) < gx(Y, Y ) < C-hx(Y ,Y )
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for all x E M, Y  E TjjM. In this paper, we prove tha t if 14(r) = Vol(Bx(r)) > Cnrn, where 
Bx(r) = {y £ M |dist(y, x) < r}, then there is no non-constant bounded harmonic function 
on M , Therefore, we generalize the Moser’s result!14! and by the Kendall’s result we also 
generalize the result of Hildebrandt-Jost-Widman.

In section 2, we consider the Sobolev type inequality on M. In section 3, we consider the 
Pioncare inequality and John-Nirengberg inequality on M. Finally, in section 4 we prove 
the Harnack inequality for harmonic function on M  and particularly we obtain the Liouville 
theorem for harmonic functions and harmonic maps.

In whole paper, Са>ь,..., denotes a positive constant depending on a, 6, • • • , which may be 
different in different places.

§2. Sobolev Inequality
Strichartz!16! proved the following L2 boundedness of Riesz transform.
L em m a 2.1. Let M  be a complete Riemannian manifold. Suppose f  E L2(M). Then 

(—Д )1/2/  is in L2(M) if and only i f \V f\  is in L2(M ) and |К -Д )1/2/]^  =  ||V / ||2.
In [16], Strichartz also introduced the Riesz potential on complete Riemannian manifold

M,

((-Д )"4 « /)(® ) =  Г ф " 1 f  " Г  t ^ - 'H ix ,  у, t)dtf{y)dy,
1 J m  Jo

where H {x,y,t) is the heat kernel on M.
The author^10! proved the following boundedness of Riesz potential.
L em m a 2.2. Let M  be a complete Riemannian manifold with nonnegative Ricci cur

vature. Suppose that for any x E M, Vx(r) =  Уо1(5ж(г)) > Cnrn, where Bx(r) =  
{y e  M\dist(y,x) < r} and Vo\{Bx{r)) is the volume of Bx(r). Then the Riesz poten
tial (—Д )_ з “ (0 < a < n) is of type (p,q), that is,

||( -Д )-* * /Н в <  Cn>piq\\f\\p for all /  € LP(M), 

where 1 < p < q < oo, J  =  J
In this section, we will use the two results and the estimate of the heat kernel proved 

by Cheng-Li-Yau!3! and Li-Yau!13! to prove the following result, which was proved by 
Varopoulos!17! when а =  1 using totally different ideas.

T h eo rem  2.1. Let M  be a complete Riemannian manifold with nonnegative Ricci 
curvature. Then the Sobolev type inequality

||V«||2 > Cn,e |M |2e (« > 1 )  (2.1)

holds for all и e H2(M ) if and only if  for all x € M, Vx(r) =  Vol(Bx(r)) > Cnrn and 
а = -p-z.

P roof. We first prove that the condition is sufficient. Note that!16! if f  e L2(M), then 
the definition of Riesz potential (-A)~%af  agrees with that given by spectral theory. We 
therefore have и — ( - Д )~ 1/ 2( - Д ) 1/2м for all и G H2(M).

By Lemma 2.1, we have

I K - A J ^ I b  =  l|V«||2. ( 2.2)
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By Lemma 2.2, we have

I M | 2n /( n —2) < C n W i-A ^ u h .  (2.3)

Clearly (2.2) and (2.3) imply (2.1) with a  =
Now we prove the condition is necessary.
Suppose (2.1) holds for all и 6 H 2(M). Assume that ж is a fixed point in M  and t is a 

fixed positive constant. We set u(y) =  H (x,y,t) where H (x,y ,t) is the heat kernel on M.

If a  =  1,

( /  H 2<*{x,y,t)dyyi«<Cn,a l  \VH (x,y,t)\2dy.
J m  J m

f  H 2(x,y,t)dy < Cn f  \VH (x,y,t)\2dy.
Jm  Jm

By the estimate of the heat kernel proved by Li-Yauf13l , we have

By the estimate of the heat kernel proved by Cheng-Li-Yaut3!, we have

[  \VH (x,x,t)\2dy < ^ -H (x ,x ,t) .
Jm  v

In [13], Li-Yau also proved tha t

H (x ,y ,t)< C n vx(Viy
Substituting (2.6), (2.7) and (2.8) into (2.5), we obtain

1 . „  1

tha t is,
Vx(y/2t) ~ CntVx(V iy

V^ > c nt.
Vx(V~t)

By Bishop comparsion theorem^1’2-15], we have

l4 (V p )  < ^ / 2)п_
Vx(Vi) ~

Clearly (2.9) is contrary to (2.10). Therefore, we may assume a > 1.
By Holder’s inequality, we have

f  H 2( x ,y , t ) < ( [  H 2a(x,y,t)dy)& ( f  H 2a> (x,y,t)dy) ^ , 
J m  J m  Jm

where A- =  2 — -  and \  < a! < 1 .a '  a  l
Substituting (2.11) into (2.4), we obtain

( /  H a(x,y,t)dy)2 < Cn<0i f  \VH (x,y,t)\2d y ( f  H2a'(x,y,t)dy)^r. 
J m  J m  J m

Noting that f M H(x,y,t)dy < 1, by (2.8) we have

( J ^ H 2a'(x ,y ,f)dy)i- < Сп,а(у  1  )-V

(2.4)

(2.5)

( 2 .6)

(2.7)

(2.8)

(2.9)

(2 .10)

(2 .11)

(2.12)

(2.13)
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Substituting (2.13), (2.7) and (2.6) into (2.12), we obtain
1  . p  1 , 1 ч 2o.,-_

V£{y/Tt) ~ n,atVx(V i){Vx(V iy  °
that is,

v;2« '(V 2t) -  ” 'a t “'K “' - 1 (V f)’
By (2.10) and (2.14), we have

Vx^Vi) > СЩ„ Г ^ .

(2.14)

(2.15)

Applying Bishop comparison theorem, one obtains

Vx(Vi) < Cntn!2. (2.16)

So i t  > Cn)Q,t !-«' for all i > 0.
We therefore have that is,

« т а  - <2-17>
By (2.15) and (2.17) we have Vx(r) > Cnrn for all x € M.
T heorem  2.2. Let M  be a complete Riemannian manifold with nonnegative Ricci 

curvature. Suppose M  is a complete Riemannian manifold which is uniformly equivalent to 
M. Then the Sobolev type inequality (2.1) holds for all и € H2 (M) if and only if, for all 
x e M, Vx(r) -  Vol(Bx(r)) > Cnrn and а = ^ /

This theorem easily follows from Theorem 2; 1, because that M  is uniformly equivalent 
to M  implies th a t the gradient and the volume element on M  are also uniformly equivalent 
to those on M.

§3. Poincare Inequality and John-Nirenberg Inequality
In the following two sections, we suppose that M  =  (M, ds2) is a complete Riemannian 

manifold with nonnegative Ricci curvature, and we assume that M  =  (M,.ds2) is a complete 
Riemannian manifold which is uniformly equivalent to  M , that is,

Л2ds2 < ds2 < A2ds2, (3.1)

where Л and A are positive constants. The gradient and the volume element on M  are 
denoted by V and dV respectively; the gradient and the volume element on M  are denoted 
by V and dV respectively. The geodesic distance from x.to y on M  and on M  are respectively 
denoted by p(x,y) and p(x,y). Clearly, V, dV and p are also uniformly equivalent to V, dV 
and p respectively. We set

B x(r) = { y e  M \p(x,y) < r}, B x(r) =  {y € M\p(x,y) < r},

Vx(r) =  /  1 dV,
J B x (r)

Vx(r) and Vx(r) are obviously uniformly equivalent. In addition we assume Vx(r) > Cnrn 
for all x G M.
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Let xo be a fixed point in M. For p e  (0,1) we define the linear operator on L 1(BXq(R))
by

Ш ) ( х )  =  f  ( p & y W ^ f W W  (3.2)
J b xo(R)

and define the linear operator V^ on L1(BXo(R)) by

<у м * ) =  L  (3.3)
J b xq(r )

The following lemma implies and V^ are well defined.
L em m a 3.1. Suppose 0 < 6 = ^ ^ < p, where p > 1 and 1 < q < oo. Then V^ is a

bounded linear operator from Lp(BXo (R)) into Lq(BXo (R)), V^ is a bounded linear operator 
from Lp(BXo(R)) into Lq(BXo(R)), and

P L /I I ,  <  0 ; - в( ^ ) 1- <(2Л)"('‘- ‘»||/||р, (3.4)

! H V / | | ,< ( ( y ) ”S)„)1 - 5( i 5 | ) 1-'s(2B)"< '-t>||fl|p, (3.5)

where Qn is a constant depending on n and A, X are the constants in (3.1),
P ro o f. We set h(x,y) = (p(x.,p))n(p~1), h(x,y) =r(p(x.,y))n^ ~ } \

-  =  1 +  - -  -  =  1 -  £ < 1 .  (3.6)r q p

Suppose x  is a point in B Xo(R).

[_ hr(x,y)dV < f  (/fa ,!/))”<l‘- 1,’W .
JBX() (R) Jbx(2R)

By Bishop comparison theorem, we have

- n ( ^ - l ) r + n - l d pL  ■ (p(x,y))n{fi~1)r^  < ^n -i [
Jbw(2R) Jo

(2Д)п(1+М-1)г)
— Ôn—l n (l + (p~  l ) r ) ’

where wn- i  = Area (Sn -1). So

|r  <

Note th a t BXo(R) C B Xo( \  1R). So

->XQ (R)
f  hr(x, y)dV < An £  (Xp(x, y ^ - ^ d V

J Bxn(R) JbX0(\~iR)

Then

(2Д)п (1+(д-1)г)/Ач№ 
~ Шп 1n(l + ( p - l ) r )  A

< ^ ) 1- s(2R)n^ - 6\ j ) < 1~s).

(3.7)

(3.8)
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Using Holder’s inequality, one obtains

Ш \ < { [  А Ч а м / М и Ж Л Т 'ч /  h'(x,y)dV}'
Jbxq(r) JbX0(r)

• { /  \ m \ pdV}s 
Jb„„ (r)

- i /p

and

I V „ f l< { [ _  h'(x, y)lf(y)f4 V } 4 «{ [_ h'(x, v W } 1- 1!”
JBX0{R) Jb xo{r)

• { /  \ m \ pdV}6
Jbxj r )

By Minkowski’s inequality one obtains

Clearly, (3.7) and (3.12) yield (3.4); (3.8) and (3.11) yield (3.5).
We define M p(BXo(R)) =  { /  G L}(BXo(R))\ there is К  > 0 such that 

L (R)nB(г) I}(v)\iy < К  ■ Г”Р - w  for all ball B(r) с  M},

м»(В.„<я)) = inf{r 1M  ■ f
J E

I f{y)\dy}-
BX0(R)nB(r)

L em m a 3.2. Suppose 6 = ^ < p. Then for almost all x € BXo(R) 

Kf ( x ) \  <  ( 1 5 | ) ( 2 Л ) " ( > -8) ||/| |„ ,( Вч(л),

i f f  S M"(B,„(R)).
P ro o f. We assume f ( x ) =  0 if x G B^o{R) =  M \B Xo(R). Since

n(l-l/p)

(3.9)

(3.10)

I IV II , < sup { /  V (* ,»)dV } 1/'-||/ll,. (3.11)
'Bmo(R)

П У Л < sup { f  hr(x,y)dV}1/r\\f\\p. (3.12)
■5а:0(Д) *1bxo(r)

(3.13)

f  S M *(BK (R)), V(p) = f  \m \d y  < ||/||мг(в„(Л))Р”
J Bx о (p)

\V „f(x)\< [  ( р (х ,у ) Г ^ -1)\ Я у т  <  f  ( p [ x ,y ) ) ^ -^ \M \ iV .
JB.JR) JBJ2K)

(3.14)

v Bx-(2R)
We choose the geodesic spherical coordinates about x . Since the measure of Cut (ж) is 0, 

we may ignore it and assume that dV = \]g{p, 6)d0dp where в € Sn~1 and d6 is the Haar 
measure on Sn~1. Then

p2R p
Ш (х ) \  < /  /  \ f ( p ,6 ) \ ^ J j c W i p

Jo Js
r2R

= /  pn^ - 1W \p)dp
Jo

p2R
=  (2R )n^ ~ 1)V (2R) + 77.(1 - p )  V(p) ■ р ^ - ^ - Ч р .

Jo
Obviously (3.14) and (3.15) yield (3.13).

(3.16)
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L em m a 3.3. Suppose f  G M p(BXo(R)) (oo > p > 1), g = V^f, p — lfp. Then there 
exist positive constants C\ and C2 which depend on n and p such that

f  «tpCjA-OdK < C2(2уЯ)",
J b „ J R )  W l l  A■SajQ (-R)

where | | / | 1мр(вхо(я))-
P ro o f. For any q > 1, by Holder’s inequality one obtains

is w i  < ы т 1/ч у 1> + „м )1- 1,я-
Using Lemma 3.2, we have

w „i/i < (p -  ы т п'Ы)к.
Using Lemma 3.1, we have

f  V ^ l f l d V  < C l n - p - q -  K ( 2 R ) n ^ p+1^ H ^ ) n .
JB „ 0(R)  A

(3.16)

Therefore

[  \g\’dv < p’ - . a »  ■ { ( p -  1)дку(2±иг,

(3.17)

(3.18)

(3.19)

(3.20)

where p ' =  pOj. So

f  Ы ”* JT/ /  _/ r, V ' / P -
JB 1 Л  c-x }17 (.«J m=0 ' ' m=0 m!

If (p — l)e  <  C i, then

that is (3.16).

f  e x p ( - 2_)<iK < C2(2^ B ) \  
•/Вв0(Я) A

L em m a 3.4. Suppose и e H l(B Xo((2 j +  1 )R)). Then for almost all x G BXo(R)

Н х ) ~ и в (п)\< С п,хЛ [  {p(x,y))l~n -\Vu{y)\dV, (3.21)
J B X0({2§+1)R)

where

u Bxo(R)  =  /  «(?/)<№•
vx0{R) J b xq(r )

P ro o f. Clearly we may assume и G C 1(BXo ((2^  +  l)i2)). For any x ,y  & BXo (R), assume 
f  : [0, р(ж, j/)] —► M  is a geodesic segment from ж to у in M.

^ (“•») d«(f(t))Гм(®) -  «(y) = -  /Jo

Vxo {R)(u(x) -  uBxo (Я)) =  -  /  /
J b xj r ) J  0

dt ' dt’

du ,(f(t))

dt
dtdV. (3.22)

f(i)cBI(2^)cB,0((2^+l)U).
Clearly
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We set V{y) — |Vn(y)|. Then

VX0(R )\u (x )-u B (R)\< f  [  V(r(t))dtdV
JbX0{r)J  о

г  pp(x,y)  _ _
< A n /  V{f{t))dtdV.

Jbx(t R)J о
(3.23)

We choose the geodesic spherical coordinates about x in Й , and assume

dV =  \/g(p, 6)dQdp.
Then

M*) -  ^ о(Д)| < Jo Jq V.(r)dr J  ^  \/g(p, 0)d0dp.

By the Bishop comparison theorem, we know is a decreasing function. Since
r < p, we have

И ж) ~  u b X0(R)\ < ТГ7Ш  f Q JQ Jsn_t rX~UV (r ) у/^  ^dOdrp^dp
<

VX0(R)
An(2R/X)n 

nVXo(R) Jb x{2R/ A)L \Vu(y)\(p(x,y))x ndV

< (t Г ( ^ Г  1 L {p& y))1 n\Vu{y)\dV.
A A nVXo(R) Jbwo((2§+i)r)

That is (3.21).
Now we can prove the following Poincare inequality and John-Nirenberg inequality. 
T h eo rem  3.1. Suppose и E H l(B Xo((2 j +  1 )R))- Then

| |и  - « В а!0(Д)||х,Р(Ва,0(Л)) <  C n tx,AR\\^u\\LP(BX0((2^+l)R))- 

P ro o f. Lemma 3.4 and Lemma 3.1 yield this theorem.
T h eo rem  3.2. Suppose и € H l(B XQ((2 j+1)Д)), and assume that there exists a positive 

constant К  such that for all metric ball B(r) in M

\Vu\dV < К  • rn~x. (3.24)
I B X0((2j; + l ) R )n B ( r )

Then there exist positive constants pn,\,K and СП1а,л , which depend on n, X,A, such that

!  e x p ( ^ r ^ >  -  и в X0(R)\)dx < CnXARn- 
Jbxo(r) R

P ro o f. Using Lemma 3.4 we have

L
(3.25)

L&XQ (R)
е х р (^ ф ^ \и  -  uB (R)\)dx

< /  exp(
J b X0(R)

К
Мп,А,Л

К
CnXAV1/n\Vu\)dx

< [  e x p ( ^ C „ ,A ,A F 1/ „|Vu|)dc,
J b X0((2$ + 1)R) R

where

Vi/n |Vtt|(®) =  f  (p& y))1 n\Vu(y)\dy.
J B X0( (2 $+ l ) R )

(3.26)



No.l Li, J. Y. HARNACK INEQUALITY FOR HARMONIC FUNCTIONS 9

Obviously the theorem follows from (3.24), (3.26) and Lemma 3.3.

§4. Harnack Inequality and Its Applications
We first use the Moser’s method to prove the following Harnack inequality for Harmonic 

function on M.
T h e o re m  4.1. Suppose xq is a fixed point in M. I f и 6 H2(BXo( 6(^  +  l)i?)), и > 0 and 

А и =  0, then

sup u < C n \A  inf u. 
_B„0 (R)  ’ ’ Bx0 (R)

(4.1)

We set ф(р, r) =  ( ^  ^  uPdV)1̂ ,  where и — u+A, A > 0, and set V — uk, к ф
L em m a 4.1 . Suppose и satisfies the hypotheses of Theorem 4.1. then for any <p €

с 0“ № „ ( б ( Д  +  1 )Я ))

( f  [ipV)2n̂ n~2̂ dV)^n~2̂ n
J b X0(6($+ i )R)

<СпЛл ф ^ т)2 [ \v<e\2v2dv.
2IC~ L J  B X0(6($+1)R)

P roo f. Since (p e Cq°(BXq(6(j  +  1 )R)) and Au = 0, we have

L
( р Ч ^ А Ы У  =  0

and
В*0(6( £ + 1 )Я)

(p2u2k~2\Vu\2dV
B XQ(6(j; + l )R)

2 / (pu2k- lVipVudV
Bx0 (6(x+i)R)

(2k - 1 ) f
J e

s2(/£B *oM $+l)R )Jxo е л  Л

We therefore have

LB*0(6($+1)R)

Applying Sobolev inequality one has

(4.2)

( /  ( ip - V ) ^ d V ) 1
J B X0(6($  + 1)R)

<Cn,A,A /  
JE

J e

\V(<p-V)\2dV
l B X0( 6 ( i + l ) R )

<СпЛ<х I (I W 0 I 2 +  I<p ■ SJV\2)dV. (4.3)
3*0 ( 6 (§ + l ) R )

Lemma 4.1 follows from (4.2) and (4.3).
L em m a 4.2 . Suppose и satisfies the hupotheses of Theorem 4.1. For any p > 1,

<j>(oo,R) < СЩА,х,РФ(р,Щ- (4.4)

For any 0 < p o < p < P  —

Ф(Р) 2i 2) ^  С’П>Агх-ргр0ф(ро,^И). (4.5)
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For any p < 0,

P roo f. Let

Ф(р,Щ  < СпЛХрф(-<х>,11).

1, ж e  BX0(h'R),
Ф )  =

0 < <p(x) < 1, |V<p| <

0, x eB Xo(h'R), 

C
( h - h ') R ’

where 0 < h' < h < 2h', C is an absolute constant. By Lemma 4.1 one has

Let p =  2k ф 1. The above inequality yields

u ^ d V ) 1^{VX0(h 'R )JBB X0{h'R)

<C ( P i2 * ( * l 2 1 f  T.vjy (hR)n_С„,А,л(г)_ 1) jp(h_ h,) vI0(hR)JB̂ „R) (VB)«-

Choosing h = hv = l + 2~v, h! = hv+i, pv =  /3vp and using (4.8), we have

Ф(Р»+1,К +1К) < ClJ l y (  hl ...... ( - ^ - r f ^ ( p „ h , R )
’ n v — ibv+l Pv — 1

<c]!x\pr 'lh' ^ h-R)
i T . r >  J - E

< ( С р . л л р ) " -2" Л . 2Й).

(4.6)

(4.T)

So, if p > 0,

(4.8)

if p < 0,

Ф ,  щ  < Г 2,г( ^ п ) - 2/гФ(р, h’R). (4.9)

Letting u —► ob, we have (4.4).
Similarly one can obtain (4.5) and (4.6).
P ro o f  o f T h eo rem  4.1. Applying Lemma 4.2, we know that it suffices to prove there 

is a positive constant po such that

Ф(ро, 3R) < Cn>A,л • ф(-ро, 3R). (4..10)

For this purpose, we set W  = logiZ and assume 2r < R, B(r) П BXo(3(2  ̂+ 1 )R) Ф 0, 
where B(r) is any metric ball in M. Cleraly B(r) C BXo(6(j + 1 )R).

Suppose rj(x) e C ^(B X0(6( f  +  1 )R)),
( 1, x £ B(r),

V{X) =  I  0 , х € В ( 2 Г),



No.l U, J. Y. HARNACK INEQUALITY FOR HARMONIC FUNCTIONS 11

0 <  V < 1 and |V?7| < where C is an absolute constant.
-  I „ 2 fWe choose ф(x) =  lr)2(x). Then

- L

0 = 1  VipVudV
I B X0(6($+1)R)

r)2 \VW\2dV +  2 f  rjVv ■ VWdV.
' . J b X0(6(§+1)R)

«П—1
I B X0( 6 ^ + 1 ) R )

So f B(r) \VW\2dV < Cnrn~2 and therefore f B(r)\VW\dV < Cnrr'
Similarly one obtains

/  \VW \dV< C n,x,ARn-K
J b X0(3(2^+1)R)

So / в .о(з(2^ +1)Л)пв(г) \™ \d V  < Cnr« - 1 for all r  > 0.
Applying Theorem 3.2, we know that there exist positive constants po and Сп.А.л which 

depend on n, А, Л such that

[  ePo\w~w0\dV < Cn,XtARn,
(3R)

where

So

BXq (3R)

Wo VX0(3R) ' JE WdV,
&XQ (ЗД)

/ ,
(4.11)ep°w d.V- f  e~KWdV < С'^л.аД2",

l B XQ(3R) J B xq(3R)

Clearly (4.10) follows from (4.11).
The following Corollary easily follows from Theorem 4.1.
C o ro lla ry  4.1. Let ft be a domain in M. Suppose и e H 2(ft), и > 0 and Ли =  0. If 

ft' c c  ft, then there exists a positive constant C(n, А, Л, ft1, ft) depending on n, А, Л, ft1, ft 
such that

sup и < C(n, А, Л, ft', ft) inf u. 
n> n '

One can also obtain strong maximum principle for harmonic functions in ft.
Now, we consider the global behavior of harmonic function on M. Suppose u(x) is a 

harmonic function on M. We set

M(r) = max u(x), p(r) =  min u(x),
p{x0,x)—r p(x0,x)=r

where ж0 is a fixed point in M. By the maximum principle we know that M  (r) is an increasing 
function and p(r) is a decreasing function.

T h e o re m  4.2. Ifu(x) is a non-constant harmonic function on M, then there exist positive 
constants СпЛ л and a which depend on n , A,A such that W{r) =  M(r) — p(r) > Сп>х,Ага.

P ro o f. We consider the functions M(2r) -  u(x) and u(x) — p(2r) in BXo(r). Using 
Theorem 4.1 we have

M (2r) -  p(r) < Cn,XiA(M(2r) -  M (r)), 

M(r)  -  fi(2r) < Cn>x,A(p(r) -  p(2r)). 

So W(2r) > 9W(r), where в =
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Therefore

W(2vr) > 2vl0**eW{r) (4.12)

for all v =  1,2, • • • . Clearly this theorem follows from (4.12).
Coro lla ry  4*2. There Is m o  Mon-constant boundd harmonic Junction on _M.
Theorem 4.2 obviously implies this corollary. In fact, we have the following result. 
C o ro lla ry  4.3. There is no non-constant positive harmonic functioh on M.
P roo f. Suppose u{x) is a positive harmonic function on M. uq =  inf u{x). Then therex€M

exist xn (n = 1 ,2, • • •) € M  such that u{xn) —> uq. Since W(x) — u(x) — uq is also a  positive 
harmonic function, for all R  >  0, we have

sup W(x) < CUtX,A • inf W(x),
B X0(R) b xq(R)

where x0 is a fixed point in M. Letting R  tend to oo yields W = 0. So и = щ.
Applying Kendall’s result and Corollary 4.2 one has the following Liouville theorem for 

harmonic maps.
C oro lla ry  4.4. Suppose N  is a complete Riemannian manifold. I f ф : M  —> N  is a 

harmonic map with image in a geodesically small disc, then ф is constant.
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