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ON THE CAUCHY PROBLEM FOR A SINGULAR
INTEGRODIFFERENTIAL EQUATION

HAN X1A0YOU* FENG XUESHANG** CHEN QINGYI***

Abstract
The arthors establish the existence and uniqueness of global solutions to the Cauchy problem
for the third-order Ben;amm—Ono equation by the so-called continuation method.

- §0. Introductlon

- In this paper. we shall dlscuss the Cauchy problem for the third-order Benjamin-Ono
equation,

oz
u(z,0) = p(z),

* where H denotes the Hilbert transform Hu = PV.L( '%%dy. _
The Lax hierarchy of the BO equation is given by

0 ug = —P—(u + SuH Uy + 3H (uug) — duyy),

. : o 61, o .. .
(LI = = ny, M= 3,4,5,--,
(1) ut 833( ou )= CL‘K " | : -
where I, is the nth conserved quantity of the BO equatlon and ¢ = K,, denotes the

functional derivative defined by

8£I (u+6V)|s—o.;./ (H u)) /K u)vdz.

The first few. I, and K,, are :

I = /udw, Ki=1,
2
I = %—dw, Ky =,

3
I3 =/(%— + uHug)dz, - Ks =-u2 + 2Hu,, .
4
Iy = /(% + %uzﬂuz + 2(ug)%dz, Ky =u®+ 3uHu, + 3H(uuy) — 4uyy,
5 4 . .
_ / {5 + (U Hutp + 02 H (wz)] + Ru(Hu,)? + 6u(us)? — gy Hug}do,
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L 5 5
I; = / {”_6_ + [u* Hug + §u3Huuw] + 515 (ue)? + U (Hug)” + 2u(Hug) H (vts)]

— 10[(uz)? Huy + 20ty Huy) + 8(ugg)? }da.

For n = 3, equation (II) becomes the following usual BO equation
‘ 0
| » Ut = —éz(u2+2ﬂu$)
For n = 4, equation (II) reduces to equation (I). In [1,7], the authors discussed the Cauchy
problem for the BO equation. The purpose of the present paper is to establish the existence
and uniqueness of global solutions to problem (I). For this purpose we first consider the

following parabolic regularized problem:

Oz
w(z,0) = ¢(z),
in suitable Banach spaces and solve it there. Then the solution of (I) is obtained by the
limiting process of the vanishing of the coefficient  — 0 through the solution of (III). In
this paper we use the same notations as in [1]. :

(1) { up = —pus — —a—(u3 + 3uHu, + 3H (uug) — 4ugy), |
(

Our results are as follows.

Theorem. Let integer s > 3 and ¢ € H*(R) with ||¢]lo < 132 . Then for any T' > Q there
exists a unique u € C([0,T); H®) such that u; € C([0,T); H*~®) and (1) is satisfied.

Corollary '0.1. Under the assumptions of the theorem above, there exists a unique
u € C([0,00); H) such that u; € C([0,00); H5~%) and (I) is satisfied.

Corollary 0.2. Let H® = QHS and |l¢llo < 33@ Then there exists a unique u €
- C([0,00); H*®) such that u; € C([0,00); H*) and (1) is satisfied.

§1. Preliminary Results

In this part we list serveral well-known results to be used in the sequel.
Lemma 1.1 (Gagliardo-Nirenberg inequenality). For u € H™(R) and p > 2, we have

“Ddu”LP < 2(p_2)/(2p)leu|A|u|l——)\,

Where)\—(d+%—l)/k 1<d<k<m.
Lemma 1.2 (properties of Hilbert transform).

/ /H Yvdz,
/H v)dx = /uvdw,

H(uH(v) + vH( )) = H(u)h(v) — wo.
'Lemma 1.3. [ K,,(u)(Kn(u))gdz =0 for all m and n.
See (8] for its proof.

§2. Local Existence in H°(R)

This section is devoted to the local existence of solutions to problem (I). Putting f=
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0, . .
55(1? + 3uHu, + 3H (uwu,)) and taking Fourier transform on both sides of (III) yield

{ df;(té‘) = —pug*a(€) — 4ie3a(¢) - £(6), | .’ (2.1)
o aeo=¢e. -
From (2.1) we have |

u(z,t) = S,(t)p(z) / Su(t—t')f(z, t)dt’

where S, (£)v = E,(£,8)V(£) and E,(£,t) = exp[— (ué? + 4ig®)t].
With the notations above we have the following theorem:
Theorem 2.1. Let A € [0,00). Then
(a) S, (t), for allt > 0 and s € R, satisfies

19.()plls4x < Ma(L+ (4ut) =)ol

for all p € H®, where M), is a positive constant depending only on A. Moreover the mapping
t € (0,00), S,(t)p is continuous with respect to the topology of HS+*, A

b) S,(t) : HS — H" is a strongly continuous contractive semigroup of operators with
one parameter., , '

Theorem 2.2. Let u > 0 be fixed, ¢ € H° and s > 1. Then there exist a Ty > 0
depending on s, ||¢|| and p, and a unique function u,(t) € C([0,Ty]; H®) satisfying the
fd]]owing integrodifferential equation

u(t) = S, (t)p — /t S(t — )0, (u® + 3uHu, + 3H (uuy,))dt .

Moreover, w,, is the unique solution to problem (III) such that u, € C([0,Ts]; H®) and
Bu,, € C([0, Ts); H*™4).

Theorem 2.3. Let u, € C([0,T]; H®), s > 1, be the solution to problem (III). Then
u, € C((0,T}; H") and 8;u, € C((0,T); HY) for all 7 > s and q > s — 4. Furthermore, for
every fixed t € (0,T), u,(t) is a continuously infinite differentiable function of x with the
derivative of any order tending to zero as |z| — oo. ' '

Theorem 2.4. Let s > 2 be an integer and u,(t) € C([0,T}; H*) be the solution of
problem (1I1)with u € (0,1). Then u,(t) can be extended to an interval [0,T’] independent of
w € (0,1). Furthermore there exists a monotone positive-valued function p(t) € C([0,T"]; R)
such that |Ju,(t)|ls < p(t) for ¢t € [0,T"] and p(0) depends only on ||¢||s.

The proofs of all the above theorems are similar to those of the counterparts in [1].

With the above theorems, we proceed as in {1] to obtain '

Theorem 2.5. Let ¢ € H®, ||pllo < v2/3 and s be an integer > 2. Then there exists
T > 0 depending on s and ||¢l||s and uo € C([0,T]; H®) such that dyug € C([0,T]; H*~3)
and wg satisfies problem (I) locally, i.e.,

Byy = _%(ug + 3o Huuo + 3H (uoBatio) — 46%ug), 0<t < T,
’u,o(iE,O) = (p($)
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§3. Proof of the Theorem

The main d1fﬁculty in the study of the global existence by the continuation method is
to establish certain delicate ‘a priori estimsates. For the sake of brevity, we merely give the
demonstration of the a priori estimates. The detailed proof of the Theorem is omitted. To
begin with we state the following Theorem 3.1 and its corollaries, whose proofs are not very
difficult. _

Theorem 3.1. Let u > 0 be fixed, s > 2 be an integer, u, € C([0,T); H®) be the
solution of problem (IIT). Then |u,(t)||s < M, t € [0,T), where M is a positive constant
depending on T' but not on p. ~

Corollary 3.1. Let > 0 be fixed, s > 2 be an mteger Then for any T > 0, there exists
a solution u, € C([0,T); H®) satisfying problem (III).

Corollary 3.2. Under the conditions of Corollary 3.2, prob]em (III) has a so]ut1on
u,, € C([0, 00); H?).

Theorem 3.2. Suppose that integer s > 2, u > 0 and u,, € C([0,00); H*) is the solution
of (III). Then .

: Iluu(t)llﬁ-s Il¢|l3»= Mo :

holds uniformly for. .

Theorem 3.3. Under the assumptions of Theorem 3.2, for any T > 0,

lu (8))? < My and |u(t)|2 < Mp ‘

hold uniformly on [0 T] for L, where My, M, are pos1t1ve constants dependmg onT and
the size .of .

Proof. The proofs of the two inequalities are similar. So we only give that of the first
inequality as an example. 4

For simplity, - we write u;, = u. Multiplying equation by Kj,. mtegra,tmg the resultmg

expression in 2 and using Lemma 1.3 we obtain

9 La(u(0) = ~(Ka(u), wdbu)o = ~plold + (Ki(w),pbuo,  (31)

where K4 (u) —.—-(u + 3uHu, +3H (uuw)) By using Lemma, 1.1 and Young 1nequahty and

integrating by parts we have
4

o 0 . _
(), ol < 3ululf + Clulf +
where C is a constant 1ndependmg of L. Now 1ntegrat1ng (3 1)int ylelds _
, 3 .
2fu(t)? +u/ luf2dt < c+/( o+ S Hu, dm+C/ 2, (3.2)
where C depends on the size of ¢ and 7. Usmg Lemma 1.1 and Young inequality we have

| [ 30 Huadol < Gluff +Cs,

| [ Sl < it +cr,

where C and C; are constants independent of u. From (3.2) we get

fut h+u/hﬁﬁ<0+0/|ma
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Gronwall’s inequality gives
lu@)ff < My, forany ¢€ 0,7

The second inequality of the theorem can be proved in the same way as above by using the
conserved quantlty Is(u).

Theorem 3.4. Under the cond1t10ns of Theorem 3.3, there ex1sts an M3 > 0 such that
|uu(t )|3 < Ms
holds on [0, T umform]y for u e (0, 1) and Mj does not depend on i € (0,1).

- Proof. The proof of the theorem is very long. We shall divide it into several steps.
(1) Setting |

I = /(Bgu)zdm.+ K/(agu)ZHuwdm +l/(uw3§uHuw)dm + n/uaguﬂagudx,
we shall consider I = [ 5 8 aw%%da:, where % = u® + SuHuy + 3H (uU;) — 46%u and

81 _ _ 98By 4 2K (62uHug)us + K (H(0%0))s — L(0%uHu,)s

ou
+ L(ug Htg)zos + LH (ug83u)s + NOJuHOu
~ N(uH®) 00 + N H(ud20)g.

The constants K, L, N appearing in I} will be determined later. I§ here seems to play the
role of “8th conservation quantity” of the BO equations. We then see that

I= / [—605u(uH Uy ) pze — 602uH (Utty) gz )dT

+4K / (20%0(uan Hity)s -+ O*uH (82u)2]de

+4L [ [208u(02ubu,) ~ OtuluH)es + B0 (03] da
(—~4N) / (03 uBBuH 82 + Obu(uH O ) 2o+ BhuH (uBPu),)de

+6 / (= (4Puz )oud2ulda + 6K / [(02e) o s Hus)d

~ 6K [ (una )0 tr)asd = 6K [ (i) Hw) o

+3K / P H (g, 2da + 3K / (wHg)o (H(020)?)oda

+3K / H(uum)m(H(Biuf)wdw + 3L/(u2um)w63uHuzdw

+ 3L /(uHux):cwaguHuwdw + 3L / _H(.uu‘,,.)maguHumdx

+'3L/(u2um)x(uwﬂum)md¢ +3L /(uHuw)m(uwHum)mdm

+3L / H(uug) oz (Ug Hig)peds — 3L /(uzuw)mH(umazu)dx
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-3L / (vHuy)ge H (uw63u)dw -3L f H(uttg)ge H (up03u)dz
+ 3N / u? Ug) 63uH 82udw +3N / uH um 83uH azudm

+ 3N/I—I('u,ugc 83uH82ud:z: - 3N /(u Ug m(uHa u)wd:c

T +3NfH(uuw-)‘@H(uagu)mdm' ~
=A;+ Az + -+ + Ag.
For Ay, we ;ha&e "
Ai =6 / (9% uuH O + 30%un, HOY + 30butys Hitgg + O4udtuHu,
o+ OfuH (udsu) + 484~uH (ugO3u) + 305uH (ugy)?)d
=6 / [-1. 534uH(um)2 + T0%uH (u03u) — 3. 5(63 )ZHum |
+ 1.505uH (uge)? + 364uH (um)z]da: '
== a2 [t ofuide + 21 [(Ghu) et
For A,, we have
" Ay =4K / [28§u6;°;uHu;,’,+;28§uﬁmH Upg + OMuH (Uyy )] dx
 =4K / [—3(83u)? Huse — O5uH (tg)>+ OpuH (Us)?|dz

= 12K (030 Hussdo.

Similarly, we get

43:4[’ / [——64u83uH Ug + 84uH (uz03u) — O2ud3uH Us
- 204 uumHum -0t Uty H g gg|dz N

-—12L/(63 2Humd:c - 6L/(um 2H84udw

and

Ay - 4N /[(Bgu)ZH um + 8iuumH 'u,x.w + 20%uu, H 8211,
 + SruuHO u + 6;4:11,H (udtu) + OfuH (uy03u)de -
=—6N: / (0%u)?HOsudz —~ 12N / O%uH (up83u)dx
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Therefore,

Ay + Ag + A + Ay = — (12N + 42) /B:uH(uiaguj&x — (6L +6N) /(um)zﬂc');‘udw

+ (—-.12K + 21 + 12L) / (agu)2ﬂu,;xdx
Considering the algebraic equation
12N +42 =0,
6L+ 6N =0,
—-12K + 120+ 21 =0,
we get N = —3.5, L = 3.5, K = 21/4. '
Fof As, we have

Ag =6{ / ~utg (03u)3dx + 2 / [—u2 U032 — u(tyy ) 205U — uug (03u)?]dz

+ / [~83uduuzu — Bguum(uzf— 203u(uy ) gy

- 8;:’u(um)2 - azu(umfum]da:}

SCsIUIg + C§.

In the sequel we denote by P;(u) the ‘polynomial of u,8,u,: - ,8Ju and in different
conditions P;j(u) may be different but P;(u) is always some polynomial of u,d,u,--- ,8iu
with the highest power of 8Ju less than 2. If 8JuH8%u apperas as a multiplier in some
term of P;j(u), we also say the power of 8Ju is 2. Under concrete condition, P;j(u) will be
obviously known. .

We are now about to estimate Ag,- - , Asg as follows.
63 =

63 [
=§2§ uzumwumHumdm+—é—/P2(u)dw

<Celul3 + Cg.
63
Y R

= — -622{/ BguHuwuH(?gudm + 2/63u(Hu-$)umHumdx

+/8gu(Hum)umHuzda:+/umHumuHagudm+/Pz(u)dm}
63
2
g B ol + 1l a2 ol + [ Po(u)da)

< - {lluoll oo ull oo [uff + 21| Hug|| oo |us| | Lo [ul2fuls

<Crlul3 + C%.
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=8 (.t

63 63
-7 Ugza(Hug)H (utg)oads ~ 7 Uga (Htos) H (Uts )ande
< Cslul} + C§.

Ao= 8 [ o, (Bt < Golul + €

A = %31/ HOuH (upe)?da +/Pz(u)dw < Cholulf + Cio-

Ay < Culuf +Cyy.

Ags < Coglul? + Ci,.
“Agr < Corfuld + Chy.

Ags =% uw(HO3u)uHd udx +'/R(Ps(’u) + Py(u))dz

32—1-|/uuw(H82u)2dm|+/P3(u)+P2(u))d$
SCzs]ulg + 055

Agg < Cholul3 + Cho- -
gt A=~ / H(udu)uHo udzs + / uHOMuH (u0bu)do] + / P(uw)de
= — -2%[ / -H (uagy)uH Bgudw + / H (ua;’u)uH Bgud;c

+ / Py(u)de] + / Py(u)da
<Chlul + Cae-
Finally we arrive at ' .
Il < Clul+C'.-

(2)
9, 21 2, \2 LA BN LT 3 2 4
<Ig + Cy + Caluls + Csluls
1
<hy+ Slufs + Ca.
Therefore,

lul3 < 21§ + C4.
(3) In this part we study
d 81}

oI, . 61, .
A, [ege,y. [ Osg 0L
Gile = H | gy Oaude / 5u 02 5y O
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We now estimate — [ 53.8%udz as follows:
- / %%Hiudm < _—.2|u|§ + 2K| /(aguH:uw)magudeu
+K| /(H(a2 84uda:| + Lj /(asuﬂux) 34udw|
+ L /(umHux)mwc?:udwl + |N| /(uHBﬁu)mmamudﬂ
+ V] [ H(u33)an0buce
= ul+ B+ By+:+ Bs.
| Bi| 52K|/6§u(Hum)02udw| +2K]/'6§u‘(Hum)32uda:|
< 2VEK (|ufy* ul3*uls|uls + ul* uls? uls)
., ; <G uf? + Cslul§ + Cs,
where j is a positive integer to be determined later. : ‘
1Bal =K| [ (1 (uso)?)05uds] < VEKIul} "W/ "luls

<+ Crful} + G
1Bl =L| [ S2u(Huz)ouds] < i~ {uft + Colul.
B4 =L [ (ueHue)an02udo] < 5731l + Crolulf + Clo.
\By| =[N / (uHtgs)oa05ud]

<|N||/uH84u65uda:| + |N||/2u¢H63u85ud:cl+|N||/umHuma udz|
SIN|(Ilel oo fulaluls + 2|lus|lzeulsluls + l[uaellzoeul2luls).
By using the 1nequa11ty |ulsa < Celu|s + Ceuls and ta.kmg e=j"1(1+ C||u||Loo)|N|, we
have
| - |Bs| < 257 |ulf + Cn|u|§ +Ci1-
Similarly, we know that | | _
1Bl < 257 uf? + Cualul} + C.
Therefore, |
/ s —8atudz < —2|ul? + 857 HulZ + Cislul3 + Cis.
Taking j = 4, we get

814

- 8 5tudz < Cuslul? + Cla.

So -
d ' '
EEI,( 1) < (uCis + O)|ul3 + uCiz +C'.
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If 4 € (0,1) we know that
I(u) < |I5(0)] + CuaT + /0 t Csul3dt
holds on [0, T ’llinifofmly for u € (0,1). Considering this inequality and the result of (2), we
conclude that '
lul3 < 016 + /t Cl7|u|§du,

where Cy¢,C17 are constants 1ndependent of u. By using Gronwall’s inequality, we know
that

Nul2 < C1ee®7t < C16e° T = M.

This completes the proof.v

Up to now we are ready to prove the folloWing general theorem about the uniform bound- .
edness for ||u,(t)||s. We shall write u = wu,, if no confusion occures. In showing the following
Theorem 3.5 we employ a specml technique.

Theorem 3.5. Let s > 2 be an integer, 0 < p < 1 and u, € C([0,00); H®) be the
solution of problem (II). Then for any T > 0 there exists a positive constant M such that
lun(®)]|2 < M} holds on [0,T] uniformly for y € (0,1), where M, is a positive constant
independent of u. ' ‘

Proof. Under the assumptions of the theorem, from the results of the theorems proved
above we deduce that

Iulo < Mo, fult < My, |u|2 < Mz, |u|3 < Ms,
where Mo, M1, M,, Mj are positive constants 1ndependent of w € (0,1). Therefore
||’LL“3 <M0-|—M1+M2+M3 M3,

where My} is obviously a positive constant independent of i € (0,1), that is, for s = 3 we have
proved the theorem. Our next task is to inductively prove that, for s > 3, |lu,()]|? < M!
holds on [0, T] uniformly for p € (0,1) with M, positive and independent of u. For this
purpose first we would like to display in detail the proof for the uniform boundedness of
|u|2, for its proof owns generality in the induction. Now ‘we consider

%(Iulz + % /u@in@iudw).
We estimate it as follows. o
%(Iulﬁ) = — 2ufuf2+2 / Eudbudds
+6[/ 65u64(uHum)d:c+/65u84 (H (uvug))dz]

= — 2ujulz+ By + Bs.
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E, —2/85 Aulde = —Cy /(84 ) uumdm+/P4
<Chlulf +Cs. o
Ep =6 f O5uB (uHuy)ds + / PudM H (wup))da].
=6 / 62uuH ASudz + / 65‘uH\(u82u)dm + / BudiuHu,dz
+4/85uumH64udw+5/85uH(um34 )dm] +/P4( )dz
=54 / 35uumU64udx+ / Py (u -
<54 / Buu, HOjudz + Cy |.u|_4 + Cs.
Therefore, |

dit(lu_li) < —2pfulg + 54 / uuy HOjudz + Colulf +Cr.

d 9

dt(Z /u83uH84dm) -—u[/H (ud? masudx

+ / (uH8%u),05udx ~ / (BguHB:,fU)magudﬂ |
=31 (urotw)d2(u)do + [ H(ud2).00) e
- / 03 (HOu)B, (u)da] — -2-23[/ H(udPu), 8% (uHug ) dz
+ / uHO ud5 (uHug)dz — /62uH6§u(uHu;¢)wdx]
- -2?7[/ H(udu)o H (0% (uug))dz +- / uHOuH8; (uu, )dw
- / P uHO W H (wtiy)oda] = is.[/ H(u0%) ,,05udz
+ / (WHO ), 0uda + / OB uH O ududd]
<uFy + Fy+ Fs+ Fy+ FL 4 FY.
R =~ 183 [ O, HObuds + [ Ofuues HObuds
- / H (t1050%)8%udz — / ()20 uda)
<54 / aﬁ@%Héﬁdﬁ# Csluf? + Co.
F! =18 / B3uHBub%udz < Croluf? + Cuy.

Therefore,

Fi+ F < —54 / uugy Hudz + Craluf2 + Cis.
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In Fy, we have _ . , L
- / H(ud®u)e HO (uug)dz = / (utp) (B0 2da + / Py(u)d,
- / uHOHO (uug)de = — / uHO uH (ud5u)dz + / Py(u)de,
= / uHO%uH (udtu)ds + / Pj(u)dz
and B L :
| / OBuHOMH (uig)pde < Cralul? + Cs.
Therefore, B | '
Fy < %z uHASuH (udiu)dz + Ciglu|? + Cyr.
In F3, we have
- / H (uazu)wai(uﬂum)dx = —-/uH@iuH (udiu)dz + / Py(u)dz,
and _ . | -
- / wHOM O (uHu,)dx = — / uz(Hégu)Hagudm+ / P4('u‘)d:i:..
We then know that o o -
2N 2—27-[/ H (uagu)za,‘,f(uﬂ Uy )dz + / uHOuOA (uHu,)dz
- / uHdpu(uHug)dx] |

<=2 [unotun(otds + Custult + Cis.

Fp=- g[ / (wH82u)02 (v®)dz + / H(udtu),04(u®)de

- f SBu(HOMw)D, (u®)da] = / Py(u)dz < Caolul2 + Car.
In Fy, we have . . : o
/ H(ud3u) 4, 08udx = / H(ud5u)08udx + 2 / H (u:03u)05udz
+ / H(up030)0%ude < g~ ulf + Coalul} + Cas,
- / (O3uH 3§u)magyda: ;% / (03u)? H_aguda;

<q~*|ulg + Caaluf} + Cas,

and

/(uHaﬁu)magudm < ¢ Yul2 + Coglul? + Car,

where q is a positive integer to be determined later. Therefore

27 o ! .
pFy < M-z-(l-lulg + Caglul3 + Cos.
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Taking q = 14 we obtain
dt 5 /u83uH64udm) < il — 54/um65uH64udm + Csolulf + Ca1.
Considering the above inequality and that of (1) we know -
d 9
Gl + 3 [ uoEErotuda) < Caalul} + Cas,
where positive constants Csz, Cs3 are obviously independent of p. Integrating with respect
to t we get _ o } .
9 SN A |
o )
where C34"> 0 is dependent on T" and ¢. On the’other hand, we have
9 f . 1
§| /uaguHaiudw{S §|u|2 + Css.
Consequently, - I '
. t. . :
|u|Z < 2/ C32|U|Zdt -|-_C36.>
0
By using Gronwall’s inequality we conclude that
IU’IZ S M4,

where My is independent of u. This completes the proof of the theorem for s = 4. By
induction we can prove the theorem for general s. In fact, suppose that we have proved
the theorem for 4, 4 < i < s — 1, i.e., there exists a positive constant M 1ndependent of
p € (0,1) such that

lu2 < M. t€[0,T], uniformly for u € (0,1).
Considering & (|uf?,, + 223 [wdiuHOi  udz), similar to the proof of |u|} we can show
there exists M;,; >0 1ndependent of € (0,1) such that
lul2,, < M{,,, t€[0,T], uniformly for € (0,1)..

This finishes the proof.

Proof of Theorem. Combining the local existence result with the result of Theorem 3.5
and using the technique introduced in [4] (see also [5]) we can easily establish the existence
part of the Theorem. It suffices to show the uniqueness. For this purpose, we write w = u—wv,
where v and v are the solutions to problem (I) with the same initial data ¢. Considering
the difference equation of equations and the provious bounds about % and v we can obtain

Gl +3 [ vwHo,ude) < Clul?.
Using the restriction on ¢ and Lemma 1.1 we have
3
(1= B)llull? < llwll+ 5 [ vwHo.wds < 1+ )lull?

for some 3 € [0,1). Therefore

d

& (ol +3 / vwHd,wiz) < C(lfwll? + 2 / vwH,wd).
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Gronwall’s inequality yields

=Bl < [l + 5

t € [0, T)] for all T, which implies that u = v. This ends the proof. -

§/ vwHO,wdz < 0,
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