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ON THE CAUCHY PROBLEM FOR A SINGULAR 
INTEGRODIFFERENTIAL EQUATION

H a n  X ia o y o u * * * F e n g  X u e s h a n g ** C h e n  Q in g y i***

Abstract
The arthors establish the existence and uniqueness of global solutions to the Cauchy problem 

for the third-order Benjamin-Ono equation by the so-called continuation method.

§0. Introduction
In this paper, we shall discuss the Cauchy problem for the third-order Benjamin-Ono 

equation,

(I)
lit ~ '̂̂ ,ddllx d* Ш(иих)

„ u(x,0) -  <p(x),

where H denotes the Hilbert transform Hu — PY.L J~z^dy.
The Lax hierarchy of the BO equation is given by

" <п> = =  n = 3-4' 6- - ’
f r

where In is the nth conserved quantity of the BO equation and ^  
functional derivative defined by ., .

=  Kn denotes the

^ J n(n +  еУ)1е=о =  j  ^ "y ]~  )  vdx ~  JK n{u )vdx .

The first few In and K n are \

Ii — J  udx, K\ — 1,

h = J  Y dx’ K 2 =  u,

f  U3
( y  +  uHux)dx, Kz — u2 +  2Hux,

/ n4 3
(— +  -u 2Hux +  2(ux)2dx, K4 = u3 +  3uHux +  3H(uux) -  4uxx, 

h  =  J { y  +  [^u3Hux + u2H(uux)\ +  [2u(Hux)2 +  6u(ux)2 -  4uxxHux]}dx,
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/6 = J  + +  ^uZHuux] +  ^[5 u2{ux)2 +  u2(Hux)2 +  2 u(Hux)H(uux)]

Hu# Q'U'ILxxHVjx] “b }■ctx.

For n =  3, equation (II) becomes the following usual BO equation

Щ -  ~ f a (u2 +  2Hux),

For n =  4, equation (II) reduces to equation (I). In [1,7], the authors discussed the Cauchy 
problem for the BO equation. The purpose of the present paper is to establish the existence 
and uniqueness of global solutions to problem (I). For this purpose we first consider the 
following parabolic regularized problem:

d
(III) (■и3 +  ЪиНих +  Ш(иих) -  4uxx),

in suitable Banach spaces and solve it there. Then the solution of (I) is obtained by the 
limiting process of the vanishing of the coefficient (jl —*■ 0 through the solution of (III). In 
this paper we use the same notations as in [1].

Our results are as follows.
Theorem . Let integer s > 3 and (p € HS(R) with ||<p||o < Then for any T > 0 there 

exists a unique и € C([0, T];HS) such that щ € C([0, T];HS~3) and (I) is satisfied.
Corollary 0.1. Under the assumptions of the theorem above, there exists a unique 

и € C([0,oo);Hs ) such that щ € C([0, oo); Hs~3) and (I) is satisfied.
Corollary 0.2. Let H°° = ПЯ5 and Ц93Ц0 < Then there exists a unique и e 

C([0,00); H°°) such that щ G C([0,00); Я°°) and (I) is satisfied.

§1. Preliminary Results
In this part we list serveral well-known results to be used in the sequel.
Lemma 1.1 (Gagliardo-Nirenberg inequenality). For и G Hm(R) and p > 2, we have

\\Ddu\\LP < 2^ - 2№ p)\Dku\x\u\1- x,

where A =  (d+  \  — £)/k , 1 < d < к < m.
Lemma 1.2 (properties of Hilbert transform).

J  uH {v)dx= — j  H(u)vdx,

J  H(u)H(v)dx = J  uvdx,

H(uH(v) +  vH(u)) =  H{u)h{v) — uv.

Lemma 1.3. J Km(u)(Kn(u))xdx =  0 for all m and n.
See [8] for its proof.

§2. Local Existence in HS(R)

This section is devoted to the local existence of solutions to problem (I). Putting /  =
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— (u3 +  3uHux +  3H(uux)) and taking Fourier transform on both sides of (III) yield
С/Х

I  ~сйР = -  /(О»
l « ( ^ o )  =  ^(0 -

From (2.1) we have

u(x,t) = Sp(t)(p(x) -  f  
J о

Sft(t — t')f(x,t)dt',

where S ^ v  =  EM(£ft)V(() and EM(^,t) =  exp[-(/i£4 +  4*£3)t]. 
With the notations above we have the following theorem: 
Theorem  2.1. Let A G [0, oo). Then 
(a) Sn (t), for all t >  0 and s G R, satisfies

l|S„((Vlls+A < Мл(1 + (4/<t)-A/4)||v>lls

for all ip G Hs , where M\ is a positive constant depending only on A. Moreover the mapping 
t G (0, oo), Sfj_(t)(p is continuous with respect to the topology of Hs+X.

b) S,j,(t) : Hs  —> Hh is a strongly continuous contractive semigroup of operators with 
one parameter.

Theorem  2.2. Let p > 0 be fixed, tp € Hs and s > 1. Then there exist a Ts > 0 
depending on s, ||<p|| and p, and a unique function uM(t) G C([0,Ts]; Ha) satisfying the 
following integrodifferential equation

u(t) = S,j,(t)ip -  f  S(t -  t')dx(u3 +  3uHux +  3H(uux))dt'.
Jo

Moreover, is the unique solution to problem (III) such that € C([0,Ta]-,Hs) and 
dtu„eC ([0,Ts];Hs- 4).

Theorem  2.3. Let и  ̂ € C([0,T\]H8), s > 1, be the solution to problem (III). Then 
uM G C((0,T];ffr) and dtu^ € C((0,T];Hq) for all r > s and q >  s -  4. Furthermore, for 
every fixed t G (o,T], % (i) is a continuously infinite differentiable function of x with the 
derivative of any order tending to zero as \x\ —» oo.

Theorem  2.4. Let s > 2 be an integer and u^(t) G C([0,T};Ha) be the solution of 
problem (III) with p G (0,1). Then u,j,(t) can be extended to an interval [0, T'} independent of 
p G (0,1). Furthermore there exists a monotone positive-valued function p(t) G C([0, T'];R) 
such that ||wM(t)||s < p(t) fort G [0,T'j and p( 0) depends only on ||</?||s.

The proofs of all the above theorems are similar to those of the counterparts in [1].
With the above theorems, we proceed as in [1] to obtain
Theorem  2.5. Let ip G Hs, |И |о < л/2/З and s be an integer > 2. Then there exists 

T  > 0 depending on s and ||<£>||s and щ G C'([0,T];hfs) such that dtUo G C([0,T]]Hs~3) 
and щ satisfies problem (I) locally, i.e.,

f dtu0 = - ^ - ( uq + Зи0Ндхщ + 3H(u0dxu0) -  4 8%щ), 0 < t< T ' ,

I uo(x,0) =  (p(x).
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§3. Proof of the Theorem
The main difficulty in the study of the global existence by the continuation method is 

to establish certain delicate a priori estimsates. For the sake of brevity, we merely give the 
demonstration of the a priori estimates. The detailed proof of the Theorem is omitted. To 
begin with we state the following Theorem 3.1 and its corollaries, whose proofs are not very 
difficult.

Theorem  3.1. Let p > 0 be fixed, s > 2 be an integer, иM € C([0,T);Hs) be the 
solution of problem (III). Then ||uM(t)||e < M, t G [0,T), where M is a positive constant 
depending on T but not on p.

Corollary 3.1. Let p > 0 be fixed, s >  2 be an integer. Then for any T > 0, there exists 
a solution Ufj, € C([0, T ];iP ) satisfying problem (III).

Corollary 3.2. Under the conditions of Corollary 3.2, problem (III) has a solution 
и „ еС ([0 ,о о );Я в).

Theorem  3.2. Suppose that integer s > 2, p > 0 and и  ̂ GC([0, oo); Ha) is the solution 
of (111). Then

IMOIIo < IMIo =  M0 -
holds uniformly for p.

Theorem  3.3. Under the assumptions of Theorem 3.2, for any T > 0,

KCOli < Ml and \u(t)\l < M2

hold uniformly oh [0,T] for p, where Mi, M2 are positive constants depending on T and 
the size of up.

Proof. The proofs of the two inequalities are similar. So we only give that of the first 
inequality as an example.

For simplity, we write = u. Multiplying equation by K±, integrating the resulting 
expression in x and using Lemma 1.3 we obtain

^h(u (t)) = -(K±(u),pdiu)Q =  -Tp\u\l +  (K[(u),pd%u)o, (3.1)

where K^u) = -(u 3 + 3uHux + 3H(uux)). By using Lemma 1.1 and Young inequality and 
integrating by parts we have

q 4
\(K^(u),p—  u)0\<3p\u\l + C\u\l+C, 

where C is a constant independing of p. Now integrating (3.1) in t yields

2|u(t)|? +  p j *  \u\\dt < C + f d j  +  \u 2Hux)dx + C J* \u\\dt, (3.2)

where C depends on the size of ф and T. Using Lemma 1.1 and Young inequality we have

| j  ^u2Huxdx\<^\u\l + Ci,

\ J  ^jdx\< ^ \u \i + C2,

where C\ and C2 are constants independent of p. From (3.2) we get
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Gronwall’s inequality gives

\u(t)\i < Mi, for any t € [0,T].

The second inequality of the theorem can be proved in the same way as above by using the 
conserved quantity h(u).

Theorem  3.4. Under the conditions of Theorem 3.3, there exists an Ms >  0 such that

M * )l!  < m 3

holds on [0,T] uniformly for ц € (0, 1) and M3 does not depend on p € (0, 1).

Proof. The proof of the theorem is very long. We shall divide it into several steps.

(1) Setting

4  =  / м . ) * .  +  к  f o lu ? H n xd*

we shall consider I — f  j£ d x^ d x ,  where ^  =  u3 +  3uHux + ZH(uUx) — &d2u and

XT'
^  -  2 dQxu +  2 K{d2xuHux)xx +  K(H(d2xu)2)x -L (d 3xuHux)x

+  L(uxHux) xxx + LH(uxd3u)  ̂+ NdluHdlu ■
-  N(uHdlu)xxx + NH(ud3u)xx.

The constants K, L, N  appearing in I8 will be determined later. I8 here seems to play the 
role of “8th conservation quantity” of the BO equations. We then see that

i = J l - e d tM u H u ,u , - e a ix4H(u4,)I„]d*

' J  [2дхи(иххНйх)х +  dxuH{d2xu)2]dx 

4L j [ - d xu{dluHux) -  d*u(uxHux)xx +  dxuH(uxdlu)}dx 

(—4iV) J  [dludluHdlu + d^u(uHd2u)xx +  d$.uH{uf%.u)x]dx 

+  6 J [ - ( u 2ux)xxdxu]dx+ QK J[ (u 2ux)xxuxxHux\dx 

(iff j  (uxxHux'jx(v/H,iix')xxdx QK j  (uxxHux  ̂xff  (V)UX̂ xxdx 

+ 3К  J  u2uxH(uxx)ldx +  3K  J\u H u x)x{H(d2u)2)xdx 

+ 3К  J  H(uux)x(H(dlu)2)xdx +  3L J \ u 2ux)xdluHuxdx 

, j\u H u x)xxdluHuxdx +  ZL J  H {uux)xxdluHuxdx

ZL J *(u Ugz'jx(v/XH'ux')xxdi£ 3L J * (vjffux')xx(uxflux)xxdx

ZL 11 (иих')хх(uxffv/x x̂xdx 3L J (̂u ttx>lxH(uxOxujdx

+  4 К  

+  ■

+  3L

+■:

+  :
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+  3 N j \u2ux)d^uHd2udx +  3N j  (uH ux)x дхиН d2 udx 

+  31V J  H(uux)xdluHdludx -  Ш J (u 2ux)xx{uHd2u)xdx 

Ш ^(uffUx')xxi^’H^x^ ) ~ b  ^  H(иих')хх(У'Н&х'11)хх̂ '3'

-  W  j (u2ux)xxH(udlu)dx +  Ш  J {uHux)xxH{udlu)xdx 

+ Ш  j  H{uux)xxH{udlu)xdx :

=A\ +  A2 +  1 • • +  ^29-

For A\ , we have ' ’

A\ =6 J [д^ииНд^и 4- 3d*uuxHdlu + Sd^uUxXHuxx +  д%ид%иНих 

+ d%.uH(ud%.u) +  Ad^uH{uxd̂ .u) +  3dxUH(uxx)2]dx 

=6 jl-l.bd*u H (u Xx)2 +  7d*uH{uxdlv) 3.b(dlu)2Huxx 

+ 1.5 d*uH(uXx)2 + 3d*uH(uxx)2]dx

=  -  42 / dxUH(uxdlu)dx +  21 /  (dlu)2Huxxdx.

For A2, we have

A2 = 4K J  [2d*udluHux +:2d*uuXxHuxx + d*uH(uxx)2]dx

, =  4К  J[~Z{dlu)2Huxx -d^uH(uXx)2 + dtuH(v,xx)2]dx 

=  - 12К  j(dxV,)2Hy,xxdx.

Similarly, we get

Az -4L J[~d^udluHux + d .̂uH(uxdlu)-  дхид^иНих 

2дхиихх H uxx dxUVixHuxxv d̂x 

= 12L J(dlu)2Huxxdx -  6L J (uxx)2Hd .̂udx .

and

A4 = -  4N j[(d lu )2Huxx +  dxUuxxHuxx +  2dxuuxHd'l 

+  дхииНдхи +  дхиН (идхи) +  dxuH(uxdxu)]dx 

=  —6N- J (d 2u)2Hd*udx -  12N J  d^uH(uxdlu)dx

,u
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Therefore,

Ax +  A2 +  A3 + A4 =  -  (12N  +  42) J  d*uH{uxdlu)dx -  (6L +  6JV) J (uxx)2Hd*udx

+  ( - 12K  +  21 +  12L) J (dlu)*Huxxdx

Considering the algebraic equation

12IV +  42 =  0,

6L +  QN =  0,

-12K  +  121 +  21 =  0,

we get N =  —3.5, L =  3.5, К  =  21/4.

For A5, we have

A5 =6{ j  —uux{dxu)2dx +  2 J [~uluxxdlu -  u(uxx)2dxu — uux{dxu)2]dx

+ J[~9ludluuxu d l u u xx{ux)2 -  2dlu{ux)2uxx 

&xU(ux') uxx\dxy
+  C5.

In the sequel we denote by Pj{u) the polynomial of u, dxu, ■ ■ • , d^u and in different 
conditions Pj (u) may be different but Pj(u) is always some polynomial of u,dxu, • • • , d3xu 
with the highest power of dJxu less than 2. If д^иНд^и apperas as a multiplier in some 
term of Pj(u), we also say the power of d^u is 2. Under concrete condition, Pj(w) will be 
obviously known.

We are now about to estimate A ,̂ ■ ■ ■ , A29 as follows.

j xx'U'xx Них dxл 63  f ,  2 4Aq — 2  / \U’ x̂)a

63 f  2 TT , 63 f  _ , . ,= — / u*uxxxuxHuxdx +  — / P2{u)dx

<C6M §+C S.

Af =  — J (uxxHux)x(uHux')xxdx

= ~ ~ ^ {J  dxuHuxuHdxudx +  2 J d xu(Hux)uxHuxxdx 

+  J dlu(Hux)uxxHuxdx +  J uxxHuxxuHdludx +  J P2(u)dx}
03

< у { 1Ы |ь Ч М к °°М з + 2\\Hux\\L°o\\ux\\L°o\u\2\u\3

+  \\Hux\\2Loo\u\3\u\2 + \\Hu ж® | I.L00 Н̂ жа: ||х,°°МоЫз +  J P2(u)dx} 

<C7\u\2 + C7.
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63 f
As =  1 *2“ j  (V/xx̂ x̂̂ sŝ '(wU'x'̂ xxdx

63 f  63 f
“  2” J ^xxx[^^x}^(^‘u>x')xx$3s “2“ j  Uxx(<̂ ‘U,Xx')$(̂ 'U,x>)xxd'%

<Cs\u\i + C'.

Ag = X  /  u2ux(H (UX*)2)dx ^  C9 H 3 + Cg

-Aio — ~ ^ J  uHdluH(uxx)2dx +  J  P2(u)dx < СюМз +  C'lQ.

M i < C'n|w|i +  C[i. ■

Л 24 <  ^24l^ li +  C*24-

^27 < CWMi +  ^27-

A25 = ^ -  Ju(Hdlu)uHd*udx +  j  (Рз(и) + P2(u))dx

<7^1 j u u x(Hdlu)2dx | + J Рз(и) + P2(u))dx

<С2бМз +  C25.

j4.29 < C,29|' l̂i 4-

_ 21 ■ 
2

_ 21 ■ 
2

4̂.26 -КД28 =  — "тг[J" H{ud^u)uHd^udx +  j  uHdluH(ud*u)dx] + J  Pz{u)d, 

[J  —H(ud^u)uHdludx + J  H(ud*u)uHdludx 

+  / д ( . > Ч  +  / д ( ^ *

<Сгб|^|з +  C'2q. 
Finally we arrive at

(2)

\I\ < C\u\2 +  C .

|«j§ =Jg +  ^  j \ d 2u)2Huxdx -  ^ J  uxd\uHuxdx +  ^ J  udluHd2udx 

</g +  Ci +  C2 |^|з +  Сз|м|з

—■̂8 +  2 +  ^4- ■

Therefore,

N1 < 2/g +  C4.

(3) In this part we study
d  T, [ 6 % . 4 . 6 h
л 1» - - " /  H d-udx- j  H d* H ix -
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We now estimate — f  j£d*udx as follows 

6IL
/  l u d*udx ~ +  2K \ /  (dl uHux)xXd^udx\

+ K\ J (H(d2u)2)xd*udx| + Ц J {dluHux)xdludx\

+  L\ J (u xHux)xxxdxudx\ +  \N\ J(uHdlu)xxxd*udx\

+  |iV|| / H(udlu)xxd*udx\

— — 2|n|5 +  B\ +  B2 +  • • • +  Bq.

|j5i | < 2K\ j  d*u{Hux)dxudx\ + 2K\ J d2u{Huxx)dxudx\

< 2V2K(\u\l/2\u\l/2\u\3\u\5 + \u\l/2\u\l/2\u\5)

< j -1 M i +  C sM i +  ^ 6)

where j  is a positive integer to be determined later.

I-B2I =K\ J (H(uxx)2)d lu dx \< V 2K \u \l% \l/2\u\5 

<3 1|Mli +  CVM§ +  Cs-

|5 3| =L\ J dlu{Hux)dbxudx\ < Г 'Ы ь  +'Ce|«||.

\B4\ =L\ J (u xHux)xxd*udx\ < j~ l \u\l +  СюМз +  C[Q.

\Bb\ =|W|| j {uHuxx)xxdludxI

<M J uHd^udxudx\ + \N\\ J 2uxHdxudxudx\ + \N\\ J uxxHuxxdxudx\

<|JV|(||tA||^oo|w[4|xt|5 + 2 ||« а,||ьво|«|з|и|в +  ||«**||bee|«|2|t*|5).

By using the inequality |u|4 < Ce\u\$ + Ce~l \u\z and taking e =  j~ 1( 1 +  СЦпЦ^оо)^!, we 
have

\B&\ < 2j~ 1\u\2 + Cn\u\2 + C'n .

Similarly, we know that

\Be\ < 2j~1\u\l + C i2\u\2 + C'12-

Therefore,
SIL-  J  ^ d£udx < - 2\u\l +  8j  г\и\1 +  С713|«|з +  C[z.

Taking j  =  4, we get

So

/
ят'

dtudx < C13\u\l + C[3.

< o*cu + o ) |ug + j .c ;3 + c .
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If p G (0,1) we know that

Ш < № Ш + С и Т  +

holds on [0,T] uniformly for p G (0,1). Considering this inequality and the result of (2), we 
conclude that

M l — ^16 + J

where Ci6, Cn  are constants independent of p. By using Gronwall’s inequality, we know 
that

M l < CweCirt < Cieec"T = M3.

This completes the proof.

Up to now we are ready to prove the following general theorem about the uniform bound
edness for ||uAt(t)||s. We shall write и =  if no confusion Occures. In showing the following 
Theorem 3.5 we employ a special technique.

Theorem  3.5. Let s > 2 be an integer, 0 < p < 1 and G C([0, o o );# s) be the 
solution of problem (II). Then for any T  >  0 there exists a positive constant M' such that 
||%(£)||s < M's holds on [0,T] uniformly for p G (0,1), where M's is a positive constant 
independent of p.

Proof. Under the assumptions of the theorem, from the results of the theorems proved 
above we deduce that

Mo < M0, |u|f < M i, \u\\ < M2, |u|l < M3, 

where M0, M i, M2, M3 are positive constants independent of p G (0,1). Therefore

IMli S Mo +  Mi +  M2 +  Ms — М3,

where М3 is obviously a positive constant independent of p G (0,1), that is, for s =  3 we have 
proved the theorem. Our next task is to inductively prove that, for s > 3, ||им(£)||з < M' 
holds on [0,T] uniformly for p G (0,1) with M's positive and independent of p. For this 
purpose first we would like to display in detail the proof for the uniform boundedness of 
M l, for its proof owns generality iri the induction. Now we consider

j t (Ml +  udluHdtudx).

We estimate it as follows.

j t (M l) =  -  +  2 J d 5xud$uzdx

+  6 [ j  dxudx(uHux)dx +

— — 2p \u \q'+ E i  +  E 2.
/

dbxudl(H(uux))dx]
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Therefore,

Therefore,

Ei =2 J dxudxv?dx =  —Ci j (dxu)2uuxdx + j  Pi(u)dx 

+  С'з.

E2 - Ql j  uxJdx +  J дхид* ( Я Ц ))dx]:.

dxuuHdxudx -I- J d xuH(udxu)dx + j  dxudxuHuxdx 

+  4 J dxuuxHdxudx +  5 j  dxuH (uxdxu)dx\ +  J P±{u)dx

=54 J dxuuxlldxudx +  J P^(u)dx 

< 5 4 / в > И« Я в > *  +  С 4 М 1 +  С 6

A
eft'

[(Iwll) < -2 /г |и || +  54 j d lu u xHdxudx + Cq\u\\ + Ct.

j t { \  J udxuHdxdx) =  J H(udl)xxdludx

+  J (uHdxu)xdxudx -  J (dxuHdxu)xxd2udx]

-  | [  j{uHdj.u)dt{uz)dx +  J H(ud3u)xd%(u3)dx]

-  j  d3x(Hd$u)dx(u3)dx) -  ~̂ [JH{ud3u)xdx{uHux)dx 

+  J uHdxudx(uHux)dx -  j  d3uHdxu(uHux)xdx]

-  Щ[ '!' Hiudxu)xH{dx{uux))dx + J uHdxuHdx(uux)dx

-  j  dluHdxuH(uux)xdx] — 18[J H{udxu)xxdxudx

+  J (uHdxu)xdxudx +  j  dxuHdxudxudx\

—fj.Fi -f- F 2 +  F3 +  F4 +  F q +  F " .

F$ = — 18[3 J dxuuxH'dxudx +  J dxuuxxHdxudx

— j H(uxxdxu)dxudx -  J H{d3u)2dxudx] 

< — 54 J dxuuxHdxudx +  C3\u\\ +  Cg.

F̂  =18 J  d3uHdxudludx < Cw\u\l +  Сц .

F'b +  Fs < -5 4  J dluuxHdxudx + Ci2\u\\ +  C13.
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In F4, we have

— J H(udlu)xHdx(uux)dx =  J (uux)(dxu)2dx +  J P4(u)dx,

-  j  uHdxuHdx(uux)dx =  — J u H dxuH(udxu)dx +  j  P4(u)dx,

=  j  uHdxuH(udxu)dx +  J P4{u)dx

and

Therefore,

J d 3uHdxuH(uux)xdx < Cu\v\\ +  C15.

F4 < у  f uHd5xuH(ud4xu)dx + C16\u\l + Cl7.

In F3, we have

-  J H{udlu)xd${uHux)dx =  -  J uHdluH{ud$ u)dx +  J P4(u)dx,

and

— J uHdxudx(uHux)dx =  — J v?(Hdxu)Hdxudx +  J P4(u)dx.

We then know that

F3 =  -  ~̂ [jH(udlu)xdx(uHux)dx + J uHdxudx(uHux)dx

-  J dxuHdxu(uHux)xdx]

27 f
< -  — I uHdxuH{ud*u)dx +  Cis\u\l +  C\g.- 

F2 = ~ \ [ j  (uHd*u)d%(u3)dx +  j  H(udtu)xdt{u3)dx

-  J dlu(Hdxu)dx(u3)dx] =  j  P4(u)dx < C2Q\u 4̂ +  C2\.

In Fi, we have

J H(ud3u)xxdxudx =  j  H{udxu)dxudx +  2 J H(uxdxu)d^udx

+  J  H{uxxdlu)dludx < ?_1|м|б +  C22MI +  C23,

-  J(dluHd*u)xxdludx J ( d 3u)2Hdludx

<q~1\u\l + C24\u\2 + C25,
and

J (uHdxu)xdxudx < q 1|м|§ +  C2q\u\\ +  C27,

where q is a positive integer to be determined later. Therefore
27

fJ>Fi < li— \u\% +  СгвМ! +  C2g. iq
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Taking q =  14 we obtain

J udluHd^udx) < ц\иЦ -  54 j  uxdxuHdxudx +  C30M4 +  C31. 

Considering the above inequality and that of (1) we know

^ ( M ! +  \  J  udlHdlvdx) < C32\u\24 + C33,

where positive constants C32, C33 are obviously independent of p. Integrating with respect 
to t we get

M i + ^ j  ud%uHdxudx < J  СзгМ !^ + C34,

where C34 > 0 is dependent on T and ф. On the other hand, we have

J udluHdludx\ < ^\u\l + C35.

Consequently,

\u\\ <  2 f  См\и\\ЛЬ +  C36.
Jo

By using Gronwall’s inequality we conclude that

\u\l < M4,

where M4 is independent of p. This completes the proof of the theorem for s =  4. By 
induction we can prove the theorem for general s. In fact, suppose that we have proved 
the theorem for г, 4 < г < s — 1, i.e., there exists a positive constant M[ independent of 
p € (0, 1) such that

\u\f < M[. t € [0,T], uniformly for p e (0,1).

Considering -^(\u\f+1 +  J udxuHdx+1udx), similar to the proof of \u\l we can show 
there exists M[+1 > 0 independent of p € (0,1) such that

M i+i <  t e  [0, T], uniformly for p e  (0, 1).

This finishes the proof.
P roof o f T heorem . Combining the local existence result with the result of Theorem 3.5 

and using the technique introduced in [4] (see also [5]) we can easily establish the existence 
part of the Theorem. It suffices to show the uniqueness. For this purpose, we write w =  u -v , 
where и and v are the solutions to problem (I) with the same initial data p. Considering 
the difference equation of equations and the provious bounds about и and v we can obtain

^ ( I H l i  + \  J  vwHdxwdx) < C\\w\\l

Using the restriction on ip and Lemma 1.1 we have

(1 -  /3)IH li <  INI? +  I У  vwHdxwdx <  (1 +  /3)|Mli

for some (3 € [0,1). Therefore

^ ( I H l i  + ^ J  vwHdxwdx) < C(||w||f +  I  j vwHdxwdx).
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Gronwall’s inequality yields

(1 -  /3)|.HIi < IИ If +  vwHdxwdx '< 0, 

t e  [0, T] for all T, which implies that и =  v. This ends the proof*
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