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SOME PROPERTIES OF ¢-PRODUCTS**

JIANG JIGUANG*

Abstract
Three theorems concerning the almost 0-expandability, normality, and [0, k}-compactness
(8 > w) of o-products are proved.

s1. Introduction and Preliminaries

- The notion of o-products was introduced by H.H.Corson!¥ and some interesting results
was given in [1-4, 8, 9, 13, 14, 16]. This notion plays an important role in the study of
a number of covering and separatmn properties. In this paper we give some other results
concernmg it. '

All spaces in this paper are Hausdorff. The letter w denotes the first infinite cardinal; k,

A, 6 denote cardinal numbers and other Greek letters will dénote ordinal numbers. For a
set A, we denote the cardinality of A by |A|; A<¥ = U{A" : n < w}, where A™ is the set of
functions from n to :A. For t € A™ and a € A, we define £ @ a is the function from n + 1 into
A such that t @ a|n = ¢ and ¢(n) = a. Let

[A]<* = U{[A]" :n < w},
where : .
[A]* ={BCA:|B|=n}.
Let {X : a € A} be a family of spaces and s be a given point of the product space
P H{Xa o e A} For each z € P, let

Q@) = {a € A+ 70 # 52

The subspace {z € P+|Q(z)| < w} of P is called the o-product of {X, : @ € A} with base

point s and is denoted by o{X, : @ € 4, s}.
Let X =0{X, : « € A,s}. For each finite subset c of A ‘the product [[{Xe:ae c} is

called a finite subproduct of X. For each B C A, let
 X|B=0{Xa:a€B,s|B} x {sl(A\B)}
Deﬁne a map pp: X — X|B by
(pB(z))a = %o, fa € B,
= 8,4, ifa€A\B
" Manuscript received October 15, 1990.
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for each z € X, where (pp (:B))a denotes the a-coordinate of pg(z). For n < w, let

n={zeX: IQ(w)l < n}
It is easy to verify the following facts.
Fact1. X = U{Xn n < w}, where each X,, is closed in X;
Xn=U{X|c:ce[A]"}, Xo = {s}.
Fact 2. For each B C A, X|B is closed in X and pp is a continuous open map from X
onto X|B such that pp|(X|B) = id(x5).
Fact 3. If n < w and H is an open set in X such that X.CH , then
{pc I(X |c\H) : c € [4]"+'}

is a locally finite family of closed subsets of X.
Proof. See Remark 1 in [3] or the proof of Theorem 3 in [8]
Fact 414, For each n < w, '

{po'(x IC\Xn) ce [A]”“}

is a pomt ﬁmte collection of open sets in X.

Proof. Let z € X and § = {c € [A]"*! : c C Q(z)}, S is finite. For each ¢ € [A]”"'I\S
there is o € c\@Q(z). We have

1Q(e())] = |eN Q)| < |e] =n +1.

It follows that p.(z) € X,; therefore z & p71(X|c\Xn).

A space X is almost §-expandable if for every locally finite famlly {Fy:a€ A} of closed
subsets of X there exists a sequence :

(Gn = {Gna 1@ € A})ncw

of collections of open subsets of X satisfying the following:

(1) F, C Gpq for each @ € A and n < w.
(2) For each € X there is some n < w such that G, is point finite at . These spaces

‘were introduced in [6] under the name of “4-expandable”. The name “almost #-expandable”

was suggested by J.C.Smith in [11]. J.Chaber proved that a space is submetacompact if and
only if it is almost 6-expandable and has property b; (see [12]). An open cover of a space
is an A-cover if it has a locally finite refinement. A cover U of a space X is semi-open if
z € IntSt(z,U) for each z € X. Let U, Vp, n < w, be covers of X. The sequence (V,,) is
open (semi-open) if V, is open (semi-open) for each n < w; (Vy) is a pointwise W-refining
sequence of U if for each z € X there is n < w and finite A’ C U such that {v € V,, : z € V}
is a partial refinement of U’ ([15]); (Vy) is a point-star F-refining sequence of U if for each
z € X there'is some n < w and finite 4’ C U such that £ € N and St(z,V,) C UL’ (see
[5]); (V) is a point-star refining sequence of U if for each z € X there is some n < w and
U € U such that St(z,V,) c U. |

Fact 5[7). The following are equivalent for a space X

(1) X is almost #-expandable.

(2) For every A-cover U of X there exists a sequence (V,) of open refinements of I/ such
that for each z € X there is n < w such that V, is point finite at z.
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(8) For every direeted :A-cover U of X ‘there exists a sequence (V,) of open refinements
of U such that for each z € X there is some n < w and U € U such that St(z,V,).C U.

(4) Every directed A-cover of X has a o-cushioned refinement.

Let 6, k > w. A space X is called [0 lc] compact if every open cover of X of cardmahty
< Ic has & subcover of cardmahty < 9. Tt is easy to ver1fy the followmg L
" Fact 6. Suppose that cf(9) > v and {Foa:a< y}isa closed cover of a space Y such that
F, is [0, k]-compact for each o < . Then Y is [0, k]- -compact. :

Fact 7119, Let B be a base of a compact space C closed with respect to finite unions and
finite intersections. The pr.oduct space X % C' is normal if and only if X is normal and every
B-cover of X has a locally finite open refinement. o

§2. Main Results . L

Theorem 2.1. Let X = o{X, = o € A,s}. If every finite subproduct of X is almost
0-expandable, then X is almost 0-expandable. .

Proof. Let U = {Ug E € D} be a d1rected A-cover of X.

Claim. For each n < w and t € W™ there exists 4 fam11y W(t) of open subsets of X
satisfying the following

()W) 1s a partial reﬁnement of U,

(2) Xn C U (UW(tl7)), and L
(3) Ifn > 0 then for each z € X there is some z( ) <w: and e D such that
St(:c W(t( - 1) o z(:c))) - Ue.
Proof of Claim. For ¢ = gb €Wl plck fg €D such that s € Ug,. Let W(¢) = {Ugo}

Assume that W(t) has been constructed for eacht'€ U w. For eacht € w""’1 there is some
N =0

rewn Wlth t=r® t(n) Let W U (UW(r|J)) By (2) X, CW. Foreach c € [A]""'1

{Us g (XIC)\X e D} U {W n (XIC)}

is an A-cover of X |c. Since X|c is almost f-expandable, by Fact 5 there exists a sei'lueﬁce
< Hci > of open covers of X|c such that each H,; is a refinement of U, and for each z € X|c
there is some 7 < w such that H,; is point finite at z. We may assume that for each 7 < w

Hei = {H(c,5,€) : § € D}U {Wei},
Wi € W X|c and | |
H(c,i,€) C Ug N X|c\X,, for each ¢ € D.
For each k < w, let e
Ve —{pcl(ﬂH 3 e))nvgk b, otee D)
S S ek S

Then VY, are ‘collections of open sets of X such that V; is a partial refinement of V,; for
each j < 4. Since U is directed, we have : ’
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(4) For each c & [A]""‘1 and z € X there is some 4 < w and £ € D such that St(a; ch) -
Ug. Define . : s . , -

W(t) = W(r @ t(n)) = U{Vesny : ¢ € [A]*H}.

Then W(t) is an open _pe;rtiall.reﬁnement' ofU. To see (2), let T € X’n;l\W There is some
cE [A]”+1 such that z € X|c\W. Let k = t(n) and pick §; € D such that T € H(c J,§J) for
each j = , k. Since, by Fact 2, pc( ) 1dX|c(ac) =z,

‘ g €pc l(n H(C,J,{,)) nUﬁk € W( )
7=0.

It follows that X,.1\W C UW(2), so X’n.,_l C TJI(UW(tl ). Thtls (2) is satisfied. To see
(3), let z € X. By Fact 4, we may assume t'hat-F—0

{ce (A" o ep7H(X[\Xn)} € {co, -+ s em}-
For each j =0, - ,m, by (4) there is some i; < w and fj € D such that St(:l: ch) C Ugj
Let £eD, such that U Ug, C Ug and let z( ) max{zo, . ,zm} We have

St((L‘ W(’l" D1 w)) U St CB vcjz(w) U St(CL' vc,z,) < UE
§=0 . j=0

The condition (3) is satisfied and the proof of Claim is thus complete -
For each n < w-and t € W™, let.

o) = ) witl) DUy
. .. §=0 . :
Then (G(t) : ¢t € w<“’) is a sequence of open reﬁnements of U. For each z € X, there is
some n < w such that z € X,,. fn =0, then z = s € Ug, € W(¢), so St(z,G(¢)) C Ug,.
Now assume n > 0. By (3), there is some sequence (io(z)," - ,in—1(z)) of natural numbers
- and sequence (71, - ,7,) such that St(z, W(t;)) C Uy, for each j = 1,.-- ,n, where t; =
tj—1®i;_1(z), to = ¢. Define t(z) = t,, then t(z) € w” and t(z)|j = t; foreach j =0,--- ,n.
Let £ € D such that :

"Ugo' UU,,,1 U '-'UUnn‘ C Ug.

n

St(2,G(t(2))) = | Stle, Wet(@)l7)) € Ue.

§=0
By Fact 5, X is almost §-expandable.
Theorem 2.2. For any space X the following are equivalent.
(1) X is almost #-expandable.
(2) Every A-cover of X has an open pointwise W-refining sequence.
(3) Every A-cover of X has a semi-open point-star F-refining sequence.
. (4) -Every directed A-cover of X has a semi-open point-star refining sequence.
(5) Every directed A-cover of X has a o-closure-preserving closed refinement.
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Proof. .(1) 4 (2) By Fact 5, every A-cover U of an almost §-expandable space has a
sequence (V,) of open refinements such that for each z € X there is some n < w such that
V,, is point finite at . Then (V),) is a pointwise W-refining sequence of U.

(2) — (3). Clear.

(3) — (4) Let U be a directed A-cover of X. By (3), U has a semi-open point-star
F-refining sequence (Vn). Since U is directed, (V,) is a point-star refining sequence of Y.

(4) — (1) Let U be a directed A-cover of X. By (4), U has a semi-open point-star refining
sequence (V,,). For each A C X and n < w, let

W(n,A) = {z € X : St(z, V») C A}.
Then ClI(W(n, A)) C A. For each n < w, let ‘
W, = {W(n,U):U € U}.

It is easy to prove that U W, is a o-cushioned refinement of 4. By Fact 5, X is almost
f-expandable. "0

(1) = (5) Let U = {U(t) : t € T} be a directed A-cover of an almost f-expandable space
X. By Fact 5, there exists a sequence (V,,) of open refinements of I/ such that for each z € X
there is n < w such that V, is point-finite at z. We may assume that V,, = {V(n,t) : t € T}
and V(n,t) CU(t)foreachn<w teT. Let S = {sCT |s] < w}. For any n, m < w

and s € 9, let
Hnm)={zeX:|{VeV,: mEV}[<m+1},

F(n,m,s) = {H(n m) \U{V(n t):te T\s}
Since H(n,m) is closed in X and {H(n,m)NV(n,t):t € T} is a point-finite family of open
subsets of H(n,m), the family _ o
m#{F(n m,s):s € S}
is a closure-preserving family of closed subsets of X. For each z € X, there is some n{z) < w
and m(z) > 1 such that

[V € Vo 12 €V} = (V(n(a), 1), -, V@), ).
Then 2 € H(n(z),m(z)). Let s(z) = {t1,"*+ ,tm(w)} Toke a t(z) € T such that
. Uty) U+ UU(tm@)) C U(H(z)).
Then .
z € F(n(z),m(z), s(z)) C U(t(x)).

It follows that {F(n(z),m(z),s(x)) : z € X} is a o-closure-preserving closed refinement of
Uu.

(5) — (1) Any o-closure-preserving closed refinement of a cover of X is clearly a o-
cushioned refinement. By Fact 5, X is almost §-expandable.

Corollary 2.1. A continuous image of an almost §-expandable space under a closed
mapping is almost 0-expandable.
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Proof. Let f be a closed and continuous mapping from an almost 6- expandable space
X onto.a space Y:and U be a drrected A-cover of Y. Then - - ' B

is.a directed A-cover of X. By Theorem 2.2, the cover V has a refinement- U Fy where

‘n=0
each F,, is-a.closure-preserving :famﬂy .of closed subsetsof X For each n<w,let ...

Kn={f(F): Fef}

Then U Ky is a a—closure—preservmg closed reﬁnement of Uu. By Theorem 2 2 Y is almost
n=0 ) ) : .

f-expandable.

Theorem 2.8. Let X = 0{X, : a € A,s} and C be a compact space. Suppose that X
is normal and the product [][{X, »a € ¢} x C is normal for each finite subset c of A. Then
X x C is normal. :

" Proof. Let B be a base of C closéd With respect to firiite umons and finite intersections -
and

o= '{'G’(B;D) (B, D) e'é:}'
be a B—cover of X, Where , ' | o . o
8 {(B D): B D €B and CI(B) N Cl(D) (0}

Claim. For each n < w, there is an open subset H, of X and a collection V,, of open’
subsets of X satisfying the following S
(1) V, is locally finite and is a part1a1 reﬁnement of g

(2) X, C Hy, C Hyy1 and C(H,) € U (UV)

. =0 1
(3) Cl(Hn) N (UVpir) = 0. | - o .
. Proof of Claim. For n =0, let Hy be an open subset of X and (By, Dg) € € stich that

s€ Hy C Cl(Hoy) C G(Bg, Do)
Let V, = {G(BO,DO)} Let us assume that H; and V; has been constructed for each i < n.
Let V = U(UV) By(2) S R

=0 . o ) :

| - Xn CH,C Cl(H,)C V.

For each ¢ € [A]"+, o S
{G(B D)nX|c (B,D) € £}

is a B-cover of X|c. Since (X|c)xC is normal, there is a locally finite open cover {V(c, B D)
(B D) € €} of X|c such that - - ‘ T

V(¢,B,D)cG(B,D)NX|c:
for each (B, D) € €. Let
O A Vn+1 U{Vc cE [A]n+1}, | ‘
where . .. .. . . - L
= {p7}(V (c B D)\ 01( ))nG’(B D)\ CI(H ) (B,D) €&}
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Since UV, C p7*(X|c\H,) and, by Fact 3,
{p7 1 (X|e\Hn) : c € [A]"H}
is locally finite, V,+1 is a locally finite collection of open subsets of X. It is also a partial

refinement of G. For each z € X’n+1\V there is some ¢ € [A]"*! such that z € X|c\V. Let
(B,D)e € such that € V(¢c, B, D). Since pc(m) 1d(X|c)(:n) =,

2 € p21(V(c, B, D)\ CI(H,)) N G(B, D)\ Cl(Hy) € Vs

Then Xn+1\VCUVn+1,so Xn+1c U(UV) Since X is normal and
3==0 ’ ’ . [ N

n+l
Xn+1 U CU(H, ) C Xn+1 uvc U wv).
Lt : i=0" :
there s an open subset Hn-+1 of X -such t‘hat- - .
S ntl -
Xn41 U Cl(H,) C Hn+1 C Cl(Hn+1) U ww).
=0

It follows that Vn+1 and Hnia satisfy the condltlons (1)-(3); the proof of Claim is complete.,
- LetV = U Vn. By (1) and (2) V'is an open reﬁnement»of G. Let z € X. | There_ exists

m<wsuchthatw€XmCH Foreachz>m,by (3), .
-~ Hp 0 (UV,+1) C Cl(H N (UVZ+1) o

For each i < m, thereisa nelghbourhood S; of z which intersects only ﬁmtely many members
of V. Then H NSoN: NSy is a nelghbourhood of x Whlch intersects only ﬁmtely ‘many
members of V. V is a locally finite open refinement of G. By Fact 7, X x C is normal. -

Theorem 2.4. Let' X = O'{X Lo € A, s} and 6 be a regular cardinal str1ct1y greater
than w. Suppose every finite subproduct of X is [0, k]-compact. Then X is [6, k]-compact

Proof. Since X = U{X : 1 < w}, by Fact 6 it suffices to show that each X, is [0, kl-
compact. Clearly X, = {s} is [0 k]-compact. Let us assume X, is 9, k]-compact Suppose
U={Uy:v<k}i isa collectlon of basic open sets in X such that U > Xn+1 D X There
is a subfamily Uy = {U7 ‘yeSYof U with SCk,|S| <0 and Uy D X For each v €S,
there is a finite subset b(y) C A-and an open set:V,4 of X foreach 8 & b(fy) such that

Uy = X0 ([]{Vas : 8 €00} x [[{X5: 8€ A\B(M))).
Let B = U{b(y) : v € S}. It is easy to see that
|B| < 0 and pg'(pp(U,)) = U, for each y € S.
Let '
Y = U{X|c: c € [A" np(B)},
where p(B) denotes the power set of B. For each ¢ € [A|"t*\p(B) and z € X|c, ¢ ¢ B, so
|Qpa(@)| < [BNcl <||=n+1.

Then pp(z) € X,,. There is v € S such that pp(z) € U,. Since, by Fact 2, |

p5(2) = id(x|5)(pB(2)) = PB(PB(X)), © € p5' (pB(U,)) = U



54 CHIN. ANN. OF MATH. - _ Vol.14 Ser.B

It follows that
U{X]c: c € [A]"™\p(B)} C UlUp.
Thus -
Xoti\U Up CY C Xpp1.

Since |[A]"*! Np(B)| < 8, by Fact 6, Y is [0, k]-compact. There is a subfamily ¢; of I such
that |Uy| < 6 and Y C Uly. Then Xppq C U(Uo Ul;). Therefore, Xn41 is [0, k]-compact.
The following example shows that Theorem 2.4 is false when 6 = w.
Example 6. For each n < w, let X,, denotes the two- -point discrete space D(2) and

X =0{Xn:n<w,0},

where 0 = (0,0,---). Every finite product of {X,, : n < w} is compact. Because X is a
dense proper subspace of the compact space D(2)“, X is not compact. On the other hand,
it follows from Theorem 5 that X is Lindelof.
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