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CLASSIFYING INVOLUTIONS ON 
P R (  2k)  UP TO EQUIVARIANT COBORDISM***

Y a n g  H u a j i a n * * * W u  Z h e n d e ** Liu  Z o n g z e **

Abstract ,
It is proved that there are exactly к +  1 involutions on RP(2k) up to equivariant cobordism.

§1. Introduction
Let (М п,т) be a smooth involution on the smooth closed manifold M n. Let A denote the 

antipodal involution on the sphere Sm. Then A x r  is a free smooth involution on Sm x M n. 
By identifying (x ,y ) with (Ax, ту) in Sm x M n, we obtain a smooth closed manifold Rm(r) 
of dimension m  +  n. In ([1], p.165), we have proved

Theorem 1.1. is equivariant cobordant to (Мз,Г2) if and only if Rm(Ti) is
cobordant to Дт (гг) for all m > 0.

In [2], we have determined the equivariant cobordism classes of smooth involutions on 
RP(2k + 1) by applying Theorem 1.1. As a further application, we prove in this paper the 
following theorem.

Theorem 1.2. There are exactly к +1 smooth involutions on RP(2k) up to equivariant 
cobordism, which are 1,to,t i, • • • ,Tk-\. Here 1 = r_i is the identical involution on RP(2k) 
and Ti is such a smooth involution on RP(2k) that

Г̂ [хо, X\, ' ' ' , ai2fe] — [ 3*0, ^1, * * ’ > *Ei, ®i+lj ' '  ’ j . ■
We assume к > 0 throughout this paper.

§2. Proof of Theorem 1.2
Firstly, we need the following lemma.
Lemma 2.1. Rm(ri) is diffeomorphic to the projective space bundle RP((i + l)Am ® 

(2k — i)R), where Xm and R are, respectively, the canonical line bundle and the trivial line 
bundle over RP(rn).

Proof. The vector bundle (г + l)Am ® (2k -  i)R  over RP(m) may be formed from 
S m x R?k+1 by identifying (x, to., fy, • • • , with

(Ax, toi 1̂ ) " ' ' j — i'i, ti+l, ’ ' ’ , 2̂fe)*
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Let /  : SmxR 2k+1 —> (i+l)Am©(fc—i)R  be the identification. Then /  is a morphism between 
vector bundles. Thus /  induces a morphism /  :: Sm x RP(2k) -+ RP((i + l)Am ® (2к -  i)R) 
between projective space bundles. But /  is still an identification identifying

(ж, [to> ■ ■ ■ j tit ti+it ■ ■ ■ > ̂ 2fc]) with (-Аж, [ to, t\, • ■ • , ij, ij+i, • ■ ■ , ̂ 2fc]) 
in Sm x RP(2k). Thus RP((i + l)Am Ф (2k — i)R) is the identification space R m{ri) = 
Sm x RP(2k)/A  x Tj. Since we put such a differentiable structure on the identification space 
which makes the identification map smooth, the lemma follows.

Next, we consider the.cohomology ring #*(i2m(r); Z2) for an arbitrary smooth involution 
r  on RP(2k). Note that (Rm(r),p, RP(m )) is a differentiable fibre bundle with fibre RP(2k) 
and with the structure group Z2. Prom the Euler Characteristic relation x(jRP(2fc)) = x(P) 
(mod 2) (see [3]), we knbw that the fixed point set F  of r  is nonempty. Let у be a fixed point. 
Then we have a cross-section py : RP(m) —> RP(m) x у C Sm x RP(2k)/A  x т =  Rm(r) 
for the fibre projection p. Let im : P m(r) —► Rmi(r) be the natural inclusion, m < m'i; and 
let i : RP(2k) —* Rm{r) be the fibre, inclusion; We have the following lemma.

Lemma 2.2. For every integer m > 1, there exists cm G Н 1(Кт(т); Z2) such that 
= cm for m < mi; . . .

(2) i*cm is a generator of H 1(RP(2k); Z2); thus H*(Rm(r); Z2) is a free H*(RP(m); Z2) 
module with basis {1, cm, (?m, ••• , c ^} , the module action is given by b.e = р*(Ь) U e, where 
b G H*(RP(m); Z2) and e € H*(Rm(r); Z2). : , .

Proof. Firstly, we prove Я 1(Рт (г); Z2) = Z2 Ф Z2. In fact, by the homotopy exact 
sequence associated with a fibration, we have the following short exact sequence

- : , 0 -> Ih(RP(2k),y) ^ n 1(Rm(T),y) Ь  Ui(RP(m),x) 0, .

where x G RP(m ) and у G p~l {x) = RP{2k). Thus .

n i(P m(T),y)) = n 1(Pm(r),y)/Com m ni(P^(f),y) «  Ai ® A2, " '

where Ai =  Z2 or Z, г = 1,2. By Hurewicz theorem, we get H\{Rm{T); Z) »  Ax ,®A2. Thus 
the universal coefficient theorem implies Я 1(Дт (т); Z2) = Z2 ® Z2.

Secondly, Я*(Лт (г),Лт - 1(г); Z2) w H*(RP(2k)] Z2)®H*{Dm, S™"1; Z2), where = 
(ж| ||ж|| < 1,ж G i?m} and 5 m_1 is the boundary of Dm.

The normal bundle of the natural embedding of RP(m  — 1) in RP(m ) is precisely the 
canonical bundle A over RP(m — 1). Let D (A) denote disk bundle associated with A over 
RP{m— 1). By the tubular neighborhood theorem ([4], p,115), we may regard D(X) as-a tube
neighborhood around RP(m — 1) in RP(m ) such that RP(m) -  D(A) = Dm. Since D(A) is 
homotopic to RP(m  — 1) and since Dm is contractible, the inclusion i?m-1(r) —*Й?"(т) is 
a homotopy equivalence and p~1(Dm) may be regarded as RP(2k) x Dm. Thus

H \ R m{T),Rm- \r y ,  Z2) *  H*(Rm(r),p -1(D(X)y, Z2)
&H*(p~1(Dm),p~1(Sm~1y,Z2) (excision)
& H*(RP(2k) x D m,RP(2k) x Sm~l -,Z2)
«  H*{RP{2k)\Z2) ® H*(Dm,S m~1\Z2) (Kunneth Theorem).

Finally, i*m_i : H l (Rm{T)‘,Z 2) —> H 1(Rm~1(T),,Z 2) is an isomorphism for m > 2 and a 
surjection for m = 1. Thus we may choose cm G H l {Rm{r)\Z2) for every m > 1  such
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that = cm and i*cm is a generator of H l (RP(2k)] Z2). By Leray-Hirsch theo­
rem ([5], p.365), we see that #*(Дт (т); Z2) ,is;a free H*{RP{m)\Z2) module with basis 
{1, cm, c ĵ, • • • ,&£}, and the module action is just as the form in the lemma.

Now we turn to the Stiefel-Whitney total classes \¥(Нт(т)) oi Rm(r). We need the 
following lemma.

Lemma 2.3([6], p.442], Proposition 8.4 and its proof). Let с € Я 1(Лт (г); Z2)  be such 
an element that {1, e, c2, • • • , c2k} is a basis of' Я*(Лт (г); Z2) as a free H*(RP(m); Z2) 
module. Then there is a unique element 1 +  a\ +  a2 + • • .• + «2fe+i € H*(RP(m); Z2) such 
that a,i G H l(RP(m)] Z2), the elements 1, a i , ••■ ,a2fe+i follow the Wu formula ([4], p.94), 
and

c2k+1 _  p*(ai)c2k +p*(a2)c2fc-1 + .. • +p*(a2fc)c + p*(a2fe+i),

W(i?m(r)) = p*(W(i?P(m)))((l + c)2fc+1+p*(a1)(l + c)2fe + - • •,+p*(a2fc)(l + c) +p*(a2fc+i)). 

Lemma 2.3 allows us to prove the following proposition.
Proposition 2.1. Let {ci, • • • ,cm, • • •} be an element sequence as in Lemma 2.2. Then 

there is a unique integer d, 6 < d < 2k + 1, such that ; !

" И'(Дга(г))= У (И '(Д Р(т)))(1+ р*(а) +  сга)‘‘(1 + ст )2‘+1- '<.

' <4‘+1=Ef;V(»‘)4‘+1-1 ' '
г=1 W

for all m > 1, where a e H 1(RP(m); Z2) is the generator.
Proof. Choose a sufficient large integer mo > 2k + 1. Then there is a unique integer d,

0 < d < 2k +  1, such that for this mo the formula 1 + a H ------h a2fc+i = (1 -f- a)d holds.
Let j  =  2jl + 2J2 + • • • + 2Jt, i i  > j 2 > • • • > jt > 0. Suppose 2* < 2Jt for some г > 0. 

Then the Wu formula and the fact that (”*) = 1 (mod 2) if and only if the powers which 
occur in the binary expression of n2 occur in the binary expression of щ  imply

0 — Sq (dj) — а2г a j +  <2.7+2»

(Since a,j — eaf, e = 0 or 1) and aJ+2i = a2ia,j. Thus aj = a2na2j2 •••«гА-
. Let *1 > i2 > • • • > ir > 0 be all the numbers such that a2n , a2;2 a2ir are nonzero.

Define d = 2il +  2*2 + --- b 2ir. We claim that for this fixed mo, there must hold (1 + a)d =
1 + hi + • • • + <22/0+1 • In fact, let 0 < j  < mo and aj ф 0. Prom aj = а2з1а2з2 • • • a2h where
j  = 2jl + 2h  H----+ 2jt and ii  > h  > • • ■ > j t>  0, we have { j i ,j2, ,jt}Q  { k ,4 ,  ■ • • , *r}-
Thus ф  = 1 (mod 2) and the jth  homogeneous element in (1 + a)d is exactly the aj. 
If aj = 0, then there must exist some j g such that a2jg = 0. Thus {ji, J2, • • • ,jt}  $2 
{ ii,i2, ■ ■ ■ ,ir} and the jth  homogeneous elementJn (1 + a)d is zero. In the case j  > mo, 
both the jth  elements (^)aJ and oj are zero. Put the discussions above together, we see 
1 + ai + a2 +  • • • + a2k+1 = (1 + a)d for this m0.

To complete the proof of this proposition, we note that ■■<

TRm(T )& T R P {m )® fmRP(2k)

holds for all m > 1 ([7], p.482), where TRm{r) and TRP{m) are the tangent bundles of 
Rm{r) and RP(m) respectively, and TmRP(2k) is the tangent bundle along the fibres of
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the differentiable fibre bundle 1?m(r) over RP(m). Thus 

W(TmRP(2k)) = (1 + cm)2k+1 +р*(аг){ 1 + cm)2k + . • • + p*(a2k)(l + сщ) + p*(a2k+1) 

for all m  > 1. Since i*mTmiRP(2k) — TmRP(2k), i*mcmi — cm for m  < mi, we have

(1 + a)d = 1 + ai + • • • +  02fc+i
for all m > 1. This leads to

W (Rm(r)) = p*(W(RP(m)))(l 4- cm)2fc+1“d(l +p*(o) + cm)d 
for all m > 1. Consequently, the dimension 2k of the vector bundle TmRP(2k) implies

°“ +1 = E
for all m > 1. The uniqueness of the integer d is obvious.

Now we can prove Theorem 1.2.
Proof of Theorem  1.2. Suppose d is the unique integer in Proposition 2.1 for the 

smooth involution r  on RP(2k). By ([3], p.75), for every m > 1, there is c'm € H 1(RP(dXm@ 
(2k + 1 -  d)R)-, Z2) such that i^ c '^  = c'm and H*(RP(d\m ф (2k +  1 -  d)R)-, Z2) is a free 
H*(RP(m)\ Z2) module with basis {1, c'm, (c'm)2, • • • , (c'm)2k}, the module action is just as 
in Lemma 2.2, and

W (RP(d\m © (2fc + 1 -  d)R)) = p*(W(RP(m)))( 1 + c 'J 2k+1- d(l +p*(a) + c'm)d,

(C)“ +1 = E
where im is the natural inclusion for m <  mi, and p : R P (d \m ф (2k +  1 -  d)R) —> RP(m) 
is the fibre projection. Thus the homomorphism

f:H *(RP(dXm.®(2k + l -d )R y ,Z 2) ^ H * ( R m(Ty,Z2)

such that f(c 'm) = cm and f(p*(a)) =  p*(a) is a ring isomorphism. Let W  denote the total 
Stiefel-Whitney classes of RP(dXm ® (2k +  1 — d)R). By Proposition 2.1, the total Stiefel- 
Whitney classes of Rm(r) is f(W ). Therefore both Rm(r) and RP(dXm®(2k+l—d)R) have 
the Stiefel-Whitney numbers and Rm(r) is cobordant to RP(dXm(B(2k+l—d)R) = Rm(Td-1 ) 
for all m > 1 (Lemma 2.1). Since R ° (t ) = RP(2k) = R°(Td~i), by Theorem 1.1, r  is 
equivariant cobordant to тд-\. Since both та- i  and r2k-d-i have the same fixed point sets 
and the same normal bundles of the fixed point sets in RP(2k), tj- i is equivariant cobordant 
T~2k—d—i ([3], 25.2, p.88). The proof is complete.
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