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Abstract
This paper determines the structure of the cohomology of a modular semisimple Lie algebra 

with coefficients in an arbitrary restricted Verma module.

§1. Introduction
In [12], Williams gave the structure of the cohomology of a complex semisimple Lie 

algebra with coefficients in an arbitrary Verma module. Let (g, [p]) be a classical semisimple 
Lie algebra over an algebraically closed field F, char F = p > 0, h  a Cartan subalgebra 
of g, 6 a Borel subalgebra such that h  C b, and u(g) and u(b) the restricted universal 
enveloping algebras of g and b, respectively. For any restricted homomorphism A : b —> F 
we let Z(A) := u(g) Z>u(b) -Fy denote the restricted Verma module of g with the highest 
weight A, where F\ is a canonical one-dimesional 6-module. In [5], R. Farnsteiner and H. 
Strade obtained a modular Lie algebraic version of Shapiro’s lemma and showed that if 
A — cr\h is not a sum of positive roots, then H*(g,Z(X)) = 0, where а : 6 —> F  is the 
Lie algebra homomorphism given by cr(x) := tr(adfl/& x), Vx 6 6. In this paper we give, 
in generalization of the results of [5], the structure of the cohomology H*(g, Z(X)) of g 
with coefficients in Z{A) for any restricted homomorphism A : b —> F. The main result is 
Theorem 6.1. By Shapiro’s lemma and the Hochschild-Serre spectral sequence, we reduce 
the computation of H*(g,Z(A)) to the computation of the cohomology of nilradicals n  of 
6 in certain modules. For H*(n, F\), we generalize B. Kostant’s fundamental result [10, 
Theorem 5.14] on the homology (or cohomology) of nilradicals of a complex semisimple Lie 
algebra to the modular case (see Theorem 5.1).

Most of the results presented here can easily be modified to yield statements regarding 
homology groups.

§2. The Restricted Verma Modules
In this section, we shall review the notions and the results of [5]. Let V be a 6-module. 

We introduce a twisted action on V  by setting x • v := xv + o(x)v, where x 6 b, v 6 V  and 
cr(x) — tr (adg/ь x). The new 6-module will be called Vc. Similarly, we can define the 6-module 
V-a such that (y~o)a = V. Let n  (or n~) be the sum of positive (or negative) root spaces of
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g. Let {h\, ••• ,hi} be a canonical basis of h  such that cti(hj) G Z/pZ, i, j  =  1, • • • , l, where 
{«i, • • • ,oq} is the set of simple roots. Let Л denote the collection of pl restricted weights 
p characterized by the conditions 0 < р(Ы) < p, 1 < i < l. Then cr\h G Л and X\h G Л for 
any restricted homomorphism Л : b -> F. Obviously, <r\n =  0 and A|n == 0. Hence A and a 
are determined by A|b and a\h- For convenience, we still denote A|̂  and a\h by A and a, 
respectively. For each p G Л, we can also canonically obtain the one-dimensional b-module 
which is still denoted by FM. For any A 6 Л, by [5, Corollary 1.6], we have

Z(A) = u(g) <S>U(6) Fa -  Homu(6) (u{g), F,A- tr)(as g -  modules).

Thus we can quote the modular Lie algebraic veraion of Shapiro’s lemma due to Farnsteiner 
and Strade.

Lemma 2.jJ5, Theorem 3-2l. For any A 6 A,

H k(g, Z(A)) ~  H k(g, Homu(b) (u(g), Fa-*)

~  ®  Ai(g/b)®F Hi(b,FX- ir).
i+j=k

Thus the computation of H*{g,Z{\)) can be reduced to the computation of H*(b,F\-ff). 
By means of the Hochschild-Serre spectral sequence, we can easily show that

, (2.1)
i

where p G A and k = i + j.
In the next section we shall discuss Я*(п~, F) for computing H*(n, F)_^.

§3. The h-Module Complex C
Let U(g), U(b) and U(n~) be the universal enveloping algebras of g, b and n~, respec­

tively. For each j  G N, let Dj  be the <7-module U(g) ®u(b) AJ(^/b). Then there is an exact
sequence of ^-modules (cf. [6, Proposition 1.1])

В  Di ^  P 0 ^  F  -> 0, (3.1)

where £0 : Do —* F  is defined by the condition that,£q(x <g> 1) (x G U(g)) is the constant 
term of x, and the gr-module map dj : Dj  —> D j - i  is defined as follows:

Let x\ ,  - -■ , Xj G g/b , and choose representations y\ ,  • * • , yj  G g, then for all x  G U{g),
j

dj(x ® Xi A • ■ • A xj)  =  У ^(—1)г+1(хуг) ® Xi A • ■ • AXi A • • • AXj
i~ 1

-F ^  (—i ) r^sx ® 7r[pr, ya) A x \  A • • ■ Ax r A • ■ • A x3 A • • • AXj,
1<r<s<j

where 7r : g —> g/b  denotes the canonical map, and л signifies the omission of a symbol. 
Since Dj is isomorphic as W(n~)-module and as h-module to U(n~) в^Л 3(п_ ) with U(n~) 
acting by left multiplication on the first factor, and h  acting on U(n~) ®p A*(n~) by the 
tensor product action. The above free resolution of F  gives rise to an h-module complex

C  : • • • F ®u{n- ) Dy ^  F ®u(ji-) Do -  0 (3.2)

and its homology is Я*(n~,F) and h  acts in the obvious way on Я*(п_ ,Р).
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§4. The Symmetric Bilinear Form т on h*

Let A — (Aij)ixi be the Cartan matrix of g. Then there are positive integers qi, - ■ ■ ,qi 
such that diag((H, • • • ,qi)A is a symmetric matrix. Let gq be.the semisimple Lie algebra over 
Q with the same Cartan matrix A. Let = 1, • • • ,1) be the canonical generators
with the relations

— 0, [cj, fj] — Sijhi, [hj,ej] = Аце\, [hiifj] — ~A$jfi, '^,3

and {adei)~Aii+l = 0 = (adfj)~Ai^+1 whenever г ф j. Let hq be a Cartan subalgebra of 
gq, . Ф C hq the root system (relative to hq), Д = {оц, • • • ,оц) a basis of Ф, Ф+ (or Ф_) 
the set of positive (or negative) roots and W  its Weyl group. For every subset Ф of Ф, define 
(Ф) = ]T) ip e h*. For all w 6 W, define

Фад = Ф+ П гоФ_ = {p € Ф+|гу- V  € Ф-}.
Write р = |(Ф+) € h*. Then — (Фш) = wp — р (cf. [6, Proposition 2.5]) and p(hi) = 1 for 
all i = 1, • • • , l. Write T  =  {-<Ф)|Ф С Ф+}.

Rem ark 4.1. For g we still adopt the above notations, except that the integeral coeffi­
cients Aij in the relations are reduced modulo a prime p (> 2 or 3).

Define a symmetric bilinear form Tq on hq by the conditions

Tq(pn,oij) = qiAiji Vi,j =  T, • ■ • , l.

Then Tq(proti) = qi.
Lemma 4.1.t6>2-13l Let p =  — (Ф) € T. Then 
(1) We have

Tq{p,p)-rq(p +p,p + p)> 0.  (4.1)

(2) In (4.1), equality holds if and only if there exists w G W  such that Ф = Фш, or 
equivalently, such that p = -(Ф ад) = w p -  p. In case of equality, p determines w.

For p = -  ]T) niOti € T, we have

Tq(p, p) -  tq(m + P, P +  p) =rq{p,'Y^niai) + Tqi^UiOii, + p)

i 3

= 2(]P  QiUi -  QiAijUiUj).
г г i<j

f ( X i , • • • , Xi )  =  ^  ~  ^ 2 < И Х 1 ~  2  q i A i j X i X j
i i i<j

be a polynomial in variable x\, • • • ,xi and c\, • • • ,ci is the solution of the following system 
of linear equations ,

2qiX{ -j- ^   ̂qiAfoXfo 4- ^  ' q^A^x^ Qii i 1»* * ’ » (4.2)
i< k  k<%

Then we have

2 -  т Ы + p, p + p)) < /(ci, ,q), for p e T .
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Write q' = max{2, [/(ei, • • • , q )]}. Define a symmetric bilinear form r  on h* by the 
conditions

т(щ,ay) = qiAij-modip), Vi, j  =  l,--- Л. 

Then using Lemma 4.1, we have
Corollary 4.1. Suppose char .F = p >  q'. Then for p. = -(Ф) G T,

: t (Pi P ) - t (i* + Pi I* + p) = 0

if and only if there exists (unique) w G W  such that Ф = Фад and p — -(Ф^) =  w p -  p. 
Example. If g is of type At, then

satisfy (4.2) and

Thus we have

i—1
* = 1-,

fc=1
,1,

l-l
q' =  max{2, X ) Ci ~ + S  с^ + ^ -

i  г i=1

l 2 3 4 5 | 6 •••

q' 2 2 5.| 8 14

§5. The Casimir Element l l

Let char F  = p > q'. Set U = qihi and ki = i = 1, • • • , l. If а = j ]  щщ,
i=l

l
then set ta =  n,tj. For ce G Ф, choose nonzero xa in ga and za G g~a such that

г=1

[Я'ск? ^a] —

where ga and g - a are the root spaces of a  and —a in g, respectively. Define Г = hiki +
i—1

Y) xaZa which is called a universal Carimir element of g. Similarly as in the case of char-
овбФ
acteristic 0 (cf. [8, §22.1]), we can show that for any representation ip of g, p(T) commutes 
with p(g).

For Л G Л, we let V(X) := U(g) ®щь) F\ denote the Verma module of g with the highest 
weight Л.

Lemma 5.1. Let Л G Л. Then Г acts on V(A) as scalar multiplication by r(A + p, A + 
р) - ' г(ЛР)-

Proof. Since V (A) = U(g)( 1 ® 1), it is enough to show that Г(1 <g> 1) = (t(A + p, A + p) —
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т(р, p))(l ® 1). Since Л(ta) = r(A, a), we have
i

Г(1 0  1) =  ® 1) + *«(1 ® x)
2=1 абФ+
l

= ^ л ( ь г) л ^ )  + x ;  m u
2=1 а€Ф+

=Кт(А + p, A + p) -  т(р, p))(l 0  1).
Let У be a g-module and

@(У) = {c € F\Tv =  со, for some v G V, v ф 0}.

For all c GF, let

V(c) =  G У|(Г -  c)nv = 0, for some n > 0}.

Then 0(F) =  (c G FjF(c) ф 0}. In particular,

©(V (̂A)) = {r(A + jo, A + p) -  r(p, p)}, for A G A.

Let Ф = {Ai ,A2,---} С Л. A g-module У is said to be of type Ф if У has a strictly 
increasing (finite) gr-module filtration 0 = Уо C Vi C У2 C • • • such that У = UF and such 
that the sequence of (/-modules У/Уо, У2/Уь- • • coincides up to rearrangement with the 
sequence of induced modules У(Ai), У(A2),

Lemma 5.2. For each j  € Z+, let Ф-? = {АЛ1, Aj2, • • •} be the set of the weights of 
AJ'(n“ ), then Dj is of type Фл . Furthermore, we have

№ 0  (ОД<ф
c€©(Dj)

where

® (^ )  = {т(АЛ +р,АЛ +р)-т(р,р)}<.

Proof. As /i-modules, gf/b ~  n “ and A^{g/b) ~  AJ(ra~). Clearly AJ(n~) is a weight
module with weights all of the form

j
— ^   ̂UkOik € Zai + •••+■ Zcq, 

fc=i
and the same is true of AJ(g/b). Note that if m, =  щ mod(p), i =  1, • • • , l, then

1 1

—^ 2  тг°ч = -  ̂ 2 ni0ti e a..
2=1 2=1

We arrange the weights of AJ(g/b) in a certain order
1 1

Aj i(= J > Ma fc), Aj2( Wfc2CKfc), ,
fc=i fe=i

г i
such that f̂e,2+i is not less than 52 пь- Let Vjx, Vj2, • • • be the corresponding weight

fc=i ’ fe=i
vectors in AJ(g/b) and

Уч = ф  Fvjk > * = 2> • • • •
k<i
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Then ,'

0 = C yh  C Vh  С у •
is a filtration of Ь-modules such that A^(g/b) =  UVj. and each quotient Vji+1 /Vji is a 
trivial n-module and is isomorphic as an h-module to a module F\ji+1, and ®V} .+1 /Vji is
isomorphic as an fo-module to ЛJ'n “ .

By [6, Proposition 1.10], the gr-module Dj is of type Ф-7. Hence Dj is annihilated by a 
product of powers of operators of the form Г -  (r(Aj. + p, Xji + p) -  r{p,p)). By standard 
linear algebra,

ф  № ) m -
ce©(Dj)

Since the action of Г on Dj commutes with the action of g of Dj, (Dj)(c) is also a 
g-submodule of Dj. Let /  : X  —» Y  be a gr-module map. Then «

/  • Г(и) = Г • f(v), W e x .  ' (5.1)

Thus we have

C^4+l/-^i)(c) = {Xi+l)(c)/{^i)(c)i for CEF  
§nd the following subcomplex of the exact sequence (3.1)

B(c) '• • • • —> (Di)(c) —> (Do)(c) ^  F(c) 0
is also exact.

Let 0 =  XjQ C X j1 c  X j2 C • • • be any filtration of Dj with the properties stated in 
Lemma 5.2 and Лj. € A be the highest weight of Xi+i/Xi, that is, Xi+i/Xi ~  V{\ji) 
for each i. Then (D j)(c) has a gr-module filtration 0 =  Yo C Yi C Y2 C • • • such that 
(Dj)(c) = UYfc, and the family of gr-modules Yk+i/Yk coincides (up to isomorphism) with 
the family of gr-modules Xi+i/X i  for which r(Aj. +p, Aj t +p)—т(р, p) = C. Hence by Lemma 
5.2, we have

Lemma 5.3. Let Ф£ = {A G Ф5 |r(A + p, A + p) — т(р, p) = 0}. Then the resolution В  is 
a direct sum of an exact g-module complex

■B(o) : •••-» (-Di)(o) “ > (A))(o) -> F 0 (5.2)
and a finite number of exact g-module complexes

B {c) : ------► (£>i)(c) -+ (T>o)(c) -♦ 0, for с ф 0 (5.3)
such that for each j  e Z+, ■ ( D j ) ^ i s o f  type Ф̂ .

By Lemma 5.3, the complex (3.2) is the direct sum of the h-module complex

C(0) : ------> F ®u{n~) (Di)(o) -> F  <g>U(n~) Фа)(р) -»■ 0
and the h-module complexes

C(c) : ------>F ®щп~) (Di)(c) -* F <g>U(n~) (A))(c) -» 0, for с Ф 0.
Since Dj is free as aW(n~)-module, (5.3) is a W(n~)-projective resolution of the zero 

module 0. Thus Tor" (F, 0) =  0, that is, the homology of C(c)(c Ф 0) is zero. Hence we 
have

Lemma 5.4. H*(n~,F) is h-module isomorphic to the homology of C(o).
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Note that F ®щп~) (Dj)(o) is isomorphic to the sum of all the h-weight spaces 
with weights A e A satisfying r(A + p, A +  p) =  r(p, p).

For all j  e  Z+, write Wj = {w E. W\l(w) = j}  and Fw =  F_($№).
Theorem 5.1. Suppose that charF = p>  q'. For each j  C the h-module

E j in  j-P1) — Fwp- p.
w £ W j

Proof. First, we shall show that

F@u{n~) (Dj)(o)= (££)
w & W j

Let w e Wj. Set Л = -(Ф №), Ф№ = {Pi, • • • ,/3j} and xpi egpv Then we have Л • • • Л 
xp. e AJ(n_ )A (the weight space in AJ(n~) with the weight Л). Since A = — (Ф) — wp — p, 
we have r(A-t-p, A + p) = r(wp,wp) = т(р,р). Conversely, let x ^  A - • • Лxp. G Ai(n~)\ such 
that r(A + p, A +  p) = r(p, p) and xp. e gpv  By Corollary 4.1, there exists (unique) w e Wj 
such that Фад =  {Pi, ••• ,0j}. Hence F{xp{ A ••• Л xp}) = Fw and

F ®u{n~) (Dj)(o) = 0  Fw = 0  F_<*e) = 0  Fwp- p.
w & W j  w € W j  w £ W j

Next, we claim that all of the maps dj : F<2>u(n~) (Dj)(o) —> F®u(n~) (Dj-i)(o) are zero. 
Indeed, if a, /5 € Фад, then а + /3 € Ф™ or а +  /? ^ Ф. Hence

Dj (xp1 A---Axp.)=  ^ 2  ( - l ) r+3[xpr,xp3]A-; -Ax1 A---Axpr A---AxpaA---Axpj =0.
l<r<<s<j

Since Hj (те, F) ~  ® Fp- wp and H (те, F ) = Hj (те, F ), we obtain
w € W j

Corollary 5.1. Let charF — p > q'. For each j  E Z+,

H*(n,F) = 0  Fwp- p.
w € W j

l
Remark 5.1. Let (Ф+) = £  Я -  max{y,ni, • • • ,щ} and charF = p > q.

i=l
Obviously, if Wip — p — W2p — p, for wi,u>2 € W, then w\ — W3. But if p < q, then the 
conclusiuon is not always true..

§6. The Cohomology of g with Coefficients in Z(A)
In this section, we assume that charF — p > q. First, we compute Я*(Ь, FM) for p € A. 

By (2.1) and Corollary 5.1, we have

E l2j ^  A%(h) ( 0 Fwp-p)-p.
weWj

Thus we obtain two cases:
(1) If p ф p -  wp, for all w e W ,  then E l2’j = 0, for p, q > 0. It implies that

H k(b,Fp) = E%’° = 0 VA: € Z+.

(2) If p = p -  w0p, for some w0 € Wj, then w0 is unique and
f 0, for i > 0 and j  ф l(w0),
[ AJ’(fe), for i > 0 and j  = 1(wq).F li> r*j
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f Ak

я ‘ <ь’^  = { о ,

Thus we have

H k(b, Ffj) = E k~l{w o)Mwo) =  A k~l(wo)h.

Then we have shown
Proposition 6.1. Let p € Л. Then for each к G Z+,

Ak-i(W0)hj ■ if ц = р — wq p, for some wq e W, 
otherwise.

Next, since cr\h = —(Ф+) = —2p, by Proposition 6.1, Lemma 2.1 and (2.1), we have
Theorem 6.1. Let Л € Л. Then for each к € Z+,

f 0  Аг(д/Ь) <8>f  ifA =  —wqp -  /?, for some wq e W,
Hk( g , Z ( \ ) ~ l  i+i=k

\  0, otherwise.
Remark 6.1. If A = (p — 1 )p, then Z((p — 1 )p) is called the Steinberg module. Since 

(p -  1 )p ф —v)p — p for any w € W, by Theorem 6.1, H*(g,Z((p -  1 )p)) = 0. On the 
other hand, by [9, Corollary 5,4], Z((p — l)p) is irreducible and projective, hence is injective 
(since U{g) is a symmetric algebra). It also implies that H*(g,Z((p -  1 )/>)) = 0, which is 
compatible with the above fact.
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