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ON THE FIRST AN‘D SECOND EIGENVALUES
OF SCHRODINGER OPERATOR**

YU QIHUANG*

Abstract
The above boundary of the gap between the 2nd and 1st eigenvalues of Schrodinger operator
and the above boundary of the ratio of the 2nd and 1st eigenvalues of Laplace operator are
given.

§1. Introduction
Let Q2 be a bounded domain in R™, A be the Laplace operator and let V : Q — Rbea
non-negative function. The eigenvalues of the equation -
| —Af4+Vf=\f (1.1)
with the condition |
f=0on 80 ‘ (1.2)
can be arranged in nondecreasing order as follows:
0< A <A< Ag <L

B. Wong, A. T. Yau and Stephep S. T. Yan!!! proved

4%  4AM

P

where D is the diameter of the largest inscribed ball in 2 and M = supV. In this paper
)

A2 — A1 < (1.3)

more accurate evaluation will be given.
For n = 2, and V = 0 Payne, Péyne and Weinberger proved I
A2

—=<3 (1.4)
A1
and conjectured that
A2 _ A2(D)
=< ~2.539..., : 1.5
AT (D) : (9)

where A;(D) and X2(D) are the 1st and 2nd eigenvalues of unit disk in R2. In 1980 G. H.
Hile and M. H. Protter proved 4

In this paper the above bound will be discussed.
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§2. Symbols and Lemmas

f —the first elgenfunctlon of equatlon (1. 1) W1th the condltlon (1. 2) satlsfymg

/ fPdz = 1 and f(a:) > 0[3] T € Q

z;—the coordinate function in R",1=1,2,--- ,n;
’ A% A?
A=/ 8+2d$'X=—i;X P+¢I.
° Q f e A2s P A2pA2q
Ao | '
Y"‘—"-X——l Is+t (S+t+1)Y—St
1

\ 72 s+2
Lemma 2.1. [, f*|Vf[Pde = 24 — ASLL—

Proof. feAf?=2f(IVf]?+ fAF) = 2f°|Vf2 - 2 fo+2 + 2V fo+2,
Thus

/fsAfzdx=2/ fs|Vf|2dx—2)\1As+2/ V fot2dz. (2.1)
. w Q ) Q
On the other hand,
8 2 8 2 saf2
fPAfdx =~ | Vf?Vfdz+ f
Q Q
-/ VoV fda
Q . .
=/f2Afsd:1:
Q ,
= s(s — 1)/ fSIVf|2d:1:—-)\1.sAs+s/ V fotide. (2.2)
Q _ Ja

From (2.1) and (2.2) it follows that

(2—32+s)/ f3|Vf|2+(2—s)/\lA;—'_(z—s)/Qstszdm,,
Q

ie.,

A 1
s 2 — 1 _ 174 s+2d‘_
/Q”Vf' do =74 s+1/Q fds

Lemma 2.2. Suppose that u: Q@ — R is a C*™ function satisfying [, uf?dz = 0. Then

Q h A1

Proof. It is well-known that

. Jo —90gdz + [, VgPdz
Ap = inf 5
gLf.g9lan=0 fg g*dz
_ Jo IVg2dz + [ Vg2da:
gLfglea=0 fg gdz




No.l .. Yu, Q. H. EIGENVALUES OF:‘SCHRODINGER OPERATOR 87

Hence e
)\g/uzfzdazlg.;/.[Vuflzdxi—i-/ Vil fode
= [ 1uvs+ fYuPda+ [ Vi s
Q - Ja
=/(u2|Vf|2 + f2|\Vul? + %Vf2 - Vuz)dx+/ Vu? fdz
Q ‘ o
= / WV f|2de + / .'f,2|Vu|2dx—1 / WEAfAdz + / Vulflde
0 o 2 Ja Ja
- / W2|V f|2dz + / f2|Vu|dm'e/ WA |V f|*dz
Q Q Q _
—/uzfAfda:fl-/ Vul fAdx
= / £2|VulPde — / W fA(=)y + Ve + / Vitflds
=/‘ 2| Vul®de + Al/'uédew.
Q Q
' I z; f92%dx A
Corollary 2.1. Let q¢ > 0,a; = W. Then
Iz, / (a; — wi)2f2q+2 < 1—;-—qu¢1 foranyi=1,2,---,n.
In particular, for ¢ = 0, ‘
Y/(ai — ;)% f2dx < L forany i =1,2,.-+ ,m.
o o M R
Proof. Set u = (a,- — ;) f¢ in Theorem 2. Then [uf?dz = 0. ;Also
IVl = ¢?(a; — )2 P42V + £29 — 29(as — ) 247V f - Vg

and

/f-2|Vu|2‘d:v=A2g“+ qZ/tai——:wi)zfquVflzdw-i- 4 /Vf2q+2 V(a; — z;)%dz
0 o 2(¢+1) Jo
— 2 )2 £2g 27 q 2q+2 | Y
“A?q+Q_ /Q(qz ;) f IVfIdx 2(q+1) /Qf A(a; — z;)°dx

= 2204 ¢ [ (o -0V Sl - (23)

g+ 1
On the other hand,

/ (ai _ mi)ZAf2q+2
Q

=2(g + 1)(2¢ + 1) /Q(ai - mi)z.‘f2‘1|Vf|2d:IJ —2(g+ 1)./()_(a,~ - :mi)?f2qf2<A1 _

V)d‘a:,
(2.4)

and
/ (a; — ;)2 Af29 24 ———"fn FPU2N(a; — ;) dz = 24a,. (2.5)
Q : :
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Thus it follows that

A . /\1 f (Cbi - mi)2f2q+2d$
. — ;)2 |V FPdz = 29 M Jo
/n(a’ =) VI de (@+1)(2¢+1) 20 +1
| V(ai — @) f2dg
_lo P : (2.6)

Substitution (2.6) to (2.5), we have

21 (2 g+1 >\1Q/ 22q+2
/f[Vuldm—2+1A 2 [ (o m)? ¥

2

— q v )2 £2942
»2q+1/QV(a,’ z;)* f49 .

By Lemma, 2.2, we obtain

IZq/Q(azf — &;)? f29 24z < q;—lA% A /V a; — ;)2 f 2.

Corollary 2.2. Ifp,q >0, then
24pAqlpiq , A2L, Ay AzIzq

pF+qg+1 P2 501 1 oy 14%
in particular, for g = 0
I
X, > —=2 _.
P=(@p+1)Y

Proof. Set u= Ay f? — A,f? in Lemma 2.2. Then
|Vul? = P? A2FPP2|V f2 + @ AL P2V f? — 2pgAp A P42 |V f
By Lemma 2.1 we have
[ £vupds =242 [ o0 sPda+ o [ £2419 s = 2padpa, [ st

)\1p2A2 o+ Mg® A2 2qupA
T p+1 20+1 "Mptrqg+1 Apta =

2 42
p Aq 2p+2 p 2g+1 _ 2pgA Aq ptg+2

| 1 1
> [ 2VpgA, A, frHet? - dz
"/n Pedpdaf <\/(2p+1)(2q+1) p+q+1>

> 0.
The inequalities are from inequalities of average. From Lemma, 2.2, it follows that
Mp?A2 Mg2A2 _ 2pgdpA,
P _ N 20y < g L A, Y|

On thte other hand, A
Y /ﬂ (A fP — Apf9)? fodx = Y A2As + YA2Apg — 2Y ApAgApig.

B(p,q),

where

Hence
24pA41pq A2I2P A12»I2f1
Ap+q 2> ———As p 2q
p+q+1 2p + 1 2q+1
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§3.The Above Bound of )\; - A\;

Theorem 3.1. If \; and Ay are the Ist and 2nd eigenvalues of the equation (1.1) with
the condition 2, then

v < VOFDEEN+3=n)n? VI DRI +3~n,
2— A1 < =5 . + Y 4

where D is the diameter of the largest inscribed ball in 2 and M = sup V.
Q

Proof. By Schwartz’ inequality, we have

/szp(Vf . VXi)zd:v/(a,- - mi)2f2da: > [/Q(ai —z;)fPHV{. Vmidm]z

=[ 2(p + 2) /pr+2 V(e — ai)'d r=(pigz)2'

Thus
Z R KCROATE ny
x;)dz | (a; — z; z .
v+ 2)
From Corollary 2.1 and Lemma 2.1, it follows that
1 2p 2 nAIZ?
— Vil*>
)\1Y/Qf viFz (p+2)?
and
1 [AlAzp 3 Ja szp"'zdx] S nAzz, .
MY [2p+1 2p+1 ~(p+2)?
By Corollary 2.2, we have
n(2p +1)YX, nlyp
1> > ,
(p+2)? (p+2)?
i e.,
[(p+2)? + np® ]\ 2 n(2p + 1) (A2 — M) (3.1)

Now suppdse that g and A1(V = 0) are the 1st eigenfunction and the 1st eigenvalue of the
equation
—-Ag=MAg
respectively, and satisfy the condition g|sq = 0. Then the formulas
* |Vh|%d Vh2d
A1 = inf fQI | :I:-Iz-fn 2
hlan=0 fﬂ h?dx
fﬂ |Vg|?dz + [, Vg?dz
[ 9%dz
hold. According to the Theorem in [2], A1 (V = 0) > o "" . Hence
2
nmw

A < 7 + M. : (3.2)

p=%(,/1+-§r—1—1) (3.3)

and substituting (3.2) and (3.3) to (3.1), we complete the proof of Theorem 3.1.

<MV =0+M

Setting
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§4. The Case forn=2,V =0

Forn=2,V = = 0 we can obtain more precise estimate than T‘heorem'l

Theorem 4.2 Let Q C R? be a bounded domain, and let Ay and A2 be the ﬁrst and
second eigenvalues of the Laplacian with zero boundary. Then

Proof. If Theorem 4.2 is not true i.e., -f\lf > 2.618, then Y = %f —1> 1.618. By [5], we
have Y <2.Set p-g€[0,1], 0<g¢<p<1 Then : -

From Lemma 2.2, it follows that

24,401 4q A2, A2D,,
— = Apyg 2 Ay
p+qg+1 2p+1 2q+1
, > 24pA, \/ I2'z712q\/ A2pA2q
Ve +1)(2¢+1)

ey,

ie.,

| m> (?+q'+ 1)/ Ioplzg B o 4D

"T V@ )@+ Dy

For a given ¢, 0 < ¢ < 1, we can assume that

/fzq V- Vz;)? /f2q|Vf|2dm for i=1,2.

If not, we can obtain the equality by rotation of axes.

By Schwartz’ inequality it follows that
, o
Z/ fPUvf. Vmi)zdw/ [(a; = =) f9T! — efPV S - Va;]2da
=179 4l ‘ '

2 o o . 1?
. o )2q+1 T A — P+a(NT f . ,
2; [/ﬂ(az .:1:1) Vf-Vz;dx eLf (Vf }V:cz) dm]

2 2
Az 2
= I[Z(q—:’l —e/fp+q Vf- Vi) dm] o (4.2)

_ (P — Dlptq I2pI2q [2p+1 [Ag | (4>3)
g+ D+t 2)[ — Lplag) V 2+ 1 Agp’

Since g(¢) = ¢2 is a convex function, 1 >~ g(&;) > g(z—g—") Hence have

where
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é/n Y Vi) de {,/Q(az' ~ @) 2 dg

e / fzp(Vf.Vmﬂzd@_, /Q 26(a¢fxi) T V) dx}
Z [2(q+1 e/ fp+q(Vf-in)2dm]2 ,

22{2(;{4-21-(11 /f”+qlVf|2dw} |

___2{ A2€ . 6Ap+q }2
20¢+1) 20p+q+1))
Using the equality

/ F2(V§ - Vai)ds = - / f2p|Vf|2dx_§(-2-?2—il—),

=1,2

and (4.4), we have

A - / 2942 €Az 4dedpiq
2 dz -
2(2¢+1) [Z (0 = 2i)'f Tl prqt2

>9 { Ay €Apig }
—20g+1) 2p+e+D))]
By Lemma 2.2, we have

/‘(ai — ) 22 < g+1
Q I

2q

Az, i=1,2
The inequality (4.6) can be rewritten as

q+1 1 (» — 9)v/Xpq Azp

200+ Dy Mg+ D2 > 2+ D@a+ Do+ 9+ Do+ +2) | Az

_(p+g+1)?-(2p+1)(20+ 1) X, Az 2.
42p+ )2+ )p+a+1? Ay
From (4.1), (4.3) and (4.7), it follows that
1+g 29+1 (v— 0)2Ioplag
Ly 2(g+1)? 7~ 2(¢+ 1)2(p +q+2)%(2g + 1)(I1q — Toplzq)

It is easy to see that

12, — Ioplg = (p— q)zy(y+1)

Substituting (4.9) to (4.8), we have

" 2¢+1 _ 14+gq I2pIZq
T2q+1)? Ly 2(g+1)2(p+g+2)%Q2q+ 1)Y(Y + 1)
29+1 1+4+¢

“2q+1? (Qq+r1)Y — ¢ |
(20 + 1)(2q + 1)Y2 — [2pq(p + q) + p* + P]Y + p?¢?
2(g+1)%(p+q+2)22¢+ 1Y (Y +1)

(4.4

(4.5)

(4.6)
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Define a real function F': [0,1] x [0,1] x [2,2] — R as follows:
2q+1 1+g¢
F(p,q,¢) = -
P68 =3+ 17~ GaFE= 7
(22 +1)(2¢ + 1)E? — 2pg(p + q) +p* + ¢*J + P°¢°
2(q+1)%(p+q+2)%(2¢ + 1)é(E +1)

_29+1 1+g¢ (20 + 1)(29 + 1)¢
T2g+1? (2q+1)E-¢q* 20 +12(p+a+222g+1)(E+1)
. 2pg(p+q)
29+12(+q+2)2(2g+1)(E+1)
(P* + )¢ + p*¢?

2q+1)%(p+a+2)2(2¢ + 1)(§ + 1)E
For 0<¢g<p<1land3/2<¢<2, wehave
0 144 ]
= | = | > 0,
as_[ Ga+ -]~

_g[ (20 + 1)(2q + 1)¢ >0
0 [2(¢+1)%(p+q+22Qq+1)(¢+1)] 7

L [ —2pq(p + q) ] 0,
o€ |2(q+ 12+ g +2)2(2¢ + )+ 1)

8 [_ (P?+¢°)¢ —pzqz]

¢ E(E+1)

[0 + %) — p*g® (26 + 1))

and

1
L
e o i ey
*52(5+1)2P q 5) T4 P -2—)

2 2 4 2 2 4
“aerm ([P 55 5]+ [T S - 4o

Thus F(p, q,£) is a monotone increasing function of ¢, and if Y > 1.618, we should have

02 F(p5qa£)|E=Y > F(p,Q)§)|§=1.618- (410)
(4.10) is valid for 0 < ¢ < p < 1. Now setting ¢ = 0.19, p = 0.505625, we obtain
F(p, q, 5)'{:1.618 > 0.000296. (4.11)

(4.11) contradicts (4.10). Hence Y < 1.618, i.e., %—f— < 2.618.
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