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ON THE FIRST AND SECOND EIGENVALUES 
OF SCHRODINGER OPERATOR* **

Yu Qihuang*

Abstract
The above boundary of the gap between the 2nd and 1st eigenvalues of Schrodinger operator 

and the above boundary of the ratio of the 2nd and 1st eigenvalues of Laplace operator are 
given.

§1. Introduction
Let ft be a bounded domain in Rn, A  be the Laplace operator and let V : ft —► R  be a 

non-negative function. The eigenvalues of the equation

- A f  + V f  = \ f  (1.1)

with the condition

/  = 0 on aft (1.2)

can be arranged in nondecreasing order as follows:

0 < Ai < Л2 < A3 < • ■ • .

B. Wong, A. T. Yau and Stephep S. T. YanW proved
. ^ 4tt2 4M

A2 — Ai < -rrjj- 4------ , (1.3)D2 n
where D is the diameter of the largest inscribed ball in ft and M  = sup V. In this paper

й
more accurate evaluation will be given.

For n — 2, and V  = 0 Payne, Poyne and Weinberger proved t5'

1 7 s  3 (L4)
and conjectured that

-  2-539'Ar "  Ai(D)
(1.5)

where Xi(D) and A2(.D) are the 1st and 2nd eigenvalues of unit disk in R2. In 1980 G. H. 
Hile and M. H. Protter proved M

A2
Ai

<  2.686 •

In this paper the above bound will be discussed.
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§2. Symbols and Lemmas

/  —the first eigenfunction of equation (1.1) with the condition (1.2) satisfying

[  f 2dx = 1, and f(x)  > 0^,ж G fi;
Jn

Xi—the coordinate function in R n , i — 1,2, • • • ,n;

A*As = [  f a+2dx;Xa = ^ - ; X pq = 
J n a 2 3

4+ «  .
А-2рА2д

Y  = -r— — 1; Ia+t = (s + 1 + 1)У — st.

Lemma 2.1. f n f ajVfj2dx = *$■ -
Proof. f aA f 2 = 2 /s( |V /|2 +  f A f )  =  2fs\V /|2 -  2Ai/s+2 + 2 V fa+2. 
Thus

f f aA f 2dx = 2 f f a\Vf\2d x - 2 \ lAs + 2 [  V f s+2dx. (2.1)
vW ifl «/fi

On the other hand,

/Jn
, d ff sA f 2dx = -  [  X f aX f 2dx + f  f s^ d l  

n Jn Jan

= -  f  V f aV f 2dx 
Jn

= f f 2A f sdx 
Jn

= s(s -  1) f f s\Vf\2dx -  + s f V f a+2dx.
t/fl J  Cl

Prom (2.1) and (2.2) it follows that

(2 - s 2 + s) [  f a\Vf\2 + ( 2 - s ) \ 1Aa - ( 2 - s )  [  V f a+2dx,.
V fi v Cl

i.e.,

(2.2)

f r\vf\2dx = - h - л .  -  - T -  f Vf*4x.
Jn a + 1 . s + 1 Jn

Lemma 2.2. Suppose that и : Q —> R is a C°° function satisfying Jn u f 2dx = 0. Then

I n f 2lV u \2dxY f u2f 2dx < 
Jn

Proof. It is well-known that

A2 = inf
Jn -gAgdx  + / n Vg2dx 

sJ-/,p|an=o f n g2dx
f n \ V g l 2dx  + f n v g2dx

= inf 
9-L/,g|en=0 Jn32dx
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Hence

Л2 [  u2f 2dx < f \Vuf\2dx + f Vu2 f  2 dx
Jo Jet Jo

= f \uVf + fVu \2dx + f Vu2f 2dx
*/fi t/fi

= /  (u2 |V/ | 2 + / 2 |Vu |2 + \ v f 2 ■ V u 2)dx +  [  V u 2f 2dx
Jo * Jo

= f u2\Vf\2dx+ (  f 2\Vu\2dx — ^ /  ii2&f2dx+ f  Vu2f 2dx 
Jo Jo 2 Jo Jo

= [  u2\Vf\2dx+ [  f 2\Vu\dx- f u2\Vf\2dx
**C l J Cl J Cl

— f u2f A f d x  + f Vu2f 2dx
Jo Jo

— [  f 2\Vu\2dx -  f u2f 2( - \ i  + V)dx + /  Vu2f 2dx
J Cl Jci J Cl

— f f 2\^u\2dx + \ i  f u2f 2dx.
J Cl J Cl .

Corollary 2 .1. Let <7 > 0,aj =  ^  X'%+*ix • Then

hq f  (di -  Xi)2f 2q+2 < for any г = 1,2, • • • , n.
Jo Ai

In particular, for q = 0,

/  (ai Xit
Jo

Y f 2dx < — for any i = 1,2, • • • ,n.
Ai

Proof. Set и = (ai — Xi)fq in Theorem 2. Then f  u f2dx = 0. Also

|Vw|2 = q2(ai -  Xi)2f 2q- 2\Vf\2 + f 2q -  2q(a i -  Xi)f2q~xV f  • V®<

and

J  f 2\Vu\4 x =  A2q +  q2 j j f l i  -  Xi)2 f 2q\Vf\2dx +  jf  V f 2q+2 •M a t  -  Xi)2dx

= A2q +  q2 J  (ai -  Xi)2f 2q\Vf\2dx -  ^  / 2з+2 ' Д л̂< ~ Xi^ dx

= ~ * 7  +  q2 f ( ai -  Xi)2f 2q\Vf\2dx. (2.3)
9 + 1 Jo

On the other hand,

[  (ai -  Xi)2& f 2q+2
Jo

=2(q + 1)(2? +  1) /  (ai -  Xi)2f 2q\Vf\2dx -  2(q + 1) [  (a, -  Xi)2f 2q+2(\ 1 -  V)dx, 
Jo Jo I(2.4)

and

[  (ai -  Xi)2M 2q+2dx = ' /  f 2q+2A(ai -  Xi)2dx = 2A2q.
Jo Jo

(2.5)
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Thus it follows that

/  (a* -  Xi)2\Vf\2dx = 
Ja

*2 q
+

Ai Jg(ai -  Xj)2f 2q+2dx
(q + l)(2q + 1) ' 2q + l

f n v (ai ~  Xi)2f 2g+2dx

Substitution (2.6) to (2.5), we have

7  f  iv« i
Ja

2d x  =  } •+ \  A 2q +2q + l '

2q + l

M g 2
2q + l

(2.6)

/  (a* -  Xi)2f 2q+2dx
Ja

2q + l f V{ai-X i)2f 2qJr2dx. 
Ja

By Lemma 2.2, we obtain

h q  f (o>i ~  Xi)2f 2q+2dx <  ^ - ^ A 2q -  Xi)2f 2q+2dx.Ja M Ai ,/n
Corollary 2.2. I fp ,q>  0, then

2ApAqIp^.
p + q + 1

in particular, for q = 0

2A p A qIp+q A A q h p  A -tlpl2q
_i_ n  _i_ 1 A P + 9  -  2 p  +  L 2P +  O ^ T T A 29>

A2ph  
2 д + Г

Y  >  ^ 2p
p ~ (2p + 1)У ’

Proof. Set и  = Aqf p — Apf q in Lemma 2.2. Then

|V«|2 =  p 2A 2/ 2p~ 2 |V /|2 +  q2A2pf 2q~2\Vf\2 -  2pqApAgf p+q~2\'Vf\2.

By Lemma 2.1we have

f f 2\Vu\2dx = p2A 2q [  f 2p \ V f \ 2dx  +  q2A 2p f f 2q\ V f \ 2d x - 2pqA pAq [ f p+q\ V f \2 
Ja Ja Ja Ja

where

B M  -  + -  ¥ Ш Т 1Г+Я+2) *V

> l I  A - . .  - - A +l dx

> 0.

The inequalities are from inequalities of average. From Lemma 2.2, it follows that

-  V ) / * * < ^ л 2р +

On thte other hand,

Y  /  (A q f p -  A p f q)2f 2dx  = Y A 2A 2p + Y A 2A 2q -  2Y A p A qA p+q.
Ja

Hence
2A p A q I p+ q . A q h p  . A p I 2q
------ ;------ r T ~ A P+q — n---- +  о----------------- Г Т А 2 q-p + q + 1 y 2p+ l  F 2q + l
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§3.The Above Bound of A2 -  Ax

Theorem  3.1. If  Ai and A2 are the 1st and 2nd eigenvalues of the equation (1.1) with 
the condition 2, then

(\J(n + l)(n +  9) +  3 -  n)7T2 з/(п + 1)(те + 9) + 3 -П  Л/Г 
A2 - A i < --------------- W 2-------- ------ +  - ------------ ----------------M,

where D is the diameter of the largest inscribed ball in Cl and M  = sup V.
о

Proof. By Schwartz’ inequality, we have

[  /2 r (v /  • V X i f d x  f  (m -  X i f f d x  > [ / ( < * * -  ^ ) / p+1V / • V Xidx]
Jo, Jo Uo

Thus
■ ^ / n v ' P+2-v (« ‘ - - H  = ( F W -

n  f  p /n A 2
X ) Ja / - ( V /  • V ^ )2da; J \ a i  -  x i f f d x  >

From Corollary 2.1 and Lemma 2.1, it follows that

(j> +  2)!
and

1

A iF

By Corollary 2.2, we have

l. e.,

AiA2p / n V f ^ d x
2 p + l 2 p +  1

>
n A 2p

(p + 2)2'

n (2 p + 1)УАГР ^ n l2p
~ (p + 2)2 -  (p + 2)2’

[(p + 2)2 + np2] Ai > n(2p + 1)(A2 -  Ai). (3.1)

Now suppose that д and Ai(V = 0) are the 1st eigenfunction and the 1st eigenvalue of the 
equation

- А д  = А д

respectively, and satisfy the condition g\on =0. Then the formulas
fa I V*l2dx + f a V h 4 x

’̂ 1 fe|in=o f Q h2dx
_  Jo\Vg\2dx +  / n Vg2dx < A i ( 7 s0 )  + M

Io92dx
2

hold. According to the Theorem in [2], Ai(V = 0) > Щт- Hence

Ai <
rw rw + M. (3.2)

Setting

p = W 1 + s t i _1)
and substituting (3.2) and (3.3) to (3.1), we complete the proof of Theorem 3.1.

(3.3)
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§4. The Case for n = 2, V = 0

For n =  2, V  =  0 we can obtain more precise estimate than Theorem 1.

Theorem 4.2 Let Q C R2 be a bounded domain, and let Ai and A2 be the first and 
second eigenvalues of the Laplacian with zero boundary. Then

A2~~~ < 2.618.
Ai

Proof. If Theorem 4.2 is not true i.e., > 2.618, then Y  = ^  — 1 > 1.618. By [5], we
have Y  < 2. Set p • q € [0,1], 0 < q < p < l .  Then

l2 p  >  0l2q  >  0 , Ip+ q  > 0 .

From Lemma 2.2, it follows that

2АрАд1р+д
p +  q +  1

ip+q >

>

A \h P
A2p  +

A ll ip-*-2q
П  q

2p + l 2q + \ 
2ApAq \J Izpliq\fA^2pAiq 

y/(2p +  1)(2  q +  1)

i.e.,

/ у -  ^  (P  +  q  +  l ) \ J h p h q

V Pq- y ( 2 p  + l)(2q + l)Ip+q 

For a given q, 0 < q < 1, we can assume that

/ f 2q( V f - V Xi)2d x = l  f f 2q\Vf\2dx for г = 1,2. 
Jet . L Jet

If not, we can obtain the equality by rotation of axes.

By Schwartz’ inequality it follows that

(4.1)

where

>

E f f 2q(V f - V x i ) 2dx f [ ( m - X i ) ^ 1 - e f> V/  -Vxi fdx

E  [ [  (Oi -  Xi)29+1V f  ■ Vxidx -  e [  f p+q(Vf  ■ V x i fd x  
Ь'Я Jet

=E
A 2 P

й №  + 1)'

f  l 2
: /  p + q{V f -V x i )2dx 
Jet

e = (P  q ) I p + q  \ / 12pI2q 2p + 1 / A2q
(q +  l)(p +  q +  2)[Ip+q — hphq]  V 2# +  1 \ j  A2p 

Since g(£) = £2 is a convex function, ^ )T) g(£i) > д(Ц ^)- Hence have

(4.2)

(4 .3)



No.l Yu, Q. H. EIGENVALUES OP SCHRODINGER OPERATOR 91

V  f  / 2«<V/ • V xifd x  (  f { O i -  X i f f ^ d x  
Jo l Jn

+62 [  f ^ V f - V x i f d x - r  f 2е(<ц -  X i ) P + v+ 1 ( V f  - V x j d x )  
*/ Cl . Cl )

Ш r r l L ™^}2>2

= 4
J-26 eA.P+4

*2p

.2(9 + 1) 2(p + q + l )
Using the equality

/  / 2p(V / • V ^ ) 2̂  = l f f 2p\Vf\2dx =
Ju 1 Jsi

and (4.4), we have

^2q I V- '  f  , m \2 f2q+2i„ , 4eAp+g

2(2p +1)
, i = 1,2

>2

2(2? +  i) [ | J  L (a> X ,)2 f ,+ 4x  + 2p+[

( -̂ 2 q______ cAp+g 1
1 2(q + 1) 2(p + g + 1) J ’

p + q + 2

2(q + l) 2(p + q + l)
By Lemma 2.2, we have

f {ai-Xi)2f2̂ 2dx< -̂A2q, г = 1,2. 
Ja l2q

The inequality (4.6) can be rewritten as 

9 + 1  1 > {P Q^y/Xpq *2p

2(2q +  l)I2q 4(q + l)2 2{q + |l)(2g + 1 ){p + q + l)(p + q + 2) у A2q
(p + q + 1)2 — (2p + l)(2g + i)Xpq A2p 2

4(2p + 1) {2q +  1) (p + q + l)2 A2q 
Prom (4.1), (4.3) and (4.7), it follows that

e .

1 + 9 2q + l > {.P -  q)2hphq
hq 2(<? + l)2 2(q + l)2(p + q + 2)2(2q + l){Ip+q- I 2pI2q)

It is easy to see that

I}+ t -  h ph q = ( p - g ) 2Y (Y  + l).

Substituting (4.9) to (4.8), we have
2 g + l  1 + 9 ._____________' hphg _______ _

"  2 (q + l)2 h  q 2 (q + 1 )2(p + q + 2)2(2<? + 1 )Y(Y  + 1)
2q +1  1 + 9

~2(q + l)2 "  (2q + l ) Y - q 2
(2p + 1)(2q +  1)F2 -  [2pq(p + q)+p2 + q2]Y +  p2q2 

+ 2(q + l)2(p + 5 + 2)2(2q + 1)Y(Y + 1)

(4.4)

(4.6)

(4.6)

(4.7)

(4.8)

(4.9)
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Define a real function F  : [0,1] x [0,1] x [ |, 2] —»• R  as follows:
тр(п _ t\ _  2g + 1_______ 1 + q

<M ,f) 2(? + 1)2 (25 + l ) { - 5 2
(2p + 1)(2q +  l)g2 -  [2pg(p + g) + p2 + q2)( + p V  

2(? + 1)2(р + 9 + 2)2(2? + 1Ж$ + 1)
_  2g + l_______ 1 +  g _______ (2p+l)(2g + l)g_______

2(g + l)2 (2g + 1)£ -  q2 2(g + l)2(p + g + 2)2(2q + 1)(£ + 1)
__________ 2pg(p + g)

2(g + l)2(p + g + 2)2(2g +  1)(£ + 1) .
_________ (V2 + g2)C + p V ________

2(g + l)2(p + q + 2)2{2q + 1)(£ + 1)£*
For 0 < q < p < 1 and 3/2 < £ < 2, we have

and
d_
S f L

d 1 +  g 1 > 0 ,
d{ 1 (2g + l ) £  - g 2 J

d ( 2 p + l ) ( 2 g  +  l ) £
*

d£ L 2(g +  1 )2(p + q + 2 ) 2 (2 q +  1) (£ +  1).

d - 2 pq(p + q) ’

dS .2 (g +  1 )2(p + q + 2 ) 2(2 q +  1) (£ +  1)

+ q2) t - p 2q2'

>0,

>0,

£2(£ + 1)2
1

К2(р2 + 92) - Л 2(2{ +  1)]
2

p2(£2 -  q 4  -  у ) +  g2(e -  p4  -  у )
2 1

т е + 1 )2

w i t£2(£ p2(£
л 2 m2
4_\2 _  P_ 
2 '  2

L
4
,41

+
5,2 Г

2
£
4

Thus F(p,q,£) is a monotone increasing function of £, and if Y  > 1.618, we should have

0 > F(p,q,f)l€=y > F(p,g,0k=i.ei8. (4.10)
(4.10) is valid for 0 < q < p < 1. Now setting q = 0.19, p = 0.505625, we obtain

^(P,g,0k=i.6i8 > 0.000296. (4.11)
(4.11) contradicts (4.10). Hence Y  < 1.618, i.e., ^  < 2.618.
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