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THE GROWTH THEOREM FOR BIHOLOMORPHIC 
MAPPINGS IN SEVERAL COMPLEX VARIABLES***

Gong Sheng* * * Wang Shikun** *** Yu Qihuang**

Abstract
The Growth Theorem for normalized biholomorphic starlike and convex mappings on Rein­

hardt domains and classical domains are established.

§1. The Growth Theorem for Starlike 
Mappings on Reinhardt Domains

There are fruitful results on the geometrical function theory of one complex variable. 
But there exist a lot of counter-examples to show that the corresponding reseults in several 
complex variables are not true. In 1933, H.CartanW already pointed out that the growth 
theorem of biholomorphic mappings on the unit ball of Cn is not true. In 1988, Carl 
H.Fitzgerald, Sheng Gong and Roger W.Barnardt2! gave the first affirmative result about 
the growth theorem in several complex variables. They proved the following result.

Let B n = {Z =  (zi,Z2 ,--- ,zn) E Cn | \Z\ < 1} be the unit ball in Cn, where \Z\ = 
(E N 2)1/2> and
г=1

№  = (A(Z), M Z ) ,  • , f n(Z)) = Z +  (ZA<‘>ZT, ■ ■■, Z A ^ Z ? )  + ■■■ (1.1)

be the normalized biholomorphic starlike mappings on B n, where A/J! = (a(^)i <i,k<n. 
j  = 1,2, • • • ,n , are constant matrices, starlike mapping means the image of B n by f(Z)  is 
starlike with respect to origin, and normalized mapping means /(0 ) =  0, Jf(0) =  I, where 
Jf  is the Jacobian of / ,  I  is the identity matrix. Then

|Z| \z\
< \ m \  < ( 1.2)

(1 +  |Я |)2 J ( 1 - | 2 | ) 3
holds for every z E B n. The estimation is precise, but the extremal mapping is not unique. 
Obviously, f ( B n) D | B n, tha t is, the Koebe constant of this family of mappings on Bn is
l
4'

In 1989, Qihuang Yu, Shikun Wang and Sheng Gongt3! extended the Growth Theorem 
of normalized biholomorphic starlike mappings on ball to the Reinhardt domain Bp where

Bp =  {Z E Cn | \[Z\\V =  (E |-гг|р)^ < 1 ,p > 1}. We proved the following result.
г=1
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Let (1.1) be the normalized biholomorphic starlike mappings on Bp. Then

( l + I W 2 5  (1 - l i z y a  ( U )
holds for every Z  E Bp. The estimation is precise, but the extremal mapping is not unique. 
As a consequence of (1.3), f ( B p) D - ^ B p where К  =  1 if p >  2, К  — if 2 >  p > 1. 
That is, the Koebe constant of this family of mappings on Bp is -щ.

On the other hand, using Loewner Chain’s method, John A. PfeltzgraffW proved that: 
Let (1.1) be the normalized biholomorphic starlike mappings on Bp. Then

№  „ \\z\\P
<  \ \ m \ \ p < (1.4)

(1 +  ||Z ||P)2 -  - ( 1  -  ||Z ||P)2 
holds for every Z  E Bp. The estimation is precise, but the extremal mapping is not unique. 
As a consequence of (1.4), f ( B p) D \ B P. That is, the Koebe constant of this family of 
mappings on Bp is \  in the sense of p-norm.

Now we would like to point out that (1.3) and (1.4) are equivalent. That means they can 
imply each other.

Let p(W) = trW W T where W  =  f(Z) , Z  E Bp. Then it is easy to verify

1

and

dp(W) =  — +  du>iU>i).
i= l

where ||W ||P =  (X) |a>i|p)p, p > 1. We have < d||W ||p, dp > =  L IU , where <, > is the inner
i=l 9

product of the cotangent space of Cn at the point W. On the other hand, < d|| W||p, dp > =  
obtain

(1.5)
d\\W\\p dp 
\\Щр P ‘

Then we integrate (1.5) on both sides from W  =  f  (eZ) to W  = f(Z)  where e is a small 
positive number. We get

\\m\\P __ \m\
||/(eZ )||p \f(eZ)\-

Now we can prove that (1.3) imply (1.4). From (1.6) and (1.3), the following inequality 
holds

||/(eZ )||p(l -  e\\Z\\pf  ^  „ ||/(cZ )||p(l +  e||Z||p)2
" (i +  W £ ■ - ll,(z )1 ' s  ( i  ;  (L7)

Then letting e —> 0, we get (1.4) since lim ^ ê )llp =  \\Z\\P due to the normalized condition 
of / .

Similarly, using (1.6) and (1.4), we can prove (1.3).
Note tha t the methods used to prove (1.3) in [3] and (1.4) in [4] are essentially different, 

but (1.3) and (1.4) can imply each other. In other words, they are two different methods to 
prove both (1.3) and (1.4) from [3] and [4].
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§2. The Growth Theorems for Starlike 
Mappings on Classical Domains

As a part of his doctor thesis, in 1989, Taishun L iu^  extended the result of [2] in another 
direction. He got the growth theorems of normalized biholomorphic starlike mapping on 
classical domains. The four types of classical domains are defined as follows t6l:

I h i m , n) = { Z e  Cmxn\I -  ZZT >0},

Пп {п) = { Z e  CnXn\ I -  Z Z T > 0 ,Z  = ZT},

-=THm (n) = {Z e CnXn\I - Z Z  > 0 ,Z  = },

HIV{n) = {Z e Cn |1 -  2Z Z T +  \ZZT \2 > 0 ,1Z Z TI < 1}.

He proved that: Let f (Z)  be the normalized biholomorphic starlike mappings on classical 
domains Нк , (К = I, II ,  I I I ,  IV)  which map 1ZK to Cdim Пк. Then

l№   ̂ \Щк< I№ ) \ I k  < (2.1)
(1 +  | |Z| |K) > -  ( 1 - н а д

holds for every Z e Пк,  where || ||^  is the norm of П к  (cf. [7]), that is, \\Z\\k  is a 
positive square root of the largest eigenvalue A(Z) of ZZ  for К  =  I, II,  I I I  and | |^ ||jv  =  
(\Z\2+{\Z\4- \ Z Z T \2)i .  As the corollary of (2.1), he got f (H K) Э \ H K, К  = I , I I , I I I , IV .  

All these estimation are precise, and the extremal mapping is not unique.
In this paper, we establish another growth theorem of normalized biholomorphic starlike 

mapping on classical domains.
T h eo rem . LetW  = f(Z)  be the normalized biholomorphic starlike mappings on classical 

domains Пк,  (К  =  I, II ,  I I I , IV ) ,  which map П к  to Сйщ Пк. Then
■\z\ ^ ^ \z\

( 1 + l l ^ lk ) 2
< I№ \ K <

н а д
(2.2)

holds for every Z  € Пк-
The estimations are precise, but the extremal mapping is not unique.
Finally, we prove tha t (2.1) and (2.2) are equivalent, that is, (2.1) and (2.2) can imply 

each other. In other words, we have two different methods, one is Taishun Liu’s in [5] and 
the other is tha t we use in this paper, they can prove both (2.1) and (2.2). Actually, in the 
case of the domain is Hiv,  Taishun Liu already proved that (2.1) implies (2.2), and it is 
easy to prove tha t (2.2) implies (2.1) in the same way as he used. So, in this paper, we only 
need to prove the theorem in the cases that the domains are Hi, П ц  and П т ,  and then 
prove tha t (2.1) and (2.2) are equivalent in these domains.

§3. Some Lemmas
To prove the theorem, we need some lemmas.
L em m a 3.1. Let Ф(£) be the holomorphic mappings which map П к  into Пк  and 

Ф(0) =  0. Then

m Z ) \ \ K <\\Z\\K, К  = I , I I , I I I , IV ,

holds for every Z  G Пк-
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This lemma can be deduced from Schwartz Lemma of the normal linear space by Lawrence 
A. Harris^8!. Using the Schwartz Lemma, we have

L em m a 3 .2 . Let W  = f ( Z ) be the normalized biholomorphic starlike mappings on TZk 
which map 71k  to C'dim П к. Then

l i r ^ w o i k  <  \ \ r 4 w ) U
holds for every Z  £ TZk  and every r £ [0,1].

P roof. Let / ( TZk ) denote the image of TZk  under / .  For a fixed Z £ TZk , the subset of 
TZk  is defined as

£a = {YeTZK\\\Y\\K<\\Z\\K = a}.

Obviously, £a is an open set. Because a holomorphic mapping is an open mapping, f(£a) 
is also an open set and { /(£ 0)} =  { /(£ ffi)}- By the starlike hypothesis for the mapping / ,  
where W  =  f(Z) ,  we have rW  £ ■/('TZk )• That means f ~ l (rW) € TZk for all 0 <  r < 1. 
We claim that

rW .e fQ Q .  (3.1)

If it is true, then / -1 (rW ) £ £a, which implies the lemma holds. To show that (3.1) is true 
we suppose there is such an tq < 1 that tqW  £ {f(£a)}, i.e., | | / -1 (гоИО||я- > a. We define 
a new mapping K(Z)  from TZk  to TZk  by K(Z)  =  / _1(r0/(Z )). Since /  is a biholomorphic 
starlike mapping, K(Z)  is well defined and is holomorphic with AT(0) =  0. By Lemma 3.1, 
we have

№  > P T (Z )||*  =  И Г Ч гo H 9 ||j r> a .,

This contradicts | | / _1(W )||jk- =  \\Z\\k  = a. Thus (3.1) is true. The lemma is proved.
Let W  =  f(Z)  be the biholomorphic starlike mapping on TZk ■ Then g(W) =  | | / _1(W)||^- 

is a continuous function of each entry of W. For a fixed W° £ / ( TZk )> let cr(W0) =  {W =  
rW°, 0 < r < 1}, this is a closed set. Thus g(W) is absolute continuous on W  £ o(W°), 
and then g(W) is differentiable with respect to W  almost everywhere. We have

Lem m a 3 .3 . Let W  =  f (Z)  be the biholomorphic starlike mappings on TZk  which map 
TZk  to Cdim Пк. Then \\f~1{W)\\K is differentiable with respect to W almost everywhere 
on the o(W°) =  {W  =  rW °,0  <  r < 1} where W° = f (Z ° ) is a fixed point in / ( TZk ) and
К  = I, II,  I II ,  IV.

\

§4. The Proof of the Growth Theorem
For TZiv, (2.2) was proved by Taishun L iu^ . Here we only give the proof of the theorem 

in the case that the domain is TZi, and the proofs of the theorem are similar in the cases 
that the domains are TZj i  and TZni-

Let W  € f(TZi(m,n)) and denote p2(WWT), A(Z) = \\Z\\j. When A о f ~ 1 is constrained 
on the segment cr(W°) joining the origin and W° =  f(Z°),  for a fixed Z° £ TZi(m, та), 
the directional derivative of A о / _1 along the direction dp, that is ^ X°/p— exists almost 
everywhere on the segment o(W°) by Lemma 3.3. By the definition of A(Z), A(Z) satisfies 
the following equation

det(X(Z)I -  ZZ T) = 0.



No.l Gong, S. , Wang, S. K. et a1. GROWTH THEOREM 97

That is,
m

J 2 ( - l ) kteW ZZT\ m- k =  0, (4.1)
ft=0

where t r ^ Z Z  is the sum of all the к x к principal minors of ZZ . Differentiating (4.1) 
on both sides, we have

m —1 m
y '  ( - l ) fe(m -  k ) t v ^ Z Z TXm- k- 4 \  + Y l { - l ) kd(t^k)ZZT)Xm- k =  0.
fc=0 fc=l

Thus dA =  Ц  where
m

P = ^ 2 ( - l ) k+1d{ti^k'>ZZT)Xm- k, (4.2)
fc=i

m— 1
Q=  ^ ( - l ) fe(m - fc ) t rW z ^ TAm- fe- 1.

fc=0
Obviously, P  is equal to

d
2 R e ^ ( - l ) fe+1Am~fe ^  ^ L ( t r  W z Z T)duij.

k= 1
вшу

(4.3)

(4.4)

Since dp2 =  SReQ^utydwy), we obtain

P
< dX o / - 1 , dp2 > \w=f(z) = 

where < , >■ |w  is the inner product of contangent space of Cm*n at the point W, and
m o

Px =  4 R e ^ ( - l ) fc+1Am- fê  ■^-( tv^ZZT)uij.
k= 1 h3

(4.5)

(4.6)

It is easy to  evaluate, for 1,2, • • • , m,
&

(tr W Z Z T)дозtj

d
доз.гз E

h<---<lk

^ 2 / Zh  s z h s i ' "  i z h s z lk
5 =  1

к
— ■ч

5 = 1

к

^  у z h a z h s i  ‘ * ‘ i ^  "1 z lkSz h 
s=l s=l

e E E fc;"pfc (e ^ O  (e ^
13 h < —<lkPi>‘“ ,Pk \  a )  \  a

E z h a z lPks

= E E fc*.E П ( E w )  (e &%.-
l i < —<lkPi ," ' ,Ph  ?=1 \  s /  \  a 3

(4.7)

1 Л t JL
where (p i,p 2> • • • ,Pfc) is a permutation of (1,2, • • • , k) and Sp[l'.'.\’Pk =  1 if this permutation 
is even, =  —1 if this permutation is odd, and the second summation in the right hand
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side of (4.7) is over all the permutations of (1,2,• • • , к), and h,h,---  >h  are К  integers of 
1,2, • • • , m, 1 < к < m.

Substituting (4.7) to (4.6), we have
m

Pi =  4 R e { ^ ( - l ) fe+1Artl" fe
k=1 

к- к

hO

E  2  sPu-,k,Pk XX П  q J  ^ p, s))>,
h < - ' < l k  P i» ‘ "  9—1 i —ly j^ q  S s 3

for a Z  € TZi(m,n). Let Y  = where t is a complex number with |t| <  1. Then

(4.8)

I  -  Y Y T =  I
A (Z )

ZZ  > 0.

That means Y  =  -цЩу € P /(m ,n ) , and obviously ||F ||/  =  |£|, A(F) =  |t |2. Let W°  =  /(F ) . 
By Lemma 3.2,

Ч Г ' Ш )  -  A ( /-1((l -  r)Wo) > 0

fpr every 1 > r > 0, and

А ( Г Ч ^ о ) ) - л е г ч а ->)W o)) >0

for every 1 > r >  0. By the definition of directional derivative
d ( \ o  f - 1)

dp >  0, (4.9)
W=W0

if the directional derivative at W  = W°  exists. But by Lemma 3.3, it exists almost every­
where on the segment cr(W°). On the, other hand

( d ( \ o f  1),dp2)|iv=Tv0 =  2p dp W=W0
hence (4.9) is equivalent to

(d(\ о f ~ 1),dp2)\w=w0 ^  0- 

By (4.3),(4.5),(4.8) and (4.9), we have
P2
Q 2

> 0 ,

where

P2 =  4Re < 2-j +n^l|2fc-l
k=l m l

U i j

г,3
E

\y—*/ tz \ h<"-<lk
=K i h j )

\  л 'ST' 51’"' >fcp\-,— ,Pk
P l , “ ‘ ipk 9=1 .

П (E ^ -M E
з=̂ ,зФч s

dz>

s dw ij

and

zlp4s)
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It is easy to observe that we can rewrite P2/Q2 as 4 |t|2R e^-, where

( - l ) fe+1A(Z)m~km

Pz(t) = \\z\\, £
k=l h3

E

E-temEl П (Е2‘/*2ц»)(Е 9 ẑ'.
9=1 » « 3Pit '"  >Pk

and
m—1

Q3 =  (-!)* ("»  -  k)lrik,ZZT\ ( Z f " k.

(4.10)

(4.11)
fc=0

By (4.9), R e ^  >  0. Obviously, C(t) =  ^  is an analytic function of t when 0 < \t\ < 1 
and ReC(t) > 0. We have

v 1 (  tZ
Ь Т П Р П

_  duJij  
dt

dujj dzki 
t=Q~ ^ d z kl dt

%kl %ii

-E
E cij *kl  _  *i j

" I № “ | №

where are Kronecker symbols and

9 z ki 
limt~*о и ij ^ = /(т гЙ т )

Using (4.12) and (4.13), we get 

lim P3(t)t—>0
m

k= 1 i j  11 l|J h < —<lk P i t— tPh

У  I П Zli s*lPja)№lqs \ qs)
9=1 [j=l,jt£q s . '

m  ____=X;(-i)‘+ia(z)”-‘ £  E
k= 1 h < - " < l k P i f "  tPk

E
9=1

П z h s Z l p .a ) {У ,  z lqsZlp„s)  
kJ = i.j¥ 9  « . • s.

7rt __  I *

ii<-"<ikPif" tPk l i=i  sfc= 1
m

: ^ ( - l ) * +1A(Z)m- ‘W m- ' ,)ZZ

(4.12)

(4.13)

fe=l
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Thus
,-=T

l im 5 -  =_  f c = i . _________
i^O Oi m—1 _rp ’

■ (m -  k ) ( - l ) k\(Z)™~4rWZZ
k=0

This is equal to 1 by (4.1).
The analytic function C(t) of one complex variable t where t is in the pnit disc of C 

satisfies: C(0) =  1 and ReC(t) > 0 . By a theorem of analytic function with real part in the 
unit disc, we have

IzM  > I±M (4.14)

Taking t  — ||Z ||j in (4.14), we,get

l - I IZI Iи ь > о т | | 1) > 1± ||к
1 +

But it is easy to verify

C(l|Z |ll) =  4 Л р ) <‘г А 0 /” 1’^ 2>|и' - ,1г> =  2AТЩ ’ ^

Thus the inequality

( n - v A I z J )  “  ( \ - y / W j )
holds almost everywhere on the segment a(W).

We take a sufficient small positive number s < 1 such that the small hyperball

B{s) = { W e  Cmxn\ tvWWT = tr ( f (sZ)J (7z f )}

intersects cr(Z). The intersection point is

W=f(Z)

(4.15)

■ Q
\

tr  (f(sZ)f(sZ)  
tr  W W T

•W-

Obviously p(Q) =  p{f(sZ)) and (4.15) is equivalent to the following two inequalities

and

( 1 - Д )  d\(Z)
2\{Z)(1 + у / Щ )  ' dp

(1 +  у / Щ )  d'X(Z)
2\(Z)(i — у /Щ })  'у dp

z = / - i ( w )
< i

P

>
' PZ=.f~1(_W)

Integrating (4.16) with respect to dp along the path <r(W) from Q to W  gives

; Ы,(№) > Ы ^ 1+Щ Г ^ ^ +Ы , ..... .
^  . ‘( l  +  Ч /Л Щ )2 v x r r

It follows by the normalized assumption for /  that

A Q )  = P2(f(«Z)) = tr(/(sZ)75I ) T = s2(t iZZT + 0 (s)).

(4.16)

(4-17)

(4.18)

(4.19)
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The normalized conditions shows /  1 is also normalized. That is dzij/duiki = S^. Then we 
have ;7.

r \ Q )
\N

ti{ f(sZ)f(sZ)T)
txWWT

\
w

/

txZZT 
tr  W W T

+ 0 ( 8) W

=  s tr  Z Z T 
tr  W W T

W  + 0(a) (4.20)

Thus we have

A о / _1(Q) =  s?(trZZ* +  0(s )).
,-=T

Substituting (4.19),(4.21) into (4.18) and letting s —> 0 in (4.18), we get

\f(Z)\ =  p{W) >
\j txZZT

(i + ф щ у
\ Z \

i  +  l № ) 2
(4.22)

holds almost everywhere.

We have almost proved the left hand side inequality of (2.2) is true almost everywhere. 
Based on the fact tha t p(f(Z)) and A(Z) are continuous functions of Z  on 7Zi(rri,n) and the 
measure of the excluded set is zero, we see that the left hand side inequality of (2.2) holds 
for all z  G n). Similarly, we can prove the right hand side inequality of (2.2) holds
for all z  e  1Zi(m, n).

Using the same method, we also can prove the theorem in the case that the domains are 
7lK, К  = 11, I I  I, IV.  We omit the, details of the proof. Obviously, the method used by 
Taishun L iu^  to prove (2.1) are different from the one used by us in this paper.

The following mappings show (2.2) is precise, and the extremal mappings are not unique.

П и :  — —̂ rZ,Z = ZT-, Z [ I -Z )~2,Z = ZT-,
(1 zn)

n I V -. - ± - r Z , Z  = - Z Ti. Z [ I - A Z } - \ Z  = ZT]
(1 %п)

where { ~ ) is a square matrix and

A =  I °л  J  ^  J  ) if n is even,
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§5. The Equivalence of Two Growth Theorems 
for Starlike Mappings on Classical Domains

Now we prove (2.1) and (2.2) are equivalent. As did in the previous section, we only 
prove this conclusion in the case that the domains is H i.  And the proofs for the other two 
cases are similar.

If A(W) is the largest eigenvalue of W W T, then \\W\\j = X(W), where W  =  f(Z) ,  Z  E 11. 
A(Z) satisfies the equation

det(A(W)I -  W W T) =  0,

which is equivalent to
m

Y ^ ( - l ) k\ m' kt i (k)W W T = 0, (5.1)
k=0

where t x ^ W W T =  trW W T and tr(m)WWT =  det W W T. Differentiating on both sides of 
(5.1), we have

m—1  ̂ m

^ 2  (-1)*(™  -  fc)Am" fc- 1trW W W T V dX +  ^ ( - l ) fcAm- fcd t r ^ W W T =  0. (5.2)
fc=0 ) k=l

We can easily verify

{d(tr(k>WWT),dp) = y t r W w W T (5.3)

because of dp =  ^  Y^(wijdwij +S5jJdwy). From (5.2) and (5.3), we get

m—1 'j „ m

^ 2  ( ~ l ) fe(™ -  t y X f i - ^ t r W w W 1, \ (dX, dp) = —  J^(-l)* jbA m’ fctrW W W T. (5.4)
k=0 J P k=l

Using (5.1), we have
m—1

( - l)* (m  -  k)Xm- k- h x ^ W W T
k=0

m—1

= ^ ( —l) m+1d e tW W T -  { Y ‘( - l ) kkXm- k- h T ^ W W T}
fc= 1

 ̂ m

=  -  -  Y ^ ( - i )kkxm~kt i ^ w w T.
к—1

Substituting the previous equality into (5.4), we obtain 

That is (d\\Z\\I tdp) = H i .  Thus

holds.
As we did in proving that (1.3) and (1.4) are equivalent, we integrate (5.5) on both sides 

from W  =  /(eZ ) to W  = f(Z)  where e is a small positive number, and then let e —> 0.

(dX,dp) =  — .

d\\Z\\z dp
i №  p

(б .б)
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According to the definition of ||Z ||/iP and the normalization conditions of / ,  we immediately 
see that (2.1) and. (2.2) are equivalent in. the case that the domain is %i.

Similarly, we can prove

d\\Z\\K _ d p  ' : .

: М Г - 7  ( )
where p =  ( f ! 2, W  =  f(Z) , 2 е П к И К  = П  or К  - I I I .

Using (5.6) we can also prove tha t (2.1) and (2.2) are equivalent in the cases that the 
domains are IZu and И щ .

In the case tha t the domain is 1Ziv, Taishun L iu^ already proved that (2.1) implies (2.2), 
but it is.easy to prove th a t (2.2) implies (2.1) if: we use the same process.’

§6, The Growth Theorems of Convex 
Mappings on Several Complex Variables

In 1989, Ted Suffridge, Caroly Thomas and Taishun Liu, using three different methods, 
independently proved the following Growth Theorem of normalized convex biholomorphic 
mappings on the unit ball in Cn.

Let f ( Z ) be the normalized convex biholomorphic mapping on unit bail Bn in CN. Then

<  \ m \  <
\z\ (ел)

1 +  |Z | J  l - j z f .
holds for every X  € B n. The estimation is precise, but the extremal mapping is not unique. 
As a consequence, f ( B n) D \ B n, tha t is, the Koebe constant of this family of mappings is
l

In 1989, Taishun Liu and Sheng G ong^ proved one side of Growth Theorem of normalized 
convex biholomorphic mappings on the Reinhardt domains Bp, Bp =  {Z G Cn\ ||Z ||P < 
l ,p  > 1}, in p-norm.

Let f (Z)  be the normalized convex biholomorphic mapping on the Reinhardt domains 
Bp. Then

s  (6-2)

holds for all Z  € Bp. The estimation is precise, but the extremal mapping is not unique. 
Now we can use equality (1.5) to get

l / ( z ) l  s  ™
(6.3)

from (6.2), and conversely, we can get (6.2) from (6.3).
As the other part of his doctor thesis, Taishun L iu^ got the Growth Theorems of nor­

malized convex biholomorphic mappings on classical domains.
Let f (Z)  be the normalized convex biholomorphic mapping on classical domains 

n K( I , I I , I I I , I V) .  Then

M k  №

i  +  I|Z ||k
<  I I /(Z ) ||k  <

1 - 1%
(6.4)
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holds for every Z  G 'Як- The estimation is precise, but the extremal mapping is not unique. 
As a consequence, f(1Zk ) D \Я>к , that is, the Koebe constant of this family of mappings

Now we can use equalities (5.5) and (5.6) to get

|Z| < l/(Z)| < |z|
1 +  ||Z || J  -= 1 -  ||Z || (6's)

from (6.4) if jRT — J, II ,  I I I  and in the case that the domain is 7£/y, Taishun Liu already 
proved (6.4). Conversely, we can get (6.4) from (6.5).
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