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ON THE NONLINEAR BOUNDARY 
STABILIZATION OF THE WAVE EQUATION

V ilm o s  K o m o r n ik * * *

Abstract
The author studies the energy decay rate for the wave equation in a bounded domain under- 

weak growth assumptions on the feedback function and, applying an integral inequality well 
adapted to this type of problems, improves some earlier results of Zuazua and of Rao ans 
Conrad.

§1. Introduction and Statement of the Results
Let 0  be a bounded open set in JRn having a boundary Г of class C2. We shall denote 

by v the outward unit normal vector to Г . Fix a point xq e  Mn, set

m{x) := x — xo, ж е  JR”, (1.1)

and fix an open subset Г_ of Г such that setting Г+ =  Г\Г_ we have

m -u > 0  on Г+ *and m ги < 0 on F_. (1*2)

Let g : JR —► JR be a non-decreasing continuous function such that g(0) =  0, let a  be а 
nonnegative number and consider the following feedback system:

и" — Л и — 0 in Q, x JR+, (1.3)

u =  0 on T _  x JR+, (1.4)

Я|11
—  +  (m • u)(au + g(u')) =  0 on Г+ x JR+ , (1.5)

u(0) =  uq and «'(0) =  щ in fi. (1.6)

This system is well-posd in the following sense (ef. [2,13]): introducing the Hilbert space 
V  by

У =  { « е Я 1((1):1) =  0 on r_ },

for every (uo,ui) e V x L2{Q) the system (1.3)-(1.6) has a unique solution и satisfying

С(Ш+] V) П C71(JR+; J)2(fi)); 

furthermore its energy E : JR+' -* M+ defined by

E = \  /  (u1)2 +)Vu\2dx +  ^  /  (m -v)u2dr (1.7)
2 Jsi 2 J r+
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is non-increasing.
Let us assume in the sequel that

either Г_ ф 0 or a >  0 (1.8)

and that

inf(ra • v) > 0. 
r+

We shall prove the following result.
Theorem  1.1. Assume (1.2), (1.8), (1.9) and assume that there exist p € 

two positive constants ci, C2  such that

C i\x \p < |р(ж)| < e2 |z|1/p i f \ x \  < 1

and

c i(я?| <  |</(ж)| < C2|z| if  |z| > 1. (1.11)

Then for every (uo,Ui) 6 V x L2(fl) the solution Of (1.3)—(1.6) satisfies the energy estimates

.E ( t ) < C t4 t ,  Vt >  0 ifp  > 1 (1.12)

and

E(t) < E(0) exp(l -  ^ ) ,  Vt > 0 ifp  = 1, (1.13)
G

where in (1.12) the constant C depends only on the initial energy E(0) in a continuous way, 
while in (1.13) the constant C is independent of the initial data.

The linear case for p =  1 was studied earlier for example by Quinn and Russell^12!, C henM , 
Zuazua. Lagness and the author in [6,7,3]. Strong stabilization results were obtained before 
by Lasiecka in [8]. The first nonlinear uniform stabilization results of this type are due to 
Zuazua^13!; he needed stronger growth assumptions on д (he needed the exponent 1 instead 
of 1/p in (1.10) and he assumed that a  is not too large. His results were improved in different 
ways at the same time by Conrad and Rao^ and by Lasiecka and Tataru^l. Lasiecka and 
Tataru studied a more general system containing a nonlinear term in the equation (1.3) and 
also replacing au by a nonlinear term fi(u) (at the price of using a compactness argument 
which did not lead to explicit estimates). Conrad and Rao extended the results of Zuazua 
in two directions. First, they obtained analogous estimates for the alternative case where д 
satisfies (1.10) with p replaced by 1 on the left hand side. Furthermore, using a new multiplier 
they extended all results for large a  in both cases (i.e., if either of the two exponents in (1.10) 
is replaced by 1). Their method is constructive. Our condition (1.10) is even weaker and 
we conjecture that it is optimal.

It follows from (1.2) and (19) that Г+ ПГ_ Ф 0; if a  is not too large, then (1.9) may be 
replaced by this last condition (because (1.9) will be used only in the proof of Lamma 2.4. 
and this lemma is not necessary for small a), and this weaker condition can also be relaxed 
if n < 3 (cf. Rmark 2.1 below). We do not know whether the theorem remains valid in the 
general case without the condition (1.9).

Our next result shows that the condition (1.11) may be weakened if the solution is more 
regular.

(1.9)

[1, +oo) and 

(1.10)
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Theorem  1.2. Assume again (1.2), (1.8) and (1.9),and assume that д is also locally ab
solutely continuous., Furthermore, assume that there exist three numbers po e  [l,+oo), q € 
[1, +oo), r E [0,1] and two positive constants c\ and such that

Ci\x\Po < |<7(ж)| < C2 \x\l/p° if\x\ < 1, (1.14)

Ci\x\r < \g(x)\ < C2 \x\q if |ж| > 1, (1.15)

q < ——— if n >  2
■ П -.2  ■;

(L ie)

and
q <  +oo if n — 2. (1.17)

Let us choose p £ \po,+oo) such that '

p — 1 > (n -  2)(1 -  r) if n > 2, . (Ы8)

2p> n + ------ - if  q > 1а
(1.19)

and 1. ■ ■ ' i :
p >  1 if n =  2 ahd r <  1. (130)

Then for every (uo,ui) € H2(fl) х Н \й )  satisfying :

Uq'~ « i = 0  on f  _

and ' ,
' ' ' ’ ' * ■

+  (m • v){a.u0 +  g(ui)) =  0 on Г+,

the solution of (1.3)-(1.6) satisfies the energy estimates (1.12) and (1.13) with some constant 
C depending on the initial data.

If r =  0, then (1.18) is satisfied for a sufficiently large p; hence this theorem permits 
to obtain decay rate estimates if the feedback is defined with a bounded function g. The 
possibility of a result of this type was conjectured by F. Conrad (private communication).

The proof of the above theorems will be based on an integral inequality proved in [5]. 
More precisely, we shall use the following particular case of [4, Theorem 2.1]:

Theorem  1.3. Let E : M+ —> JR+ be a decreasing function, and assume that there exist 
a nonnegative number a  and a positive number A such that

p OO
J E*+1ds < AE(t) for a llt> 0 . (1.21)

Then, putting

, .  . , T := AE(0)~a, (1.22)

we have
■ / T  +  a T \ 1/a

m  < E(0) j  for all t > T (1.23)

if а > 0 and

E(t) < E(0) exp ^1 -  for all t > T (1.23)

if а =  0.
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We shall also use some of the former ideas of Conrad, Nakao, Rao and Zuazua f2,13J.

The author is grateful to F. Conrad, M. Pierre and B. Rao for fruitful discussions and to 
F. Conrad and the referee for pointing out to some errors in the first version of this paper.

§2. Proof of Theorem 1.1

Using a standard density argument as in [13] we may assume without loss of generality 
that the initial data belong to (V П H2(Ct)) x V and that

+  (m - u)(au0 +  g(ui)) =  0 on Г+,

then the solution of (1.3)—(1.6) satisfies

и £ W2,0°(1R+;L2(Q,)) П W1,00(r +;V) ПЬ°°(Ш,+]Н2(Л)) (2.1)

(we need for this the property Г+ П Г_ ф 0 following from (1.2) and (1.9), cf. [13]). These 
regularity properties are sufficient to justify all the computations which follow.

We begin by establishing two identities. They will be obtained by multiplying the equation
(1.3) with v! and 2m • V +  (n — 1)«, respectively, and by integrating by parts in x (S,T) 
where (T, S) is an arbitrarily fixed bounded interval in JR+.

Lemma 2.1. The function E  : JR+ —► JR+ is non-increasing, locally absolutely continuous 
and

in JR4E' — [  (m • v)v!g(v!) dir o.e. I
J  r+

P roof. Fixing 0 <  S < T < oo arbitrarily, we have the equality

0 — [ f u'(u" — Au)dxdt 
J s J s i

= f f u'u" +  Vu - Vv!dxdt — f f u'^-dTdt
Js  Ju Js J Г+ du

= I I u'u"+ Vu-Vuf dxdt + f j (m • u)(au +  g(u'))u' dTdt 
Js  Ju Js  J Гл.

( 2.2)

whence

E(S) -  E(T) =  [ f (m • v)u'g{u') dTdt 
Js  J r+

(2.3)

Since (m • v) > 0 on Г+ and since xg(x) > 0, Уж e  JR, the right hand side of (2.3) is 
nonnegative; hence E is non-increasing. It follows also from (2.3) that E is locally absolutely 
continuous and that (2.2) is satisfied.

Lemma 2.2. Putting for brevity

M u  =  2m  • V u  + (n  — l ) u (2.4)



No.2 Vihnos Komomik STABILIZATION OF WAVE EQUATION 157

for аЛО < S < T  < oo we have

-  f s E ^  ( g )  dTdt

=  \e ^  /  u'Mudx] +  f  E ^ E '  f  u'
L Jsi \s * Js  Jsi

Mudxdt

+  /  E 2̂  f  (т- v){(u')2 — |V«|2 +  aw2.— (ам + g(u'))Mu}dTdt. (2.5)
Js Jr+

Proof. We have

0 =  [  E 2̂  d t— f  (.Mu){u" -  Au)dxdt
Js  Jsi

= ^E2̂  J  u'Mudx|  -P -Z I  J  e ^ E '  J  u'Mudxdt

— f  E 2̂  f  u'Mu' +  (Mu)(Au)dxdt. (2.6)
Js  Jsi ^

Integrating by parts and using the relation divm — n we may transform the internal
integral in the last term as follows:

[  u'Mu1 +  (Mu)(Au)dx
Jsi ■ ' ■ •

=  J  m  • V(u')2 + (n -  l)(u')2 -  Vu • V(Mu)dx + j  (M u)^dT  

= J m -V (u ')2 +  (n -  l)(u')2 -  2|Vw|2 -  m • V|Vu|2 -  (n -  l)|V u|2dz +  J  (M u)~dT  

=  — J  (u')2 +  \Vu\2dx + J  (m • v)((u')2 — |V«|2) +  (M u)^dT  

=  -  J ( u 1)2 + \Vu\2dx + J  - (m  • i/)|Vw|2 +  (2m • Vu)^dT  

+  f  (m • i/){(u')2 -  |Vw|2 — (Mu)(au +  <7(tt,))}dr.
. J  r+

Since (1.4) implies that Vu =  z/|^ on Г_, we conclude, using also (1.7), that 

j  u'Mu' + (A$u)(Au)dx

L (m '"’ Ш  ^

[  (m • v){{u')2 — |Vu|2 + au2 — (Mu)(au +g(u’))}dT:
Jr+

— — 2E + 

+
/г+

Substituting this expression into (2.6) the lemma follows. 
Lem m a 2.3 . We have

I /  «'\Jsi
Mudx < cE. (2.7)

(Here and in the sequel we denote by c diverse constants independent of the choice of (щ, щ) 
and of t).
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Proof. It follows from (1.8) that the function

« и  f /  |V«(2 +  a  f  (■m -v)u2dr
\Ju JГ+

is a norm on V, equivalent to that defined by ff-^ft). Here (2.7) follows by applying the 
Cauchy-Schwarz inequality.

Now let us first assume that a — 0. Using Lemmas 2.2, 2.3 and taking into account that 
(m • v) < 0 on Г_, we obtain the inequality

2 J Ê dt
<cE ê l(S) + cE ê (T ) - c f  E ^ E 'd t

Js
T

+  f  E ^  f  (m • v){(u')2 — |Vw|2 — g(u')(2m • V u+ (n -  l)u)} dTdt
Js .■ Jr+ .

< cE ê ~(S)+ f  E f  (m • v){(v!)2 +  \m\2g(u')2 + £й2 +  ^  ^  g(u')2}dTdt,
Js Jr+ 4e

where e is an arbitrarily fixed positive number (we also used the decreasing property of E). 
Choosing e such that

e j  (m • v)u2dT < E
J t+

and taking into account that |m|2 is bounded in ft (because ft is bounded ), hence we 
conclude that

/; E ^ d t  < cE ^^S)  +  c [
Js

E V 1L<(m • v){{v!)2 +  g(u')2}dTdt. (2.8)

(In view of (1.7), (1.8) e may be chosen independently of u). Now we are going to show that 
(2.8) hold in case a  >  0, tod. Repeating the computations now we have

<rJs
2 I E ^ d t

< c E ^ (S )  +  c E ^ (T ) - c  [
Js

fT .- г  r :
+

E ^ E 'd t

j  E *5- f  (m-v){(u')2 — \Vu\2 + au2 — (au +g(u'))(2m-Vu + ( n — l)u)}dTdt
Js J  r+

< f  E ^  j  (m • v){(u')2 + au2 +  \m\2(au +g(u'))2 +  (1 -n )au 2 +  (1 -  n)ug(u')}dTdt
Js J  r+'Г+

+  c E ^ ( 5 )
rp

<cEФ  (S) +  c /  E ^  f  (m ■ v){{u')2 +  g (u f  +  u2}dFdt, 
Js J  Г+
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ье.,

2 f E ê d t< c E Ê i (S) + c j f (m-i/){(u')2 +g(u')2 +  u2}drdt. (2.9)
J s J S J Г+

In order to deduce (2.8) from (2.9) we need the following lemma:

Lem m a 2.4. There exists a constant c such that for every e G (0,1) we have

f  E ^  f  (m • u)u2 dTdt < cE*%~ (S) +  e f
Js Jr+ Js

+ c [  E ^  f  (m • v){\ug(u')\ + e~l {u')2}dYdt. 
Js J  Г+

E ^ d t

(2.10)

Proof. We apply a method introduced by Conrad and Rao in [2]. we define p e  
by

Av? =  0 in fi a n d ^ ^ u  on Г.

It follows from the standard variational theory of elliptic equations (using also (1.9)) that

f ip2 < c f (m • v)u2dT < cE (2*11)
Jo J  r+

and applying the Green formula we also have

[  Vip • V(u — ip)dx =  — f  (A<p)(u -  ip)dx +  f  x t (u -  <p)dV =  0
J n Jo Jr ov

whence

f V(p • Vudx =  f \V<p\2d x > 0 . (2.12)
v Cl ■ J  Cl

Since <p' satisfies a system analogous to that of defining ip, we have also the estimate

f (<p')2 <  c f (m • v){v!)2dT. (2.13)
Jo. J  Г+

Now multiplying (1.3) with E ^ p  and integrating by part we obtain the equality

0 = 2  f E^ / ip(u" — Au)dxdt 
Js Jo

=  ^E2̂  J <pw'chcj — - ~  J E 2̂  E1 J ipu'dxdt

— f E ^  /  (<p'u' -  V<p • Vu) dxdt -  [  E [  ip^-dTdt 
Js Jo < Js Jr= ̂E2̂ J yu/chcj — J J ̂ u'cdxdt

[  E 2̂  f  {ip'v! — Vip • Vu) dxdt +  [  E ^  f  (m • v)u{au + g(u'))dTdt. 
Js Jo Js Jr+
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Using (2.11)-(2.13) hence we conclude that 
rT

a f  E Еъ1 f  (m • u)u2 dTdt 
Js J  r+

< -  f  E 2̂  I  (m • v)ug{v!) dTdt +  f  E 2̂  f  ip'u'dxdt
Js J  Г+ Js Jci

+  f  E^~E' f  ipu'dxdt +  Ie 2̂  f  <pu'da:]
2 Js Jn L Ju Js

< [  E 2̂  f  (m • v)\ug(v!)\dTdt +  cE2̂  (S) +  cE2̂ (T)
Js J  r+

+IIе41L (7W2+ - J  * * * *
T

< f  E 2̂ 1 f  (m • u)\ug(u')\dTdt + cE2̂ (S )
Js J  r++ ae J Ê dt + ~ J J (m v)(u')2*dTdt.

Hence (2.10) follows. 
Using the inequality

c\ug{u')\ <  i t t 2 +  jg (u ')2

we deduce from (2.10) the estimate 

E 2̂  I (m • u)u2 dTdtf  E *3“ f  (m • v)i
Js J  r+

<cEE*k(S) + 2£ J E ^ d t  + c j  E 2̂  J (m • u) ^ ( u 1)2 + g(u')2̂ j dTdt.

Choosing s sufficiently small and combining with (2.9) hence (2.8) follows.
Now we. are going to majorize the last integral in (2.8). We set

Г1 =  {x 6  Г+ : |и'(ж)| <  1} and Г2 =  {ж e  Г+ : |и'(ж)| > 1}.

Using (1.11) and (2.2) we obtain that

f  E 2̂  [  (m • 1Щ и')2 +  g{u'f}dTdt < - с  Г  E ^ E 'd tK  cEФ  (,S).
J S JT2 ^ 5

Furthermore, using (1.10) we have

f  (m ■ v){(v!)2 +  g(u')2} dT < c f  (m • v)(u'g(v/))p&dT 
Jr, Jr,

<c (m • u)u'g(u')dT^
2

P + 1
< c(—E') P+1

and hence, applying the Young inequality, for any e >  0 we have 
i-T p ’ pT

f  [  (m • u){{u')2'■+ g(v!)2} dTdt < —c f  В * г ( - ^ ?
Js Jr, Js

v+'dt
>r,

f  (sE 2̂  -  c(s)E' j  dt < £ I  
v S s

E ^ d t+ ^ E ^ S ) :

(2.14)

(2.15)

(2.16)
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Combining (2.8),(2.15) and (2.16) we conclude that 
rT  .. f T

[  E ^ d t  < c E ^ iS )  + ec [  E ^ d t  +  c(e)E(S). 
Js Js

Choosing e sufficiently small (such that ec < 1) it follows that

Г е Ф & <  с (е Ф  (S) +  E(S)). (2.17)

Since E is non-incerasing and since 2 ^  >  1, we deduce from (2.17) that

Ea+1dt < AE(S) for all 0 <  S < T < +oo ,

with a  := ^  and A := c(l +  E(0)a). Letting.T +oo we obtain (1.21), and Theorem 1.1 
follows by applying Theorem 1.3.

Remark 2.1. The conditions (1.2) and (1.9) are satisfied if ft is star-shaped'with respect 
to xo or more generally, if it is the set-theoretical difference of two such domains having 
disjoint boundaries, but otherwise they represent a strict geometric assumption on ft. For 
n < 3 and for small a  Theorem 1.1 remains valid without the assumption (1.9): this can 
be shown by the methods of [3, 6] or [13], applying an inequality due to Grisvard. It is an 
open question whether Theorem 1.1 remains always valid without the assumption (1.9).

§3. Proof of Theorem 1.2

It follows from our assumptions that и satisfies the regularity property (2.1); this will 
be sufficient to justify the computations of this section. (We remark that contrary to the 
preceeding section some constants below will not depend only on the initial energy of и and 
therefore our result will not extend by density to more general initial data).

Consider first the case a  =  0. introducing Ti and Г2 by (2.14), we deduce from Lemmas 
2.2 and 2.3 the following inquality:

2 /  E ^ d t  ^cE**1 (S )+  f  E ^ 1 f  (m ■ u){(v!)2 -  |Vu|2 -- g(u')Mu} dVdt
Js Js Jr+

< cE^  (S) +  c / ... E £51.- /  (m • +  g(u')2}dTdt
Js J  ГЧ

+ c f  E ^  j (m • v){(v!)2 +  \Mu\\g(u')\}dTdt.

Majorizing the first integral on the right hand side in the same way as in section 2, i.e.,
applying (2.16) with a sufficiently small s, we obtain that ■

\ 5

Г  E ^ d t  < сЕ Ф (S) +  cE(S) + c Г E ^  [  (m • v){{v!)2 +  \Mu\\g{u')\}dTdt. (3.1)
Js Js J t i
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Now consider the case a > 0. We have 

2 /  E ^ d t
7Js

<cEE21(S )+  f  E ^  f  (m-u){(u')2 -\V u \2 + au2 - (a u  + g(u,))Mu}drdt
Js J  r+

<cE2̂ i'(S) +  c f E ^  f (m • v){(u')2 +  g(u')2 +  u2}dTdt 
Js J tx

+ c f  E 2̂  f  (m • v){(u')2 +  u2 +  \g(u')\\Mu\}dTdt.
Js Jr2

Applying Lemma 2.4 with a sufficiently small e > 0 hence we deduce the inequality

2 f  E 2*1 dt < c E ^ (S ) + c j  E 2̂  f  (m • u){(u')2 + g{u')2 +  |ир(ад')|}dTdt 
J S J S JT i

+ c f  E 2̂  [  (m • u){(u')2 +  |p(u')|(|u| +  |Vu|)}dToft.
Js J  r2

Using (1.7) and (2.13), for any fixed e >  0 the first integral on the right hand side is 
majorized as follows:

f  E 2̂  f  (m • v){(u')2 +  g(u')2 +  |ug(u')|} dTdt
Js Jri

< f  E 2̂  f  (ra • v){{v!)2 + eu2 +  c(e)g(u')2}dTdt
Js J  Гх

< — [  E e*kd t+  f  E 2̂  f  (m • v){(v!)2 +  c(e)g(u')2} dTdt
a Js Js JГх .

< — f  e 2̂ d t  +  c(e)E(S)-,
a Js

choosing e such tha,t ^  < 2, hence we conclude that
rT

[  E ^ d t ^ c E ^ ^  +  cEiS)
Js

+ c f  E 2̂  f  (m-v){(u')2 + \g(u')\(\u\ +  \Vu\)}dTdt (3.2)
Js J  r2

Let us observe that (3.1) implies (3.2), too; hence (3.2) is satisfied for any a  > 0. Now we 
are going to prove for any e > 0 the estimates

E V  [  (m • v)(u')2 с?Г < eE2̂  -  c(e)E'
J  r2

and

E 2̂ [  (m • u)\g(u') 
J r2

Ju| +  |V«|) dT < eEФ  -  c(e)E'

(3.3)

(3.4)

Then the theorem will follow. Indeed, choosing e sufficiently small, we deduce from (3.2)-
(3.4) the estimate (2.14) and then the proof may be completed in the same way as that of 
Theorem 1.1.

In the sequel we write for brevity || | |s  instead of || ||£,s (r)-
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First we prove (3.3) and (3.4) for n =  1. Observe that.(1.14) and the increasing property 
of g imply that inf{|g(a;)| : |ж| > 1} >  0. Hence, using also (2.1), (2.2) and applying the 
trace theorem (V c)H 1(Q) L°° (Г) we have

E ^  f  (m-u)(u')2dT f  (m • v)\u'\v!g(u')dT
JT2 J  r2

^cE^Wu'Woei-E') < -cE'

and

E**1 f  (m • i')|p(i/)|(|w| +  |Vu|)dr - ■
J  r2

< c E [  |р(и,)ИГ||гг||н2(п) <  c f  u'g(u')dT < -cE '.
Jv2 Jv2

In what follows we assume that n > 2. First we prove (3.3). We begin by showing for any 
given s G (0,1) and e G (0,1) the inequality

ij  2-(r+l).
E V 1 1-s 

2—(r+l)s 
1-e

f  (m • u)(u')2dT < eE2?1-^ Ци'!
Jr2

Indeed, we have

B * r  f  {u'fdV < cE*^ [  luf-^+^lu'giu'W dT
Jr2 Jr2

c(e)E'. (3.5)

< c S £i l | | |« f -< ’'+1)*||1/(1_ .)|||U'9(u ')n ii/ . =  -cB ^ ||» '||t< 2 ^ * ||u '9 (t .') ||;
1 — 3

1 2-(r-H>3
=cE4 -  IlM'Ilt Гi 1,! ' ( - £ ' ) “ <  -  CW£ '-1-3 1-3

If r <  1, then we choose s =  ^  (it follows from (1.18) and (1.20) that p > 1). Using 
(1.18) and applying the trace theorem we have

2(p-r) . . 2-(r+l>e . .
Я Х(П) £ “? ^ ( Г )  =  L ~ ^ r-(T ).

Using also (2.1) hence we conclude from (3.5) that

E ' ^  [  (m • v)(u')2dT < csE 
Jt2

^  -  c(e)E'

which proves (3.3) (with another e).
If r =  1, then we have simply

E  V  f  (m • u)(ii')2dT ^ c E ^  f  (m ■ v)v!g(u')dT < -cE '. 
Jv2 Jt2

Turning to the proof of (3.4) we start with the inequahty

E 2*  f  ( m - v ) |9(U')I(IM I +  IVuIMT
Jv2

<cB‘̂ ||9M||1+g-.d H K + , +  l|V«||1+,}
<сЕ^г (||a ||i+g+||VM ||i+,)||(«i'9(ii'))‘+?:r||i+,- i  ;

■ ■^cE^-.ai«l|xW +  l|V«|j1+.)

<eE
( p - l ) ( l  +  q )

M |1+I +  l|v« ||l+4)1+5- c ( £)B'
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Hence (3.4) will be proved if we show that

(цад||1+<г +  ||VM[|1+, ) 1+e < .

By the trace theorem we have

INIi+« + l|Vw||i+g < с||г|||я£(п),
where /3 is defined by

[3=1 +
n n -  1
2 1 + q

(It is easy to see that 1 < [3 < 2). Set

. /  V +  1t := max < ----- -
\ q  + l

then we have t e  [0,1]. It follows from (1.6), (1.7), (1.9) and (3.8) that

(3 < 2 - t  =  4 4- 2(1 —

therefore we have the interpolation inequality

1М1я/»(П) <  Ф 11ячп)М У (п)- 
Using (3.7), (1.7) and (2.1) hence we conclude that

IMIw, +  l|V»l|i+, <  a ? /1
and therefore

E 2 (IMIi -h, +  ||Vtt||i+?) +q<cE  
Since (p -  1)(1 + q ) > p  + 1 by (3.9), hence (3.6) follows.

(3.6)

(3.7)

(3.8)
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