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A MACHINE PRODUCING NON-+LINDELOF SPACES

BT e Tn

DA MuMIN* ZHOU HAOXUAN**

: Abstract : aax
. The authors construct a machme puttmg out non-*Lmdelof spaces, prove that many mter-
. esting topological properties can be preserved after the process, and with the aid of this machine
obtain an example of locally compact, ccc, non-*Lindel6f space and a consistent example of first
: counta.ble, locally compact, ccc, non-+Lindelof space. :

§1.. Introduction
CA topol‘o’gica;l'space X'is called xLindelof space (Compactwise *Lindelof , respectively) iff
for every open cover G of X' there exists a countable subset {a:n n<w} (countable family-
of compact subsets {K, : n < w}, respectlvely) such that U 8t(Zn, g) X ( U st(Kn, g)

n=1
X). It is easy to see that all separable spaces or N compact spaces are *Lmdelof all

xLindel6f spaces are compactwise *Lindelof , and a space in which all open subspaces are
compactwise *Lindeldf is ccc. One question is whether all open subspaces of X are *Lmdelof
if X is compact Hausdorff ccc space. This question is equlva.lent to whether every locally
compact Hausdorff ccc space is *Lindelof ? To give the negatlve answer, we construct a
machine putting out non-¥Lindelof space whenever a non-separable space is put 1n The
techmque used here is s1m1har to the split point method used by Tall and Watson ‘

In this paper, all spaces are regular, and N is the set of all positive 1ntegers We refer
the reader to {1] and [2] for concepts and termmologles undeﬁned ' '

§2. Constructlon of the Machme

Let (X 7) be a non separable space w1th 7rw(X )=&K < c. Choose am base B {Ba a<
%} and a sequence {Ban : n € N} € [B]“’ for each o such that By1 = Ba. and Byni1 C Bgn,
(n€N). Let {N, : & < 6} C [N} be an almost disjoint family of N' with cardmahty K (i.e.
for a,f < K, @ 76 B, N ﬂNg is finite). Denote Non ={j:J € Na,j > n}, - Xn X X {n}
forne N.XxN= U X Let Xo ={p,:a< h:} be any set which d1s301nt from X x N,

n=1
(X xN ) U Xo
We define a topology of X as followmg ) I p=<T,n >, plck {u x{n}:zeuer}
as a base of neighbourhoods of p. (2) If p = pa € Xo, pick {Usmn : myn € N } a5 a base of
nelghbourhoods of p, where uamn = {pa} U (U{Bam X {z} i€ Nan}) ' o
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Thus X is constructed to be a regular space. (Notice that ClyUs m+1n C Uams for all
m,n € N.) The subspaces X,, are clopen in X and homeomorphic toXforne N. X xN
is an open dense subspace and Xo is a closed d1screte subset of X k,

§3 Behavior of the Machine

Claim 3.1. X is not xLindelof . R I T
Proof. For the open cover G = {X X N}U {up11 : @ < &} a.nd any countable subset A
of X denote Ag=ANXo, AN Xn = A, X {n}, where A C X. Since the open subspace

(U An) is nonseparable, there are uncountably many B, €B such that B, C

n-l_‘A e

X—( U An)-. ' Slnce Ao is countable, we-'can ﬁnd a pa ¢ Ao such that B ﬂ( U An)‘
n=1

Thus we have p, ¢ U{st(p,G) : p € A}.
" Remark. We say a space X is compactwrse separable iff there exist countably many

compact subsets of X {K, : n < w} sach’that (' U Kn)‘ = X. It is obvious that all sepa-

rable spaces and a—compact spaces are compactW1se separable. Using a method similiar to
above; we can. prove that Xis not compactwise *Lindelof if X' is not compactwise separable.
. Claim 3.2. If X has one of the following- propert1es, then X has the same one. .
., _(1) ﬁrst countabhty, '
(2) ccc, R
_(3) Cal(wl,w),
,_(4) Cal wy, _' h
(5) compactMse separab111ty, ':
(6) Baire,
(7 perfect .
Clalm 3.3, (1) If X is 0 d1mensmnal and the elements of B are clopen sets, then X is
0 dimensional. : .
(2) If X is O- d1mens1ona1 IocaIIy compact and the elements of B are clopen compact
then X is 0-dimensional and locally compact. ;. . . . .
Claim 3.4. (1) IfX is submetacompact so is X
(2) IfX is subparacompact 80 sX. o et ‘
Proof. (1) Let g be an open cover of X QIXXN = {GnX x N) ©'G € G} is
S an open Gover of X x N X X'N'is submetacompact because X is so. There exists a
sequence of open covers {V,; : n € N} of X %' N which refines ¢ | xxN such that for every
p € X X N, 1°<ord(p, Vm) < w for some m € N. Now for every p, € Xo, n € N, we
can find a nbd uam,n, Of pa such that n, > n, and Uam,n, C G for some G € g Let
= {uamana a< K}y Winn = Vin Ulhp. {Wmn imn € N } isa 0-sequence of open covers
of'X refining G. : ‘
(2) Let G be an open cover of X Smce clopen subspace Xm is subparacompact we

can find a o-discrete closed reﬁnement U Fmn of g| Xm {G N X G E Q’} Then

v nesl

N

F={{pa}:a<k}U( U U fmn} is & a—dlscrete closed reﬁnement of g

m=1n=1
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blaim 85 ()IKXisaco space, 50 isX.
(2) If X is a Moore space, so is X.
" Proof of (2) Let {6, :n € N} be a development of X Let g, U {Gx {j}: G e},

le = {u,,,mn o< n}, Himn = G; U Umn Then {’I-{,mn :i,m,n E N h the sequence of
open covers of Xisa development of X. : :
- The proof of (1) is similar to (2). ‘ o :

‘Claim 8.6. If X has a base B Wzth one of the foIIowmg propertJes, tben X has the
same one. ‘ : ‘
(1) o-disjoint base,

(2) a—pomt-ﬁmte base,

(3) pomt~countab1e base,

(4) compact-countable base.

Proof. We prove (1) and (4) The proofs of (2) and (3) are similar to that of (1).

.Proof of (1). Let B= U B; be a o-disjoint base of X. Let B,J ={B x {j}: B € B i}y

t=1
Uimn = {uamn :a < Kk,Bay € B;} for z,y,m,n € N Then U{B,, 14,5 € N} U (U{Umm :
t,m,n € N}) is a o-disjoint base of X.
Proof of (4). Let Bbea compact-countable ‘base of X. Let B, ={B x { j} Be B},

n—{'u,‘,‘mn,.oz<le} for ¢,j,m,n € N. ThenB—(UB)U(U{u i M, € N}) is a

base of X. If K is a compact subset of X, then K; = K N X; is a compact subset of X;.
Since X; is homeomorphic to X, we have ord(K J,B ) = 0 for j # ¢ and ord(K J,B,) < w,
ord(K,-,Umn) = 0 for j < n and ord(K;,Upn) < w for j > n. Since Ky = K N Xp is finite,

~ ~. ~ oo ~ ~
we have ord(Kp,B) < w and ord(K, B) =ord(ﬁ K;,B) = Y ord(K;,B) < w. Thus Bis a
: : - gy=t j=1

compact countable base of X.
Claim 3.7. If the = base B of X is not point countable, then X is not metalidelof. ‘
Proof. Choose an open cover G = {X X N} U {uq11 : @ < &} of X. By the principle of
pigeonhole, for every open refinement V of G, there exists p € X X N such that ord(p, V) > w.

_ §4. Existence of Locally Compact
0-Dimensional ccc Non-+Lindelof Space

Theorem 4.1. There exists a locally compact, 0-dimensional, ccc space which is not
xLindelof .

Proof. Bell has given a compactification yw of w in [3] such that X = yw —w is a locally
compact, 0-dimensional, ccc, nonseparable space with w(z) = c¢. Put it in the machine
described in §1. We obtain the space X that we need. Noting X x N is a o-compact

" open dense set in X we see that the space Xis compactwise separable, hence compactwise

*Lindeldf .
It is known that the Suslin line T with the order topology is a locally compact, 0-
dimensional first countable ccc nonseparable space with w(T') = w; (cf. [4]). Putting T
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‘into the machine, we obtain a consistent example of a locally compact 0-d1mens1onal ﬁrst
countable, ccc, non-xLindeldf space. R et "

: Theorem: 4.2, If there exists-a compact, Q- d1mens10na1 cce, nonseparable space X ,with
rw(z) <c such that X has a P point p, then there exists a locaHy compact 0- d1mens10nal
‘ccc space which is not compactwise xLindelof . .+« o e v

Proof. Let Y X -{p}, {Kp,:n€ N} bea sequence ‘of: compact subsets in Y. The

mtenor of X ~ U K is nonempty because p isa P pomt of X. From the remark of Clalm
‘ o n—l a .1 o e iy : .

1in [3], we can see that Y is not compactw1se *Lmdelof

Theorem 4.3. There exists a first countable, 0- d1mens10na1 compactmse separable
ccc space which is not *Lindel6f .

Proof. Bell has given a first countable, 0-dimensional, ccc, nonseparable space X in [5]
The output X of X is what we need.
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