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'ON THE APPROXIMATION, OF (0,2) INTERPOLATION.

XIE TINGFAN*

. . Abstract
Let =1 = Tnn < Tn-1,n < +- < T1,n = 1 be the zeros of the polynormal (1- :1:2)  —1(2),
s wherd Pp-1() is the (n + 1)th Legendre’ polynomial and:n is even. For-f € €[.1,3},.denote -
by Rn(f,0,z) the polynomial of degree 2n — 1, wlnch satxsﬁes the condltxons R,,(f, 0, :vk,,,) =
A(wlcn) andR,,(f,O wkn)—o(k'—l 2 "1'"') _ _ .
In!this paper. 1tlsproved that - T R R P P P T

S mthRn(f,(),w) o) = Ot L,

jzi<1’

_where wa(f, 6) is the. continuity _mod}ﬂus of second order_ of f_(:é,)_,_ fo

i §1.~;Introduci;i_onu‘--. C A
Let |

—1=2ppn < Tp-1 n<"'<-'172,n<$'1,1i=»1;-,= (n=1’2,)

’
L

be the zeros of the polynomlal

7rn(a:) (1- wz)P,', 1(:1:)—--vn(n 1) / P,,_.l(t

where Pn_l(t) is the (n - 1)th Legendre polynomlal with normahza,txon P _1(1) -1 As
in [1], by (0,2) interpolation polynomial of f € Cj_1,1) based on the zeros of polynomlal
7n(z), we mean those polynomlals R,(f,8,z) of degree < 2n — 1 whose values and second
derivatives at {Zys}}_, are prescribed: .

Rn(.f,ﬁ, a’kn) = f(a’kn)) R”(f, ﬂ’mkn) ﬂk.n (k =1, 2 v an), (L. 1)
where 3 = {ﬁkn} n_. is an arbitrary given system of real numbers In [2] and [3] P. Turan
and his collaborators proved that such interpolating polynomials exist 1f ‘and’only if n'is

even, and the following convergence theorem holds;
Theorem T. Let f € C{ 1,1] with continuity modulus w(f',6) of f'(z) sucb that

/ R
/ Md6-<,po (1.2)
o 151,?,%: |,6,m|_o(n) G (13)

Then Rn( f, B, w) converges to f (:v) uniformly in [~1,1)."
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For the sake of brevity let us suppose throughout this paper that n = 2k (k = 1,2,.-.).
On the importance of the condition (1.2), Turan pointed out that even if all Bk, are zeros,
the condition (1 2) cannot be replaced by a Llpschltz condmon of order a< 1 But in [4]
G. Freud lmproved above Theorem T as followmg '

Theorem F. Let f € C[-, ) satisfy the condition

wa(f,8) = o(9) (14)
and let ‘
L =o(A] 1(:z:;m)) (k =1,2,5:,n), (1.5)
wbere ws ( A 6) is the contmuzty modulus of second order of (=), and An (w) @ + 5.
Then Rn(f, B,x) converges to f(x) uniformly on [<1,1]. o
In order to estimate the order of the difference f(z) — Rn(/, ﬂ, :L'), P 0. H. Vertesi

introduced a definition: the function f € C|-1,1) satisfies the condition (A3) if wa(f,6) =
O(1)wo(6), where we (5) is a non-negative increasing function, ws(ct) < K.ws(t), and further

Z Az (2)wa(Bai (&) = O(1)A52 (2)ws(Ag (2)) (1.6)
j=1

uniformly for z € [~1,1]. Vertesi proved!®!
‘Theorem V. If f € C|-y,y satisfies the .condition (Az), then
1
I ~ Ba(£, Ol = 0(1)nw2(;;),
whero O = {0}f., and | = max| (o). o
It is easy to see that the condition (Aj) is very complex. One may raise a problem: does

1
the condition (A3) is necessary for ||f — Rn(f,0)]| = O(1)nw, (;)‘7 The negative answer
of this problem will be glven m the present paper We w111 prove that for any functlon
f € C’[_l 1 the estlmatlon _

If = Balf,O) = Oty (£, 1)
always holds. Furthermore, the pointwise estimation - ‘
16) - Ba(f,0,5) = 0(1){nw (#)22 ”w(f_,l”—';ﬁ”_’f"—)'A;/_f(a'c)):}

_holds umformly on [—1 1.

A §2. Prellmmarles
Denote by ’ | ‘
un(x) (mu:;((:) :vun) | (V =52 ) . (2 1)

the fundamental polynomials of Lagrange interpolation based on {zxs}}_,. P. Turan proved
that the (0,2) interpolation polynomial R,(f,(,z); which is uniquely determined by f €
. Ci-1,1) and' B = {Brn}};, can be represented as follows :

Rn(.f, ﬂ’ :B) =Z f(mltn)’Ykn(m_) + Z:Bknpkn(w)a
T s L A o
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where fyk(a:) and pr(z)® are the polynomials of degree < 2n - 1 uniquely determined by
“conditions

—_ 0, k#J’:‘ u" A S
’Yk(iva) {1 k=4 A’_Yk(atj) =0,
| 0, k#j
Hiw N Js

Pk(wj) =0 (Jvk = 1_’.2,’ Ny = 1,;2a' . ')3 . E e

respectively.
We need some lemmas.
Lemma 2.1. On the polynomzals fyk(a:) and pk(w) (k = 1 2 . ,n), tbe fouomng
est1matzons hoId ' B

(@) = 0@ + (@A ), o Bt

pi(@) = O(1)(lk(@)In=*(1 = R)*/* + [ma(a) ™ 1032, (2.3)
Furthermore, for x € (:c,,,,_l,:z:,,_l) (v=2,3,---,n—1), we have .

(@) = O(lma@)In™2(1=a2). "4

Proof The explicit form of the polynomials ~(x) and. pk(:c) 1s the following (see [2
3)): for k=1,n 4 . .

T(z) = ( ) 7
+ ( 5 '54'5——72—(%1—-—))%(:1:) (1 +:; 3 Pn-1(:v)) (2.5)
andfor2<k<n-1, L | R
Ye(z) =(x — 2x)lk(z) 1;—-;:; G lk(:l)zdt . ,
1 Ty — P,_i(z)y 7rn(a:) ) N
+ n(n—1) (2|a: — | 61 ) (1-23)P, ~1($k) S (2.6.)'
Further, for k=1, n o " L s
pr(x) = ;LT(%%E {mk -I-“-;;P-,',_1(:z:)}f 2.7
and for k =2,3,--- ,n—1 SR U

Pk(iv) =27|'.:1($k)P” 1($k)
x{‘/z P’,"'l(t)dt+P_1(a:)( Tk +1 : 1 )

. xk-- . 3, ) A 1 ) . e N N S ,
- , ; . : (2.
+ |2k —wl( 1-22 + (1 —mi)Pn_l(mk))} R ( 8)
It is well known that .. - ' P : e :

@<l (el <),

1Here and in many cases we denote Zxn, Vin, Bin and Py by &, Yk, B, and py respectively.
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Pl AT ) =t @)

Hence, for k = 1, n, using the Bernstein inequality we obtain
(1 = )l (@)() = O(lma()]),
and from (2.5) we have

(&) = OW)([k(2)] + frn(@)n~ A5 ax). (2.10)
Fork=2,3,--- ,n—1, from (2.6)'we'have also t
W(z) = O()(|l()] + lwn<w>|n-'1A-1/2(wk>)’_ o f,j. (@11)

(2.10).and (2. 11) complete the proof of inequality (2.2). :
Now, we are going to prove (2.3) and (2.4). For k= 1 n, (2 3) and (2 4) are vahd
obviously. In order to prove (2. 3) and (2 4) for k=2, 3 yn-1, first let £ < 73 < 1.
Since for z < “

. /w P'.-l(t)dt 0(1)(| 1.1 )

1. -8 —zp|  1-a}

and for & € (Th+1, k)

[l af:)dt
By, [ R,

-1 t=p -'vk+1 L% .
1
00 (g el 20, IP0)
1—-:L'k -1 \/1 xk e
._0(1)( - + r ‘n (———-——n ) ) :

\’/1 -a:ki’ .

then, using the following 'eﬁuehties o <
| (1 ~ @) Pa_y1(zk) = —n(n 1)P —1(wk),

=o(1)

. n(.’tk) = —-n(n 1)Pn_1(wk)
and (2.9), we obtain that for = < z : Lo e
pi(@) = O(1)({hs(2)In*/3(1 = 2})** + | (w)ln 1A3’ 2(wk))

and for z € (Tg41, Tk).

L ey 0@

For ~1 < z1 < z, the estlmatlon runs similarly, and for z= wk, the ‘estimation obviously
holds. Lemma 2.1 is proved. - : :

Lemma 2.2. Let f € Cj—1). Then for n=1,2, -, there exists a polynomial ¢,;(z)

of degree < 2n — 1 such that :

4a(0) ~ f(2) = 0(1>w;(f, =)
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di(z) = O(1)nPus (f,-%)
and gy (+1) = f(£1). S

Proof. In 1982, D. Lewtan proved that for every n > 1 there exxsts an n-th degree
polynomial ¢} (z) such that" :

() - g3(x) = OWywn(, -j;),

. "
*II 2 ot
1900 ‘f’z(f’ 5
Let us consider S '

gn(x) = gp(2) + —-—-(f(l)

It is easy to see that g,(z) satisfies the requirements of Lemma 2:2' .

M=),

~§3. Some New:R:‘eélil:ts
Now we can prove our main result. .
Theorem 3.1, If f éC[_i,ll,:then“: ceo

f(w)-—Rn(f,o,w=o<1)('—’ﬂ‘-”ﬂn@(f,-j;)+w(f,'—7—'%§—“‘"ﬂzx:/2<m>)). @)

. Ve
Proof. Set - '-
o(z) = f(x) “‘””
We have WQ(g,6)~ZU2(f,6), g(:i:l) Oand | |
Ra(,0,0) - f@) =Fa(3,0,0) ~g(@).  (39)
By Lemma 2.2, there exlsts a polynomlal gn(z) of. degree < 7 suchi that
in(2) ~ @) = Oy (£, ), oL (33)
@ =0Wnn(f,2), T 3y
and . : . S
mE)=0. . (35)

Obviously, equality (3.5) implies that there is a pomt ¢ e (-—1 1) such that ¢},(¢) = 0. Thus
d@ = [ o -
T : Ev.
and by (3.4) we obtain - R
N S ’,‘,1':,3 .
| gn() = Q(})m’wz (fFi) ~(36)
Owing to the uniqueness theorem mentioned in section 1, we have

. Qn(fc) Z‘In(wk)’Yk(z)+Zq (wk)Pk(KD)V.;:: o
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Hence |
Ra(,0,2) - g(w)
(B9~ 00 0,9) - 9(2) + () - 3 ) pk(x)' -
heh . 6D
Let £ > 0 and |

6= 2| = min |o—za].
1<k<n
Form (2.3), (2.4), (2.7), (2.9) and (3.4), it follows? that.
Iz —O(I)nszz( . 1‘)‘5‘( i
x {ma(@)l g + S (@m0~ )+ (o)™ A2 (a)) )

k#v

=0(U)nua(f, E)'”"(“’ { +Z(|(k ku;’ik4+u)|+k3/2"_4)}

Thus SR | L e
| Iz=0_(1)nwz(f, %)Ml’\;_:——)' v (3.8)

Now we are going to estimate I;. Using Lemma 2.1, we have '

1 ={{f(e) - 10+ 0(0) -]+ F@-al0 - FlG)
+OMWO%M2WWM“%@QlfuxW+J =

=I + Iz . | (3.9)

Since [I(z)| <€ 1, we have PR
(F(@) = F(@)h(z)
=0(w(f, |z — zll(<)])
?0(1)@(f,,-l7rn(w)»lnif,éi’,z’(w))_

2@ =z = F(-Dlk(z)
~0(1)w(f,|(w 2,)l()))
‘-0(1)w(f, Ivrn(w)ln 1A1/2(w>>

. é' ':",.

-——————-—-——-k 12..., .
k- u||k+|( n)

JE— 1

2Here, we use a well known estimation -
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By (3.6) and (2.9)
- (gn(2) qn(w,))z () -
—o!m2@ 2 1,1 )an-l(w.,)l

0(1)1'7%7@2" 2(-f,;)-
Thus . T Co L
In =0(1)(w(f, lwn(w)ln’lA,l/z(m))-i-Iﬁ-"—\/(%—)lhwz(f, %)) (310)
Finally, it is easy to see that

I12—0(1)'w2(f, )Iﬂn(fvﬂ{zm V|Ik+y|+i 1k}
=1

= O(U)nus £, g)lwn(w)ln-l/z. | (3.11)
Concerning (3.9), (3.10) and (3.11) we obtain

1y = 0(0) (2 (1, 7) + (s, raten a4,

which together with (3.7), (3.8) nges (3.1). For z < 0, the estimation runs similarly.
Theorem 3.1 is proved.
Theorem 3.2. If f € C[_,,1}, then

1£(2) = Ra£,0,)ll = O (nun(4, 7))-

'Prooff From the proof of Theorem 3.1 we can see that
f(z) = Ra(£,0,2) =(g(zv) — ga(2v) ~ 9(2) + gn(2))lu ()
+ O(I)M’%ﬁ)lnwg (f, %) _
Thus, ‘ _
| 6(2) ~ aa(a) = Oz (£, )
and !, (z) = O(1) imply o
1@ - Ral7,0,2) = 00) ("= (£, 2) +un (1, 2)),
and 7, (z) = O(1)y/n gives :
£(@) = Ra(£,0,0) = O(Wmua £, ).

The theorem is proved.
Note. By the method of proving Theorem 3.1, we can easily prove that if f € Cl-1
and '

n = O(A72(ax)us (£, 1)),
then

Ralf,8,2) = F(@) = O(1) (mus (£, ).
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