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ON THE APPROXIMATION OF (0,2) INTERPOLATION

X lE  TlNGFAN* *

A bstract
Let —1 =  xn,n < xn- i ,n  < ••• <  xi ,n =  1 be the zeros of the polynomial (1 — x2)P^_1(x), 

>wherd Pn-x(x), is the (n 4- l)th  Legendre polynomial and n is even. For /  €  .denote
by Rn(f,0,x)  the polynomial of degree 2n — 1, which satisfies the conditions: Rn ( / ,  0, Xkin) =  
/(®fc,w) and ffn(/>0>*fc,n) = 0 (& = 1)2,• • • ,n).

In this paper it is proved that

, max |йп(/,0 ,а!) -  f(x)\ =  0(nw2( f , - ) ) ,■ . , |*|<1 П !

where w2(f,  5) is the. continuity modulus of second order of f(x).

Let

§1., Introduction

1 — ®n,n ^  ®n—l,n  <  ' •' <  2-2,n ^  ®l,rt r— 1 . ip> r* 1» 2> • ’ • )

be the zerqs of the polynomial
f X

■ тгп(х) =  (1 -  ж2)Р^_1(ж) =  -сп(п -  1) у  P„i.x(t)dt,

where P„_i(i) is the (гг — l)th  Legendre polynomial with normalization ,Р„_^(1) =  1. As 
in [1], by (0, 2) interpolation polynomial of /  e < [̂-1,1] based on the zeros of polynomial 
7тп(ж), we mean those polynomials Rn(f,/3,x) of degree <  2n -  1 whose values and second 
derivatives at {ж*га}£=1 are prescribed: . , , . ,

^  /(«Cfer»)» Rriifi 01Фкп)~'Ркп {k =  1,2, •• • , w), (LI)

where /3 = {fikn}k=i *s an arbitrary given system of real numbers. In [2] and [3] P. Turan 
and his collaborators proved that such interpolating polynomials exist if and only if n is 
even, and the following convergence theorem holds:

Theorem  T. Let f  e  with continuity modulus w(f,8) of f (x )  such that

r l w(f',8)
/ -dS < oo

and let

. ,max \/3kn\ = o(n).
■ ■■• ■■■■■■■ ■ • l<fc<n ■ ■ ■ ' "

Then RJf.P.x) converges to f(x) uniformly in ,- l.lj .

(1.2)
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For the sake of brevity let us suppose throughout this paper that n =  2k (k =  1,2, • • •). 
On the importance of the condition (1.2), Turan pointed out that even if all fikn are zeros, 
the condition (1.2) cannot be replaced by a Lipschitz condition of order a < 1. But in [4] 
G. Freud improved above Theorem T as following 

Theorem  F. Let f  e  C[_ 1Д] satisfy the condition

m  (f,S) =  o(S) (1.4)

and let

Pkn = o(An1(xkn)y ( к -  1,2, - - • ,n), (1.5)

where w$(f,6) is the continuity modulus of second order of f(x), and An(x) = + ŝ-
Then Rn(f,0,x) converges to f(x) uniformly on [—1,1].

In order to estimate the order of the difference f(x) — Rn(f,f3,x), P. O. H. Vertesi 
introduced a definition: the function /  € С[_1д] satisfies the condition (A2) if W2(f ,6) =  
О(1)гог(5), where 103(6) is a non-negative increasing function, щ(с£) < KcW2(t), and further 

к
$3 д а?(*)«*(д 2#' 0*0) = 0(1)А-?(х)ю2(А2ъ (*))' (1-6)
3=1

uniformly for ж € [—1,1]. Vertesi proved®
Theorem  V . If /  € C[_liij satisfies the condition (A2), then

| | / - i M / , 0 ) | | = 0 (l)raw2( i ) ,  

where О =  {0}£=1 and ||/|| =  max |/(ж)|.
I*!-1

It is easy to see that the condition (A2) is very complex. One may raise a problem: does 

the condition (A2) is necessary for Ц/ — Rn(f,0)\\ =  0 (1)тш2^—)?  The negative answer 
of this problem will be given in the present paper. We will prove that for any function 
/  € С[_1д] the estimation

II/ -  ^n(/i O) || == 0(l)mu2 (/, 1)

always holds. Furthermore, the pointwise estimation

f(x) -  Rn(f,0 , x) =  0 (l){n w 2 ( / ,  +  w ( / ,  Ь ^ 1д У 2(ж)) }

holds uniformly on [ - 1, 1] .

Denote by

Ivnfa) —

§2. Preliminaries

7Гп(ж)
iy — l ,  2, • • • ,n) (2.1)

&vn)
the fundamental polynomials of Lagrange interpolation based on {a3fcn}fe=i- P* Turan proved 
that the (0,2) interpolation polynomial Rn(f,(3,x), which is uniquely determined by /  € 
С[_1)Х] and /3 =  {/?fcn}fe=i> can be represented as follows

n n

Rn(fiPix) — ^   ̂ffyknj'Yknj )̂ ~b ^ ^PknPkn(x)i
k=l k=1
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where 7&(x) and pk{x)x are the polynomials of degree. <  2n -  1 uniquely determined by 
conditions

lk{xj) =  |  . 7fc(^) =  0,

и/ \ /   ̂Ф

Pk(xj) =  0 (j,kr= 1, 2, n ;?= 1,2, • • •), «

respectively.
We need some lemmas.
Lemma 2.1. On the polynomials ik(x) arid pk(x) (к -  1,2, - • • ,n), the following 

estimations hold

7fc(®) = 0(l)(|Zfe(£t:)| + |ir»(®)|n” Â“V2(®fc)),

Pfc(®) = 0(l)(|(fc(x)|n_3/2(l -  xl)b/4 +  \Ttn{x)\n-lb?J2(xk)).

Furthermore, for x € (av+i, a^ -i) == 2,3, * • • , n — 1), we have

p„(x) = 0(\nn(x)\n~2( l - x l ) ) .  (2,4)

Proof. The explicit form of the polynomials 7k(x) and pk(x) is the following (see [2, 
3]): for fc =  l ,n

(2.3)

l i(x) = i + ? kXll(x) -  Xt1 ■- lt(x)l’k(z)

and for 2 < к < n — 1.
+  ( й  +  8n ( n - i ) ) ’r"W ( 1 + f  R‘- lW ) '

1k(x) =(x - Xk)k(x) f J‘
J *z f.

(2.5)

+
_1___ ( Xk -
1 — 1) \ 2lx —

Щ (t -  xk)2

Xk ~ X Pn—i(x)\ 1Tn (x)
n(n~  1) V2|x-X fc| +  6 ) (1 -  ^l)Pn-l(Xk)') r r r ,

Further, for к =  1, n

+ 'зЛ _ 1 ^ } ’
(2.7)

and for к — 2,3, • • • , n -  1 
Kn{x)

Pk{x)
2tt(j {Хк)Р'п— 1 (xk)

x { / ^  * - 1 ) й + р " -1(з:)( - 1 - 4  +  з ( 1 - х | ) р „ . 1ы ),—Sir t Xfc
1, X fc -X /  3 __ L

+  |xfc -  x| V 1 -  x\  (1 -  x |)P n_ i (xjfc)
It is well known that

’. - i f * » ) ) ) '
(2.3)

J«*)l < 1 (1*1 < 1).
xHere and in many cases we denote я*,„, 7 £п, fa n and pf.n b y fa,  •yk, fa  and p*. respectively.
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f :  : |-Pn-i(a;fc)| >  ' (к — Г, 2, • • * ,h). ' ' (2.9)

Hence, for к =  1, n, using the Bernstein inequality we obtain

(1 -  x2)lk{x%(x) =  0 (|тгп(ж)|),

and from (2.5) we have

7ib(x) = 0(l)(|Zfe(a?)| + |7гп(ж)|п-1Д“1/2(х*)). (2.10)

For к =  2,3, • • • , n — 1, from (2.6) we have also

7k(x) =  0 (1)(|/*.(ж)| +  |7гп(ж)|п~1Д “ 1/ 2(х*.)), ' ' (2.11)

(2.10) and (2.11) complete the proof of inequality (2.2).
Now, we are going to prove (2.3) and (2.4). For к =  1, n, (2.3) and (2.4) are valid 

obvipusly. In order to prove (2.3) and (2.4) for к =  2, 3, • • •, n -  1, first let x < Xk <  1. 
Since for x <Xk '

an4 for x € (Xk+i,Xk)

i

= / :

P'n-lit)
, , A t  

- i  t -  xk
xk+1 p U ( t )

d t+  Г
Jxk-®fc+l

P'n-l{t)
;t — Xk dt

t - X k

- r J — ,+  к  -Xk+i\  max |P"_i(t)|)Xk “  Xfc+l

■‘ о Я - у т ч * ^ -

=0(1)
n

then, using the following equalities ,

(1 -  Xfc)P„_i(iCfe) =  -n (n  -  1)Рп_х(ж*),

'̂П(хк).= -n (n -  l)Pn^l(Xk) ■ 

and (2.9), we obtain that for x < X k

Pk(x) =  0(l)(|Zfe(x)|n_3/2(l -  x| ) 5/4 +  |7rre(x)|n- 1A 3/2(ccfc)) 

and for x e  (xk+i,Xk)-

V- /  ' Рк(х) = 0(1)\ТГП(Х)\^--^. ■■
Tv

For — 1 < Xk < x, the estimation runs similarly, and for x =  ®fc, the estimation obviously 
holds. Lemma 2.1 is proved.

Lem ma 2.2. Let f  € Then for n — 1, 2, • • •, there exists a polynomial q^x)
of degree < 2n — 1 such that

/  Qn(x) ~ f(x) =  P (l)w 2( / ,
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qZ(x) =  0 (l)n2W2 ( f , ^

and qn(±l)  =  / ( ± 1).
Proof. In 1982, D. Levitan proved that for every n > 1 there exists an n-th degree 

polynomial q* (ж) such that'

f(x) -  q£(x) =  0 (l)w2 ( / ,  ,

<£"(*) -  0 (l)n2w2( / ,  ^ ) .

Let us consider

= 9 i w + - 9 - ( i » + ~ < / (  - i)  - « ;( -!)) -  ■

It is easy to see that qn(x) satisfies the requirements of Lemma 2.2.;

§3. Som e N ew  R esults ,

Now we can prove our main result.
Theorem  3.1. If f  ^ then

f(x) -  Rn(f ,0 ,x)  =  Q(1) ( -7r̂ " --nw2( / ,  +  w ( / ,  (3*1)

Proof. Set : i

g(x) =  /(ж) -  ~ ^ / ( l )  -  ~ 2~ / ( —!)• ,

We have W2(g,6) =  W2( f ,6), g(± 1) =  0 and

Д „ ( / ,0 ,ж ) - / ( ж )  =  fl„(0, O , x ) - 0(x). (3.2)

By Lemma 2.2, there exists a polynomial qn(x) of degree <  n such that

qn(x) -  g{x) =  0 (l)w 2 ( / ,  , (3.3)

9 п (® )-^ (1 )п2ад2 ( / ,^ ) ,  1 (3l4)

and

gn(± l)  =  0. 4' (3.5)

Obviously, equality (3.5) implies that there is a point £ € (—1,1) such that q'n(Q =  0. Thus

Яп(х) =  J  9n(*)^,

and by (3.4) we obtain

9 U ^ r= 0 ( i K 4 ( / . l ) - . ,  (3.6)

Owing to the uniqueness theorem mentioned in section 1, we have
n n

. ?»(*) =  S  ЯпЫЬк(х) +  Яп{хк)рк(х).
fc— 1 fc=l :
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Hence

Let x > 0 and

Rn(g,0 ,x ) -g (x )

=(Rn(g - Qn, 0,X) - g(x) +  qn(x)) -  ̂  g£(®k)pfc(®)
fe=l

|ж — ж„| =  min \x — ж*.|.1 KfcCn 1

(3.7)

Form (2.3), (2.4), (2.7), (2.9) and (3.4), it follows2 that 

h  - 0 (l)n2w2 (f,  - ) x

x { К ( ж)1̂ 2 + 3/2d  “ ®fe)5/4:+ W®)ln 1A3/2(xfc))}
kjtv

= 0 (1 )п2«;2( / ,^ ) |7 гп(ж) | { ^  +  ^ ( |  * П-\(k‘~ u)(k +v)\

Thus

J2 =  0 (l)nw2( / , - )Ш 7гп(ж)| 
\/w

(3*8)

Now we are going to estimate Д . Using Lemma 2.1, We have

1
h  ={[/(®г/) ~  /(®) +  Qn(x) -  qn(xv)] +  -(ж  -  x„)[f(l) -  / ( - l ) ] } l v(x)

+ o (i)w 2( / .  i )  { £  iw -M +

= / ц  +  Jx2 .

Since |1„(ж)| <  1, we have

(3.9)

and

№ « /) -  f(x))lv(x) 

=0(l)w(f> \x -  Х«\\1и(х)\) 
=0{l)w(f,  |7г„(ж)|п“ 1 д у 2(ж))

-(ж -  Ж„)[/(1) -  f(-l)]lv(x)  

= 0 (1)ад(/, |(ж -  xv)lv(x)\) 

= 0 (l)w(f, ^„(ж) ^ 1

2Here, we use a well known estimation --------—  =  O (l)
«2 * i»'"7b /. ■ ■**.

I»i- Xk\ \k-v\\k +  v\
(fc =1,2, ••• ,n).
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By (3.6) and (2.9)

(9n(*®) ■“ 9«(®i/))^i'(®)' . !

' ^ o a y t s M , л ф  I ) ^ _ 1{*„)| ;

= 0 ( 1 ) 1 ^ | ) 1 ВЮ2( Л 1 )  ,

Thus =. ■■■■■• ! ■

/ц  =  С>(1)(м;(/,|7гп(ж)|ге-1ДУ2(ж)) +  ^ ^ п г « 2( / , ^ ) ) -  (ЗЛО)

Finally, it is easy to see that

t n  =  0 ( l b ( / ,  ; ) M » ) l { E | t - ^  +  y| +  E

= 0(l)nw2 ( f , ^ \ K n(x)\n~1/2. (3.11)

Concerning (3.9), (3.10) and (3.11) we obtain

I i  =  0(1) ( / ,  +  w(/, |irn(re)|fr1 A j/3(*))),

which together with (3.7), (3.8) gives (3.1). For re < 0, the estimation runs similarly. 
Theorem 3.1 is proved.
T heorem  3.2. I f f  6 , then

||/(ж) -  Rn(f ,0 ,rr)|| =  О (nw2( / ,  ^ ) ) •

Proof. From the proof of Theorem 3.1 we can see that

f(x) — Rn(f,0,x) = {g{xу) — Qni û) ~ g(%) "b 9n(a-)) î/(®)

+ 0(1)I ^ 4 / ,I).
Thus,

g(x)-qn(x) =  0 (l)w2 ( f ,~^

and Z„(rc) =  0 (1) imply

f(x) -  Rn(f, 0, re) =  0 (1) ( / ,  +  w2 ( / ,  ,

and 7Г„(ж) =  0(l)y/n gives

/(re) -  -Rn(/,0,rc) =  0 (l)nw2( / ,

The theorem is proved.
N ote . By the method of proving Theorem 3.1, we can easily prove that if /  e  C7[_11] 

and

f c  =  0 (A ;2( ^ ) Hi2( / , I ) ) ,

then

#n(/, /?, re) -  /(re) = 0(1) (nw2 (/, ^ j ).
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