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ON.THE BLOCK ALGEBRAS HAVING

_ONLY ONE IRREDUCIBLE MODULE** TR
SPAbStract - Cn e . i Do 0T

The following result is proved: Let B be a blockideal of group algebra kG over a sphttmg ﬁeld L
k with characteristic p. Suppose that B has only one uredumble module  and abelian defect .
group D, then B~ Matm(kD), where 'm ='Dimy, L. This résult generahzes Kulshammer s
theorem concerning-the structure of block algebras with inertial index'1. - - R RO

Let Ic be a ﬁeld of charactenstlc p.and G a ﬁnlte group. - Assume Ic is a sphttmg ﬁeld of
G and each subgroup of G. The blocks we discuss are all p-blocks. One of the. basic:résults
of the structure of block algebra B is that if the defect d(B) =0, then k(B) = }B) = 1
and B: ~: Mat;;, (k), where k(B)-and I(B}.denote. the nunibers: of the. itreducible: ordinary
characters of B and the irreducible Brauer:characters of B, respectivély. In 1971} Brauer ([2]
6G) proved: that'if the defect 'group .D of B.is abelian and the inertial index of B is 1, then
k(B) = |D|, I(B) = 1. In 1980, Kiilshammer®! proved that if B satisfies.the above conditior.
thien B ~ Mat}, (kD). In 1988, Puigl®l generalized Kulshammer’s result and:proved that if
B is:a-nilpotent block then B ~ Matm (RD), Where R isa complete dlserete valuatlon rmg
with residual field k. NI TR : i Sl ewi

In this paper, we follow the approach of local methods of block theory developed in [1] and
use some elementary results of ljep;jesentatlon theory to gegetehge Kulshammer’s theorem.

© +-42, Preliminaries

First we introduce some concepts of local representatlon and the main results we w1ll use.
Let P be a p-subgroup of G. The Braer map is a k-lihéar map Brp : kG — kCq(P) such
that for each = € G if z € Cg(P), then Brp(z) =z, otherwise.Brp(z) =.0, The following
Theorem A shows the importance of the Brauer map, while Theorem B is another form of
the well-known Brauer first main theorem . ,

Theorem Alll, Brp is a k-algebralc homomorp]nsm of (kG)F onto kC’G(P) Here P
acts on kG by conjugation and (kG)¥ denotes the suba]gebra of the fixed points: Brp is
" also NG(P)-module homomorph1sm 2 SR
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Theorem B!, Brp induces a one-to-one correspondence from the set of all centrally
primitive idempotents with defect group P onto the set of all centrally primitive idempotents
with defect group P of kNg(P). -

Suppose that b is the centrally primitive 1dempotent correspondmg to block B. Let P be
~ a p-subgroup of G and e a block idempotent of kCq(P). We will call (P e) a Brauer B-pair

of G, or simply, a B-pair, in case eBrp(b) = e. If (Q, f) is another B-pair with Q<.P, P fixes
f and eBrp(f).= e, then we call (Q, f) (P, e). For (Q, f) < (P,e) we mean (Q, f) a<(P, e).
If P is a defect group of block B of G, then B-pair (P, ¢) is called Sylow B-pair.

Theorem Cl!. Let B be a block of G. Then

(1) The Sylow B-pairs are all the maximal B-pairs of G.

(2) The Sonw B-pazrs are conJugate to each other.

3 I (D e) is'a Sylow B-pair, then D is a defect group of ¢ in DCg(D)

The other terminologies and notations we use are all standard and follow [4] and [1].

§3. Proof of the Theorem

Theorem. Let G be a finite group and k a splitting field of G and all subgroups of G
with characteristic p. Let B be a block ideal of kG with abelian defect group D. Suppose
that there is onIy one irreducible Brauer. character in B and its dimension is.-m. Then
B >~ Maty, (kD). -

' Proof. ‘First we prove two lemmas.

- Lemma 3.1. - Let B be a block ideal with defect group- D. Assume tbat there is.only
one irreducible kG-module L in B. Let |D| = p* and dimy L = m.. Suppose M = ikG is the
projective cover of L, where i is the: pnmmve idempotent of kG correspondmg to M Tben
B =~ Mat, (1kG7) -and dlmk(szz) = p?. S Lo

- Proof-of Lemma 3.1. Since B has only one.irreducible- module, BxeM®::--- ‘oM
and: the multiplicity of M ‘in B is m by [3, 1.16.9). Let E = Endgg(M). Then E =~ ikGi
and Endkg(B) Mat,, (E) by [3, 1.8.2 and 1.8.6]. Thus we have .

‘B~ Endg(B) ~ Endkg(B) Matm(E')
We compute dlmk(szz) From the above isomorphism we have
dimy B =m? dlmkE =mdimy; M
andso . y : »
. dimy. B =~-;-;dimk(M)e
 Since there'is only one irreducible module in B, p¢ is the unique Cartan invariant of B, and
&6 , ‘ co . , S
o  dimg(M) =p'm.
_> Finélly_ we' have_:} ‘ . | " -
dlmk(szz) = dlmk E =p%

Lemma 3.2, Let D bea p-subgroup of G with G Ca(D). Let B be a block ideal of
kG with defect group D. Lets be a pr1m1t1ve 1dempotent of B. Then we have k- algebrazc
isomorphism ikGi ~ kD. : : :
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We have the following decomposition: of direct sum- of kD-module:. @ .
kG =21kD@® - D kD,

where {4, :+-+;; 2} is a transversal of .D in G. Since M. is a‘direct summand of kG as -
a kD-module, M is a projective kD-module. From a theorem of Kaplansky.! 4 M is a free

kD-module, for kD is a local ring. Thus Endk(M ) is also a free kD-module by [3, 1. 2.7),
and so: .

Proof of. Lemma 3:2. - Set M = ikG. It is-sufficient to, prove E= Endw(M) > kD. -

S Ende(M) - (Endy(M)S £kD @@ kD.
| From [3,.V. 4.6], there is.a umque 1rreduc1b1e module in B so dlm;c E’ pd by Lemrna 3 1.
Hence E =~ ch :

Now we prove the theorem. 'Let b'be the centrally primitive’ 1dempotent correspondmg '
to block B. Let (D, e) be a Brauer B-pair of G. Put f = ) €Y, where y; runs over a

cross set of Ca(D) in Ng(D). Then f is a centrally primitive id:empotent of kNg(D). Since
eBrp(b) = e and Brp is a morphism of Ng(D)-module, e¥ Brp(b) = e¥¢ for each y;. Then
fBrp (b)) = f. By Theorem B Brp(b) is a centrally primitive idempotent with defect group
D, and so Brp(b) = f. Let e; = e¥i. Then each pair (D,¢;) is a Sylow B-pair of G.
Therefore each block e; of kCg(D) has a defect group D and there is only one irreducible
Brauer character in e; by [3, V.4.6]. Hence by Lemma 3.1 and Lemma 3.2

kCa(D)e; = Mat, (jkCg(D)j) ~ Mat, (kD),

where j-is a primitive idempotent of kCg(D)e; and n the dimension of the unique irreducible
Brauer character in e;. Thus'

ZkCe(D)e; ~ Z(jkCe(D)j) ~ kD.

Here ZX denotes the center of a k-algebra X.
Since Brp(b) = f, we have

Brp(ZkGb) = ZkCa(D)(D) Je) kD& -+ @ kD.

We derive a surjective k-algebraic homomorphism ZkGb — kD, and so there is a surjec-
tive k-algebraic homomorphism Z(ikGi) — kD by Lemma 3.1, where i is the idempotent
mentioned in Lemma 3.1. But dimy(ikGi) = p?, so ikGi ~ kD. Thus from Lemma 3.1
B ~ Mat,,(kD) and the theorem is proved. |

Example. There are some examples to show that the result in this paper is real
generalization of Kulshammer’s theorem, among of them we just mention that given by
Broue and Puig.

Let @ be an extra-special g-group with ¢ a prime distinct from p. Let Z = Z(Q). Suppose |
that Q/Z acts faithfully on an abelian p-Group P. Let G = P 1 Q. Let p be a non-indentity
irreducible character of Z and 3 be the block of £Z such that p € 8. Let e be the block
idempotent of 3. Since Z = Z(G), Z(kZ) = ZkG. So e is also a block idempotent of kG
and k@ corresponds to block B of kG and block b of kQ, respectively. For each irreducible
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Brauer character ¢ € B, we have P < Ker .- So ¢ is also an irreducible Brauer cha,racter
of G/P ~ Q. Hence I(B) =1, P-is a defect group of B and the inertial index of B is

|G : PCG(P)| = |G : PZ|=|Q: Z| #1.

Therefore B does not suffice the condition of Kulshammer s theorem but B suiﬁces the‘

condltlon of the. theorem in this paper o
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